Chin. Ann. Math. o
27B(6), 2006, 643-656 Chinese A':' nals Of_
DOT: 10.1007/s11401-005-0520-2 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2006

Exact Controllability for Nonautonomous First Order
Quasilinear Hyperbolic Systems™*

Zhigiang WANG*

Abstract By means of the theory on the semi-global C' solution to the mixed initial-
boundary value problem (IBVP) for first order quasilinear hyperbolic systems, we establish
the exact controllability for general nonautonomous first order quasilinear hyperbolic sys-
tems with general nonlinear boundary conditions.

Keywords Nonautonomous quasilinear hyperbolic system, Mixed initial-boundary

value problem, Semi-global C' solution, Exact controllability
2000 MR Subject Classification 35L50, 37B55, 49J20, 93B05

1 Introduction

Consider the following first order quasilinear hyperbolic system in the characteristic form

0 0
li(t,x,u)(a—zz + )\i(t,x,u)a—Z) =pi(t,z,u), i=1,---,n, (1.1)
where u = (uy,- -+ ,u,)T is an unknown vector function of (¢, ), l;(t, z,u) = (I;1 (t,x,u), -+, lin
(t,z,u)) (i=1,---,n), and
o 8bi(t,x) 8bi(t,x)
wi(t, x,u) = al(t,x,u)(T + )\l(t,x,u)T)
+ filt,z,u) + ¢i(t,x), i=1,---,n. (1.2)

We assume that [; (¢, x,u), A (¢, x,uw), a; (¢, z,w), bi(t, x), fi(t,z,u) and ¢;(t,z) (i =1,---,n) are
all C'! functions with respect to their arguments and on the domain under consideration,

det |1;;(t, z,u)| # 0 (1.3)
and
filt,z,0)=0, i=1,---,n. (1.4)
The following discussion is still valid if a; and b; (i = 1,--- ,n) are vector functions.

Suppose that 7;(t,z,u) = (ri1(t,z,u), -, 7in(t, (x,u))T (i =1,---,n) satisfy
Lt z,u)rj(t,z,u) =65, 4,j=1,---,n, (1.5)

Ltz u)ri(t, z,u) = 1, i=1,---,n. (1.6)
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and 7;(t, z,u) have the same regularity as ;(¢, z, u).
Moreover, we suppose that on the domain under consideration

Mtz u) < Ag(t,z,u) =0 < A (t, z, u), (1.7)

p:l”l’q:l+17’m’r:m+17’n
We give the initial condition
t=0: u=¢p(r), 0<zx<L (1.8)

and the final condition

The boundary conditions are of the form

x=0: v.=Gp(t,v1, 0, V41, ,Vm) + Hp(t), r=m+1,---,n, (1.10)
z=1L: U;D:Gp(tvvl-l—la"' y Ums Um+15 " ;Un)—"Hp(t)v pzla 7l7 (111)

where
Ui:li(taxau)u7 ’L:la ;. (112)

Without loss of generality, we assume that
Gp(t,0---,0)=G,(t,0,---,0) =0, p=1,---. L, r=m+1,--,n (1.13)

Li Tatsien, Rao Bopeng and Yu Lixin etc. have established the exact controllability for
general autonomous quasilinear hyperbolic systems in [3, 5-8]. This paper deals with the
corresponding results for general nonautonomous first order quailinear hyperbolic systems, in
which we adopt an idea initiated by Qin Tiehu for one-side controllability, when the number of
the positive eigenvalues is different from that of the negative ones.

We first study the semi-global C' solution to the mixed initial-boundary value problem
(IBVP) (1.1), (1.8) and (1.10)-(1.11) in §2. Then we consider the exact controllability for
this problem in the cases that there is no zero eigenvalue and there are some zero eigenvalues
respectively in §3 and §4.

