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1 Introduction

In 1989, W. Beckner [3] proved the following functional inequality for the standard Gaussian

measure γ on R
d:

γ(f2) − γ(|f |p)
2
p ≤ (2 − p)γ(|∇f |2), f ∈ C∞

0 (Rd), p ∈ [1, 2). (1.1)

In this paper, we aim to study this type inequality on finite- and infinite-dimensional Rieman-

nian manifolds.

Let M be a connected compact Riemannian manifold with diameter D and dimension d.

Consider the operator L := ∆ + ∇V for some V ∈ C∞(M) and let λ(dx) be the normalized

Riemannian volume measure. It is well known that (L, C∞(M)) is essentially self-adjoint op-

erator on L2(µ), where µ(dx) := Z(V )−1eV (x)λ(dx), Z(V ) :=
∫

M
eV (x)λ(dx) < ∞. Let ‖ · ‖ be

the Hilbert-Schmitt norm. If

(Ric − HessV )(∇f,∇f) + ‖Hessf‖
2 ≥ R|∇f |2 +

1

n
(Lf)2, f ∈ C2(M) (1.2)

holds for some R > 0 and n ∈ (2,∞], then [4, Theorem 3.1] says that

1

2 − p

(
µ(f2) − µ(|f |p)

2
p

)
≤

n − 1

nR
µ(|∇f |2) (1.3)

holds for any p ∈ [1, 2n
n−2 ] and any f ∈ C∞(M).

Manuscript received July 18, 2004. Revised February 21, 2006.
∗School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China.
E-mail: dengpj@yahoo.com.cn wangfy@bnu.edu.cn

∗∗Project supported by the National Natural Science Foundation of China (No.10121101) and the Research
Fund for the Doctoral Program of Higher Education (No.20040027009).



582 P. J. Deng and F. Y. Wang

In this paper, we allow the curvature to be negative. For any p ∈ [1, 2), let Cp(V ) > 0 be

the largest positive constant such that

µ(f2) − µ(|f |p)
2
p ≤

2 − p

Cp(V )
µ(|∇f |2), f ∈ C∞(M). (1.4)

In particular, C1(V ) coincides with the spectral gap of L, i.e.,

C1(V ) = inf{ µ(|∇f |2) : µ(f2) − µ(f)2 = 1, f ∈ C∞(M)}.

Moreover, since

lim
p→2

µ(f2) − µ(|f |p)
2
p

2 − p
=

1

2
Entµ(f2) :=

1

2
µ
(
f2 log

f2

µ(f2)

)
,

we may regard C2(V ) as the log-Sobolev constant, i.e.,

C2(V ) = inf{ 2µ(|∇f |2) : Entµ(f2) = 1, f ∈ C∞(M)}.

It is well known that C1(V ) ≥ C2(V ) (see [5, 6]). Moreover, since according to [7], for any

f ∈ L2(µ),
p
[
µ(f2)−µ(|f |p)

2
p

]

2−p
is increasing in p ∈ [1, 2), therefore, one has Cp(V ) ≥ p

2C2(V ). We

remark that our estimates of Cp(V ) which will be stated below are stronger than those implied

by Cp(V ) ≥ p
2C2(V ) and known estimates of C2(V ) included in [1, 2].

To estimate Cp(V ), we first follow the line of Wang [1] where C2(V ) was estimated by using

the Harnack inequality and the coupling method. Let K(V ) ∈ R be such that

(Ric − HessV )(X, X) ≥ −K(V )|X |2, X ∈ TM. (1.5)

We have (see Theorem 2.2 below)

Cp(V ) ≥ sup
α≥p

√
(1 + mK(V )+)2 + 4αmC1(V )/p − (1 + mK(V )+)

2αm/p

≥

√
(1 + D2K(V )+)2 + 4D2C1(V ) − (1 + D2K(V )+)

2D2
, p ∈ (1, 2], (1.6)

where m := (p−1)αD2

p(α−1) . If in particular K(V ) ≤ 0, then (see Corollary 3.1 below)

Cp(V ) ≥
p2c0

4D2
, (1.7)

where c0 > 0 solves c2 = 32(1−e−c)
p2 . These two estimates generalize Theorem 3.1 and Corollary

4.2 in [1] respectively.

To establish the Beckner type inequality for continuous spin systems, we follow the line

of [2] to estimate Cp(V ) by using Bakry-Emery’s argument (see Section 4 for details). As

applications, we present explicit lower bound of Cp(V ) for the stochastic Ising models on MZ
m

.

