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1 Introduction

Convex hypersurfaces are among the most important subjects in Fuclidean geometry. One
of the basic problem in classical geometry is to find a convex hypersurface with prescribed
curvature function. This in turn poses a fundamental question in nonlinear partial differential
equations. In [11], we treated the Christoffel-Minkowski problem as a convexity problem of
a spherical hessian equation on S™ via Gauss map. In this paper, we study such convexity
problem for curvature equations. Our main concern is the existence and convexity of starshaped
hypersurface with prescribed Weingarten curvature. More specifically, we treat two type of
problems: the convexity of hypersurfaces with prescribed Weingarten curvature in the work
of Caffarelli-Nirenberg-Spruck [5], and the existence and convexity of solution to homogeneous
Weingarten curvature equations.

For a compact hypersurface M in R™*!, the kth Weingarten curvature at x € M is defined
as

Wi (z) = Sk(k1(x), ka(x), -, kn(x)),

where k = (K1, Ko, , Kkn) the principal curvatures of M, and Sy is the kth elementary sym-
metry function. If the surface is starshaped about the origin, it follows that the surface can be

parametrized as a graph over S™:

X =p(x)z, xS, (1.1)
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where p is the radial function. In this correspondence, the Weingarten curvature can be con-
sidered as a function on S™ or in R™"*!'. There is an extensive literature on the problem of
prescribing curvature functions. For example, given a positive function F in R"*1\ {0}, one
would like to find a starshaped hypersurface M about the origin such that its kth Weingarten

curvature is F. The problem is equivalent to solve the following equation
Sk(k1, k2, ,kn)(X) = F(X) forany X € M. (1.2)

Alexandrov [2] and Aeppli [1] studied the uniqueness question of starshaped hypersurfaces with
prescribed curvature. The prescribing Weingarten curvature problem and similar problems have
been studied by various authors, we refer to [3, 5, 6, 8, 9, 13, 16-18] and references therein for
related works.

We will use notations in [11]. For A = (A, , \,) € R™, Si()) is defined as

Sk =) iy iy,

where the sum is taken over for all increasing sequences i1, - -+ , % of the indices chosen from

the set {1,---,n}. The definition can be extended to symmetric matrices.

Definition 1.1 For 1 <k <n, let I'y, be a cone in R™ determined by
= {)\ cR": 51()\) >0,--- ,Sk(/\) > 0}

A C? surface M is called k-admissible if at every point X € M, (k1, k2, ,kpn) € Ig.

The following existence result was proved by Caffarelli-Nirenberg-Spruck in [5] (in the case
k =1, by Bakelman-Kantor [3] and Treibergs-Wei [16]).

Theorem 1.1 Let F(X) be a smooth positive function in m < |X| <rs,r <1< rg,

satisfying
FOO! = (@)h for[X|=r. FOO <(@)F= forX|=rs  (13)
(,%(ka(X)) <0, wherep=|X|. (1.4)
Then there is a C* k-admissible hypersurface M satisfying
Sk(K1, k2, kn)(X) = F(X). (1.5)

Any two solutions are endpoints of a one-parameter family of homothetic dilations, all of which

are solutions.

The solution of the problem in Theorem 1.1 in general is not convex if k < n. Unlike in the
case k = n where the convexity is natural in the solution class of equation (1.2), in the case
k < n a k-admissible solution is not necessarily convex. The question of convexity of solution in
Theorem 1.1 was treated by Chou [6] (see also [18]) for the mean curvature case under concavity
assumption on F', and by Gerhardt [8] for general Weingarten curvature case under concavity

assumption on log F. The convexity question for solution of PDEs also appears in many other
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problems, where the deformation lemma plays an important role. We refer to [4, 11, 12, 14]

and references therein for related works.
Our first result is the following general principle for strict convexity.

Theorem 1.2 Let M be a C® oriented immersed connect hypersurface in R*1 with a
nonnegative definite second fundamental form. Suppose ¥ C R"t! x S™ is a bounded open set,
positive function F € CYY(T) and F*%(X, y) is locally convez in X wariable for any y € S™.
If (X,7(X)) € ¥ for each X € M and the principal curvatures of M satisfies the following

curvature equation
Sk(k1, k2, k) (X) = F(X,ens1), VX €M, (1.6)

then the second fundamental form of M is of constant rank. If in addition M is compact, then

M s strictly convex.

Theorem 1.2 is a constant rank theorem, and it is very useful in the proof of existence of
convex solutions when combined with homotopy deformation argument. The nonnegativity
assumption on the second fundamental form looks quite strong at first appearance, but it
is natural and automatic in the deformation process as one usually starts a strictly convex
solution in such process. Theorem 1.2 guarantees that the strict convexity will be preserved in
such deformation process. This type of deformation argument was first used in the important
works of Singer-Wong-Yau-Yau [14] and Caffarelli-Friedman [4].

As a consequence of Theorem 1.2, we have the following existence of convex hypersurface

with respect to Caffarelli-Nirenberg-Spruck solutions.

Corollary 1.1 Suppose F(X) is a smooth positive function in r1 < |X| <rq, 11 <1 < g,
satisfying (1.3), and in addition F(X)f% is a convex function in the region r1 < |X| < ra.
Then there is a C™ convex hypersurface M satisfying (1.5). If F(X) satisfies the monotonicity
condition (1.4), then any two solutions are endpoints of a one-parameter family of homothetic

dilations, all of which are solutions.