2 Existence and Uniqueness of Semi-global C! Solution

In order to get the semi-global C'* solution to the IBVP (1.1), (1.8) and (1.10)-(1.11) (Prob-
lem I), we need to introduce another type of boundary conditions as follows:

x2=0: 0 =g.(t,01, 0, V41, ,0m) + hp(t), r=m-+1,---,n, (2.1)

x=L: 6;0 :gp(t76l+1a"' ,1~}m,’l~}m+1,'-- ﬂjn) +hp(t)a p= 1, ala (22)

0 =li(t,z,0(x))u, i=1,--- n. (2.3)
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Without loss of generality, we assume that
gp(t,0---,0) =g,(£,0,---,0)=0, p=1,--- . r=m+1,--- . n (2.4)

Correspondingly, we denote the IBVP (1.1), (1.8) and (2.1)-(2.2) as Problem II. In order to
prove the equivalence of Problem I and Problem IT when |u| is sufficiently small, it suffices to
show that the boundary conditions (1.10)-(1.11) can be replaced by the boundary conditions
(2.1)-(2.2) respectively, provided that |u| is sufficiently small.

Similar to [4, 11], we have the following two lemmas.

Lemma 2.1 Suppose that l;, gp, hp, Gry by, Gp, Hp, Gy and Hy (i = 1,--- ,n; p=1,---,1;
r=m+1,---,n) are all C* functions with respect to their arguments. When |u| < &g (60 >0 is
a suitably small number), if the boundary conditions (1.10)-(1.11) are replaced by the boundary
conditions (2.1)-(2.2) respectively, then Problem 1 is equivalent to Problem II.

Lemma 2.2 Under the hypotheses of Lemma 2.1, the functions h(t) = (hy(t),--- , hi(t),
Rt (t), -+ ha(t)) and H(t) = (Hy(t), -, Hi(t), Hypg1(t), -, Ho(t)) in two equivalent
boundary conditions (2.1)-(2.2) and (1.10)-(1.11) satisfy the following properties: for any given
lis9p, Gr,Gp and Gy (i = 1,---,n; p=1---,1; r =m+1,---,n), there exist two positive
constants Cy and Cy depending only on €y, such that on the domain under consideration we

have
Cillhllo < [IHJlo < Calhlo, (2.5)
[2llr = 0 = [[H[ls — 0, (2.6)
where || - ||o and || - |1 stand for the C° norm and C' norm respectively.

By means of the method given in [9, 10], we have the existence and uniqueness of the local
C! solution to Problem II.

Lemma 2.3 Suppose that l;, Ni, a;, b;, fis Cis Gpy Bp, gry by (1 =1, ,n; p=1,---,1; =
m+1,--+,n) and ¢ are all C* functions. Suppose that (1.3)-(1.4), (1.7) and (2.4) hold and the
conditions of C' compatibility are satisfied at the points (t,x) = (0,0) and (0, L) respectively.
Then, for any given l;, Ni,ai, fi,gp and g» (i = 1,--- ,n; p=1,---,l; r =m+1,---,n),
there exists a positive constant 6 = §(||¢ll1, |61, llcll1s |h]l1) > 0, such that Problem 11 admits
a unique C* solution u = u(t,x) on R(§) = {(t,x) |0 <t <4, 0 <z < L}. Moreover, when
ol 1ll1, llcllr and ||h]l1 are sufficiently small, the C* norm of u = u(t,x) is also sufficiently
small. In particular, we have

lu(t,z)| < €0, V(t,2) € R(S), (2.7)
where ¢ is given in Lemma 2.1.

Then, by Lemmas 2.1 and 2.2 we get

Lemma 2.4 Suppose that l;, \i, a;, bs, fi, ¢i, Gp, Hp, Gy, Hy (i = n, p=1,---,1; r=
m+1,---,n) and ¢ are all C* functions. Suppose that (1.3)-(1.4), ( ) and (1.13) hold and the
conditions of C' compatibility are satisfied at the points (t,z) = (0,0) and (0, L) respectively.
Then, for any given l;, \i, a;, fi,Gp and Gy (i=1,--- ,n; p=1,--- . l; r=m+1,--- ,n), when
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llell1, 10]l1, [clli and ||H]|1 are sufficiently small, there exists & = §(||¢||1, ||b]|1, llell1, [[H]1) > 0
such that Problem 1 admits a unique C* solution u = u(t,z) with small C* norm on R(8). In
particular, (2.7) holds.

Theorem 2.1 Under the hypotheses of Lemma 2.4, for any given Ty > 0, Problem 1 admits
a unique C solution u = u(t,z) (so-called the semi-global C* solution) with sufficiently small
C' norm on the domain

R(Ty) = {(t,2) [0 <t < Ty, 0 < < L}, (2.8)

provided that ||¢llc1io,01, |0llcriremo)sllcllcrreny)) and | H ||cro, 1) are sufficiently small (depen-
ding on Tp).

