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Abstract Heteroclinic bifurcations in four dimensional vector fields are investigated by
setting up a local coordinates near a rough heteroclinic loop. This heteroclinic loop has a
principal heteroclinic orbit and a non-principal heteroclinic orbit that takes orbit flip. The
existence, nonexistence, coexistence and uniqueness of the 1-heteroclinic loop, 1-homoclinic
orbit and 1-periodic orbit are studied. The existence of the two-fold or three-fold 1-periodic
orbit is also obtained.
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1 Introduction

We have had many results on the bifurcations of principal homoclinic or heteroclinic loops
in higher dimensional vector fields. For example, papers [1-4, 6, 7, 13, 18] deal with homoclinic
bifurcations, and papers [8-10, 17, 19] deal with heteroclinic bifurcations. But few studies
are concerned in the non-principal homoclinic (resp. heteroclinic) loops or invariant mani-
folds along the homoclinic (resp. heteroclinic) loops (see [12]). For example, [14] investigated
codimension-two bifurcations of homoclinic orbits with an orbit flip. [11] studied codimension-
two bifurcations of homoclinic orbits with an inclination flip. [5] studied codimension-three
bifurcations in case that the resonance and either an orbit flip or an inclination flip hold simul-
taneously, and put forward some conjectures. [12] treated these conjectures on codimension-
three resonant homoclinic flip bifurcations by numerical techniques. Because of the complexity,
these non-principal homoclinic orbits and their associated bifurcations were mainly studied
for 3-dimensional systems in the above mentioned references. Recently, we have considered
codimension 3 homoclinic bifurcations in case that an orbit flip and an inclination flip hold
simultaneously in [15]. We have also considered codimension 3 non-resonant bifurcations of
homoclinic orbits with two inclination flips in [16]. In this paper, we study the codimension
3 bifurcations of rough heteroclinic loops that they are composed of a principal heteroclinic
orbit and a non-principal heteroclinic orbit which takes orbit flip in 4-dimensional systems. It
is worthy to be mentioned that the restriction on the dimension is not essential, the method
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used in this paper can be extended to any higher dimensional systems without any difficulty
and the same conclusions can be deduced under the same hypotheses. The bifurcation results
obtained here are also compared briefly with the relevant known results in the last section.

Consider the following C" system and its unperturbed system

2= f(2) +9(z ), (1.1)
zZ = f(z), (1.2)
where 7 > 7, z € RY, p € R3, f(p;) =0, g(pi,p) = g(2,0) =0, f,g€C".
We need the following assumptions.

(H1) (Non-principal Hypothesis) System (1.2) has a heteroclinic loop
=T, U,

where T'; = {z = r;(t) : t € R}, ri(+00) = rip1(—00) = piy1, r3(t) = r1(t), ps = p1, and the
eigenvalues of D, f(p;) are

_pga _sz iv ;a
which satisfy
Pips
AA2

—ph < —ptl <0< A <X, i=1,2 and

£1.

Let W and W} be respectively the stable and unstable manifolds of p;, eli =, lirin |:l§:2\
Then

el €T, WY, es €T,,Ws, e €Tp,,Ws and ey €T, W;

are unit eigenvectors corresponding to the eigenvalues A1, A2, —p2 and —p} respectively.
Here, that e] € T,, W5 is a unit eigenvector corresponding to the eigenvalue —p3 means

that I'; enters the critical point p in positive time along the strong stable direction of 1}, W5,

that is to say, I'1 is a heteroclinic orbit with orbit flip, and so it is non-principal. While the

assumption

p1p3 .
N7

implies that I" is a rough heteroclinic loop.
(H2) (Non-degenerate Hypothesis) dim(7,, W N1, »yWi,) = 1.
(H3) (Principal Hypothesis)
span(T,., oy Wy', T, )Wy, e; =R* ast>1,
H=R* ast>1,
=R* ast< -1,
Span(Tm(t) w3, TT’2(t) W, Tp, W257 = R4’ as t < —1,
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where T, W5~ is a unit eigenvector associated with the eigenvalue —p?.

Figure 1

(For simplicity, we have only drawn stable manifolds W7 and W5 in this figure)

With the above assumptions, the heteroclinic loop T' is of codimension-three. The assump-
tion (H3) is also called the strong inclination property (cf. [2]), its genericity will be explained
at the end of this section. (H1) and the last two hypotheses of (H3) are illustrated in Figure 1.

Now we devote to the establishment of the normal form of system (1.1) in a series steps.
Step 1 Introducing a linear transformation if necessary, system (1.1) takes the form

i = X () +0(2),

g =—pi(n)y+0(2),

i = Ny(u +0(2),

o = —p(u)v +0(2),

(1.3)

where A} (0) = A%, pj(0) = pj, 4,5 =1,2.