Remark 1.1 If we only concern the existence of convexity surface, the condition (1.4) in
Theorem 1.1 can be removed in Corollary 1.1. It was used to get gradient estimates in [5]. We
do not need it there as we treat convex hypersurfaces, since in the convex hypersurface case, it

is standard that the gradient estimate comes from the C° estimate (see [13]).

Remark 1.2 In fact Theorem 1.2 implies the stronger result, which even allows the eigen-

values of Hessian of F~#(X) to be negative (see Theorem 2.1).

We also consider homogeneous Weingarten curvature problem. If M is a starshaped hy-
persurface about the origin in R™*!, by dilation property of the curvature function, the kth
Weingarten curvature can be considered as a function of homogeneous degree —k in R"+1\ {0}.
The homogeneous Weingarten curvature problem is: given a homogeneous function F of degree
—k in R"*1\ {0}, does there exist a starshaped hypersurface M such that its kth Weingarten
curvature is equal to F(z) at x € M? If F is of homogeneous degree —k, then the barrier

condition (1.3) will never be valid unless the function is constant. Therefore Theorem 1.1 is
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not applicable, and the problem needs a different treatment. In fact, the problem is a nonlinear
eigenvalue problem for the curvature equation. When k = n, equation (1.2) can be expressed
as a Monge-Ampere equation of radial function p on S”, the problem was studied by Delanoé
[7]. The case k = 1 was considered by Treibergs in [15]. Here we give a uniform treatment for

1 <k <n. We also discuss the existence of convex solutions.

Theorem 1.3 Supposen > 2, 1<k <n and f is a positive smooth function on S™. If
k < mn, assume further that f satisfies

supm < 2k. (1.7)

Sn
Then there exist a unique constant v > 0 with
k k

n_ <~ < n 1.8
rréaxf_fy_rrsginf (18)

and a smooth k-admissible hypersurface M satisfying
X

Sk(k1, ko, k) (X) =7f(|x|

)|X|*’€, VX e M, (1.9)

and the solution is unique up to homothetic dilations. Furthermore, for 1 < k < n, if in addition
|X|f(%)_% is convex in R" 1\ {0}, then M is strictly convez.

Remark 1.3 Condition (1.7) in Theorem 1.3 can be weakened, we refer to Proposition
3.2 for the precise statement. When k = n, the above result was proved by Delanoé [7]. In
this case, the solution is convex automatically. Our treatment here is different from [7]. When
k = 1, the existence part of Theorem 1.3 was proved in [15], along with a sufficient condition

for convexity.

The paper is organized as follows. In Section 2, we treat the convexity issue by establishing
a deformation lemma for the curvature equation. The corresponding deformation lemma for
spherical hessian equation was proved in [11]. The homogeneous Weingarten curvature problem
is considered in Section 3, the main part (Lemma 3.2) is to obtain a Harnack type inequality

for the curvature equations. Theorem 1.3 will be proved there.

2 The Issue of Convexity

In this section we establish a deformation lemma for prescribing intermediate curvature
equations, the prescribed curvature function may depend on the position X and its outer unit
normal. This type of deformation argument was initially used in the works of Singer-Wong-
Yau-Yau [14] and Caffarelli-Friedman [4]. The main argument of the proof follows the one in
[11], which in turn was motivated by [4, 12]. For the simplicity of notations, the summation
convention is always used. Covariant differentiation will simply be indicated by indices. We
will make use of some properties of elementary symmetric functions as in [11].

We first recall some identities for the relevant geometric quantities of a smooth closed
compact starshaped hypersurfaces M C R™*! about the origin. We assume the origin is not on
M.
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Since M is starshaped with respect to origin, the position vector X of M can be written
as in (1.1). For any local orthonormal frame on S”, let V be the gradient on S™ and covariant
differentiation will simply be indicated by indices. Then in term of p the metric g;; and its

inverse g7 on M are given by

Pipj )

2 i —2
9ij = P 0ij + pipj, 97 =p (5%—7
! ! ! TPtV

The second fundamental form of M is
_1
hij = (0* + IV p[*) "2 (0*6ij + 2pips — ppij),
and the unit outer normal of the hypersurface M in R™t! is N = \/":;7‘%. The principal
Iz p

curvatures of M are the eigenvalues of the second fundamental form with respect to the metric

and therefore are the solutions of
det(h;; — kgij) = 0.
Equivalently they satisfy
det(A;; — kdi;) =0,
where the symmetric matrix {A;;} is given by
{4} = (g™} ha{g"} 2. (2.1)
Let {g"}2 be the positive square root of {g’/} and be given by

[g7]} = p! [&j _ PiPj }

Vo2 +IVpl2 (14 p? +[Vp?)

We may also work on orthonormal frame on M directly. We choose an orthonormal frame

{ea} such that {ej,eq, - ,e,} are tangent to M and e,41 is normal. Let the corresponding
coframe be denoted by {wa} and the connection forms by {wa g}. The pull-backs of those
through the immersion will still be denoted by {wa},{wa, g} if there is no confusion. Therefore

wnt1 =0 on M. The second fundamental form is defined by the symmetric matrix {h;;} with
Wint1 = hijwj- (2-2)
The following fundamental formulas are well known for hypersurfaces in R™t1.

