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Abstract In this paper, we prove local and global existence of classical solutions for a
system of equations concerning an incompressible viscoelastic fluid of Oldroyd-B type via
the incompressible limit when the initial data are sufficiently small.
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1 Introduction

In the context of hydrodynamics, the motion of the fluid flow is classically described by the
following system of equations

op+u-Vp+pV-u=0,
p(Opu+u-Vu) =V -o,

where p is the density, u (u(t,x) € R™) the velocity and o (an n X n symmetric matrix) the
stress tensor. Moreover, o can be decomposed as ¢ = 71 — pI, where 7y is the tangential part
of the stress tensor and —p/ is the normal part. For a Newtonian fluid, 7; depends linearly on
Vu. More precisely, 71 = 2uI"(u), where I'(u) = $(Vu + (Vu)T).

It turns out that many fluids do not satisfy the Newtonian law. For example, for some
fluids with shear dependent viscosity, the Newtonian law 71 = 2ul'(u) is replaced by 7 =
2u(|T (w)|*)T(u). This model has been extensively studied, see [5, 6, 12, 14, 15, 18], for example.
But all these models involve only instantaneous constitutive relation between the stress and the
strain. Indeed, for many fluids, it is not possible to determine at some time ¢ the value of 7
knowing only I'(u) at the same time ¢, and one also has to know the whole history of I'(u). In
these cases, we say that the fluid has a “memory”.

In this paper, we are going to study a simpler viscoelastic model, namely the Oldroyd-B
model. Fluids of this type has a memory and one has to write a differential equation for 7.
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The equations of incompressible fluid of Oldroyd-B type are subject to the following form

V-u=0,
ou+u-Vu+Vg=vAu+ 1V -1, (1.1)
KT +u- VT +ar+ Q(1, Vu) = pol'(u),

where the density in the undeformed reference configuration has been set to be equal to one, ¢

(a scalar function) is the pressure, 7 is the elastic part of 71, a, v, p1, ps are positive constants
and Q(7, Vu) is a quadratic form

Q(1,Vu) = 7W(u) — W(u)t — b(T(u)T + 7T (u)), (1.2)

where b € [—1,1] is a constant and W (u) = (Vu—(Vu)T) is the vorticity tensor. We point out
here that in this paper, we will use the notation (Vu);; = ngf;, (Vu); = g%, (V1) = 0;7i;
and v - V7T = u;0;7. Summation over repeated indices will always be understood.

On the other hand, the equations of compressible fluid of Oldroyd-B type with a large
parameter A are a distinctly different system taking the following form

oap +ur - Vpr 4+ p VP =0,

1 v H1
dut +u - Vu + p_AVpA = p—A(AUA +V(V-ut)) + _pAV - (1.3)
1
8157')\ + U,)\ . VTA + GT)\ + p_AQ(TA7 VUA) - %F(UA)

We will concentrate below on a specific family of fluids which is given by the varying equations
of state p*(p) = A2p(p) with fixed p(p), p'(p) > 0, p > 0, since we are ultimately interested
in the incompressible limit. Such a family arises in a natural fashion from a fixed fluid with

an equation of state p(p) = Ap?, v > 1. Indeed, denoting by M = % = % the Mach
P’ (pm))?2
number of the fluid defined as the ratio of typical fluid velocities v,, to typical sound speeds

(p' (pm))% and writing the corresponding compressible Oldroyd-B equations in non-dimensional
form one obtains a varying family of equations of state of this type.

One expects, under appropriate conditions on the initial data, that the solutions p*, \>Vp?*,
u, 7 of the compressible system (1.3) converge to 1, Vg, u, 7, respectively, as A — oo, where
Vg, u, 7 are the solutions of the incompressible Oldroyd-B system (1.1). It is well known
that long time behavior of solutions to the viscoelastic equations depends on strong dispersive
estimates (see [8, 9, 16]). For the wave equations, the generalized energy method, based on the
Lorentz invariance and global Sobolev inequalities, provides an elegant and efficient means of
combining energy and decay estimates (see [8, 9], for example). Recently Sideris and Thomases
[17] studied an elastodynamic system which is not Lorentz invariant in three space dimensions
via the incompressible limit through the use of weighted Sobolev inequalities involving the
smaller number of generators. But the Oldroyd-B model we study in this paper is neither
Lorentz invariant nor scaling invariant since the presence of damping mechanism of u.

