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1 Introduction

In the context of hydrodynamics, the motion of the fluid flow is classically described by the

following system of equations

{
∂tρ + u · ∇ρ + ρ∇ · u = 0,

ρ(∂tu + u · ∇u) = ∇ · σ,

where ρ is the density, u (u(t, x) ∈ Rn) the velocity and σ (an n × n symmetric matrix) the

stress tensor. Moreover, σ can be decomposed as σ = τ1 − pI, where τ1 is the tangential part

of the stress tensor and −pI is the normal part. For a Newtonian fluid, τ1 depends linearly on

∇u. More precisely, τ1 = 2µΓ(u), where Γ(u) = 1
2 (∇u + (∇u)T ).

It turns out that many fluids do not satisfy the Newtonian law. For example, for some

fluids with shear dependent viscosity, the Newtonian law τ1 = 2µΓ(u) is replaced by τ1 =

2µ(|Γ(u)|2)Γ(u). This model has been extensively studied, see [5, 6, 12, 14, 15, 18], for example.

But all these models involve only instantaneous constitutive relation between the stress and the

strain. Indeed, for many fluids, it is not possible to determine at some time t the value of τ1

knowing only Γ(u) at the same time t, and one also has to know the whole history of Γ(u). In

these cases, we say that the fluid has a “memory”.

In this paper, we are going to study a simpler viscoelastic model, namely the Oldroyd-B

model. Fluids of this type has a memory and one has to write a differential equation for τ1.
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The equations of incompressible fluid of Oldroyd-B type are subject to the following form





∇ · u = 0,

∂tu + u · ∇u + ∇q = ν∆u + µ1∇ · τ,

∂tτ + u · ∇τ + aτ + Q(τ,∇u) = µ2Γ(u),

(1.1)

where the density in the undeformed reference configuration has been set to be equal to one, q

(a scalar function) is the pressure, τ is the elastic part of τ1, a, ν, µ1, µ2 are positive constants

and Q(τ,∇u) is a quadratic form

Q(τ,∇u) = τW (u) − W (u)τ − b(Γ(u)τ + τΓ(u)), (1.2)

where b ∈ [−1, 1] is a constant and W (u) = 1
2 (∇u−(∇u)T ) is the vorticity tensor. We point out

here that in this paper, we will use the notation (∇u)ij = ∂ui

∂xj
, (∇u)T

ij = ∂uj

∂xi
, (∇ · τ)i = ∂jτij

and u · ∇τ = uj∂jτ . Summation over repeated indices will always be understood.

On the other hand, the equations of compressible fluid of Oldroyd-B type with a large

parameter λ are a distinctly different system taking the following form





∂tρ
λ + uλ · ∇ρλ + ρλ∇ · uλ = 0,

∂tu
λ + uλ · ∇uλ +

1

ρλ
∇pλ =

ν

ρλ
(∆uλ + ∇(∇ · uλ)) +

µ1

ρλ
∇ · τλ,

∂tτ
λ + uλ · ∇τλ + aτλ +

1

ρλ
Q(τλ,∇uλ) =

µ2

ρλ
Γ(uλ).

(1.3)

We will concentrate below on a specific family of fluids which is given by the varying equations

of state pλ(ρ) = λ2p(ρ) with fixed p(ρ), p′(ρ) > 0, ρ > 0, since we are ultimately interested

in the incompressible limit. Such a family arises in a natural fashion from a fixed fluid with

an equation of state p(ρ) = Aργ , γ > 1. Indeed, denoting by M = 1
λ

= |vm|

(p′(ρm))
1

2

the Mach

number of the fluid defined as the ratio of typical fluid velocities vm to typical sound speeds

(p′(ρm))
1

2 and writing the corresponding compressible Oldroyd-B equations in non-dimensional

form one obtains a varying family of equations of state of this type.

One expects, under appropriate conditions on the initial data, that the solutions ρλ, λ2∇pλ,

uλ, τλ of the compressible system (1.3) converge to 1, ∇q, u, τ , respectively, as λ → ∞, where

∇q, u, τ are the solutions of the incompressible Oldroyd-B system (1.1). It is well known

that long time behavior of solutions to the viscoelastic equations depends on strong dispersive

estimates (see [8, 9, 16]). For the wave equations, the generalized energy method, based on the

Lorentz invariance and global Sobolev inequalities, provides an elegant and efficient means of

combining energy and decay estimates (see [8, 9], for example). Recently Sideris and Thomases

[17] studied an elastodynamic system which is not Lorentz invariant in three space dimensions

via the incompressible limit through the use of weighted Sobolev inequalities involving the

smaller number of generators. But the Oldroyd-B model we study in this paper is neither

Lorentz invariant nor scaling invariant since the presence of damping mechanism of u.

In this paper, we first prove that classical local solutions of the equations of motion exist for

sufficiently small disturbances from the general incompressible initial data. This result depends

on a modified method of [10], where Klainerman and Majda developed a general theory to study

the incompressible limit of compressible fluids in general framework of quasi-linear hyperbolic
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systems depending on a large parameter. Their method can also be extended to cover the

viscous equations. But since the stress tensor τ in system (1.3) is not “fast scale” (in the sense

of [10]), our system does not satisfy their structural conditions.

We also prove the uniform stability of the local existence family which yields a lifespan of

the compressible system (1.3) and allows for convergence to a global solution of the limiting

incompressible equations by means of compactness arguments. The strength of this convergence

improves the degree of incompressibility satisfied by the initial data.

The existence and uniqueness of local strong solutions of incompressible fluid satisfying the

Oldroyd constitutive law in Hilbert spaces Hs have been established by Guillopé and Saut in

[4]. The existence and uniqueness for local and global solutions in some limit spaces which

is invariant under the Navior-Stokes scaling was announced by Chemin and Masmoudi in [2].

For b = 0, the global weak solutions was also established in [12]. Ezquerra and Zonzaléz

[3] proved the global existence of weak solutions in a unique cylinder. Recently, when the

damping mechanism on the deformation tensor F is lost, Lin, Liu and Zhang [11] proved the

global existence of classical solutions for two dimensional incompressible Oldroyd model by

introducing the induced stress to find the dissipation of the system.

The paper is organized as follows. In Section 2, we state the main results of this paper. In

Section 3, we establish the uniform stability estimates and the local existence of the solutions of

the compressible system (1.3). In Section 4, we establish the dispersive energy estimates which

allows us to take the limit as λ → ∞ to obtain a global solution to the incompressible Oldroyd

system.