Proof By Lemma 2.4, it suffices to prove that for any C*! solution u = u(t, z) to Problem
I on the domain

R(T)={(t,x) |0<t<T, 0<x <L} (2.9)
with 0 < T < Ty, we have the following uniform a priori estimate:
lu(t, )l £ llult, o + llus(t, )llo < C(Tv), Vte[0,T], (2.10)

where C(Ty) is a sufficiently small positive constant independent of T" but possibly depending
on Ty.

Let v = (v1, - ,vn), w= (w1, - ,wy,), where v; (i =1,---,n) are given by (1.12) and
w; = Li(t,x,u)u,, i=1,--- n. (2.11)

By (1.5)-(1.6), it is enough to estimate ||v(¢, - )||o and [Jw(¢, -)|lo-

Similar to [1, 2, 11], we have

dit :67(t7x7u)+2/61j(t7x7u)v_]+ Z ﬁmk(t;xau)vjwkv 1= 17 y 1y (212)
g j=1 jk=1
dwl n n )
a1 :’Yi(t7xvu)+z’yij(t7xvu)wj + Z ’)/ijk(t’x’u)ijka i=1,---,n, (213)
' j=1 Jik=1
where
d 0 0
== DNt ) — 2.14
! 8t+/\'(t x u)ax (2.14)

denotes the directional derivative along the i-th characteristic,

dbi(t, :E)
dit

ﬁi(tax’u) :ai(t7xvu) +fi(tax’u)+ci(tax)a (215)
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dby(t, x)
dpt

NE

Bij(t,x,u) = — Li(t, 2, u)Vyur;(t, o, u)ry(t, z,u) [ak(t, x,u)

b
Il

1
dli(t, Z, - )

+ fe(t,z,u) + ck(t,x)} + 17

ri(t, z,u), (2.16)

ﬂijk(t; xZ, U) - ()\k(ta x, U') - )\z(t; €T, u))lz(ta €T, u)vurj (ta T, U)Tk (ta €T, U), (217)

- org(t,x, -) dby(t, x)
i(t, z,u) kZ:llltxu 8 [ k(t,z,u) it

~ Oa;(t, @, ) Ob(1, ) . Oa;(t,x, -) Obi(t,x)
ot Ox oz ot

ONi(t,z, ) Ob;(t, x) . afi(t,z, ) n oci(t, x)
ox Ox Ox ox

+ ai(t,x,u) (2.18)

vij (t, z, u) Zl (t, ) (Vurg(t, x, w)r;(t, z,u) — Vr;(t, «, w)ry(t, z, u))

- [ak(t,x,u)%;‘”) 4 fult, 2, u) + en(t, )

dbi(t, :E)

i

+ vufl(ta z, u)’f’j(t, z, u) + vuai(t7xvu)

ri(t,x,u)
Ob;(t, x)
ox

arj(t7xv ) o a)\i(taxa .
ox ox

8li(t7 €, - )
ot

+ai(t,x,u)vu/\i(t,x,u) Tj(t,x,u) + Tj(t,l‘,u)

— Atz u)l(t x, u)

s, (2.19)
1
Yijk(t, x,u) = 5[()\j(t, z,u) — A (t, z, w)li(t, x, w) Vg (6, z,u)r; (t, ©, u)

= Vi (2, w)rj(t, z,u)oi + (5 | k)], (2.20)

dl;(t,x, ) org(t,x, -
ar— and =552

in which etc. are the corresponding derivatives regarding u as parameter,

and the symbol (j | k) in (2.20) stands for all terms obtained by changing j and k in the previous
terms.

For the time being we assume that
[v(t,x)] < %, lw(t,z)] <mn, VY(t,z)e R(T), (2.21)

where 79,71 are suitably small positive constants (the validity of this hypothesis will be shown
later). Then, by (1.5)-(1.6) and (1.12) we have

lu(t,z)] <no, V(t,x) € R(T). (2.22)