In this paper, we first prove that classical local solutions of the equations of motion exist for
sufficiently small disturbances from the general incompressible initial data. This result depends
on a modified method of [10], where Klainerman and Majda developed a general theory to study
the incompressible limit of compressible fluids in general framework of quasi-linear hyperbolic
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systems depending on a large parameter. Their method can also be extended to cover the
viscous equations. But since the stress tensor 7 in system (1.3) is not “fast scale” (in the sense
of [10]), our system does not satisfy their structural conditions.

We also prove the uniform stability of the local existence family which yields a lifespan of
the compressible system (1.3) and allows for convergence to a global solution of the limiting
incompressible equations by means of compactness arguments. The strength of this convergence
improves the degree of incompressibility satisfied by the initial data.

The existence and uniqueness of local strong solutions of incompressible fluid satisfying the
Oldroyd constitutive law in Hilbert spaces H® have been established by Guillopé and Saut in
[4]. The existence and uniqueness for local and global solutions in some limit spaces which
is invariant under the Navior-Stokes scaling was announced by Chemin and Masmoudi in [2].
For b = 0, the global weak solutions was also established in [12]. Ezquerra and Zonzaléz
[3] proved the global existence of weak solutions in a unique cylinder. Recently, when the
damping mechanism on the deformation tensor F is lost, Lin, Liu and Zhang [11] proved the
global existence of classical solutions for two dimensional incompressible Oldroyd model by
introducing the induced stress to find the dissipation of the system.

The paper is organized as follows. In Section 2, we state the main results of this paper. In
Section 3, we establish the uniform stability estimates and the local existence of the solutions of
the compressible system (1.3). In Section 4, we establish the dispersive energy estimates which
allows us to take the limit as A — oo to obtain a global solution to the incompressible Oldroyd
system.

2 Statements of Main Results

To avoid complications at the boundary, we concentrate below on the periodic case where
x € T", the n-dimensional torus. In fact the whole space problem and the Dirichlet problem of
smooth bounded domain can also be treated at the expense of complicating the proofs below.
In the following, || ||, || - ||s and || - ||oo Will denote the norms in L?(T™), H*(T") and L°°(T"),
respectively.

Define

BU@) =5 3 [ 90— DF + [l + V).

lor|<s
~ 1 / (2.1)
BWw) =5 3 [ (10— 0 + papl Vul? + sl 0o i,
R P
where U(t) = (p, u, 7). It is obvious that
E(U (1) ~ E(U (1)) (2.2)

provided |p — 1] is sufficiently small.

Theorem 2.1 Consider the compressible Oldroyd-B model (1.3) with the following initial
data in H**(T™) (n =2 or 3, integer s > [%] + 3)

pN0,z) =1+ pp(z), w0,2) =uo(z) +a)(z), 70,2) =7o(x) + 7 (x), (2.3)
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where To(x) is symmetric, uo(x) satisfies the incompressible constraints

V- ug = 0 (2.4)

and py(z), @) (x), 7 (x) are assumed to satisfy

- 0 _ 0 - 0
IR@Is <55 @@l <52 172@) <5 6 small. (25)

Then the following statements hold.

Uniform stability: There exist fived constants Ty, k independent of A such that a unique
classical C? solution (p*,u*, 7*) of system (1.3) ewists for all large \ on the time interval [0, Tp).
Furthermore, the solution family satisfy

t
E,(UA(1)) +/ (VA2 + 17213) dt < 4(lluoll? + [I70]12),
0 + (2.6)
B @UN0) + [ (190022 + o2 0) di < v
for all t € [0, To] provided X is sufficiently large.
Local existence of solutions for incompressible system: There exist functions w, T with
a2+ 1712 < 4(lluollZ + [I70]l2), ¢ € [0, To], such that

P —1 in  L>(0,Ty; H*) N Lip([0, To], H*™1),
(u, ) — (u,7)  weakly™ in L>=(0,To; H*) N Lip([0, Ty], H*1), (2.7)
(u, ) — (u,7) in C([0,Tp), H*~?),

where § is a small positive constant. The function (u,7) is a C? solution of the incompressible
system of Oldroyd-B type

V-u=0,
PO+ u-Vu—vAu— 3 V-7) =0, (2.8)
Wt +u- V1T +at + Q(1, Vu) = pol'(u)

with the initial data
u(0,z) = uo(x), 7(0,2) = T10(2), (2.9)

where P is the L%-projection on the divergence free vector fields.