2 Statements of Main Results

To avoid complications at the boundary, we concentrate below on the periodic case where

x ∈ Tn, the n-dimensional torus. In fact the whole space problem and the Dirichlet problem of

smooth bounded domain can also be treated at the expense of complicating the proofs below.

In the following, ‖ · ‖, ‖ · ‖s and ‖ · ‖∞ will denote the norms in L2(Tn), Hs(Tn) and L∞(Tn),

respectively.

Define





Es(U(t)) =
1

2

∑

|α|≤s

∫

Tn

(λ2|∇α(ρ − 1)|2 + |∇αu|2 + |∇ατ |2)dx,

Ẽs(U(t)) =
1

2

∑

|α|≤s

∫

Tn

(
µ2λ

2 p′(ρ)

ρ
|∇α(ρ − 1)|2 + µ2ρ|∇

αu|2 + µ1ρ|∇
ατ |2

)
dx,

(2.1)

where U(t) = (ρ, u, τ). It is obvious that

Es(U(t)) ∼ Ẽs(U(t)) (2.2)

provided |ρ − 1| is sufficiently small.

Theorem 2.1 Consider the compressible Oldroyd-B model (1.3) with the following initial

data in Hs+1(Tn) (n = 2 or 3, integer s ≥ [n
2 ] + 3)

ρλ(0, x) = 1 + ρ̃λ
0 (x), uλ(0, x) = u0(x) + ũλ

0 (x), τλ(0, x) = τ0(x) + τ̃λ
0 (x), (2.3)
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where τ0(x) is symmetric, u0(x) satisfies the incompressible constraints

∇ · u0 = 0 (2.4)

and ρ̃λ
0 (x), ũλ

0 (x), τ̃λ
0 (x) are assumed to satisfy

‖ρ̃λ
0 (x)‖s ≤

δ0

λ2
, ‖ũλ

0(x)‖s+1 ≤
δ0

λ
, ‖τ̃λ

0 (x)‖s ≤
δ0

λ
, δ0 small . (2.5)

Then the following statements hold.

Uniform stability: There exist fixed constants T0, κ independent of λ such that a unique

classical C2 solution (ρλ, uλ, τλ) of system (1.3) exists for all large λ on the time interval [0, T0].

Furthermore, the solution family satisfy






Es(U
λ(t)) +

∫ t

0

(‖∇uλ‖2
s + ‖τλ‖2

s) dt ≤ 4(‖u0‖
2
s + ‖τ0‖

2
s),

Es−1(∂tU
λ(t)) +

∫ t

0

(‖∇∂tu
λ‖2

s−1 + ‖∂tτ
λ‖2

s−1) dt ≤ κ,

(2.6)

for all t ∈ [0, T0] provided λ is sufficiently large.

Local existence of solutions for incompressible system: There exist functions u, τ with

‖u‖2
s + ‖τ‖2

s ≤ 4(‖u0‖
2
s + ‖τ0‖

2
s), t ∈ [0, T0], such that






ρλ → 1 in L∞(0, T0; H
s) ∩ Lip([0, T0], H

s−1),

(uλ, τλ) → (u, τ) weakly∗ in L∞(0, T0; H
s) ∩ Lip([0, T0], H

s−1),

(uλ, τλ) → (u, τ) in C([0, T0], H
s−δ),

(2.7)

where δ is a small positive constant. The function (u, τ) is a C2 solution of the incompressible

system of Oldroyd-B type





∇ · u = 0,

P (∂tu + u · ∇u − ν∆u − µ1∇ · τ) = 0,

∂tτ + u · ∇τ + aτ + Q(τ,∇u) = µ2Γ(u)

(2.8)

with the initial data

u(0, x) = u0(x), τ(0, x) = τ0(x), (2.9)

where P is the L2-projection on the divergence free vector fields.

Remark 2.1 If we denote

∂tu + u · ∇u − ν∆u −∇ · τ = ∇q,

then we have

1

ρλ
λ2∇p(ρλ) −→ ∇q weakly∗ in L∞(0, T0; H

s−2) ∩ L2(0, T0; H
s−1),

which means that λ2(‖∇ρλ‖s−2 +
∫ t

0 ‖∇ρλ‖2
s−1 dt) is uniformly bounded in t ∈ [0, T0].
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Theorem 2.2 Consider the solutions (ρλ, uλ, τλ) of the compressible Oldroyd model ob-

tained in Theorem 2.1. Suppose that the initial data additionally satisfy

‖u0‖s + ‖τ0‖s < ε, (2.10)

where ε is a positive constant, and the displacements from ρ0 = 1, u0, τ0 satisfy (2.5). If ε is

sufficiently small, then for every fixed T > 0, the solution (ρλ, uλ, τλ) satisfies the following

estimates





Es(U
λ(t)) +

∫ t

0

(‖∇uλ‖2
s + ‖τ‖2

s) dt ≤ C
(
ε +

δ2
0

λ2

)
, t ∈ [0, T λ),

Es−1(∂tU
λ(t)) +

∫ t

0

(‖∇∂tu
λ‖2

s−1 + ‖∂tτ‖
2
s−1) dt ≤ C exp Ct, 0 ≤ t ≤ T ,

(2.11)

where T λ > T and T λ → ∞ as λ → ∞.

We point out that the uniform bounds for the initial energy in (2.5) implies that, in the

limit as λ → ∞, the initial deformation is driven toward incompressibility. Since the bounds

on the energy from Theorem 2.2 are uniform in λ, we will be able to take the limit as λ goes

to infinity to obtain a global solution to the equations of incompressible system of Oldroyd-B

type (1.1).

Theorem 2.3 Consider the incompressible system of Oldroyd-B type (1.1) with the initial

data (2.9) which satisfy the constraints (2.4) and (2.10). Then there exists a unique classical

solution (u, τ) which satisfies

‖u‖s + ‖τ‖s ≤ Cε (2.12)

provided ε is sufficiently small.

3 Local Existence and Uniform Stability

In this section we will derive the main estimates for our results and prove Theorem 2.1.

We emphasize that solutions will depend on the value of the parameter λ, but this dependence

will not always be displayed for reasons of notational convenience. Our object is to apply a

modified classical method of existence originally for quasi-linear symmetric hyperbolic systems

in weighted λ-norms.