Xij = —hijent1 Gauss formula),

( (2

(ent1)i = hije; (Weingarten equation), (2
hijie = Pikj (Codazzi formula), (2.
( (2

Rijii = hikhji — hithji,  (Gauss equation),

where R;jj; is the curvature tensor. Using (2.5), (2.6) and the rule for interchanging the orders

of derivatives, we observe the following commutation formula

hijri = Priij + (hmgha — haonihig) ke + (R b — Bmihicg ) R (2.7)
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From (2.3)—(2.4),

(en+1)ii = hiijej — h?jen+1~ (2.8)
Then Sk (K1, K2, -+, kn) = Sp(Mhi;}). We consider the following curvature equation
Sk(Mhij (X)) = f(X,ent1), VX €M, (2.9)

where f is a positive function defined in U x S™ for some neighborhood of M in R"t!.

Lemma 2.1 (Deformation Lemma) Assume that M, is a piece of C* hypersurface M, M
is the solution of equation (2.9) and the matrix W = {h;;} is semi-positive definite. Suppose
there is a positive constant C, > 0, such that for a fized integer (n — 1) > 1 > k, VX €
M,, SS(W(X)) > C,. Let ¢(X) = Sim1(W(X)) and let 7(X) be the largest eigenvalue of

{=(f ") xaxp (X, €nt1)}, where the differential is the standard differential in R, Let F8 =

&;’;'L'—SZ). Then there are constants C1,Co depending only on || Mol cs, || fllcz and Cy such that

the following differential inequality holds in M,,
Z FPhos(X) < k(n — l)f%(X)Sl(W(X))T(X) + C1|Vo(X)| + Cad(X). (2.10)
B3

Remark 2.1 We would like to point out that from our proof (see (2.22)) 7(x) in the lemma
can be replaced by 7(x) = sup [fac(X) — %%(X)} nn®, where superium is taken over all
unit tangential vector fields = (p',---,n"*!) at X. In turn, the condition in Theorem 1.2

can also be replaced by the condition that 7 is nonnegative.

Proof As in [11], for any two functions g and h defined in an open set M, C M, we write
h < g if there exist positive constants ¢; and ¢y depending only on || X||cs, || fllc2,n and C,
(independent of y and M,), such that

(h=9)(y) < (1|Ve| + c20)(y), Vye M.

We also write h «~ g if h < g and g < h. We shall show that
ST FP a5 S k(n— 1) Sy (W),
B

For any z € M,, let Ay > Ao > .-+ > \,, be the eigenvalue of W at z. Since S;(W) > C, > 0 and
M € C3, for any z € M, there is a positive constant C' > 0 depending only on || X ||cs, ||f]lc2,
n and C,, such that Ay > Ao > -+ > X\ > C. Let G ={1,2,--- i} and B={l+1,--- ,n} be
the “good” and “bad” sets of indices, and define Sk.(W | i) = Sk((W | ¢)) where (W | 4) means
that the matrix W excludes the i-column and i-row, and (W | ij) means that the matrix W
excludes the 4,7 columns and 7,7 rows. All the calculations will be at the point z using the
relation “<”.

For cach z € M, fixed, we choose a local orthonormal frame {e4} in the neighborhood of z in

M, with {ej,eq, - ,e,} tangent to M, and e, 1 is the normal so that the second fundamental
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form {h;;} is diagonal at z, and h;; = A;, Vi =1,2,--- ,n. Now we compute ¢ and its first and

second derivatives in the direction e,. Let

8Sl+1(W) Sijﬂ“s — 8QSI+1(W)

S = : .
8h” (9]11] 8hm

As ¢ = S (W) and ¢, = Z S Jh”a, we find that (as W is diagonal at z),

4,

qub (Zh“)& )V\Zh“, SO h”V\O, iEB, (2.11)

i€EB i€EB

0 b SUG) D hita = Y hiias (2.12)

icB i€B
and
0, if i,jeaq;
Si AW | ij) ~<{ Si-1(G|j), ifieB, jeG; (2.13)
Slfl(G)a if i,jGB, Z#]
Since Goa = Z[S” " hrsalijo + SYRhijaal, from (2.11) and (2.12), it follows that for any

i,

a€e{l,2,---,n},

Zsl 1 W|Zj) {31 ]]a ZSl 1 W|Z] ”a_’_ZSH o

i#]j i#]

( Z Z Z Z )Sl 1(W | ig)hiiahjja

i€G,jeB  i€B,jeEG  i,jEBi#] i,j€G,i#]

(X XX Y )saW it ZS“ o (2.14)

i€G,jeB  i€B,jeEG  i,jEBi#] i,j€G,i#]

Using (2.13), we obtain from (2.14),

Gaa ~ > S"hitaa =2 Y Si_1(G | j)h = Sis1(G) D . (2.15)

i i€B,jEG i,jEB

By (2.11), and from (2.15) we obtain

Z Faa¢aa ~ Z Z SiiFaahiiaoz — 2 Z Z Sl—l(G | ] Faah?Ja
a=1 a=1 1 a=1ieB,jeG
—5-1(G) Y Y FehZ,. (2.16)
a=1i,j€B
By (2.7) and (2.11),
zn: Xn: S“Faahmoza - zn: zn: S”F(]a ho/onz + hoz()/hQi - hiahn)
a=1 i=1 a=1 i=1
< zn: 2": S F i + kSp(W) zn: SUhZ