Remark 2.1 If we denote
ou+u-Vu—vAu—V -1 =Vq,
then we have

1
p—)\)\QVp(pA) — Vq weakly™ in L>(0, To; H*~2) N L?(0, Tp; H*™1),

which means that A2(||Vp*||s_2 + fg [Vp*||2_; dt) is uniformly bounded in t € [0, Tp)].
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Theorem 2.2 Consider the solutions (p*,u*,7) of the compressible Oldroyd model ob-
tained in Theorem 2.1. Suppose that the initial data additionally satisfy

[[uolls + [I7olls <, (2.10)

where € is a positive constant, and the displacements from py = 1,up, 70 satisfy (2.5). If € is
sufficiently small, then for every fived T > 0, the solution (p*,u*, ) satisfies the following

estimates
A ! A2 2 58
B0+ [ (190 + 712 de < (e + 33). telo.T),
o (2.11)
EaUN0) + [ (1902, + |2 y) de < CexpCt, 0<t<T.
0

where T* > T and T — 0o as A — oo.

We point out that the uniform bounds for the initial energy in (2.5) implies that, in the
limit as A — oo, the initial deformation is driven toward incompressibility. Since the bounds
on the energy from Theorem 2.2 are uniform in A\, we will be able to take the limit as A goes
to infinity to obtain a global solution to the equations of incompressible system of Oldroyd-B

type (1.1).

Theorem 2.3 Consider the incompressible system of Oldroyd-B type (1.1) with the initial
data (2.9) which satisfy the constraints (2.4) and (2.10). Then there exists a unique classical
solution (u,T) which satisfies

[ulls +1I7lls < Ce (2.12)

provided € is sufficiently small.

3 Local Existence and Uniform Stability

In this section we will derive the main estimates for our results and prove Theorem 2.1.
We emphasize that solutions will depend on the value of the parameter A, but this dependence
will not always be displayed for reasons of notational convenience. Our object is to apply a
modified classical method of existence originally for quasi-linear symmetric hyperbolic systems
in weighted A-norms.

Consider the set of functions B3, (Up) contained in C([0, Tp], H*) N C*([0,Tp], H¥~') with
s > [5] + 3 and defined by

Alp =1+ Ju—uo| + |7 — 10| <6,
t
E.(U(1) + / (V2 + 1712 dt < 4(0Juol2 + ]2, 51)
t
E(0U(1)) + / (IV0ul?_s + 10,rI2_y) dt < &
0

for 0 <t < Tp, where U = (p,u,7) and Uy = (1 + p, uo + @), 70 + 70)-
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For V = (§,v,0) € B%‘O(Uo), define U = (p,u,7) = A(V) as the unique solution of the linear

problem

Op+v-Vp+EV-u=0,

8tu+v-Vu+@)\2Vp: %(Au+V(V-u))+%V'T, (3.2)
T +v-VT+ar+ 2@(0 Vu) = M;P(Vu)

with the initial condition
U0, z) = Uy = (1+ gy, uo + iy, 70 + 7).

We plan to show that for appropriate choice of Ty, § and x independent of A, A maps
B%O (Up) into itself and moreover it is a contraction in the norm E(-)2.
Before proceeding any further, we apply D® to (3.2) to get

oD+ v - VD A2pé€)vm = (AD“u+V(D"‘V-u))+%V-D°‘T+H27 (3.3)

v
3
0Dt +v - VDT +aD%r =113,

where
II; = —=[D%(v-Vp) —v-VD%] — [D¥(EV - u) — EV - DY),

M = ~[D*(v- Vu) —v- VD] - 3 [D° (@Vp) - @vmp}

+ V[D“(%(Au +V(V- u))) - %(AD“U + V(D*V - U))}

+ [D“(%V ) - %v o7,
I3 = —[DY(v - V1) —v-VDT] + pio [D”(%F(Vu)) - %I‘(D"VU)} - D"‘{%Q(U, Vu)}

Now taking the L? inner product of the three equations of (3.3) with ug)\”( )Da( - 1),
peéD¥u and i ED™T, respectively, we can use integration by parts to get

d /
33t [ i [PEEIDY — D + €l Dl 4 D)o

+ ap | DT|* + vpp (VD)) + ||V - D¥ul?)

=L+ L+ I3+ 1+ 15 + I + I + Ig + Ig 4+ I1o + L11, (3.4)
where
1 2| Do 24 P'(§) a, )2 a2
5 M2 /\ |ID%(p—1)] 3t—£ + (p2|D%ul® + p1 [ DT[*)0:€ | dex, (3.5)

1 !
= 3 /1“" M2 )\2|Da 1)|2V . (]%v) + (H2|D0‘u|2 + u1|DO‘T|2)V . (fv)} dz, (3.6)
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L=\ [ (D D" Ved (3.7)
I, = /.LLUQ/ [D“uiajD"Tij + D"njD“I‘ij(Vu)]dx, (38)

/
Is = —p2)? / @{[DO‘(U -Vp)—v - VDp|+[D(EV - u)—EV - D*u]} DY (p—1)dz, (3.9)