Similarly to [8, Theorem 1.1], this implies the transportation cost inequality for the Gibbs state.
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2 Estimates of Cp(V ) by Using the Harnack Inequality

In this section we modify the argument in [1] where C2(V ) was estimated by using the

dimension-free Harnack inequality established in [9]. To this end, we consider the non-linear

equation

f − fp−1

2 − p
− εfp−1 = −

1

Cε
p(V )

Lf, f ≥ 0, µ(fp) = 1, (2.1)

where ε > 0, p ∈ [1, 2) and

Cε
p(V ) := inf

{ (2 − p)µ(|∇f |2)

[µ(f2) − 1 − (2 − p)ε]+
: f ≥ 0, µ(fp) = 1

}
.

According to [10, 11] (see also [4, 12]), there exists a nontrivial solution to (2.1) which attains

the infimum in the definition of Cε
p(V ). Obviously, Cε

p(V ) → Cp(V ) as ε ↓ 0. Since when ε = 0

the solution to (2.1) might be constant which does not provide any information of Cp(V ), we

first consider the case that ε > 0 and then let ε ↓ 0.

Theorem 2.1 Suppose that V ∈ C2(M) and ∂M is either convex or empty. Let p ∈ (1, 2).

If f > 0 solves (2.1) then

(sup f)p−αtCε
p(V ) ≤ exp

( αK(V )D2

2(α − 1)(1 − e−2K(V )t)
− εαt(sup f)p−2

)
, α ≥ p. (2.2)

Proof Let x0 and y0 be respectively the maximum point and the minimum point of f , by

(2.1) we obtain

Ptf(x0) − Psf(x0) =

∫ t

s

Ex0Lf(xu)du = −Cε
p(V )

∫ t

s

Ex0

(f(xu) − fp−1(xu)

2 − p
− εfp−1(xu)

)
du

≥
( (fp−2(x0) − 1)Cε

p(V )

2 − p
+ εfp−2(x0)

) ∫ t

s

Puf(x0)du, t ≥ s ≥ 0.

This implies

Ptf(x0) ≥ f(x0) exp
((fp−2(x0) − 1)Cε

p(V )

2 − p
t + εfp−2(x0)t

)
. (2.3)

On the other hand, we have (see [9])

|Ptf(x)|α ≤ Pt|f |
α(y) exp

( αK(V )ρ(x, y)2

2(α − 1)(1 − e−2K(V )t)

)
, α > 1. (2.4)

Combining (2.3) with (2.4), we get

fα(x0) exp
( (fp−2(x0) − 1)Cε

p(V )

2 − p
αt + εαfp−2(x0)t

)

≤ Ptf
α(y) exp

( αK(V )D2

2(α − 1)(1 − e−2K(V )t)

)
. (2.5)

Since f(x0) ≥ 1, there exists r ∈ [p − 2, 0] such that

1 − fp−2(x0)

2 − p
= f r(x0) log f(x0) ≤ log f(x0).
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Then for any α ≥ p,

fα(x0) exp(−αtCε
p(V ) log f(x0))

≤ fα−p(x0)Ptf
p(y) exp

( αK(V )D2

2(α − 1)(1 − e−2K(V )t)
− εαfp−2(x0)t

)
.

Since µ(fp) = 1, we finish the proof by taking integral over y w.r.t. µ.

Next, it is easy to check that

K(V )

1 − e−2K(V )t
≤

1

2t
+ K(V )+, t > 0.

By taking t = p
2αCε

p(V ) , we obtain from (2.2) that

log f(x0) ≤
αD2

p(α − 1)

(
K(V )+ +

αCε
p(V )

p

)
−

εfp−2(x0)

Cε
p(V )

, α ≥ p. (2.6)

Theorem 2.2 Under the assumption of Theorem 2.1. For any p ∈ (1, 2) we have

Cp(V ) ≥ sup
α≥p

√
(1 + mK(V )+)2 + 4αmC1(V )/p − (1 + mK(V )+)

2αm/p
, (2.7)

where m := (p−1)αD2

p(α−1) . Especially, (2.7) with α = p implies

Cp(V ) ≥

√
(1 + D2K(V )+)2 + 4D2C1(V ) − (1 + D2K(V )+)

2D2
. (2.8)

Proof Let f > 0 solves (2.1). By the spectral representation we have

µ((Lf)2) ≥ C1(V )µ(|∇f |2). (2.9)

Next, by (2.1) we have

µ((Lf)2) =
Cε

p(V )

2 − p
µ(−(f − fp−1 − ε(2 − p)fp−1)Lf)

=
Cε

p(V )

2 − p
[µ(−fLf) + (1 + ε(2 − p))µ(fp−1Lf)]

=
Cε

p(V )

2 − p
[µ(|∇f |2) − (p − 1)(1 + ε(2 − p))µ(fp−2|∇f |2)]

≤
Cε

p(V )

2 − p
[−(p − 1)(1 + ε(2 − p))(min fp−2) + 1]µ(|∇f |2).