I
-
<.
Il
-

[0
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SUFhaaii + kSk(W)(S1(W)Si41 (W) = (I +2) S (W)

I
NE
M=

Q
Il
-
-
Il
-

SUF By (2.17)

A
[]= |
NE

14

Il
_

[e3

This is the main difference to the calculation in [11]. Here we make use of the commutation
formula (2.7).
Differentiating the equation (2.9), we get

= Y P hapihesi + Y F*hagii.
a,B3,r,s a,B
From (2.11)—(2.13), we have

Z Z S F R ~ Si(G) Z {fn - Z Sk—2(G | aB)hgpihaai

a=1i=1 icB a,BeG

a3
= Y Sea(Ghppihani+ D Sa(W [af)hds )} (218)
«a,BEB a,B=1
a8 a8

Inserting (2.18) and (2.17) to (2.16) yields

D F s~ SU(G) Y Fi—SUG) DY Y Sk-a(G | aB)haaihspi

a,B i€B i€B a,BEG

a8
=S Y Y Ska(@hacibpsi=2Y D> Sia(G| RSk 1(W | a)his,
i€B o ED a=1ieB,Beq

+51G) DD Skoa(W | aB)hls,— Zsl 1(G) > Sk (W | a)his,. (2.19)

1€EB a#3 i,BEB

Since W = {h;;} is semi-positive and S;(G) is a monomial, we obtain

YD Sk 2W|a6h(w7—2z Y 5G| Bk (W | a)his,

i€EB a#pB a=1ie€B,B€G
S SUG) Sk (W [ )bl —2D > Si1(G | @)Sk-1(G | )bl
1€EB « ffGB 1€B aeG

Putting the above into (2.19), we have

n

ZF Poas < Si( )[me—z Z Sk—Q(G|aﬁ)haaihﬁﬁi:|

o, i€B i€B ”gf;eﬁG
=2) > (G )8k (G | )hini=SiG) Y D Sk-2(Ghaaihssi
i€B acG i€B «,BeB
a#i3
“3751(G) Y Sia(G a5+ 3" Y SiU(G)Sk-2(G | aB)hi . (2.20)
i=1 a,feEB i€B «,BEB

a#£pB



Weingarten Curvature Equations 603

This is exactly the same form of formula (4.28) in [11]. The same proof in [11] yields that

N k+1f?
> Fa0 S SIG)Y [fn - fT] (2.21)
a=1 i€B
Since Vi € {1,2,--- ,n},
n+1
fi = Z fXAe;4 + f6n+1(en+1)iv
A=1
n+1 n+1 n+1
fii = Z fXAXcel 6 + Z fXAXu +2 Z fXAen+1 i (6n+1)
A,C=1 =

+ fen+17pn+1 (en-l—l) (eﬂ—i-l) + f6n+1 (en-l—l)iiv

from (2.3)-(2.4), (2.8)—(2.12), it follows that

n+1

> [fii_ LRt i } >y {Ac—ﬂfAffc efte. (2.22)

1€B i€B A,C=1

Finally (2.10) follows from (2.21) and (2.22). The proof is complete.

Proof of Theorem 1.2 If W = {h;;} is not of full rank at some point z,, then there
isnm—1>1> ksuch that S;(W(z)) > 0, Vo € M and ¢(z,) = Sj+1(W(z,)) = 0. By our
assumption on F(X,y), we conclude from (2.10) in the Deformation Lemma,

n

1 (6707
el D F*Gaa S0. (2.23)

a=1

The strong minimum principle implies that W is of constant rank . If M is compact, there
is at least one point where the second fundamental form of M is positive definite. Therefore it

is positive definite everywhere and M is the boundary of some strongly convex bounded domain
in R,

Proof of Corollary 1.1 For 0 <t<1and 0 <e <1, set
F(t,X) = [(1—t)(CF) "% X" + tF =% (X)) 7.
Consider
Sp(k1, k2, k) (X)) = F(t, X1). (2.24)

We use degree theory. Following the same lines of the proof in [5], C* norms of convex solutions
of (2.24) are under control independent of ¢ and €. (Since we treat convex hypersurfaces, the
gradient estimate is automatic once there is a C? estimate, so condition (1.4) is not needed in
this case.) By Theorem 1.2 and continuity of degree argument, the strict convexity is preserved
for each t > 0. It is straightforward to calculate that the degree at ¢ = 0 is not vanishing. From
this, we may conclude that there is a strictly convex solution of (2.24) at t = 1. If in addition
F(X) satisfies the condition (1.4), as in [5] any two solutions are endpoints of a one-parameter

family of homothetic dilations, all of which are solutions.
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Theorem 1.2 implies the following stronger result, which even allows the eigenvalues of

Hessian of F~#%(X) to be negative.