Consider the set of functions Bλ
T0

(U0) contained in C([0, T0], H
s) ∩ C1([0, T0], H

s−1) with

s ≥ [n
2 ] + 3 and defined by






λ|ρ − 1| + |u − u0| + |τ − τ0| < δ,

Es(U(t)) +

∫ t

0

(‖∇u‖2
s + ‖τ‖2

s) dt ≤ 4(‖u0‖
2
s + ‖τ0‖

2
s),

Es(∂tU(t)) +

∫ t

0

(‖∇∂tu‖
2
s−1 + ‖∂tτ‖

2
s−1) dt ≤ κ

(3.1)

for 0 ≤ t ≤ T0, where U = (ρ, u, τ) and U0 = (1 + ρ̃λ
0 , u0 + ũλ

0 , τ0 + τ̃λ
0 ).
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For V = (ξ, v, σ) ∈ Bλ
T0

(U0), define U = (ρ, u, τ) = Λ(V ) as the unique solution of the linear

problem






∂tρ + v · ∇ρ + ξ∇ · u = 0,

∂tu + v · ∇u +
p′(ξ)

ξ
λ2∇ρ =

ν

ξ
(∆u + ∇(∇ · u)) +

µ1

ξ
∇ · τ,

∂tτ + v · ∇τ + aτ +
1

ξ
Q(σ,∇u) =

µ2

ξ
Γ(∇u)

(3.2)

with the initial condition

U(0, x) = U0 = (1 + ρ̃λ
0 , u0 + ũλ

0 , τ0 + τ̃λ
0 ).

We plan to show that for appropriate choice of T0, δ and κ independent of λ, Λ maps

Bλ
T0

(U0) into itself and moreover it is a contraction in the norm E( · )
1

2 .

Before proceeding any further, we apply Dα to (3.2) to get






∂tD
αρ + v · ∇Dαρ + ξ∇ · Dαu = Π1,

∂tD
αu + v · ∇Dαu + λ2 p′(ξ)

ξ
∇Dαρ =

ν

ξ
(∆Dαu+∇(Dα∇ · u))+

µ1

ξ
∇ · Dατ+ Π2,

∂tD
ατ + v · ∇Dατ + aDατ = Π3,

(3.3)

where

Π1 = −[Dα(v · ∇ρ) − v · ∇Dαρ] − [Dα(ξ∇ · u) − ξ∇ · Dαu],

Π2 = −[Dα(v · ∇u) − v · ∇Dαu] − λ2
[
Dα

(p′(ξ)

ξ
∇ρ

)
−

p′(ξ)

ξ
∇Dαρ

]

+ ν
[
Dα

(1

ξ
(∆u + ∇(∇ · u))

)
−

1

ξ
(∆Dαu + ∇(Dα∇ · u))

]

+ µ1

[
Dα

(1

ξ
∇ · τ

)
−

1

ξ
∇ · Dατ

]
,

Π3 = −[Dα(v · ∇τ) − v · ∇Dατ ] + µ2

[
Dα

(1

ξ
Γ(∇u)

)
−

1

ξ
Γ(Dα∇u)

]
− Dα

{1

ξ
Q(σ,∇u)

}
.

Now taking the L2 inner product of the three equations of (3.3) with µ2λ
2 p′(ξ)

ξ
Dα(ρ − 1),

µ2ξD
αu and µ1ξD

ατ , respectively, we can use integration by parts to get

1

2

d

dt

∫

Tn

µ2

[
λ2 p′(ξ)

ξ
|Dα(ρ − 1)|2 + ξ(µ2|D

αu|2 + µ1|D
ατ |2)

]
dx

+ aµ1‖D
ατ‖2 + νµ2(‖∇Dαu‖2 + ‖∇ · Dαu‖2)

= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9 + I10 + I11, (3.4)

where

I1 =
1

2

∫

Tn

µ2

[
λ2|Dα(ρ − 1)|2∂t

p′(ξ)

ξ
+ (µ2|D

αu|2 + µ1|D
ατ |2)∂tξ

]
dx, (3.5)

I2 =
1

2

∫

Tn

µ2

[
λ2|Dα(ρ − 1)|2∇ ·

(p′(ξ)

ξ
v
)

+ (µ2|D
αu|2 + µ1|D

ατ |2)∇ · (ξv)
]
dx, (3.6)
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I3 = µ2λ
2

∫

Tn

p′′(ξ)DαρDαu · ∇ξdx, (3.7)

I4 = µ1µ2

∫

Tn

[Dαui∂jD
ατij + DατijD

αΓij(∇u)]dx, (3.8)

I5 = −µ2λ
2

∫

Tn

p′(ξ)

ξ
{[Dα(v · ∇ρ)−v · ∇Dαρ]+[Dα(ξ∇ · u)−ξ∇ · Dαu]}Dα(ρ−1)dx, (3.9)

I6 = −

∫

Tn

ξ{µ2[D
α(v · ∇u)−v · ∇Dαu]·Dαu+µ1[D

α(v · ∇τij)−v · ∇Dατij ]D
ατij}dx, (3.10)

I7 = −µ2λ
2

∫

Tn

[
Dα

(p′(ξ)

ξ
∇ρ

)
−

p′(ξ)

ξ
∇Dαρ

]
· Dαudx, (3.11)

I8 = νµ2

∫

Tn

ξ
[
Dα

(1

ξ
(∆u + ∇(∇ · u))

)
−

1

ξ
(∆Dαu + ∇(Dα∇ · u))

]
· Dαudx, (3.12)

I9 = µ1µ2

∫

Tn

ξ
[
Dα

(1

ξ
∇ · τ

)
−

1

ξ
∇ · Dατ

]
· Dαudx, (3.13)

I10 = µ1µ2

∫

Tn

ξ
[
Dα

(1

ξ
Γ(∂ju

i)
)
−

1

ξ
Γ(Dα∂ju

i)
]
Dατijdx, (3.14)

I11 = −µ1

∫

Tn

ξ
[
Dα

{1

ξ
Q(σ,∇u)

}
−

1

ξ
Q(σ, Dα∇u)

]

ij
Dατijdx. (3.15)

We point out here that the notations Ij (similarly, Jj in Section 4) will depend on the multi-

index α, but this dependence will not be displayed either for reasons of notional convenience.

To estimate the quantities Ij , 1 ≤ j ≤ 11, we need

Lemma 3.1 Assume f, g ∈ Hk(Tn), and k is an arbitrary positive integer. Then for any

multi-index α = (α1, · · ·, αn), |α| ≤ k, we have




‖∇α(fg)‖ ≤ C(‖f‖∞‖∇kg‖ + ‖g‖∞‖∇kf‖),

‖∇α(fg) − f∇αg‖ ≤ C(‖∇f‖∞‖∇k−1g‖ + ‖g‖∞‖∇k−1f‖),

where C depends only on k and the space dimension n.