Then

C1(V ) ≤
Cε

p(V )

2 − p
(1 − (p − 1)(1 + ε(2 − p))(min fp−2))

= Cε
p(V )

(
1 + (p − 1)(1 + ε(2 − p))

1 − f(x0)
p−2

2 − p
− (p − 1)ε

)

≤ Cε
p(V )(1 + (p − 1)(1 + ε(2 − p))f(x0)

r log f(x0) − (p − 1)ε) (∃ r ∈ [p − 2, 0])

≤ Cε
p(V )(1 + (p − 1)(1 + ε(2 − p)) log f(x0) − (p − 1)ε).
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Combining this with (2.6), we arrive at

C1(V ) ≤ Cε
p(V )

[
1 + (p − 1)(1 + (2 − p)ε)

( αD2

p(α − 1)

(
K(V )+ +

αCε
p(V )

p

)

−
ε

Cε
p(V )

fp−2(x0)
)
− (p − 1)ε

]
.

By letting ε ↓ 0, we obtain

C1(V ) ≤ Cp(V )
[
1 +

(p − 1)αD2

p(α − 1)

(
K(V )+ +

αCp(V )

p

)]
. (2.10)

Therefore, the desired assertion follows by solving (2.10).

3 Estimates of Cp(V ) by Using Coupling

The coupling method has been used successfully to estimate C1(V ) and C2(V ), see e.g.

[1, 13] (refer to [14] for more details about coupling). By the approximation procedure as in

Section 2, we may assume that a nonconstant solution to (2.1) for ε = 0 exists. The coupling

method then works as follows.

Theorem 3.1 Let f > 0 be a nonconstant solution to (2.1) with ε = 0. Define β1 := sup f

and β2 := sup |1 − (p − 1)fp−2|. Let (xt, yt) be a coupling for the L-diffusion process with

coupling time T := inf{t ≥ 0 : xt = yt}. Then we have

Cp(V ) ≥
(2 − p)(β1 − 1)

(β1 − βp−1
1 ) sup

x,y∈M

Ex,yT
, p ∈ (1, 2). (3.1)

Furthermore, if there exists ρ̄ ∈ C(M × M) with ρ̄ ≥ cρ for some c ≥ 0 such that

Ex,yρ̄(xt, yt) ≤ ρ̄(x, y)e−σt (3.2)

for some σ > 0 and all t ≥ 0, then Cp(V ) ≥ (2−p)σ
β2

, p ∈ (1, 2).

Proof Let x0 and y0 be respectively the maximum point and the minimum point of f . Set

δ(f) := sup f − inf f . We have

1 =
1

f(x0) − f(y0)

{
Ex0,y0 [f(xt) − f(yt)] +

∫ t

0

Ex0,y0 [Lf(xs) − Lf(ys)]ds
}

≤ P x0,y0(T > t) +
δ(f − fp−1)Cp(V )

(2 − p)(f(x0) − f(y0))

∫ t

0

P x0,y0(T > s)ds, (3.3)

By a simple calculation, it is easy to see that the function u(x) := x − xp−1 reaches the

minimum at c := (p − 1)
1

2−p in x ∈ (0,∞). Since c < 1, we have

δ(f − fp−1) = [f(x0) − f(x0)
p−1] − [f(y0) ∨ c − (f(y0) ∨ c)p−1]

=

∫ f(x0)

f(y0)∨c

[1 − (p − 1)tp−2]dt

≤ (f(x0) − f(y0) ∨ c)
1

β1 − 1

∫ β1

1

[1 − (p − 1)tp−2]dt

≤ (f(x0) − f(y0))
β1 − βp−1

1

β1 − 1
. (3.4)
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Here we have used the fact that f(y0) ≤ 1 and 1
β1−r

∫ β1

r
[1 − (p − 1)tp−2]dt is increasing in r.

Combining (3.3) and (3.4) we obtain

Cp(V ) ≥
(2 − p)(β1 − 1)P x0,y0(T ≤ t)

(β1 − βp−1
1 )Ex0,y0T

.