Theorem 2.1 For any constant 1 > 3 > 0, there is a positive constant v > 0 such that if
F(X) is a smooth positive function in the region r1 < |X| < rq satisfying the barriers condition

inf I sup F'
(1.3), 37 = 6, TFloz = B, and
1

(F7%)ij(X) > —vdi; onm <|X| <79, (2.25)

then there is a C* convex hypersurface M satisfying (1.5).

Proof We argue by contradiction. If the result is not true, for some 0 < § < 1, there
is a sequence of positive functions F; € C1! such that sup F; = 1, inf F} > S, ||Fil|c1: < %,
(Ffi)ij (X) > —16i;, Fy satisfies (1.3) and equation (1.5) has no convex solution. As in the
proof of Corollary 1.1, we consider equation (2.24). For each [, there is 0 < ¢; < 1, such that

the equation
St(a. .-+ n) (X1) = F(X)
with F(X) = [(1 — t,)(CF) =% | X |+ + tlFl_% (X)]7* has a convex solution u; with
hij(X) =0 at some point z;, and |lw|/¢s.« < C, independent of I.
Therefore, there exist subsequences, which we still denote by F; and ug,
FF—F inCY%, w —u inC®,
for some positive F € C*! with (Fl;%)(X) > 0, and u satisfies equation (1.5), h;;(X) > 0 and
vanishes at some point xy. This is a contradiction to Theorem 1.2.

3 The Homogeneous Weingarten Curvature Problem

We consider the homogeneous Weingarten curvature problem in this section. Since equation
(1.2) is invariant under dilations, there is no CY bound in general. To solve the equation, we
need to establish the Harnack inequality for solutions of (1.2). This is the main part of the
proof in this section. We will follow the ideas in [10] to consider the following auxiliary equation
first
X

Si(1, o, -+ ,nn)(X):f(|X|)|X|_”, VXEM, 1<k<n-—1, (3.1)

where f is a prescribed positive function on S™ and M is a starlike hypersurface in R"*!. Since

M is starshaped, let p be the radial function as in (1.2). The following is the equation for p.
Sk(k1, -+ s kn)(@) = f(x)p™" on S". (3.2)

We first derive an upper bound of [V2p| estimates for the k-admissible solution p of equation
(3.2) for any p € [k, k + 1] assuming C! boundedness.



Weingarten Curvature Equations 605

Lemma 3.1 If M is a starlike hypersurface in R with respect to the origin, f is a
C? positive function on S"™, k > 1,p € [k,k+ 1], and if M is a C* k-admissible solution of
equation (3.1), then we have the mean curvature H < C' for some constant C' depending only
on k,n, \fo\7 Iv2 51 , Ipller and H—Hco (independent of p). In turn, gréa8§|v2p(ﬂ?)| <C.

Proof Let F(X) = f(%) and p(X) = [|X|"PF(X)]¥. The equation in Lemma 3.1
becomes

GOMhi})(X) = [Sk(Mhi DI (X) = ¢(X)  on M. (3.3)

Assume that the function P = log H — log(X, e,,+1) attains its maximum at X, € M. Then
at X, we have

Hi <X, 6n+1>7; Hn <X; en+1>ii

H <X,€n+1>

H <Xa €n+1> .

Let G = W, and choose suitable {e1, ez, ,e,} on the neighborhood of X, € M such
that at X, the matrix {h;;} is diagonal. Then at X,, the matrix {G*} is also diagonal and

positive definitive. At X,,

Z G“Hn Z Gii<X7 6n+1>ii
iip,; = =1 s <0. 4
Z G ” H <X, en+1> — 0 (3 )

17=1

From this inequality we shall obtain an upper bound of H.

We set |A]? = Z h?.. From (2.6), we have

Z G'"H; = Z G" ( Z hlm‘) - Z G" Z(h“” o+ haihiy — huh)

i=1 ] i=1 =1

_ZG i + | AJ? ZG“ ”—HZG“hi EZWHAPQU_HZG%;
=1 =1

il=1

And from (2.2) and (2.7),

3G enir)i = Y G [Z haa(X, er) ~RA(X, enﬂﬂ
i=1 =1 =1
:Z (Z ul) X el +ZG“ W <Xaen+1>ZGiih?i
=1 =1 =1 i=1
=S X ) 4o (X)) GURE.
=1 =1

So from (3.4), at X, we have the following inequality

n n

Heyp H
AP + bl L _(X,e) — —— <0. 3.5
AP35 =Y et~ (35)
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Let Fy4, F4p be the ordinary Euclidian differential in R***. Since

n+1

Pl 1 -2 FA
2= gl e + 30 X,
A=1
we have
n+1 n n+1
Pl p —92 1 Fy A 1 Fap AvB
Z - |: |X| <X7€n+1>_E F€ﬂ+1:| +Ez —F Xl Xl
A=1 I=1 A,B=1
"R RaF pr, P Pr, . P
B <~ AvB -2 —4 2
DD ¢ +E[1+E}|X| —E[2+E}|X| (X, ens1)
1=1 AB=1
n n+1
223 S P,
=1 A=1

As |A]? > %HQ, by (3.5) there exists a positive constant C' depending only on the k, n, W—ff‘,
Wfi such that H(X,) < C. Again from C! bound, we have max H < C. The proof of the
lemma is complete.