Integrating the i-th equation in (2.12)-(2.13) along the i-th characteristic and using the
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boundary conditions if necessary (cf. [4, 11]), we have
lv(t, )| < Cmax{|lgl|cop,r): bl coprerys llellcorrero: 1H cop,ry }s - V(8 2) € R(T), (2.23)
lw(t, z)| < CmaX{H@/HCO[O,L], 1bllcrtreroys lellerrerys 1 llcofrer )
8f ta €Z,-
atom). 1o | ZLZ) A ) < e, (224

where C' > 1 is a positive constant independent of T,

d(?]()) — O, as 1o — 0 (225)
and
af(taxa') af(taxa)
_ tau), |2 - ! 2.26
Ifllo=" sup [f(t 2, u)l or o~ S T (2.26)
lul<mo lul <no
Noting (1.4), we have
of(t,x, -

17l — 0, [ZLE o as a0 (2.27)

Hence, both |[v(t, - )||o and ||w(t, -)|jo (0 <t < T') are sufficiently small and 79 can be chosen
to be sufficiently small, provided that ||¢||c1jo,], [|bllcriremo), lellcrrery) and [[H oo, 7, are
sufficiently small. This implies not only (2.10) but also the validity of hypothesis (2.21). The
proof of Theorem 2.1 is finished.

Remark 2.1 Under the hypotheses of Theorem 2.1, when 8;”, 8(%7. p=1,--,r=

m + 1,--- n) satisfy the local Lipschitz condition with respect to their arguments except ¢

and %Q (i =1,---,n) satisfy the local Lipschitz condition with respect to u, the C'! solution
u = u(t,z) to Problem I satisfies the following estimate

Huﬂcl[R(To)] <Co max{||90||01[0,L]7 HbHcl[R(To)]a ”C”C’l[R(To)]v HHHCl[R(To)]}v (2.28)

where Cy is a positive constant.

3 Exact Boundary Controllability for Nonautonomous First Order
Quasilinear Hyperbolic Systems — Case Without Zero Eigenvalues
Assume that system (1.1) has no zero eigenvalues:

Ar(t,z,u) <0< Ag(t,z,u), r=1,---,m;s=m+1,--- ,n. (3.1)

Correspondingly, the boundary conditions are of the form:

{EZOI USZGS(tavla”"vm)+HS(t)’ s
{E:LI Ur:Gr(t,'Um+17"' avn)+HT(t)’ r

]
= 3
e
- \!—‘
s
E
w w
w [N}

with
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where v; (1 =1,---,n) are given by (1.12).

In this case, we can realize the exact controllability only by boundary controls acting on
r = L and/or z = 0. By means of the theory on the semi-global C! solution in §2, we
can establish the following two-sides exact boundary controllability by solving some well-posed
IBVPs.

Theorem 3.1 (Two-Sides Control) Suppose that l;, \i, ai, b, fi,ci and G; (i=1,---,n)
are all C* functions. Suppose furthermore that (1.3)-(1.4), (3.1) and (3.4) hold. Let

R(T)={(t,z) |0<t<T, 0<z <L} (3.5)

If there exists T > 0 such that

T
/ ~min inf |A\(¢,2,0)| dt > L (3.6)
o =1, ,n0<z<L

and ||(bi, ci)l|lcrirery (0 =1,--- ,n) is sufficiently small, then, for any given initial data ¢ and
final data +p with sufficiently small C* norm, there exist boundary controls H;(t) (i =1,---,n)
with small C' norm, such that the IBVP (1.1), (1.8) and (3.2)-(3.3) admits a unique C'* solution
u = u(t,z) with small C* norm on R(T), which verifies exactly the final condition (1.9).

Proof By (3.6), there exists 1 > 0 so small that

T
/ ~min inf  |N\(¢, 2, u)| dt > L. (3.7)
o =g

Taking 73,75 such that
T T L
/ min  inf (t, 3, 0)] dt:/ min inf (o) di= o, (38)
O 1

i=1,.- ,n 0<z<L, i=1,-- n 0<w<L,
T ul<e T=T2 577 4 ey

we have Ty < T — T5.

As in [5], we can construct a C'* solution u = u(t, ) to system (1.1) on R(T'), which satisfies
the initial condition (1.8) and the final condition (1.9) simultaneously.