This implies (3.1) by letting t ↑ ∞.

To prove (3.2), let xε 6= yε be such that

f(xε) − f(yε)

ρ̄(xε, yε)
≥ sup

x,y

f(x) − f(y)

ρ̄(x, y)
− ε , C − ε.

By the mean-value theorem we have

|(f(x) − f(x)p−1) − (f(y) − f(y)p−1)|

ρ̄(x, y)
≤ β2

|f(x) − f(y)|

ρ̄(x, y)
≤ Cβ2.

Combining this with (3.2) and (2.1) with ε = 0 we obtain

(C − ε)ρ̄(xε, yε) ≤ f(xε) − f(yε)

≤ Exε,yε |f(xt) − f(yt)| +
Cp(V )

2 − p

∫ t

0

Exε,yε |(f − fp−1)(xs) − (f − fp−1)(ys)|ds

≤ CExε,yε ρ̄(xt, yt) +
Cβ2Cp(V )

2 − p

∫ t

0

Exε,yε ρ̄(xs, ys)ds

≤ Cρ̄(xε, yε)
(
e−σt +

β2(1 − e−σt)Cp(V )

(2 − p)σ

)
.

The proof is then completed by letting t ↑ ∞ and ε ↓ 0.

Corollary 3.1 If K(V ) ≤ 0, we have Cp(V ) ≥ p2c0

4D2 , where c0 > 0 solves c2 = 32(1−e−c)
p2 .

Proof For the coupling by reflection, we have (see [1, 9, 15])

Ex,yT ≤
D2

8
if K(V ) ≤ 0. (3.5)

Taking α = 2 and ε = 0 in (2.6), we have

β1 ≤ exp
(4D2Cp(V )

p2

)
, (3.6)

Theorem 3.1 yields that

Cp(V ) ≥
(2 − p)(β1 − 1)

(β1 − βp−1
1 ) sup

x,y∈M

Ex,yT
≥

β1 − 1

(β1 log β1) sup
x,y∈M

Ex,yT
. (3.7)

Combining (3.5), (3.6) and (3.7) we have

Cp(V ) ≥
2p2

D4Cp(V )

(
1 − e

−
4D2Cp(V )

p2

)
.

Let c =
4D2Cp(V )

p2 . Then c > 0 and

c2 ≥
32(1 − e−c)

p2
.

Since c2

1−e−c is increasing in c > 0, we conclude that c ≥ c0.
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4 Estimates of Cp(V ) by Using Bakry-Emery’s Argument

In order to establish the log-Sobolev inequality for continuous spin systems, Deuschel and

Stroock [2] presented explicit estimates of C2(V ) by using Bakry-Emery’s argument. In this

section we intend to extend their results for Cp(V ).

Theorem 4.1 Let δ(V ) := supV − inf V . We have

Cp(V ) ≥
1

d + 2

(
3C1(0)e−δ(V ) − dK

(
(d + 2)

V

d

)
− 2(1 − e−δ(V ))K(0)+

)
.

Next, Theorem 4.1 makes sense only if 3C1(0)e−δ(V )−dK
(
(d+2)V

d

)
−2(1−e−δ(V ))K(0)+ >

0, but it will be better than the previous ones for small K(0) and big D. Most importantly, if

K(0) ≤ 0 and K(V ) ≤ 0, then this estimate is nontrivial even when d → ∞, so that it works

also for the infinite dimensional case. This feature is crucial for the study of continuous spin

systems.

As mentioned above, we shall adopt Bakry-Emery’s argument to prove Theorem 4.1, so

that we need to estimate the so called Γ2 operator. To this end, we first present the following

lemma.

Lemma 4.1 For any strictly positive f ∈ C∞(M),

λ(f2(p−1)‖Hessf2−p‖2) ≥
(2 − p)2

d + 2
λ
(
3(∆f)2 − 2Ric(∇f,∇f) + (p − 1)(3p − 5)

|∇f |4

f2

)
. (4.1)

Proof Since

Hessf2−p = (2 − p)f1−pHessf + (2 − p)(1 − p)f−p∇f ⊗∇f,

one has

f2(p−1)‖Hessf2−p‖2 = (2 − p)2
(
‖Hessf‖

2 + 2(1 − p)
Hessf (∇f,∇f)

f
+ (1 − p)2

|∇f |4

f2

)
.