Proof It is an immediate consequence of the well-known Gegliardo-Nirenberg calculus

inequality

‖∇αf‖
L

2k
|α|

≤ C‖f‖
1− |α|

k
∞ ‖∇r‖

|α|
k .

For more details, see [10], for example.

We also need the following lemma (see Proposition 1 of Chapter two in [1])

Lemma 3.2 If f : Rn → R is a smooth function with f(0) = 0, then, for any positive

integer k, we have

f(u) ∈ L∞ ∩ Hk and ‖f(u)‖k ≤ C‖u‖k

provided u ∈ L∞ ∩ Hk, where C depends only on f, k and ‖u‖∞.
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Corollary 3.1 Assume f, k are given as in Lemma 3.2, then we have

‖∇f(u)‖k−1 ≤ C‖∇u‖k−1,

where C depends only on f, k and ‖u‖∞.

Now let us estimate the right-hand side of the above equality (3.4) term by term as follows.

By the Sobolev imbedding

|I1| ≤
1

2
C‖∂tξ‖∞

∫

Tn

µ2[λ
2|Dα(ρ − 1)|2 + µ2|D

αu|2 + µ1|D
ατ |2]dx

≤ Cλ−1‖λ∂tξ‖s−2

∫

Tn

µ2[λ
2|Dα(ρ − 1)|2 + µ2|D

αu|2 + µ1|D
ατ |2]dx

≤ Cλ−1(‖λDα(ρ − 1)‖2 + ‖Dαu‖2 + ‖Dατ‖2). (3.16)

Similarly, we estimate I2, I3 as follows.

|I2| ≤ Cλ−1(‖λ∇ξ‖s−2 + ‖λ∇ · v‖s−2)(‖λDα(ρ − 1)‖2 + ‖Dαu‖2 + ‖Dατ‖2)

≤ Cλ−1(‖λDα(ρ − 1)‖2 + ‖Dαu‖2 + ‖Dατ‖2), (3.17)

|I3| ≤ µ2Cλ−1‖λ2∇ξ‖s−1

∫

Tn

λ2|Dα(ρ − 2)|2 + |Dαu|2dx

≤ Cλ−1(‖λDα(ρ − 1)‖2 + ‖Dαu‖2). (3.18)

To estimate I4, noting that Γ(u) = 1
2 (∇u +t ∇u), we can use integration by parts to get

I4 = µ1µ2

∫

Tn

[
Dαui∂jD

ατij +
1

2
Dατij(∂jD

αui + ∂iD
αuj)

]
dx

= µ1µ2

∫

Tn

[−∂jD
αuiD

ατij + Dατij∂jD
αui]dx = 0, (3.19)

where in the second inequality we used the identity that the elastic stress tensor τ is symmetric.

Now we divide the rest estimates into four steps.

Step 1 Estimates when |α| = 0 or Dα = ∂t.

When |α| = 0, the quantities Ij are all zero except for I1, I2, I3 and I11. Thus we need only

to estimate I11. In this case, noting the expression of Q(σ,∇u) (see (1.2)), we have

|I11| = µ1|(Q(σ,∇u), τ)| ≤ C‖σ‖∞‖∇u‖‖τ‖ ≤
νµ2

8
‖∇u‖2 + C‖σ‖s‖τ‖

2. (3.20)

Now let Dα = ∂t. In this case, it is rather easy to get

|I5| ≤ C‖λρt‖(‖λ∇ρ‖‖vt‖∞ + ‖λξt‖∞‖∇u‖) ≤ C(‖λρt‖
2 + ‖λ∇ρ‖2 + ‖∇u‖2) (3.21)

provided λ is appropriately large. By a similar argument, we have

|I6| ≤ Cµ2‖vt‖∞‖ut‖‖∇u‖ + Cµ1‖vt‖∞‖∇τ‖‖τt‖

≤ C(‖ut‖
2 + ‖∇u‖2 + ‖τt‖

2 + ‖∇τ‖2), (3.22)



Global Existence of Some Oldroyd-B Model 573

|I7| ≤ Cµ2‖λξt‖∞‖λ∇ρ‖‖ut‖ ≤ C(‖λ∇ρ‖2 + ‖ut‖
2), (3.23)

|I8| ≤ Cνµ2‖ξt‖∞‖∆u‖‖ut‖ ≤
νµ2

8
‖∆u‖2 + C‖ut‖

2, (3.24)

|I9| ≤ Cµ1µ2‖ξt‖∞‖∇τ‖‖ut‖ ≤ C(‖∇τ‖2 + ‖ut‖
2), (3.25)

|I10| ≤ Cµ1µ2‖ξt‖‖∇u‖‖τt‖ ≤ C(‖∇u‖2 + ‖τt‖
2). (3.26)

Finally, let us estimate the last term I11 as follows:

|I11| ≤ Cµ1‖τt‖
(
‖∇u‖

∥∥∥ξ∂t

σ

ξ

∥∥∥
∞

+‖∇∂tu‖‖σ‖∞

)
≤ C(‖τt‖

2+‖∇u‖2)+
νµ2

8
‖∇∂tu‖

2
s−1. (3.27)

Step 2 Estimates when Dα = ∇α, |α| = s.

By using Lemma 3.1, we obtain

|I5| ≤ C‖λ∇α(ρ − 1)‖[(‖∇v‖∞‖λ∇ρ‖s−1 + ‖∇v‖s−1‖λ∇ρ‖∞)

+ (‖λ∇ξ‖∞‖‖∇u‖s−1 + ‖λ∇ξ‖s−1‖‖∇u‖∞)]

≤ C‖λ∇α(ρ − 1)‖(‖∇v‖s−1‖λ∇ρ‖s−1 + ‖λ∇ξ‖s−1‖‖∇u‖s−1)

≤ C(‖λ∇α(ρ − 1)‖2 + ‖u‖s
s−1), (3.28)

|I6| ≤ Cµ2‖∇
αu‖(‖∇v‖∞‖∇u‖s−1 + ‖∇u‖∞‖∇v‖s−1)

+ Cµ1‖∇
ατ‖(‖∇v‖∞‖∇τ‖s−1 + ‖∇τ‖∞‖∇v‖s−1)

≤ C(‖u‖2
s + ‖τ‖2

s). (3.29)

Next we use Corollary 3.1 to estimate I7–I10.

|I7| ≤ Cµ2‖∇
αu‖(‖λ∇ξ‖∞‖λ∇ρ‖s−1 + ‖λ∇ρ‖∞‖λ∇ξ‖s−1)