First we take some suitable artificial boundary conditions

r=0: wvs=mn5(t), s=m+1,---,n, (3.9)
x=L: wv.=mn(t), r=1,---,m, (3.10)
where v; (1 =1,---,n) are still given by (1.12), such that the forward IBVP (see Figure 1) for

system (1.1) with the initial condition (1.8) and the boundary conditions (3.9)-(3.10) admits a
unique semi-global C! solution u = wu (¢, z) with small C! norm on

Rp={(t,x)|0<t<T1, 0<z <L} (3.11)

Similarly, we can also take some other suitable artificial boundary conditions at = 0 and
x = L, such that the backward IBVP (see Figure 1) for system (1.1) with the final condition
(1.9) and these boundary conditions admits a unique semi-global C*! solution u = u(t, z) with

small C! norm on

Ry={(t,2) |T-T<t<T,0<x <L} (3.12)
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Since 11 < T'—1T5, the domains Ry and Ry never intersect. Then there exists a C' ! function
y(t) with small C''[0, 7] norm such that

L
uf(tva)a OStSTla

2 (3.13)
ub(t,a), T-Ty<t<T.

(1) =
Now we change the status of the variables ¢t and z. Then the leftward (resp. rightward)

IBVP (see Figure 2) for system (1.1) with the initial condition

xTr =

L
3 u=~(), 0<t<T (3.14)

and the following boundary conditions induced by (1.8) and (1.9) respectively:

t=0: =l 0,5 e@)e@), 0TI, r=1-.m, (3.15)
t=T: ve=1s(T,2,9(x)Y(z), 0<z< g, s=m+1,--- n, (3.16)
(resp. t=0: wve=150,2,0(x))p(z), gﬁ x<L, s=m+1,---,n, (3.17)
t=T: v.=0(T,z,¢)(z), ggng, r=1,---,m) (3.18)

admits a unique semi-global C* solution u = w;(t,z) (resp. u = u,(t,z)) with small C* norm

on

o
po|

Rlz{(t,x)‘OStST,OSxS } (resp.er{(t,a:)logth, gng}). (3.19)

In particular, we have

lui(t,z)| <ey1, Y(t,z) € Ry (resp. |up(t,z)| <e1, V(t,x)€ Ry). (3.20)
Let
t,x), t,x) € Ry,
w=ult,z) = 4 B G € R (3.21)
u/f’(t7 x)? (t’x) 6 R'f"

We need only to check that u = wu(t, z) satisfies the initial condition (1.8) and the final condition
(1.9) simultaneously.

By definition, both w;(t,z) and uy(¢,z) satisfy the same one-side IBVP for system (1.1)
with the initial condition

u=~(), 0<t<Ty (3.22)
and the boundary condition (3.15). By (3.8), the maximum determinate domain of this one-side
IBVP should contain the interval [0, %] on z-axis (see Figure 3). Hence, we get

L
2

w(0,2) =up(0,z) = p(z), 0<z< (3.23)
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by the uniqueness of C! solution. Similarly, we have

ur(0,2) = up(0,2) = p(x), <z <L (3.24)

N

Thus, u = u(t, z) satisfies the initial condition (1.8). In a similar way we get that u = wu(t,x)
also verifies the final condition (1.9).

Taking the boundary controls as

Hy(t) = (vs — Go(t,v1,- -, vm))|w=0s s=m+1,---,n, (3.25)
(vr - G7’(t7vm+1; o 7vn))|m:L; r= 1; T, My, (326)

=
—~
~+
~
I

where v; (i =1,--- ,n) are obtained from (1.12) and (3.21), we get the desired exact boundary

controllability.
t t t
()
T T T —
Up
T—-1T% T—-1T5
7w
T u % Ty
u
! 0!
[
0 ) L =z 0 % L =z 0 o) % L =z
Figure 1 Figure 2 Figure 3

In the case of one-side control, without loss of generality, we may assume that the number
of the positive eigenvalues is not bigger than that of the negative ones:
mEn—m<m, ie, n<2m. (3.27)

Theorem 3.2 (One-Side Control) Suppose that 1;, A\;,a;,b;, fi,ci, Gy (i = 1,--- ,n) and
H, (s=m+1,---,n) are all C* functions. Suppose furthermore that (1.3)-(1.4), (3.1), (3.4)
and (3.27) hold. Suppose finally that the boundary condition (3.2) can be equivalently rewritten
in a neighborhood of w =0 as

r=0: vp=Gs(t, V1, s Vms Vmit, - V) + He(t), 7=1,---,m (3.28)
with

Gr(t,0,---,0)=0, 7=1,---,7m. (3.29)
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If there exist T1,T > 0 such that