Noting that

2Hessf (∇f,∇f) = 〈∇f,∇|∇f |2〉,

λ
( 〈∇f,∇|∇f |2〉

f

)
= −λ(|∇f |2∆log f) = −λ

( |∇f |2∆f

f

)
+ λ

( |∇f |4

f2

)
,

we obtain

λ(f2(p−1)‖Hessf2−p‖2)

= (2 − p)2λ
(
‖Hessf‖

2 + (p − 1)
|∇f |2∆f

f
+ (p − 1)(p − 2)

|∇f |4

f2

)
. (4.2)

Moreover,

λ(f2(p−1)(∆f2−p)2) = λ(f2(p−1)((2 − p)f1−p∆f + (2 − p)(1 − p)f−p|∇f |2)2)

= (2 − p)2λ
(
(∆f)2 − 2(p − 1)

|∇f |2∆f

f
+ (p − 1)2

|∇f |4

f2

)
.
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Combining this with (∆f2−p)2 ≤ d‖Hessf2−p‖2, we arrive at

λ
( |∇f |2∆f

f

)
=

1

2(p − 1)
(λ((∆f)2) + (p − 1)2λ(f−2|∇f |4)) −

1

(2 − p)2
λ(f2(p−1)(∆f2−p)2)

≥
1

2(p − 1)

(
λ((∆f)2) + (p − 1)2λ(f−2|∇f |4)

−
d

(2 − p)2
λ(f2(p−1)‖Hessf2−p‖2)

)
.

Since λ(∆|∇f |2) = 0, the proof is finished by combining this with (4.2) and the Bochner-

Weitzenböck formula:

1

2

(
∆|∇f |2 − 2〈∇f,∇∆f〉

)
= ‖Hessf‖

2 + Ric(∇f,∇f).

Proof of Theorem 4.1 Assume that f is strictly positive and µ(fp) = 1. Let ft := Ptf
p,

hp(t) :=
µ
(

f
2
p

t −ft

)

2−p
. Then

d

dt
hp(t) =

1

2 − p
µ
((2

p
f

2
p−1

t − 1
)
Lft

)
= −

1

2 − p
µ
(〈

∇ft,∇
(2

p
f

2
p−1

t − 1
)〉)

= −2µ(〈∇f
1
p

t ,∇f
1
p

t 〉) = −2µ(|∇f
1
p

t |2). (4.3)

Thus,

hp(0) ≤ −
h′

p(0)

2Cp(V )
. (4.4)

Since hp(t) → 0 and h′
p(t) → 0 as t → ∞, (4.4) is implied by

h′′
p(t) ≥ −2Cp(V )h′

p(t), t ≥ 0. (4.5)

Next, by the second equality in (4.3) and the integration by parts formula, we obtain

−
d2

dt2
hp(t) =

2

p(2 − p)

d

dt
µ(〈∇ft,∇f

2
p−1

t 〉)

=
2

p(2 − p)
µ
(〈2 − p

p
∇f

2
p−2

t Lft,∇ft

〉
+ 〈∇f

2
p−1

t ,∇Lft〉
)

=
2

p(2 − p)
µ
(〈

∇
(
Lf

2
p−1

t −
2(2 − p)(1 − p)

p2
f

2
p−3

t |∇ft|
2
)
,∇ft

〉
+ 〈∇f

2
p−1

t ,∇Lft〉
)

=
2

p(2 − p)
µ
(
−

2(1 − p)

2 − p
〈∇(f

1− 2
p

t |∇f
2

p−1

t |2),∇ft〉 +
2p

2 − p
f

2− 2
p

t 〈∇Lf
2
p
−1

t ,∇f
2
p
−1

t 〉
)
.

Since

µ(〈∇(f
1− 2

p

t |∇f
2
p
−1

t |2),∇ft〉)

= µ(〈(f
1− 2

p

t ∇|∇f
2
p
−1

t |2),∇ft〉) + µ(〈|∇f
2
p
−1

t |2∇(f
1− 2

p

t ),∇ft〉)

=
p

2(p − 1)
µ(〈∇|∇f

2
p
−1

t |2,∇f
2− 2

p

t 〉) +
p − 2

p
µ(f

− 2
p

t |∇f
2
p
−1

t |2|∇ft|
2),

we arrive at

d2

dt2
hp(t) =

4

(2 − p)2
µ(f

2− 2
p

t Γ2(f
2
p
−1

t , f
2
p
−1

t )) +
4(p − 1)

p2(2 − p)
µ(f

− 2
p

t |∇f
2
p
−1

t |2|∇ft|
2), (4.6)
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where by the Bochner-Weitzenböck formula,

Γ2(f, f) :=
1

2
[L|∇f |2 − 2(〈∇f,∇Lf〉)] = ‖Hessf‖

2 + (Ric − HessV )(∇f,∇f). (4.7)

Without loss of generality, we assume that inf V = 0, otherwise just replace V by V − inf V .