≤ C(‖∇αu‖2 + ‖λ(∇− 1)ρ‖2
s), (3.30)

|I8| ≤ Cνµ2‖∇
αu‖[‖∇ξ‖∞(‖∆u‖s−1 + ‖∇∇ · u‖s−1) + (‖∆u‖∞ + ‖∇∇ · u‖∞)‖∇ξ‖s−1]

≤ C‖u‖2
s +

νµ2

8
(‖∇u‖2

s + ‖∇ · u‖2
s), (3.31)

|I9| ≤ Cµ1µ2‖∇
αu‖(‖∇ξ‖∞‖∇τ‖s−1 + ‖∇τ‖∞‖∇ξ‖s−1) ≤ C(‖u‖2

s + ‖τ‖2
s), (3.32)

|I10| ≤ Cµ1µ2‖∇
ατ‖(‖∇ξ‖∞‖∇u‖s−1 + ‖∇u‖∞‖∇ξ‖s−1) ≤ C(‖u‖2

s + ‖τ‖2
s). (3.33)

Now let us estimate the last term I11. Recalling the definition of Q(σ,∇u) in (1.2), we see that

|I11| ≤ C‖∇ατ‖
∥∥∥ξ∇α

{1

ξ
Q(σ,∇u)

}∥∥∥ ≤ C‖∇ατ‖
(∥∥∥

σ

ξ

∥∥∥
∞
‖∇u)‖s + ‖∇u‖∞

∥∥∥
σ

ξ

∥∥∥
s

)

≤ C(‖u‖2
s + ‖τ‖2

s) +
νµ2

8
‖∇u‖2

s. (3.34)

Step 3 Estimates when Dα = ∇β∂t, |β| = s − 1.
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With the aid of Lemma 3.1 and Corollary 3.1, we have

|I5| ≤ Cλ‖λ∇βρt‖{[‖∇
β(v · ∇ρt) − v · ∇∇βρt‖] + ‖∇β(vt · ∇ρ)‖]

+ [‖∇β(ξ∇ · ut) − ξ∇ · ∇βut‖ + ‖∇β(ξt · ∇u)‖]}

≤ C‖λ∇βρt‖[(‖∇v‖∞‖λ∇ρt‖s−2 + ‖∇v‖s−2‖λ∇ρt‖∞) + (‖vt‖∞‖λ∇ρ‖s−1

+ ‖vt‖s−1‖λ∇ρ‖∞) + (‖∇ut‖∞‖λ∇ξ‖s−2 + ‖∇ut‖s−2‖λ∇ξ‖∞)

+ (‖∇u‖∞‖λξt‖s−1 + ‖∇u‖s−1‖λξt‖∞)

≤ C(‖λρt‖
2
s−1 + ‖λ(ρ − 1)‖2

s + ‖u‖2
s−1 + ‖ut‖

2
s). (3.35)

Following the same procedure, we can get

|I6| ≤ C‖∇βut‖(‖∇v‖∞‖∇ut‖s−2 + ‖∇ut‖∞‖∇v‖s−2 + ‖vt‖∞‖∇u‖s−1 + ‖∇u‖∞‖vt‖s−1)

+ ‖∇βτt‖(‖∇v‖∞‖∇τt‖s−2 + ‖∇τt‖∞‖∇v‖s−2 + ‖∇τ‖∞‖∇vt‖s−1 + ‖∇vt‖∞‖∇τ‖s−1)

≤ C(‖τt‖
2
s−1 + ‖τ‖2

s + ‖ut‖
2
s−1 + ‖u‖2

s), (3.36)

|I7| ≤ Cλ2‖∇βut‖(‖∇ξ‖∞‖∇ρt‖s−2 + ‖∇ρt‖∞‖∇ξ‖s−2‖ξt‖∞‖∇ρ‖s−1 + ‖∇ρ‖∞‖ξt‖s−1)

≤ C(‖λρt‖
2
s−1 + ‖λ(ρ − 1)‖2

s + ‖ut‖
2
s−1), (3.37)

|I8| ≤ C‖∇βut‖[‖∇ξ‖∞(‖∆ut‖s−2 + ‖∇∇ · ut‖s−2) + ‖∇ξ‖s−2(‖∆ut‖∞ + ‖∇∇ · ut‖∞)

+ ‖ξt‖∞(‖∆u‖s−1 + ‖∇∇ · u‖s−1) + ‖ξt‖s−1(‖∆u‖∞ + ‖∇∇ · u‖∞)]

≤ C(‖ut‖
2
s−1 + ‖u‖2

s) +
νµ2

8
(‖∇∂tu‖

2
s−1 + ‖∇u‖2

s), (3.38)

|I9| ≤ C‖∇βut‖(‖∇ξ‖∞‖∇τt‖s−2 + ‖∇ξ‖s−2‖∇τt‖∞ + ‖ξt‖∞‖∇τ‖s−1 + ‖ξt‖s−1‖∇τ‖∞)

≤ C(‖ut‖
2
s−1 + ‖τ‖2

s + ‖τt‖
2
s−1), (3.39)

|I10| ≤ C‖∇βτt‖(‖∇ξ‖∞‖∇ut‖s−2 + ‖∇ξ‖s−2‖∇ut‖∞ + ‖ξt‖∞‖∇u‖s−1 + ‖ξt‖s−1‖∇u‖∞)

≤ C(‖u‖2
s + ‖ut‖

2
s−1 + ‖τt‖

2
s−1), (3.40)

|I11| ≤ C‖∇βτt‖
(∥∥∥∂t

σ

ξ

∥∥∥
∞
‖∇u‖s−1+

∥∥∥∂t

σ

ξ

∥∥∥
s−1

‖∇u‖∞+
∥∥∥
σ

ξ

∥∥∥
∞
‖∇∂tu‖s−1

)
+

∥∥∥
σ

ξ

∥∥∥
s−1

‖∇∂tu‖∞

≤ C(‖τt‖
2
s−1+‖u‖2

s)+
νµ2

8
‖∇ut‖

2
s−1. (3.41)

Step 4 Energy estimates.

We now tie everything together. Substituting the estimates (3.16)–(3.20) and (3.28)–(3.34)

into (3.4), we find that

d

dt

∑

|α|=0,s

∫

Tn

µ2

[
λ2 p′(ξ)

ξ
|∇α(ρ − 1)|2 + ξ(µ2|∇

αu|2 + µ1|∇
ατ |2)

]
dx

+ aµ1‖∇
ατ‖2 + νµ2‖∇∇αu‖2

≤ C(‖λ(ρ − 1)‖2
s + ‖τ‖2

s + ‖u‖2
s). (3.42)

Recalling the constraints on the initial data (2.5), we have

Es(U(0)) = ‖λρ̃λ
0‖

2
s + ‖u0 + ũλ

0‖
2
s + ‖τ0 + τ̃λ

0 ‖
2 ≤ C

( δ2
0

λ2
+ ‖u0‖

2
s + ‖τ0‖

2
s

)
. (3.43)
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Noting (2.2), we can use the Gronwall’s inequality to obtain

Es(U(t)) +

∫ t

0

(‖τ‖2
s + ‖∇u‖2

s) dt ≤ 4(‖u0‖
2
s + ‖τ0‖

2
s) for 0 ≤ t ≤ T0 (3.44)

provided T0 is sufficiently small and λ is sufficiently large.