T
/ min inf |A.(¢,2,0)| dt > L, (3.30)
0 T

=1, ,m0<z<L

T
jglS_ﬁg?}unogggL|As@,xJD|dt>>L, (3.31)
when ||(bs, ¢i)l|crirery) (i =1,---,n) and ||Hs||crjo,r) (s =m+1,---,n) are sufficiently small,
for any given initial data ¢ and final data ) with small C* norm, satisfying the conditions
of C1 compatibility at the points (t,z) = (0,0) and (T,0) respectively, there erist boundary
controls H,(t) (r =1,---,m) with small C* norm, such that the IBVP (1.1), (1.8) and (3.2)-
(3.3) admits a unique semi-global C' solution u = u(t,x) with small C* norm on R(T), which
verifies exactly the final condition (1.9).

Proof By (3.30)-(3.31), there exists an €1 > 0 such that

T
/ min inf |A\.(¢, 2, u)|dt > L, (3.32)
o T=1,,m 0<z<L
lu|<ey
T
/ min i [Ao(t, 2, 0)|dt > L. (3.33)
R T
Taking 75 such that
T
/T_T2 i T%L [As(t, 2, u)| dt = L, (3.34)
ul<eq

we have Ty < T — T5.

First we choose some suitable artificial boundary conditions (3.10) at « = L, such that the
forward IBVP (see Figure 4) for system (1.1) with the initial condition (1.8), the boundary
conditions (3.2) and (3.10) admits a unique semi-global C solution u = u (¢, ) with small C!
norm on Iy.

Similarly, besides (3.2) (or (3.28)) we choose some additional artificial boundary conditions
at x =0,

x=0: v.=0-(t), r=m+1,---,m, (3.35)
and some suitable artificial boundary condition at x = L,
x=L: wvs=10s), s=m+1,--- n, (3.36)

such that the backward IBVP (see Figure 4) for system (1.1) with the final condition (1.9) and
these boundary conditions admits a unique semi-global C'! solution u = u(t, ) with small C*
norm on Rp.

Since 11 < T'—1T5, the domains Ry and Ry never intersect. Then there exists a C' I function
y(t) with small C''[0,7] norm such that

U,f(t,O), OStSTh
V(t) = (3.37)
w(t,0), T-Ty<t<T,
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and 7(t) satisfies (3.2) on the whole interval [0, 7.
Now we change the status of the variables ¢ and x. Then the rightward IBVP (see Figure
5) for system (1.1) with the initial condition

x=0: wu=~(), 0<t<T (3.38)

and the following boundary conditions induced by (1.8) and (1.9) respectively:

t=0: wvs=100,2,0@)ex), 0<z<L s=m+1,---,n, (3.39)
t=T: v, =0L(T,z,@)Yx), 0<z<L, r=1---,m, (3.40)
where v; (i = 1,--- ,n) are given by (1.12), admits a unique semi-global C! solution u = u(t, x)

with small C! norm on R(T) = {(t,z) |0 <t <T, 0 <x < L}. In particular, we have
lu(t,z)| <ei, VY(t,z)e R(T). (3.41)

Consequently, u(t,z) and us(t, ) satisfy the same one-side IBVP for system (1.1) with the
initial condition

r=0: wu=~(), 0<t<Ty (3.42)

and the boundary condition (3.39). By (3.32), the maximum determinate domain of this one-
side IBVP should contain the interval [0, L] on a-axis (see Figure 6). Hence, we get

uw(0,2) =us(0,2) =p(x), 0<z<L (3.43)
by the uniqueness of C'* solution. Similarly, u = u(t,z) also verifies the final condition (1.9).
Taking
Hy(t) = (vr — Gr(t,vmg1, o s 0))e=r, 7=1,---,m (3.44)
as the boundary controls, where v; (i = 1,--- ,n) are obtained by (1.12) and u = u(t,x), we

complete the proof of Theorem 3.2.

t t t
P
T T T =
Up
T—T2 T_TQ
vy
T1 u T1
uy Vé
N
N
0 ) L =z 0 L =z 0 o) b =z

Figure 4 Figure 5 Figure 6
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4 Exact Controllability for Nonautonomous First Order Quasilinear
Hyperbolic Systems — Case with Zero Eigenvalues