Is =— [ &pa2[Dw-Vu)—v - VD ]-D%u+p 1 [D¥(v - V1;5) —v - VD7) D7y bdz, (3.10)
T"'L

I, = —uzAQ/n [Da(]$Vp) _ @vmp} . D°udz, (3.11)
Ts = vjis / ¢[p° (%(Au FY(V - u)) - %(AD% + V(DY )] - Dud, (3.12)
To = 1o /T g[m(%v : T) - %v : D%} - D®udz, (3.13)
Tho = i1 jio / [ (%r(ajui)) - %F(Daajui)} DOryda, (3.14)
Ly =~ /T 5[176{%@(0, Vu)} - %Q(a, DO‘VU)LjDanjdx. (3.15)

We point out here that the notations I; (similarly, J; in Section 4) will depend on the multi-
index «, but this dependence will not be displayed either for reasons of notional convenience.

To estimate the quantities I;, 1 < j <11, we need
Lemma 3.1 Assume f, g € H*(T™), and k is an arbitrary positive integer. Then for any
multi-inder o« = (o, -+ -, ), || <k, we have
IVl < CUFllso IV gl + gl VE £,
IV (fg) = FV9ll < CUV flolIV* gl + gl V¥ £1D),

where C' depends only on k and the space dimension n.

Proof It is an immediate consequence of the well-known Gegliardo-Nirenberg calculus
inequality
1 lal

‘ laf
IVfIl 2 < Cllflloe ® V7%

2k
LTef
For more details, see [10], for example.

We also need the following lemma (see Proposition 1 of Chapter two in [1])

Lemma 3.2 If f : R® — R is a smooth function with f(0) = 0, then, for any positive
integer k, we have

fwyeL®nH* and |f(w) < Cllull

provided u € L> N H*, where C' depends only on f, k and ||u|| .
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Corollary 3.1 Assume f, k are given as in Lemma 3.2, then we have
IVF(W)llk-1 < ClIVullg-1,

where C' depends only on f, k and ||u| -

Now let us estimate the right-hand side of the above equality (3.4) term by term as follows.
By the Sobolev imbedding

1 < 50Ul | DD (o= DF + pal Dl + ] D)
< ONNOElL [ DD (0= D + el D+ | Dl
< ONH(IAD® (p — D + [ D*ul]2 + | D7), (3.16)
Similarly, we estimate I5, I3 as follows.

[Lo] < CATH(IAVE][s—2 + AV - v][s—2) (IAD*(p = )II* + [|D*ul|® + || D*7[?)

< CXTH(IAD(p = DIP + [ID*ull* + [ D7 |?), (3.17)
Is] < AT N VE[s—1 | N2D%(p = 2)” + [ Dul*da
T7L
< OATHIAD(p = 1)|I* + | D*ul ). (3.18)

To estimate Ly, noting that I'(u) = 3(Vu +' Vu), we can use integration by parts to get
1 ) )
I, = Hl,UQ/ [Do‘ui@jD“nj + §Da7'ij (@D“ul + &Do‘uj) dx
= /.Lllug/ [—8jDau7;Da7'7;j + D("Tij&jD"‘ui]da: =0, (319)

where in the second inequality we used the identity that the elastic stress tensor 7 is symmetric.
Now we divide the rest estimates into four steps.
Step 1 Estimates when |o| =0 or D* = 9.

When |a| = 0, the quantities I; are all zero except for Iy, Io, I3 and I1;. Thus we need only
to estimate Iy;. In this case, noting the expression of Q(o, Vu) (see (1.2)), we have

L] = m[(Q(o, V), 7)| < Cllofleol[Vull[ 7] < %HVUII2 +Cllallsl . (3.20)
Now let D = 9. In this case, it is rather easy to get
15| < ClAe | (IAVAllvello + 1Al [Vull) < CUApel + AV pI* + (V) (3.21)
provided A is appropriately large. By a similar argument, we have
Ts| < Cpallvg]loo [ue [ [Vl + Crallvel o[Vl

< C(lluell? + [Vul® + [l7e]* + [1V7]1%), (3.22)
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17| < Cpal Nl AVl [[ue < CUAV I + fuel ), (3.23)
ITs| < Crpa[&elloo | A flusl| < %IIAUII2 + Clludll?, (3.24)
[To] < Cpapall€elcoVTllluell < CUVTIZ + [luell?), (3.25)
ol < CrapallEc[Vulllmell < CIVul® + [I71%). (3.26)

Finally, let us estimate the last term I;; as follows:

Vi
] < izl (19l €0 | +IValliollo) < CllmlP+IVul?)+ 75 Va2 (327

Step 2 Estimates when D* =V, |a| = s.