Combining (4.7) with Lemma 4.1, we obtain

h′′
p(t) =

4

(2 − p)2
[µ(f

2− 2
p

t (Ric − HessV )(∇f
2
p
−1

t ,∇f
2
p
−1

t )) + µ(f
2− 2

p

t ‖Hess
f

2
p
−1

t

‖2)]

+
4(p − 1)

p2(2 − p)
µ(f

− 2
p

t |∇f
2
p
−1

t |2|∇ft|
2)

≥ 4µ((Ric − HessV )(∇f
1
p

t ,∇f
1
p

t )) +
4

(d + 2)Z(V )
λ
[
3(∆f

1
p

t )2 − 2Ric(∇f
1
p

t ,∇f
1
p

t )

+ (p − 1)(3p − 5)
|∇f

1
p

t |4

f
2
p

t

]
+

4(p − 1)(2 − p)

Z(V )
λ
( |∇f

1
p

t |4

f
2
p

t

)

≥ 4µ((Ric − HessV )(∇f
1
p

t ,∇f
1
p

t )) +
4

(d + 2)Z(V )
λ[3(∆f

1
p

t )2 − 2Ric(∇f
1
p

t ,∇f
1
p

t )].

It is well known by the spectral representation that

λ((∆f
1
p

t )2) ≥ C1(0)λ(|∇f
1
p

t |2).

Since

−2λ(Ric(∇f,∇f)) ≥ −2λ(eV Ric(∇f,∇f)+) + 2λ(Ric(∇f,∇f)−)

≥ Z(V )(−2µ(Ric(∇f,∇f)) − 2(1 − e−δ(V ))µ(Ric(∇f,∇f)−)),

we have

h′′
p(t) ≥ 4µ((Ric − HessV )(∇f

1
p

t ,∇f
1
p

t )) +
4

d + 2
[3C1(0)e−δ(V )µ(|∇f

1
p

t |2)

− 2µ(Ric(∇f
1
p

t ,∇f
1
p

t )) − 2(1 − e−δ(V ))µ(Ric(∇f
1
p

t ,∇f
1
p

t )−)]

≥ 4µ
((

1 −
2

d + 2

)
Ric − HessV

)
(∇f

1
p

t ,∇f
1
p

t )

+
4

d + 2
[3C1(0)e−δ(V )µ(|∇f

1
p

t |2) − 2(1 − e−δ(V ))µ(Ric(∇f
1
p

t ,∇f
1
p

t )−)]

≥
4

d + 2

[
3C1(0)e−δ(V ) − 2(1 − e−δ(V ))K(0)+ − dK

(
(d + 2)

V

d

)]
µ(|∇f

1
p

t |2)

=
−2

d + 2

[
3C1(0)e−δ(V ) − 2(1 − e−δ(V ))K(0)+ − dK

(
(d + 2)

V

d

)]
h′

p(t).

Since Cp(V ) is the largest constant such that (4.5) holds, this implies the desired result.

5 Applications to Continuous Spin Systems

Let Z
m be the m-dimensional integer lattice with the metric | i | := max

1≤k≤m
|ik|. For Λ ⊂ Z

m

we denote by |Λ| the cardinality of Λ, and if |Λ| < ∞ we write Λ ⊂⊂ Z
m. Let M be a compact
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connected Riemannian manifold and let E := MZ
m

be equipped with the product topology.

Given x, y ∈ E and Λ ⊂ Z
m, define xΛ × yΛc ∈ E by

(xΛ × yΛc)i =

{
xi, if i ∈ Λ,

yi, if i ∈ Λc.

Moreover, we let xΛ be the projection of x onto MΛ.

Let FC∞ := {f ∈ C∞(E) : there exists Λ ⊂⊂ Z
m and f̃ ∈ C∞(MΛ) such that f(x) =

f̃(xΛ)}. For simplicity, we identify a function f ∈ FC∞ and the corresponding function f̃ on

MΛ.