Substituting these estimates (3.16)–(3.19), (3.21)–(3.27), (3.35)–(3.41) and (3.44) into

(3.4), we have

d

dt
[E(∂tU(t)) + Es−1(∂tU(t))] + (‖∇∂tu‖

2
s−1 + ‖∂tτ‖

2
s−1) ≤ C + CEs−1(∂tU(t)). (3.45)

Similarly to (3.43), we have

Es−1(∂tU(0)) ≤ C‖λ(u0 + ũλ
0 )∇ρ̃λ

0‖
2
s−1 + ‖λ(ρ̃λ

0 + 1)∇ · ũλ
0‖

2
s−1

+ ‖λ2∇ρ̃λ
0‖

2
s−1 + ‖(u0 + ũλ

0 ) · ∇(u0 + ũλ
0 )‖2

s−1

+ ‖(∆(u0 + ũλ
0 ) + ∇(∇ · ũλ

0 )) + ∇ · (τ0 + τ̃λ
0 )‖2

s−1

+ ‖(u0 + ũλ
0 ) · ∇(τ0 + τ̃λ

0 ) + a(τ0 + τ̃λ
0 )

+ Q(τ0 + τ̃λ
0 ,∇u) − Γ(∇u0 + ũλ

0 )‖2
s−1

≤ C(δ2
0 + ‖u0‖

2
s+1 + ‖τ0‖

2
s). (3.46)

Gronwall’s inequality together with (3.45) and (3.46) yields

Es−1(∂tU(t)) +

∫ t

0

(‖∇∂tu‖
2
s−1 + ‖∂tτ‖

2
s−1) dt ≤ C exp Ct for 0 ≤ t ≤ T0 (3.47)

provided T0 and δ0 are sufficiently small and λ is sufficiently large.

Summing up, we have

Lemma 3.3 Assume that Bλ
T0

(U0) is defined by (3.1) and Λ : V → U is defined by the linear

partial differential equation (3.2). Then there exist uniform constants T0, δ and κ independent

of λ such that Λ maps Bλ
T0

(U0) into itself. Moreover it is a contraction in the L2-norm.

Proof It remains to show the first line of (3.1) and the L2-contraction. To show the first

line of (3.1), it is suffices to show ‖λ(ρ−1)‖s+‖u−u0‖s +‖τ−τ0‖s ≤ δ by Sobolev’s inequality.

Let ρ̃ = ρ − 1, ũ = u − u0, τ̃ = τ − τ0, we proceed as before. Similarly, to obtain (3.44), we

have

d

dt

∫

Tn

µ2

[
λ2 p′(ξ)

ξ
|ρ̃|2s + ξ(µ2|∇

αũ|2s + µ1|τ̃ |
2
s)

]
dx + aµ1‖τ̃‖

2
s + νµ2(‖∇ũ‖2

s + ‖∇ · ũ‖2
s)

≤ C(‖λρ̃‖2
s + ‖τ̃‖2

s + ‖ũ‖2
s) + C

(
‖v · ∇u0‖

2
s + ‖∇u0‖

2
s +

∥∥∥∇s
(1

ξ
∆u0

)
−

1

ξ
∇s∆u0

∥∥∥
2

+ a‖τ0‖
2
s + ‖Q(σ,∇u0)‖

2
s + ‖Γ(∇u0)‖

2
s

)

≤ C(‖λρ̃‖2
s + ‖τ̃‖2

s + ‖ũ‖2
s + 1). (3.48)

Since

E(Ũ(0)) = ‖λρ̃λ
0‖

2
s + ‖ũλ

0‖
2
s + ‖τ̃λ

0 ‖
2 ≤ C

δ2
0

λ2
,
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we conclude, by Gronwall’s inequality, that

E(Ũ(t)) ≤ (E(Ũ (0)) + CT0) exp CT0.

Thus U = Λ(V ) ∈ Bλ
T0

(U0) if λ is sufficiently large and T0 is sufficiently small.

Next we show that Λ is a contraction in Bλ
T0

(U0) with respect to the L2-norm. Let U =

Λ(V ), U = Λ(V ), V, V ∈ Bλ
T0

(U0), we have U, U ∈ Bλ
T0

(U0). Moreover, by the definition of

Λ, we have





∂t(ρ − ρ̄) + v · ∇(ρ − ρ̄) + ξ∇ · (u − ū) + (v − v̄) · ∇ρ̄ + (ξ − ξ̄)∇ · ū = 0,

∂t(u−ū) + v · ∇(u−ū) +
p′(ξ)

ξ
λ2∇(ρ−ρ̄) + (v−v̄) · ∇ū + λ2

(p′(ξ)

ξ
−

p′(ξ̄)

ξ̄

)
∇ρ̄

=
ν

ξ
(∆(u − ū) + ∇(∇ · (u − ū))) +

µ1

ξ
∇ · (τ − τ̄ )

+ν
(1

ξ
−

1

ξ̄

)
(∆ū + ∇∇ · ū) + µ1

(1

ξ
−

1

ξ̄

)
∇ · τ̄ ,

∂t(τ − τ̄) + v · ∇(τ − τ̄ ) + a(τ − τ̄) +
[1

ξ
Q(σ,∇u) −

1

ξ̄
Q(σ̄,∇ū)

]
+ (v − v̄) · ∇τ̄

=
µ2

ξ
Γ(∇(u − ū)) + µ2

(1

ξ
−

1

ξ̄

)
Γ(ū).