By using Lemma 3.1, we obtain

Is] < CIAVE (p = DIV lloc AV plls—1 + Vo[ s-1]1AV A o)
+ (IAVEolllVulls—1 + [AVE]s-1 [l Vulloo)]
< CIAVE(p = DIIVlls—1lAVplls—1 + IAVE]s—a [ Vulls—1)
< C(IAV*(p = DI + [lufl i), (3.28)
| < Cpa||[VEul|([[Vo]loo][Vulls—1 + [[Vull o[Vl 5-1)
+ Cua[VOTl[([[Vl oo [VTlls—1 + VT lloc [Vl s-1)
< C(llullz + 17119)- (3.29)

Next we use Corollary 3.1 to estimate I;—Iyg.

Iz] < Cpa[VEu[|(IAVE [l [AV o[l s—1 + AVl 0 [AVE ]l 5-1)
< C(IV*ul® + IMV = 1)pll2), (3.30)
Ts| < Cvpa|VHullll VEllco (1AuUlls—1 + VYV - ulls—1) + ([[Aulloo + [[VV - tlloo) [VE]ls-1]

Vi

< Clull + —2(IIWI|§ + [V -ull?), (3.31)
o] < Cpapia||[ V¥ ul| (V€[ o[V ls—1 + I VT loo [ VEIs—1) < C(lull? + [I7117), (3.32)
Lio| < Cpnpia VT (IVE ool Vtrl| 51 + |Vt o[ VE[s—1) < ClJull? + [I7]13)- (3.33)

Now let us estimate the last term I;. Recalling the definition of Q(o, Vu) in (1.2), we see that

|1n|sc||V“r||vaa{%Q<mVu)}HSCIIV”‘TII( IVells + 19l | Z )

%l
< C(llull¥ +II712) + %IIVUI@ (3.34)

Step 3 Estimates when D® = VA9, |8] = s — 1.
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With the aid of Lemma 3.1 and Corollary 3.1, we have
15| < CAIAVZ o[ {IIIV7 (v - Vi) — v - YV e[| + V7 (ve - V)]
+IVIEV - ur) = €V - Vour|l + [IV7 (& - Vu)T}
< CIAV pe [Vl AV pells—2 + V0l s—2 AV pill o) + (l0elloc [AV Al 51
F vells—1l]AVPlloo) + IVt oo [AVE s —2 + Vel s—2[[AVE ] o)
+ (IVullool[A&tlls—1 + I Vulls=1 ] A&t loo)
< CUApel2y + I = DIZ + N2y + fluell2)- (3.35)
Following the same procedure, we can get
L] < CIVPuell(IV0lloolVatells—2 + [Vuell oo [VOlls—2 + [0ellool | Vet s—1 + [ Valloo| vt | s-1)
F VRN IVOlloolVTells—2 + VTl oo Volls—2 + VT lloo V0l s—1 + V0t oo | V7| s=1)

< CUllmellz-y + 712 + lluelZ—y + ull?), (3.36)
17| < CN IV ur[(IVE]loc IV pells—2 + IV pelloo | VE N s—2ll€e o[V olls—1 + 1V All oo 1€ells—1)
< CUNollZy + I = DIE + uellZ-0), (3.37)

1| < OV uel| [ VEloo (| At s—2 + V'V - uels—2) + [ VE ]l s—2 (| Auelloc + VY - ue|oc)
F &elloo(lAuUlls—1 + IVV - ulls—1) + [[Eells—1 (| Aulloo + [VV - ufloo)]

V2
< Ollull—y + l[ull?) + == (IVOul_y + [IVull?), (3.38)
lo| < CUV (I VElloo | VT lls—2 + V€N =2l VTt lloo + I€elloclI VT lls=1 + 1€l s=1 ]V 7]loo)
< Cllluell 3y + 1713 + ll7elZ-1), (3.39)

Lol < CIVPr (IVElloo I Vuells—2 + V€l s—2l Vutelloo + 1€l Vaulls—1 + 1€ells—1 1 Vulloo)
< C(l[ull? + lluellZ-y + ll7el3-1), (3.40)

Tl < CIv2m(|

27| Ivulleat

at%

Voot |7 [ IV8lir) +| 3, 19800l

s—1|
V2
< CllmellZ+ D+ =g~ 1Veli-y (3.41)