One may also derive C'-estimates if C° bound is assumed. Instead, we will derive the
Harnack inequality directly, that will imply C° and C'' bounds. It is convenient to introduce a

new function v = —log p. Then the first and second fundamental forms become

gij = e [51‘]‘ + Ui'l}j],
hij = 6_1)(1 + |V’U|2)_% [51J + vv; + Uij].

And
[gij]% — v [5ij . ViUj }
V1|Vl (14 /1+|Vol?)
So if we let
g Vi

FU — 57 _ () ,

g [ T+ |Vv|2(1+\/1+|Vv|2)}

Bim = Sim + V1Vm + Vim, (3.6)

a;; = 3" himg™
then the matrix in (2.1) becomes
Ay =e'(1+|Vo|?) Zay, (3.7)
and equation (3.2) turns into
Se(Mai}) = ePP°(1 4 [Vo?) 5 f(z) on S™ (3.8)

First we have the easy case p > k.
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Proposition 3.1 Suppose p > k. For any f(x) € C*(S"), n > 2, f > 0, there exists a
unique k-admissible starlike hypersurface M which satisfies (3.1). If in addition [ satisfies
X

_1
|X|) " is a convex function in R\ {0}, (3.9)

x1E £ (

then M is a strictly convex hypersurface.
Proof of Proposition 3.1 For any positive function f € C?(S"), for 0 < ¢t < 1, set
fi=1—-t+ tf’%]*k. We consider the equation
Sk(nla"' 7'%")(3:) :ft(x)pip on Sn7 (310)

Set I = {t | (3.10) solvable}.

We first consider C%-estimates. Let

[ =mi d L= .
minp an max p

If x, € S™ such that p(z,) = L, then at z,, we have
Vp=0 and {p;;} <0.
It follows that at x,,

Ki(xo) > L7 vi<i<n.

1

max fi 5% -
} . The similar argument

sn

&

Evaluating (3.10) at =, and using the above, we have L < [

min foq 505
also yields [ > [ BC,I"' }
With the C%-estimates, the arguments in [5] immediately yield the C'-estimates. Together

with Lemma 3.1, we have

1
Il < € and H—‘ (3.11)

p

C2 (Sn) -

where C depends only on p, k,n, || f| c2(sn) and Irslgln f- (In the case k = 1, (3.11) follows from
the standard quasilinear theory. The regularity assumption on f can also be reduced.)

Now the Evens-Krylov theorem and the Schauder theorem imply that I is closed. The
openness is from the implicit function theorem since the linearized operator of (3.8) is invertible
when p > k. The method of continuity yields the existence. The uniqueness follows easily from
the Strong Maximum Principle and the dilation property of equation (3.1) for p > k.

Since f; satisfies the convexity condition (3.9) in Theorem 1.1 for 0 < ¢ < 1, the strict

convexity comes from Theorem 1.2.

We now deal with equation (3.1) for the case p = k in the rest of this section. The equation

is in the following form

Sk(k1, kg, kn)(x) = f(x)p~*, VaesSm (3.12)
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max p
min p ’

In order to bound we turn to estimate |V log p| = |Vv|. We follow an argument in [10]
to make use of the result in Proposition 3.1 with some refined estimates for p, with p, = k+ %
We hope to get the convergence of p, as r tends to infinity. It turns out that the limit of p,
will satisfy equation (3.12) but with f replaced by «f for some positive v. We will show that

the constant v is unique.

Lemma 3.2 For 1 <k <n suppose f is a positive C function on S™. Suppose p is a C>
k-admaissible solution of equation (3.2) with p € [k, k + 1]. If k < n, we further assume that f

satisfies

P

= o () (Z2)) - 0

where di = min f, do = max f. Then né%X|V10gp(x)| < C, for some constant C depending

only on k, n, 6¢, max W—ff‘ (and independent of p). In particular,

max p

T minp

Remark 3.1 If £ = p, from the proof below, the gradient estimate Lemma 3.2 can be

established under simpler and weaker condition

_ Ck_y)*
min k(" f%l) - (05_1)%) B Wff'} -0

From the counter-example of Treibergs, it can be shown that this condition is sharp for the

gradient estimate of equation (3.8) when 1 <k <n — 1.

Proof We work on equation (3.8) to get gradient estimates for v. Let P = |[Vuv|? attain its

maximum at x, € S™. Then

P, = kav;ﬂ» =0 atx,. (3.14)
k=1
Let {e1,e2, -+ ,e,} be the standard orthonormal frame at the neighborhood of z,. Take e;
such that
vy =1|Vo|, v, =0, i>2, (3.15)
and eg, - - - , e, such that {v;;}(z,) is diagonal. It follows that at z,,

V11 = 0, Uij = 0, 7 75 j,

. ices {gi Y, {Rii . i i gl = ——, hy =
so the matrices {g"”}, {h"} and {a;;} are diagonal at the point, and g iFIER hi1

1+ |Vo|?, a1 =1;and for all i > 1, g% = 1, hy; = a;; = 1+ .