Assume that system (1.1) has some zero eigenvalues, i.e., (1.7) holds. In order to realize
the exact controllability, we should use not only suitable boundary controls acting on =z = 0
and/or x = L but also suitable internal controls on those equations which correspond to zero
eigenvalues in (1.1). Consider the system

ou ou
lp(t,x,u)(a + /\p(t,a:,u)%) =up(t,z,u), p=1,---,1, (4.1)
0
lq(t,x,u)a—? = pg(t, z,u) + xq(t, x), g=1l+1,---,m, (4.2)
ou ou
lr(t,x,u)(a—i—)\r(u)%) = pr(t,z,u), r=m-+1,---,n, (4.3)
where
b, (t,
Xq(t,x):aq(t,x)%—i—éq(t,x), q=1+1,---,m, (4.4)
in which @4, b, and ¢, (¢ =1+ 1,--- ,m) are all C* functions of (t, ).

Similar to [8], we have the following

Theorem 4.1 (Two-Side and Internal Control) Suppose that 1;, \i,a;,bs, fi,ci, Gp and
Gr(i=1,---nyp=1,--,; 7 =m+1,---,n) are all C' functions with respect to their
arguments. Suppose furthermore that (1.3)-(1.4), (1.7) and (1.13) hold. If there exits T > 0
such that

T

/ min inf |As(t,2,0)| dt > L (4.5)
o s=lw,l; m4l, n0<e<L

and |[(bi, ¢;)||c1ir(ry) (1 = 1,--- ,n) are sufficiently small, then, for any given initial data © and

final data ) with sufficiently small C* norm, there exist boundary controls Hy(t), H,(t) (p =

Lo, r=m+1,--- ,n) with small C* norm and internal controls x4(t,z) (g =1+1,--- ,m)

with “small” C' norm (see Remark 4.1 for the precise meaning), such that the IBVP (4.1)-(4.3),

(1.8) and (1.10)-(1.11) admits a unique semi-global C solution u = u(t, z) with small C* norm
on R(T)={(t,z) |0<t<T, 0<x <L}, which verifies exactly the final condition (1.9).

For one-side control, we still assume that positive eigenvalues are less than the negative

ones:

mEn—m<I, ie,n<l+m. (4.6)

‘We have

Theorem 4.2 Suppose that l;, A, a;,b;, fi,¢i,Gp, Gy and Hy (i = 1,---,n; p=1,---,1;
r=m+1,---,n) are all C' functions. Suppose furthermore that (1.3)-(1.4), (1.7), (1.13) and
(4.6) hold. Suppose finally that the boundary condition (1.10) can be equivalently rewritten in
a neighborhood of u =10 as

z=0: Uﬁzé—(t,varl,"' Uy Ut - Un) + Hp(t), p=1,---,m (4.7)
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with
Gp(t,0,---,0)=0, p=1,--- ,m. (4.8)

If there exist Ty, T > 0 such that

Ty
/ min inf |A,(¢,2,0)|dt > L, (4.9)
o P

=1, ,m0<z<L

T
/ mininf |\t 0)dt > L, (4.10)
7y r=mtle n0<z<L

when ||(bi, ci)llcrrery (1= 1,--+,n) and ||Hy||c1jo,r) (r =m+1,---,n) are sufficiently small,
for any given initial data ¢ and final data ¢ with sufficiently small C* norm, satisfying the
conditions of C' compatibility (except (4.2)) at the points (t,x) = (0,0) and (T',0) respectively,
there exist boundary controls Hy(t) (p = 1,---,1) with small C' norm and internal controls
Xq(t,z) (¢ =1+1,---,m) with “small” C' norm (see Remark 4.1 for the precise meaning),
such that the IBVP (4.1)-(4.3), (1.8) and (1.10)-(1.11) admits a unique semi-global C solution
u = u(t,x) with small C* norm on R(T), which verifies exactly the final condition (1.9).

Remark 4.1 The internal controls x4(¢,z) (¢ =1+ 1,---,m) taken in Theorem 4.1 and
Theorem 4.2 have the form of (4.4), where ag, by, ¢, (g =1+ 1,---,m) are all C* functions on
R(T) and the C* norms of b, and &, (g =1+ 1,---,m) are suitably small.