(3.49)

Proceeding as before in the derivation of (3.4) and in the estimation of (3.16)–(3.19), we

obtain

1

2

d

dt

∫

Tn

µ2

[
λ2 p′(ξ)

ξ
|ρ − ρ̄|2 + ξ(µ2|u − ū|2 + µ1|τ − τ̄ |2)

]
dx + aµ1‖τ − τ̄‖2

+ νµ2(‖∇(u − ū)‖2 + ‖∇ · (u − ū)‖2)

≤ C(‖ρ − ρ̄‖2 + ‖u − ū‖2 + ‖τ − τ̄‖2 + ‖ξ − ξ̄‖2 + ‖v − v̄‖2)

+ (Q(σ,∇(u − ū)), µ1(τ − τ̄)) + (Q(σ − σ̄,∇ū), µ1(τ − τ̄ ))

+
(
Q(σ,∇ū)

(1

ξ
−

1

ξ̄

)
, µ1ξ(τ − τ̄ )

)

≤ C(‖ρ − ρ̄‖2 + ‖u − ū‖2 + ‖τ − τ̄‖2 + ‖ξ − ξ̄‖2 + ‖v − v̄‖2 + ‖σ − σ̄‖2) +
νµ2

2
‖∇(u − ū)‖2.

Noting that (U − U)(0) = 0, by the Gronwall’s inequality, we obtain

max
0≤t≤T0

E(U(t) − U(t)) ≤ (CT0 expCT0) max
0≤t≤T0

E(V (t) − V (t)). (3.50)

We complete the proof of Lemma 3.3.

Before proving Theorem 2.1, we also need the following lemma.

Lemma 3.4 Consider the incompressible system of Oldroyd type (2.8) with the initial

condition (2.9). Then there exists at most one smooth solution.

Proof Assume that (u, τ) and (ū, τ̄ ) are two smooth solutions of (1.1) with the same
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initial data (2.9). Then we have





∇ · (u − ū) = 0,

∂t(u − ū) + u · ∇(u − ū) + ∇(q − q̄) + (u − ū) · ∇ū = ν∆(u − ū) + µ1∇ · (τ − τ̄ ),

∂t(τ − τ̄ ) + u · ∇(τ − τ̄ ) + a(τ − τ̄ ) + Q(τ,∇(u − ū)) + (u − ū) · ∇τ̄ + Q(τ − τ̄ ,∇ū)

= µ2Γ(u − ū)

for 0 ≤ t ≤ t0. Thus proceeding as before we can get

1

2

d

dt
(µ2‖u − ū‖2 + µ1‖τ − τ̄‖2) + aµ1‖τ − τ̄‖2 + νµ2‖∇u −∇ū‖2

≤ C(‖u − ū‖2 + ‖τ − τ̄‖2) +
νµ2

2
‖∇u −∇ū‖2.

Noting that (u − ū, τ − τ̄)(0) = 0, with the aid of Gronwall’s inequality we obtain

‖u − ū‖2 + ‖τ − τ̄‖2 = 0, 0 ≤ t ≤ t0,

which means that u = ū, τ = τ̄ .

Proof of Theorem 2.1 For any fixed λ, the standard classical iteration procedure produces

a sequence (with slight change in notation) {(ρj , uj, τj)}
∞
j=0 which belongs to C([0, T0], H

s)∩

C1([0, T0], H
s−1) and is guaranteed to converge to a limit (ρλ, uλ, τλ) by the above Lemma

3.3. The convergent sequence satisfies the following equations





∂tρj+1 + uj · ∇ρj+1 + ρj∇ · uj+1 = 0,

∂tuj+1 + uj · ∇uj+1 +
p′(ρj)

ρj

λ2∇ρj+1 =
ν

ρj

(∆uj+1 + ∇(∇ · uj+1)) +
µ1

ρj

∇ · τj+1,

∂tτj+1 + uj · ∇τj+1 + aτj+1 +
1

ρj

Q(σj ,∇uj+1) =
µ2

ρj

Γ(∇uj+1)

as well as the estimates




Es(Uj(t)) +

∫ t

0

(‖τj‖
2
s + ‖∇uj‖

2
s)dt ≤ 4(‖u0‖

2
s + ‖τ0‖

2
s),

Es−1(∂tUj(t)) +

∫ t

0

(‖∇∂tuj‖
2
s−1 + ‖∂tτj‖

2
s−1)dt ≤ κ,

where Uj = (ρj , uj, τj)
T . It follows obviously that (ρλ, uλ, τλ) ∈ L∞(0, T0, H

s)∩

Lip([0, T0], H
s−1) and satisfies the estimates (2.6). From the standard Sobolev interpolation

inequalities

‖(ρj , uj, τj)−(ρλ, uλ, τλ)‖s−δ ≤C‖(ρj , uj, τj)−(ρλ, uλ, τλ)‖θ(‖(ρj , uj, τj)‖s+‖(ρλ, uλ, τλ)‖s)
1−θ

for an appropriate θ ∈ (0, 1), where δ is a small positive constant. With the aid of (3.50), we

also have (ρλ, uλ, τλ) ∈ C([0, T0], H
s−δ). By Sobolev imbedding theorem, (ρλ, uλ, τλ) is

a classical solution of the compressible Oldroyd model (1.3). This completes the proof of the

uniform stability part of Theorem 2.1.

From the uniform stability estimates (2.6), we have, as λ → ∞, that ρλ → 1 in L∞(0, T0, H
s)

∩Lip([0, T0], H
s−1). Moreover, a standard compactness argument based on the Lions-Aubin
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lemma (see [19], for example) implies that any subsequence of uλ and τλ has a subsequence

(still denoted by uλ and τλ) with a limit u and τ , respectively, with (u, τ) ∈ L∞(0, T0, H
s) ∩

C([0, T0], H
s−δ), (ut, τt) ∈ L∞(0, T0, H

s−1) satisfying (2.7). Now let φ(t, x) and ϕ(t, x) be two

smooth test functions with compact supports in t ∈ [0, T0] and ∇ · φ = 0. Then we have

∫ T0

0

∫

Tn

φ
(
∂tu

λ + uλ · ∇uλ −
ν

ρλ
∆uλ −

µ1

ρλ
∇ · τλ −

ν

ρλ
∇∇ · uλ

)
dxdt

=

∫ T0

0

∫

Tn

−φλ2∇

∫ ρ

1

p′(ξ)

ξ
dξ dxdt = 0

and ∫ T0

0

∫

Tn

ϕ
(
∂tτ

λ + uλ · ∇τλ + aτλ +
1

ρλ
Q(τλ,∇uλ) −

µ2

ρλ
Γ(∇uλ)

)
dxdt = 0.

On the other hand, from the first equation of system (1.3) we have

∇ · uλ = ∂tρ
λ + uλ · ∇ρλ + (ρλ − 1)∇ · uλ. (3.51)

Let λ → ∞, we obtain that (u, τ) satisfies (2.8) and (2.9). From Lemma 3.4, by the uniqueness

of the classical solution of system (2.8) with the initial data (2.9), it follows that the convergence

is in fact the sequences uλ and τλ themselves.