Let F¥J = %, so {F%} is diagonal at z,. Differentiating equation (3.8) gives
J

0

Flag, = P (14 [Vo]?)2 [(p - k)vsf + fi]. (3.16)
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From (3.6),
) — —mjj il
Qjjs = (gl hlmgmj)sv Usg;nj =0= Usg; )
we have

—il -m,
Vslijs = G VsVimsg I

Couple (3.16) and (3.17), and we have

0sF a5 = F 5% 00,5™ = P70 (14 [Vol2) 2 05[(p — K)o f + ]

On the other hand,

—mi Im —il _
USF az] _FJg Usvlmsgmj :Fmgl Usvijsgmj

= F'mglgmivglugij — vs6ij + v;6s:]

= Flmgilgmjvsvsij _ |V’U|2 Z Flmgilgmi + Z Flmg“gmjij.

ilm ijlm
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(3.17)

(3.18)

Let F = ST Fimgilgmi so at o, s diagonal with F= % and F'' = F¥ for i > 1.
1

Im
Then we have
i —ij 9 —ii —ij
E vsFYa;55 = E Fugvg; — |V E F o+ E Fr ;.
ijs ijs i ij

From (3.18), (3.19) and (3.15), we have

ST vy = e (14 (Vo) bl — koo f + £ + [V ST

ijs =2
Since F” is positive definite and
P’L] = Z VsiVUsj + Z VsUsij s
we have at x,,
FijPij = Zfijvswsj + ZFUUS’USU S 0.
(Y] AL
From (3.19) and (3.20) it follows that at z,,
Z (2 4+ 02) 4+ PRV (1 4 Vo) 5 [(p — k)2 f + o fi] <0,
=2
i.e., we obtain the following inequality
Z vl + %) + e(p’k)”(l + |Vv|2)%v1f1 <0.
=2

Let A = (A1, A2, - -+, Ap) be the eigenvalues of the matrix {a;;}, at the point,

M=1, d=14wvm, -, Ap=1+v,y;

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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and for i > 2,
F' = Se 1 (M), 02 =X2—2) + 1. (3.24)
Then equation (3.8) becomes
Sk(A) = ePRv(1 4 |Vu|?)5 f(z) on S™. (3.25)
From (3.22) and (3.24) we have
1+03) 3 Se (M 4) + 3 A28 (A ] )

=2 =2

— 23 NiSko1 (A ] 0) + PPV 4 Vo) i fi <0, (3.26)
=2
since
> Sk i) = (n = k)Sk-1(A) + Se—2(A | 1), (3.27)
=2

D NS (A1) =2 NSk (A ] 4)
i—2 i=2

= XS (M) =2) NSk (M 4) + Sk (A ] 1)
=1

i=1
=51 (N)Sk(A\) — (K + 1)Skr1(A) — 2kSk(N) + Sp—1 (A ] 1). (3.28)
Put (3.27) and (3.28) into (3.26). It follows that

(1+01)(n — k)Sk—1(A) + S1(A)Sk(A) — (k 4+ 1)Ske1(N)
PRy (14 02)% = 2kSk(A) + (14 02)Sk_a(A | 1) + Se_1(A ] 1) < 0. (3.29)

We also note that if z; and xo are minimum and maximum points of v respectively, from

equation (3.25), we have

Ck Ck Ck Ck

(p—k)v(z1) > n_o> (p=k)v(z2) < n_<L . 3.30
SRS e Ry ALY (P iy )
So V,
CEIAXT o -ty p 5 oS (3.31)
min f max f

This fact will be used later on.
We divide the proof into two cases.
Case 1l k=n.

As Sp+1(A) = 0, and both S,_2(A | 1) and S,_1(A | 1) are positive, the above inequality
takes a simpler form

S1(N)Sn(A) + P f1(1 4+ 032 < 208, (N).
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Since A1 =1, Sp(A) = Sp—1(A | 1). By the Newton-MacLaurin inequality,
S1(A) > S1 (A1) > (n—1)Sp—1(\| 1)ﬁ =(n—-1)S,(\)" 1.

In turn, we get

_n_

(n—1)S,(\) 7T — e | f1](1 +v3)% < 208, (N). (3.32)

(3.25), (3.31) and (3.32) yield that at the point,
n mmf ﬁ 1 |Vf|
—1)(1+0])2mD (—= —(1+v})2—— < 2n.
(n = D1+ o) 705 () = ()RS < 2

min f
max f

Since ﬁ > % and is bounded from below by a positive constant (depending only

on the upper bound of W—fﬂ), we obtain an upper bound for |Vu.
Case 2 k <n.

Claim
(k+1)Ske1(A) < (k+1)Sk(N) + (n— k — 1)(CE_ )" Sp(A) FH. (3.33)

Proof of Claim If Siy1(\) <0, it is automatic. We may assume Sky1(N\) > 0. As X € [,
we get A € Tiqq. In turn (A | 1) € T'y,. We have

Sk41(A) = Skt (A1) + Se(A [ 1) < Spa (A [ 1) + 55 (A).- (3.34)

If Sp+1(A] 1) <0, we are done. Thus we may assume Sk11(A | 1) > 0. Again as (A | 1) € Ty,
this gives (A | 1) € Tjy1.
By the Newton-MacLaurin inequality,

Sepr (A1) < CEFH(CE )% (S [ 1) 5 < CEH(CE_ )~ 5 ()
= L]H(Csﬂ)_%Sk%H(/\). 5.35)
k+1

The Claim now follows from (3.34)-(3.35).