5 Remarks

Remark 5.1 Theorems 3.1 and 3.2 (or Theorems 4.1 and 4.2) show the exact controllability
for general nonautonomous first order quasilinear hyperbolic systems. The assumptions (3.6)
and (3.30)-(3.31) (or (4.5) and (4.9)-(4.10)) make essential restrictions on the behavior of the
eigenvalues \; (¢, z,u) (i =1,---,n) with respect to ¢ (see [12]).

Remark 5.2 Theorems 3.1-3.2 and Theorems 4.1-4.2 generalized all the results on the exact
controllability for autonomous first order quasilinear hyperbolic systems in [3, 5-8].

Remark 5.3 Similar results hold, if the negative eigenvalues are less than the positive ones
(n > 2m). Similar to Theorem 3.2, we can establish the exact controllability by using suitable
boundary controls Hs(t) (s =m+1,---,n) at = 0, but the restrictions (3.30) and (3.31) on
T1, T should be replaced by

T
/ min inf |As(t,2,0)| dt > L (5.1)
o s=m+l,--,n0<z<L
and
T
/ min inf [A(t2,0)| dt > L (5.2)
T r=1,---,m0<z<L
respectively. Similar to Theorem 4.2, some suitable boundary controls H,(t) (r = m+1,--- ,n)

can be acted on x = 0, but the restrictions (4.9) and (4.10) on T3, T should be replaced by

Ty
/ min infL [Ar(t,2,0)| dt > L (5.3)
0

r=m+1, ,n0<z<
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and

T
i inf L 4
/Tl p:gr}},r.{moglgglkp(t,x,O)l dt > (5.4)
respectively. This means that the one-side boundary controls should be acted on the side where
there are more boundary conditions and the number of the boundary controls is equal to the
number of the boundary conditions on this side. In the special case where these two numbers
are the same, the one-side boundary controls can be acted on either side.

Remark 5.4 The exact control time T given by (3.6) and (3.30)-(3.31) (or (4.5) and (4.9)-
(4.10)) in Theorems 3.1 and 3.2 (or Theorems 4.1 and 4.2) is optimal.

Remark 5.5 The controls used to realize the exact controllability are not unique.

Acknowledgement The author would like to express his sincere gratitude to Professor Li
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References

[1] John, F., Formation of singularities in one-dimensional nonlinear wave propagations, Comm. Pure Appl.
Math., 27, 1974, 377-405.

[2] Li, T. T., Global Classical Solutions for Quasilinear Hyperbolic Systems, Masson/John Wiley, 1994.

[3] Li, T. T., Exact controllability for quasilinear hyperbolic equations (systems) (in Chinese), Appl. Math.
J. Chinese Univ., 20A, 2005, 127-146.

[4] Li, T. T. and Jin, Y., Semi-global C'! solution to mixed initial-boundary value problem for quasilinear
hyperbolic systerms, Chin. Ann. Math., 22B(3), 2001, 325-336.

[5] Li, T. T. and Rao, B. P., Exact boundary controllability for quasilinear hyperbolic systems, SIAM J.
Control Optim., 41, 2003, 1748-1755.

[6] Li, T. T. and Rao, B. P., Local exact boundary controllability for a class of quasilinear hyperbolic systems,
Chin. Ann. Math., 23B(2), 2002, 209-218.

[7] Li, T. T., Rao, B. P. and Jin, Y., Solution C! semi-globale et controlabilité exacte frontiere de systémes
hyperboliques quasi linéaires, C. R. Acad. Sci. Paris, Série I, 333, 2001, 219-224.

[8] Li, T. T. and Yu, L. X., Exact controllability for first order quasilinear hyperbolic systems with zero
eigenvalues, Chin. Ann. Math., 24B(4), 2003, 415-422.

[9] Li, T. T. and Yu, W. C., Boundary Value Problems for Quasilinear Hyperbolic Systems, Duke University
Mathematics, Series V, 1985.

[10] Li, T. T., Yu, W. C. and Shen, W. X., Second initial-boundary value problems for quasilinear hyperbolic-
parabolic coupled systems (in Chinese), Chin. Ann. Math., 2A(1), 1981, 65-90.

[11] Yu, L. X., Semiglobal C! solution to the mixed initial-boundary value problem for a class of quasilinear
hyperbolic systems (in Chinese), Chin. Ann. Math., 25A(5), 2004, 549-560.

[12] Li, T. T. and Wang, Z. Q., A note on the exact controllability for nonautonomous hyperbolic systems,
Commun. Pure Appl. Anal., to appear.