Remark 3.1 It follows from (3.51) that

‖λ∇ · uλ‖s−1 ≤ ‖λρλ
t ‖s−1 + ‖λuλ · ∇ρλ‖s−1 + ‖λ(ρλ − 1)∇ · uλ‖s−1

≤ C(‖λρλ
t ‖s−1 + ‖λ(ρλ − 1)‖ ≤ Cκ for 0 ≤ t ≤ T0.

Noting Remark 2.1, we in fact have that

λ(‖∇ · u‖s−1 + ‖ρλ
t ‖s−1 + ‖ρλ − 1‖s) + λ2

(
‖∇ρλ‖s−2 +

∫ t

0

‖∇ρλ‖2
s−1 dt

)
≤ Cκ (3.52)

for 0 ≤ t ≤ T0.

4 Proof of Theorems 2.2 and 2.3

In this section we devote ourselves to getting a priori dispersive energy estimates for any

fixed T > 0 and small initial displacements, and to proving Theorems 2.2 and 2.3. What we

need to do is just to improve the previous estimates (3.16)–(3.41) to get the desired dispersive

energy estimates.

Now we go back to equation (3.3) and replace the function (ξ, v, σ) by (ρ, u, τ) to get a

similar equality as (3.4)

1

2

d

dt

∫

Tn

µ2

[
λ2 p′(ρ)

ρ
|Dα(ρ − 1)|2 + ρ(µ2|D

αu|2 + µ1|D
ατ |2)

]
dx

+ aµ1‖D
ατ‖2 + νµ2(‖∇Dαu‖2 + ‖∇ · Dαu‖2) =

∑

1≤j≤11

Jj, (4.1)

where Jj , 1 ≤ j ≤ 11, have the similar forms as Ij , 1 ≤ j ≤ 11, in (3.4) with (ξ, v, σ) being

replaced by (ρ, u, τ).



Global Existence of Some Oldroyd-B Model 579

Since we do not need the decay for estimating the time derivatives E(∂tU(t)), and inequali-

ties (3.16)–(3.19) have been of the desired form, we only need to improve (3.20) and (3.28)–(3.34)

to get the corresponding estimates for Jj.

First, by (2.10), (3.20) can be improved as follows:

|J11| = µ1|(Q(τ,∇u), τ)| ≤
νµ2

8
‖∇u‖2 + Cε‖τ‖2. (4.2)

Next, noting (2.10), we can improve (3.28) and (3.29) as follows:

|J5| ≤ Cλ−1‖λ∇α(ρ − 1)‖(‖∇u‖s−1‖λ
2∇ρ‖∞ + ‖∇u‖∞‖λ2∇ρ‖s−1

+ ‖λ2∇ρ‖s−1‖‖∇u‖∞ + ‖λ2∇ρ‖∞‖‖∇u‖s−1)

≤ Cλ−1(‖λ2(ρ − 1)‖2
s−1 + ‖λ(ρ − 1)‖2

s), (4.3)

|J6| ≤ C‖u‖s‖∇u‖∞‖∇u‖s−1 + C‖τ‖s(‖∇u‖∞‖∇τ‖s−1 + ‖∇τ‖∞‖∇u‖s−1)

≤ Cε(‖∇u‖2
s−1 + ‖τ‖2

s). (4.4)

By using Lemma 3.1 and Corollary 3.1, we have

|J7| ≤ Cλ−1‖u‖s‖λ
2∇ρ‖∞‖λ∇ρ‖s−1 ≤ Cλ−1‖λ2∇ρ‖s−2(‖u‖

2
s + ‖λ(ρ − 1)‖2

s)

≤ Cλ−1(‖u‖2
s + ‖λ(ρ − 1)‖2

s), (4.5)

where in the last inequality we used (3.52).

Similarly, the rest inequalities (3.31)–(3.33) can be improved as follows:

|J8| ≤ Cλ−1‖u‖s(‖λ∇ρ‖∞‖∆u‖s−1 + ‖λ∇ρ‖s−1‖∆u‖∞) ≤ Cλ−1(‖u‖2
s + ‖∇u‖2

s), (4.6)

|J9| ≤ Cλ−1‖u‖s(‖λ∇ρ‖∞‖∇τ‖s−1 + ‖λ∇ρ‖s−1‖∇τ‖∞) ≤ Cλ−1(‖u‖2
s + ‖τ‖2

s), (4.7)

|J10| ≤ Cλ−1‖τ‖s(‖λ∇ρ‖∞‖∇u‖s−1 + ‖λ∇ρ‖s−1‖∇u‖∞) ≤ Cλ−1(‖u‖2
s + ‖τ‖2

s). (4.8)

At last, noting ρ − 1 is small, we can improve (3.34) as follows:

|J11| ≤ C‖τ‖s

(∥∥∥∇
τ

ρ

∥∥∥
∞
‖∇u‖s−1 +

∥∥∥∇
τ

ρ

∥∥∥
s−1

‖∇u‖∞

)
≤ Cε(‖τ‖2

s + ‖∇u‖2
s−1). (4.9)

Now adding up all these estimates (3.16)–(3.19) (with (ξ, v, σ) being replaced by (ρ, u, τ))

and (4.1)–(4.9) together and noting (2.2) and (3.52), we obtain

d

dt
[Ẽ(U(t)) + Ẽ(∇sU(t))] + (‖∇u‖2

s + ‖τ‖2
s) ≤ Cλ−1Es(U(t)), (4.10)

which together with (3.43) gives

Es(U(t)) +

∫ t

0

(‖∇u‖2
s + ‖τ‖2

s) dt ≤ 4(‖u0‖
2
s + ‖τ0‖

2
s) (4.11)

provided λ is sufficiently large and 0 ≤ t ≤ T λ, with T λ = λ
C

.

Next we show the second inequality of (2.11). For this thought estimate, we do not need the

decay. Thus all estimates are almost the same as (3.21)–(3.27) and (3.35)–(3.41) with (ξ, v, σ)

replaced by (ρ, u, τ). Thus (3.47) holds with U(t) = (ρ, u, τ)T . We complete the proof of

Theorem 2.2.
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By (2.11), we can proceed as in Section 3, by taking smooth test functions, to prove that

the smooth limiting function (ρ, u, τ) and ∇q satisfy the incompressible Oldroyd-B system (1.1)

in the time interval [0, T ] with the initial data (2.9) satisfying the constraints (2.4) and (2.10).

Since T is arbitrary, we have in fact obtained a unique global smooth solution of (1.1) and

proved Theorem 2.3.
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