Now back to the proof of the lemma. If Sg(A | 1) < 0, we will have Si_1(\) > Si(\). From
(3.33), (3.29) and the Newton-MacLaurin inequality, we get

I\
f

(1+v2)(n — k)Sp(\) — (14 02)2S(A) — (3k + 1)Sk(A) < 0.

From this we obtain an upper bound of |Vv|.
We may now assume Sp(A | 1) > 0, i.e., (A | 1) € T'y in the rest of the proof. From the
Newton-MacLaurin inequality,

S1(A) > S1(A | 1) > (n— 1)(CE_ ) FSF(A| 1).

Similarly,
Si(A 1) > (n— 1)(CFH ™78 (A | 1).
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From this, we get

(s 220" 2 st S0 Do
n—1)k n—1)k
> Ol s 1)+ 501 0) = s,
That is
SiN) > (n— 1)(CE_) ESFO) — Z:}f (3.36)
Since
(n = E)Sk—1(\) + Sk—2(A [ 1) = (n = k)Se—1 (A [ 1) + (n — k + 1)Sp—2 (X | 1),
and Sg(A) = Sp(A 1)+ Sp—1(A ] 1), we get
[(n—E)Sk—1(\) + Se—2(A | D]F = D Cln T —k+ 1S I 1)S)_, (M| 1),
0<j<k
RO ) = Y KRCR Gl ST I DSTL (A D).
0<j<k—1

Again using the Newton-MacLaurin inequality on S;(A | 1), it is elementary to check that for

Cln = k)* 7 (n =k + 17 SET{ O 1)S] (A [ 1) 2 KECE_ Gl Sy T ( D)ST_ (A 1),
that is,
(n— k)Sk—1(A) + Se—a(A | 1) > K(CE_)FS,F (V). (3.37)
Combining (3.33), (3.37), (3.36), (3.25) and (3.29), we obtain

IV/I

02% n
(1+v2) (k(A+A -

) <c, (3.38)

(k=p)v (Ck | 3 .
where A =¢™ & — and C'is a constant under control.

In view of condition (3.13), and by (3.30), we get (1 + v%)%éf < C. The proof is complete.
Since (1.7) implies (3.13), Theorem 1.3 is a consequence of the following proposition.

Proposition 3.2 Suppose n > 2, 1 < k <mn, and suppose f is a positive smooth function
on S". If k < n, we assume [ satisfies condition (3.13). Then there exists a unique constant
v > 0 satisfying (1.8) and a smooth k-admissible hypersurface M satisfying equation (1.9).
The solution is unique up to homothetic dilations. Furthermore, for 1 < k < n, if in addition
|X|f(|X‘ )_% is conver in R" 1\ {0}, then M is strictly convez.

Proof of Proposition 3.2 First we deal with the existence of solution and ~. For all
r € Z7T, from Proposition 3.1, we let p,. = |X,| be the unique solution of equation (3.2) with
p=k+ % We rescale p, letting p, = ’l’—: with [, = min p,. Now p, satisfies

Sulki k- k) (@) = 57577 fr(z) on 8™,
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k
n 5  Cnmaxf

f
<f<

sn

where f = ZT*%f. From (3.30), A T i T

If f satisfies the conditions in tﬁe proposition, l;y Lemmas 3.1 and 3.2, there exists a positive
constant C' independent of r, such that 1 < p, and ||pr||c2 < C. The Evans-Krylov theorem
gives || pr|lctia < Clo with Co (1 > 2, 0 < @ < 1) independent of r. So, there is a subsequence
rj — oo, such that p,, — p in C4*(S"), and lrj_%j — ~ for some positive constant . (3.30)
implies (1.8) and the radial graph of p satisfies (1.9). The higher regularity of p follows from
the standard elliptic theory.

We now turn to the uniqueness. Let M(p) = Si(k1,k2, - ,kn)p" and suppose 3o, 71,

po > 0 and p; > 0 satisfying (1.9) respectively. We may assume -y > 71, so we have

M(po) — M(p1) = (vo —m)f = 0.

Since M is invariant under scaling, we may assume pg < p1, and po(x,) = p1(z,) at some point
x, € S™. Let py = tp1 + (1 — t)po. Since p = po and Vp, = Vpy at z,, the first fundamental
forms of p; are same at x, for all 0 < t < 1. Therefore p; is k-admissible for all 0 <t < 1 at
Z,. By the continuity of the second derivatives, there is a neighborhood of z, such that p, is
k-admissible for all 0 <t < 1. We have, in the neighborhood of z,,

1
0
— M,
| gy

> 67 (p1,p0)(p1 = po)ig + ) ¢ (p1, p0)(p1 = po)i + d(p1, po)(pr = po)-

ij=1 i=1

M (p1) — M (po)

By the Strong Maximum Principle, p; = pg everywhere and v, = ~q.
Finally we discuss the convexity. It is easy to check that the convexity of |X| f’% (%)

1

implies the convexity of |X|%f_ﬁ (%) for any p > k. When 1 < k <n — 1, from Proposition
3.1, we know that the solution M = {p(z)z : S* — R"*!} is convex if f satisfies the convex

condition in Theorem 1.3. The strict convexity follows from Theorem 1.2.
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