Step 4 Energy estimates.
We now tie everything together. Substituting the estimates (3.16)—(3.20) and (3.28)—(3.34)
into (3.4), we find that

d /
dt Z /nﬂz {)‘2]¥|va(f’_ 1)|2+§(M2|Vo‘u|2+m|va7|2)}dx
|a]=0,s

+ au [V 4 vpa | VY

< C(IAp = DI+ I7IZ + ull?)- (3.42)

Recalling the constraints on the initial data (2.5), we have

- - - 52
Ey(U(0) = NI+ lluo + G112 + 170 + 717 < O (53 + luol + Iml2). (3.43)
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Noting (2.2), we can use the Gronwall’s inequality to obtain

t
Es(U(t)) +/ (17112 + IVul2) dt < 4(Juoll + I7oll?) for 0 <t <Tp (3.44)
0
provided Ty is sufficiently small and A is sufficiently large.
Substituting these estimates (3.16)—(3.19), (3.21)-(3.27), (3.35)—(3.41) and (3.44) into
(3.4), we have

%[E(atU(t)) + Bo-1(0U ()] + (IVOuli_y + 10e7]21) < C+ CE1(8U(1).  (3.45)

Similarly to (3.43), we have
E,—1(,U(0)) < C||Muo + @) Vi I3y + M5y + 1)V - a3y
FINVRNZ-1 + [l (uo + @) - V(uo + )13,
+ [[(A(uo + ag) + V(V - ag)) + V - (10 + 7)) 13-4
+ (o + @p) - V(ro + 73) + a(ro + 73)
+ Q(10 + 7, Vu) — T(Vaug + ) ||,
< O(85 + lluoll 341 + [I70l3)- (3.46)

Gronwall’s inequality together with (3.45) and (3.46) yields

¢
E;_1(0U(1)) —|—/ (Vo)) + 1|07||>_,) dt < CexpCt for 0 <t <T, (3.47)
0

provided Ty and Jg are sufficiently small and A is sufficiently large.
Summing up, we have

Lemma 3.3 Assume that B3, (Uo) is defined by (3.1) and A : V — U is defined by the linear
partial differential equation (3.2). Then there exist uniform constants Ty, 6 and k independent
of A such that A maps B%O (Uy) into itself. Moreover it is a contraction in the L*-norm.

Proof It remains to show the first line of (3.1) and the L?-contraction. To show the first
line of (3.1), it is suffices to show ||[A(p—1)||s+||u—uolls +||7—70lls < & by Sobolev’s inequality.
Let p=p—1,0=u—ug, T=7—T0, we proceed as before. Similarly, to obtain (3.44), we
have

d P&, - o - - _ _
[ + elal Va2 + )] i 712 + via (V2 + 19 )

dt Jx £
~12 ~12 ~112 2 2 s 1 1 s 2
< CUNIE + 1712 +11212) + C (Il T2 + 1T 2 +[|9° (£ du0) — 57"
+ allrol2 + 1Q(@, Vuo) |2 + IT(Tuo) 12)
< CONIZ + 1712 + )2 + 1), (3.48)

Since
2
%

E(U(0) = IMgll: + sl + 171* < O3,
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we conclude, by Gronwall’s inequality, that

E(U(t) < (B(U(0)) + CTp) exp CTh.
Thus U = A(V) € B%O(Uo) if A is sufficiently large and 7 is sufficiently small.
Next we show that A is a contraction in B%O(Uo) with respect to the L?-norm. Let U =
A(V), U=A(V), V, V € By, (Up), we have U, U € By, (Up). Moreover, by the definition of

A, we have

Ow(p—p)+v-Vp—p)+&V-(u—u)+(v—0) - Vp+({ -V -u=0,
_ o, 1) _ o PE) pE)\o-
&,(u—u)%—v-V(u—u)—i—T)\QV(p—pH—(v—v)-Vu+)\2( e ¢ )Vp
:%(A(u—ﬂ)—f—V(V-(u—ﬂ)))—i—%V-(T—f)
(3.49)
—H/(%—%)(Aﬂ—i—vv-ﬂ)—kul(%—%)v-ﬁ
&g(T—?)-l-U-V(T—?)—i—a(T—T’)—i—[%Q(J,Vu)—%— &, VD) + (v—17) - V7
1 _ 1 1 _
= (V=) + m(g - E‘)P(“)'

Proceeding as before in the derivation of (3.4) and in the estimation of (3.16)—(3.19), we

obtain
1d P B - B )
S [ H2 [AQ—(O o = BI* + &(p2lu — al* + pu |7 — r|2)} de + apa |7 — 7|
2dt Jpn 3

+ vpp([V(w—a)l* + V- (u—@)|)
< Clp=pl* + llu—=all* + I = 7II* + 1§ = &lI* + v = 5]1*)

+(Qo, V(u = w)), (1 = 7)) +(Q(o = 7,Va), (1 = 7))

11 _
+(Qova)(g — g)melr-7)
_ v
< C(llp =21 + lu = all® + |7 = 711 + 1€ = €I + [lo = 3lf* + [lo — 5]|*) + %IIV(U —a)*.
Noting that (U — U)(0) = 0, by the Gronwall’s inequality, we obtain
max FE(U(t) — U(t)) < (CToexp CTy) max E(V(t) — V(t)). (3.50)

0<t<Ty 0<t<Ty
We complete the proof of Lemma 3.3.
Before proving Theorem 2.1, we also need the following lemma.