Let U = {JΛ : ∅ 6= Λ ⊂⊂ Z
m} be a shift-invariant, finite range potential on E. That is,

JΛ ∈ C∞(MΛ) and JΛ(x) = JΛ+k(θkx) for any Λ ⊂⊂ Z
m, x ∈ E, k ∈ Z

m and θkx := x·−k,

and there exists R > 0 such that JΛ = 0 if sup
i,j∈Λ

|i − j| ≥ R. Given k ∈ Z
m, let

Hω
k (x) :=

∑

Λ∋k

JΛ(xk × ω{k}c), µω
k (dx) :=

exp (−Hω
k (x))

Zω
k

∏

i∈Zm

λ(dxi), x, ω ∈ E,

where Zω
k is the normalization. A probability measure µ on E is called a Gibbs state with

potential U (denoted by µ ∈ G(U)), if
∫

E

fdµ =

∫

E

(∫

E

f(xk × ω{k}c)µω
k (dx)

)
µ(dω), f ∈ C(E), k ∈ Z

m.

Next, we introduce the diffusion operator on E which is symmetric w.r.t. µ. To this end,

first choose a family of vector field X1, · · · , Xr on M such that X1(x), · · · , Xr(x) spans TxM

for any x ∈ M . For k ∈ Z
m, s := (s1, · · · , sr) ∈ N

r, set

Xs
k = (X1

k)s1 · · · (Xr
k)sr and |s| :=

r∑

i=1

si,

where X i
k is the vector field X i acting on the k-th component. Next introduce the space G(E)

of f ∈ C∞(E) with the property that

‖f‖n := ‖f‖∞ +
∑

k∈Zm

∑

1≤|s|≤n

‖Xs
kf‖∞ < ∞, n ≥ 1.

Obviously, G(E) ⊃ FC∞.

We then define the operator LU on G(E) by

LUf :=
∑

k∈Zm

(∆k −∇kHk)f, f ∈ G(E),

where Hk :=
∑
Λ∋k

JΛ, ∆k and ∇k are the Laplacian and gradient operators on the i-th manifold

Mk respectively.

It is classical that a probability measure µ on E is a Gibbs state with potential U if and

only if (cf. [2])

−

∫

E

fLUgdµ =
∑

k∈Zm

∫

E

〈∇kf,∇kg〉dµ, f, g ∈ G(E).
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In other words, for every µ ∈ G(U), LU is symmetric in L2(µ).

According to [2, Theorem 2.2], LU generates a unique Markov semigroup PU
t on C(E)

preserving G(E). Now, let Cp(U) be the largest positive constant such that

µ(f2) − µ(|f |p)
2
p ≤

2 − p

Cp(U)
µ(|∇f |2), f ∈ G(E), p ∈ [1, 2). (5.1)

To follow the argument in the last section, we first study the following Γ2 operator:

ΓU

2 (f, f) :=
1

2

( ∑

k∈Zm

LU(|∇kf |2) − 2
∑

k∈Zm

〈∇k(LUf),∇kf〉
)
, f ∈ G(E). (5.2)

Let Rick be the Ricci curvature tensor on Mk. For any X ∈ TE, let Xk be its projection

on TMk. For any f ∈ C∞(E) and X, Y ∈ TE, define

Hessk,l
f (X, Y )(x) :=

{
Hessf( · ×x{k}c)(Xk, Yl)(xk), if k = l,

XkỸlf(x), if k 6= l,

where Ỹl is a smooth vector field on M l such that Ỹl(xl) = Yl(x). Finally, set

Hessk,l
U

=
∑

Λ∋{k,l}

Hessk,l
JΛ

for k, l ∈ Z
m.

Then ΓU
2 (f, f) satisfies

ΓU

2 (f, f) =
∑

k∈Zm

ΓU

k (f, f) + R(f, f), (5.3)

where

ΓU

k (f, f) := ‖Hessk,k
f ‖2 + (Rick + Hessk,k(U))(∇kf,∇kf), (5.4)

R(f, f) :=
∑

k∈Zm,l∈Zm\{k}

Hessk,l
U

(∇kf,∇lf). (5.5)

Let

β(U) := sup
{

β ∈ R : R(f, f) ≥ β
∑

k∈Zm

|∇kf |2 for all f ∈ G(E)
}

.

Define

δ(U) := sup{δ(Hω
0 ) : ω ∈ E} and K(U) := sup{K(Hω

0 ) : ω ∈ E}.

Furthermore denote

α(U) :=
1

d + 2

[
3C(0)e−δ(U) − dK

(
(d + 2)

U

d

)
− 2(1 − e−δ(U))K(0)+

]
.