Lemma 3.4 Consider the incompressible system of Oldroyd type (2.8) with the initial
condition (2.9). Then there exists at most one smooth solution.

Proof Assume that (u, 7) and (u, 7) are two smooth solutions of (1.1) with the same
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initial data (2.9). Then we have

)

+u-Viu—-1u)+V(@g—q9 +(u—1a) Vi=vAlu—a)+muV-(r—7),

+u-Vir—=7)+alt—7)+Q(r,V(u—1))+ (u—1u) V7 + Q(r — 7,Vu)
= pol'(u — )

for 0 <t < ty. Thus proceeding as before we can get

1d
2 dt

_ _ Vb _
< Cllw—all* + I = 7lI*) + =~ IVu = Val|*.

—(p2llu = al® + pllr = 7I*) + apa |7 = 7I* + vpa || Vu — Val|?

Noting that (v — @, 7 — 7)(0) = 0, with the aid of Gronwall’s inequality we obtain

lu—al®+|r—7)>=0, 0<t<t,

which means that u =u, 7= 7.

Proof of Theorem 2.1 For any fixed A, the standard classical iteration procedure produces
a sequence (with slight change in notation) {(p;, u;, 7;)}72, which belongs to C([0,To], H*)N
C*([0,Tp], H*~1) and is guaranteed to converge to a limit (p*, u*, 7*) by the above Lemma

3.3. The convergent sequence satisfies the following equations
ipje1 +uj-Vpjp1 +pV-ujpn =0,

/ .
8tuj+1 + uj - vujJrl + %)\QV i p (AUJ+1 + V(V 'LLjJrl)) + %V “Ti41,
J J

8t7j+1 +uj - VTjJrl +atj41 + Py Q(oj,VujH) l; (vuj+1)
J J

as well as the estimates

)+ / (75112 + 9512t < A(fuoll? + 70]12),
By (U (1)) + / (190012 + 10075 ]12_1)dt < r,

where U; = (p;j, uj, 7). It follows obviously that (p*, wr, ) € L=(0,Ty, H*)N
Lip([0, Tp], H*™') and satisfies the estimates (2.6). From the standard Sobolev interpolation
inequalities

(o5, wz, 73) = (0™ u*, 7) 5= < Cllps, sy 75) = (0™ u, Ul (g g, ) s 1 (7w, 7))

for an appropriate 6 € (0, 1), where 0 is a small positive constant. With the aid of (3.50), we
also have (p*, u*, ) € C([0,Ty], H*~%). By Sobolev imbedding theorem, (p*, u*, 7) is
a classical solution of the compressible Oldroyd model (1.3). This completes the proof of the
uniform stability part of Theorem 2.1.

From the uniform stability estimates (2.6), we have, as A — oo, that p* — 1in L>(0, Ty, H*®)
NLip([0, Ty], H*~'). Moreover, a standard compactness argument based on the Lions-Aubin
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lemma (see [19], for example) implies that any subsequence of u* and 7* has a subsequence
(still denoted by u* and 7}) with a limit u and 7, respectively, with (u,7) € L>(0, Ty, H*) N
C ([0, To], H*=?), (us, ) € L>=(0, Ty, H3~1) satisfying (2.7). Now let ¢(¢,z) and p(t,z) be two
smooth test functions with compact supports in ¢ € [0,7p] and V - ¢ = 0. Then we have

To
/ / o(0n + - Vit - SAwt - By - Zvv o) dadt
o Jon p P P
To P
:/ / —¢)\2V/ P©) 4¢ drat =0
o Jon 1 €

To 1
/ / <p(&eT>‘ +ur -V ar + p—)\Q(T)\, Vul) — %F(VUA)) dxdt = 0.
O n

and

On the other hand, from the first equation of system (1.3) we have
V-ur = o +ut - Vpr + (p* — 1)V - (3.51)

Let A — oo, we obtain that (u, 7) satisfies (2.8) and (2.9). From Lemma 3.4, by the uniqueness
of the classical solution of system (2.8) with the initial data (2.9), it follows that the convergence
is in fact the sequences u* and 7 themselves.

Remark 3.1 Tt follows from (3.51) that

IAV - M o1 < [IApp [ls—1 + [N - Vo [s—1 + MY = DV - w51
<C(MMls=1 + AP =D < Cr - for 0 <t < Ty,

Noting Remark 2.1, we in fact have that

t
NIV -l + lbla + 1 = 1)+ 2 (19 Lz [ 190 B de) <O (352)

for 0 <t <Ty.

4 Proof of Theorems 2.2 and 2.3

In this section we devote ourselves to getting a priori dispersive energy estimates for any
fixed T > 0 and small initial displacements, and to proving Theorems 2.2 and 2.3. What we
need to do is just to improve the previous estimates (3.16)—(3.41) to get the desired dispersive
energy estimates.

Now we go back to equation (3.3) and replace the function (£, v, o) by (p, u, 7) to get a
similar equality as (3.4)

1d 20'(P) | hya 9 - o
+ || D7 + v |V D ul? + |V - Doul?) = Y3, (4.1)

1<5<11

where J;, 1 < j < 11, have the similar forms as I;, 1 < j < 11, in (3.4) with (£, v, o) being
replaced by (p, u, 7).
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Since we do not need the decay for estimating the time derivatives E(9;U(t)), and inequali-
ties (3.16)—(3.19) have been of the desired form, we only need to improve (3.20) and (3.28)—(3.34)
to get the corresponding estimates for J;.

First, by (2.10), (3.20) can be improved as follows:

v
Il = mlQ(r, Vu), 7)| < ZE2|Vul® + Ce|7|%. (4.2)
Next, noting (2.10), we can improve (3.28) and (3.29) as follows:

J51 < CATHAV (0 = DI (IVulls-1 1IN Volloo + [Vl oo [NV plls—1
HIIXVpll -1l Vullos + 1IN Volloo [ Vulls-1)

< CATHIN (o = DIE-1 + A0 = DI, (4.3)
Ve < Cllullsl[Vulloo[Vulls—1 + ClI|[s (1Vulloo[VTlls—1 + [VTlloo[[Vuul[s-1)
< Ce([IVullZ_y + I712). (4.4)

By using Lemma 3.1 and Corollary 3.1, we have
[J7| < CAHulls A2V pllool[AVplls—1 < CATHINVpl[s—a (]l + [AMp = D)I12)
< OA ([l + [IM(p = DI (4.5)

where in the last inequality we used (3.52).
Similarly, the rest inequalities (3.31)—(3.33) can be improved as follows:

[3s] < A7 ulls(IAVollsollAulls—1 + [AVplls—1[[Aulloc) < CAT (Jull + [ Vull?),  (4.6)
[Jo| < CATHulls(IAVAlloc [V Tlls=1 + AV plls—1 [V 7]l o) < CATH([lullZ + 1I7112), (4.7)
[J10] < CATHITI(IAV plloo [ Vulls—1 + AV plls—1[[Vullso) < CATH([lullZ + [I712).- (4.8)

At last, noting p — 1 is small, we can improve (3.34) as follows:

[l < Clfrlls(

\VEHOO“WHH + HV%HHIIWHOO) < Ce(lrl2 + IVul>_y).  (4.9)

Now adding up all these estimates (3.16)—(3.19) (with (¢, v, o) being replaced by (p, u, 7))
and (4.1)—(4.9) together and noting (2.2) and (3.52), we obtain

4
dt
which together with (3.43) gives

[EU )+ BV U@®)] + (IVull? + [I7]2) < OATE(U (1)), (4.10)

¢
Es(U(t)) +/O IVl + lI7113) dt < 4(luoll? + [Io]l3) (4.11)
provided \ is sufficiently large and 0 < ¢ < T, with T» = %

Next we show the second inequality of (2.11). For this thought estimate, we do not need the
decay. Thus all estimates are almost the same as (3.21)—(3.27) and (3.35)—(3.41) with (&, v, o)
replaced by (p, u, 7). Thus (3.47) holds with U(t) = (p, u, 7)7. We complete the proof of
Theorem 2.2.
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By (2.11), we can proceed as in Section 3, by taking smooth test functions, to prove that

the smooth limiting function (p, u, 7) and Vg satisfy the incompressible Oldroyd-B system (1.1)
in the time interval [0, 7] with the initial data (2.9) satisfying the constraints (2.4) and (2.10).
Since T is arbitrary, we have in fact obtained a unique global smooth solution of (1.1) and

proved Theorem 2.3.
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