Then we have the following extension of Theorem 4.1.

Theorem 5.1 If α(U) + β(U) > 0 then there exists a unique µ ∈ G(U) and Cp(U) ≥

α(U) + β(U) > 0.
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Proof Let µ ∈ G(U) and hp(t) :=
µ
(
f

2
p

t −ft

)

2−p
. According to the proof of Theorem 4.1, it

suffice to prove that

h′′
p(t) ≥ Cp(U)(−2h′

p(t)),

where hp(t) is defined as in the proof of Theorem 4.1 for positive f ∈ G(E) and P U
t . Since

PU
t G(E) ⊂ G(E), the derivatives w.r.t. t is exchangeable with the integration of µ. Thus, by

(5.2)–(5.5) and repeating the proof of Theorem 4.1, we conclude that for any extreme Gibbs

state µ,

Cp(U) ≥ α(U) + β(U) > 0.

In particular, the log-Sobolev inequality holds and hence µ is unique according to [16].

In applications, it is convenient to replace β(U) by the more explicit quantity γ(U) =
∑
k 6=0

γ(k), where

γ(k) := sup{‖Hess0,k
U

(X0, Yk)‖∞ : X, Y ∈ TE, |X |, |Y | ≤ 1}, k 6= 0.

Due to the shift-invariance and Young’s inequality, we have

β(U) ≥ −γ(U).

Therefore, the following is a direct consequence of Theorem 5.1.

Corollary 5.1 If α(U) > γ(U) then Cp(U) ≥ α(U) − γ(U).

Finally, we consider the transportation cost inequality for the Gibbs measure µ. Let ρ be

the Riemannian distance on M and

ρ̄(x, y) :=

√ ∑

i∈Zm

ρ(xi, yi)2, x, y ∈ E. (5.6)

Let

W ρ̄
p (Fµ, µ) := inf

π∈C(Fµ,µ)

{∫

E×E

ρ̄(x, y)pπ(dx, dy)
} 1

p

, p ≥ 1, (5.7)

where C(Fµ, ν) is the set of all couplings of Fµ and µ.

As an application of the Theorem 5.1, we have the following result on transportation cost.

Corollary 5.2 If α(U) > γ(U), then the unique Gibbs state µ satisfies

W ρ̄
p (Fµ, µ) ≤ p

√
µ(F

2
p ) − 1

(α(U) − γ(U))(2 − p)
, F ≥ 0, µ(F ) = 1, p ∈ [1, 2]. (5.8)

Proof It suffices to prove for cylindrical function F . Let

Λn := {i ∈ Z
m : | i | ≤ n}
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and µn be the projection of µ onto MΛn , n ≥ 1. Then there exists n0 ≥ 1 such that F (x)

depends only on xΛn0
. Since Corollary 5.1 implies that

µn(F 2) − µn(|F |p)
2
p ≤

2 − p

α(U) − γ(U)
µn(|∇Λn

F |2), F ∈ C∞(MΛn), n ≥ 1,

it follows from [8, Theorem 1.1] that

W ρn
p (Fµn, µn) ≤ p

√
µ(F

2
p ) − 1

(2 − p)(α(U) − γ(U))
, n ≥ n0, (5.9)

where

ρn(xΛn
, yΛn

) :=
( ∑

i∈Λn

ρ(xi, yi)
2
) 1

2

.

Let πn ∈ C(Fµn, µn) such that

(∫
ρp

ndπn

) 1
p

≤ p

√
µ(F

2
p ) − 1

(2 − p)(α(U) − γ(U))
, n ≥ n0.

Define

π̃n(dx, dy) := πn(dxΛn
, dyΛn

)µ(dxΛc
n
|xΛn

)µ(dyΛc
n
|yΛn

).

Then π̃n ∈ C(Fµ, µ) and

(∫
ρp

ndπ̃n

) 1
p

≤ p

√
µ(F

2
p ) − 1

(2 − p)(α(U) − γ(U))
, n ≥ n0. (5.10)

On the other hand, since {Fµ, µ} is tight as E is a Polish space under the product topology, so

is C(Fµ, µ). Thus, there exists π ∈ P(E × E) such that π̃n → π weakly for some subsequence

nk → ∞. It is trivial that π ∈ C(Fµ, µ) and (5.10) implies

( ∫
ρp

ndπ
) 1

p

≤ p

√
µ(F

2
p ) − 1

(2 − p)(α(U) − γ(U))
, n ≥ n0.

Therefore, the proof is finished by letting n ↑ ∞.
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