Step 2 For system (1.3), the stable and unstable manifold theorem implies that there
exist C" manifolds W and W} intersecting at the origin O, where Wy = {z = (z,y,u,v) |
x = z;(y,v),u = ui(y,v),7;(0,0) = u;(0,0) = 0, ggzg =0,(y,v) € U7} and W}l = {z =
(T, y,u,v) |y = yi(z,u),v = v;(z,u),y:(0,0) = v;(0,0) = 0, gg;’zg =0, (x,u) € UM} are local
stable and unstable manifolds, respectively, U C R* ={z |z =u=0}, U* C R*={z |y =
v=0}, U x U CU; C U} CR*, U; and U} are sufficiently small neighborhoods of the origin
0.

Next we want to straighten the local manifolds W, and W' so that W = {z |z = u =
0,z€ U}, Wt ={z|y=wv=0,z€ U}. Denote by C:*,Cs?,Ci*! and C}** the cones with

sl s2 1 2 s2 2 < sl 1
Clce?, orcor, oPner?={0y, Wi ccl, Wi cop

Let 5fk = Cijk NUF! for j = s,u,k = 1,2, and U? = U;. Then we choose two C°° bump
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functions ¢ and ¢}' such that

s 1 forzeCs', 1 for z e CM,
(b’:(z)_{o for z ¢ C32, (b’:(z)_{o for z ¢ C*2,

and ¢f(z) € (0,1) for z € C52 — C81, ¢(2) € (0,1) for z € C*2 — C1. At last, taking the
straightening coordinate transformation
x—x = (2)ri(y,v), y—y, u—u—¢(uly,v), vov aszeC?
-z, y—y— o (Ryie,u), u—u, v v (2u(ru)  asz e CF

system (1.3) is changed into the following form in U;

i = 2 (1) + 0(1)) + O(u) (O(y) + Ou) + O(w))

§ = y(=p4(1) + 0(1)) + O)(Ox) + O(u) + O(v)), "
i = u(Xy () + 0(1)) + O(2) (O(z) + Oy) + O(v))

b = v(=ph(1) +o(1)) + O()(O(x) + Oly) + O(w)),

by the invariance of W and W . System (1.4) is C"~1.

Step 3 Similarly to the above, we may further straighten the C"~! local strong stable
manifold and the local strong unstable manifold so that W;* = W* N U; = {z]lz=y=u=
0,z € Ui}, Wpt = Wi NU; = {z | * =y = v =0,z € U;}. Owing to the invariance of
Wye, Wit system (1.4) locally becomes

&= )+ o(1)) +

§=y(=pi(p) +o(1)) + O()(O(x ) (U)% (1.5)
= u( )+ o(1)) +

v =v(

System (1.5) is C"~2.
Remark 1.1 Now we explain concisely the genericity of hypotheses (H3). Notice that
W, = span{(0,1,0,0)",(0,0,0,1)*}, W, =span{(1,0,0,0)%,(0,0,1,0)"},
Wy = span{(0,0,0,1)"}, W,* =span{(0,0,1,0)"}, es = (1,0,0,0)*.

On the other hand, both the hypothesis (H2) and the assumption on the orbit flip of I'; mean
that T, o)Wy = span{(0,0,0,1)*, (b1, b2, b3, bs)*} with b3 + b3 # 0. So generically, b # 0.
Then (1.3) implies that Z—; — 0 exponentially as T} — +oo for i = 1,2,4. This is just the
meanings of the first assumption of (H3). The others of (H3) can be interpreted in the same

way.
2 Local Coordinates and Bifurcation Equations
Set A;(t) = D, f(ri(t)). We consider the linear system and its adjoint system

b= A1), (2:2)
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Equation (1.5) is equivalent to that, locally speaking, the stable (resp. unstable) manifold
is the y-v (resp. a-u) plane, and the strong stable (resp. strong unstable) manifold is the v-
(resp. u-) axis. Thus (H1) implies that, for § being small enough so that {z : |z| < 20} C U,
there exist T, T} > 1 such that ri(=T7) = (5,0,8%,0)*, ro(=T9) = (6,0,8%,0)*, r(T}) =
(0,0,0,8)*, m2(T4) = (0,6,0,85)*. By the tangency of I'; with the z-axis, we have |6%| = O(5§?).
Similarly, there are |§%[, |65] = O(5?).

Lemma 2.1 Denote 7;(t) = (ri, v, ri, ri)*(t). There exist W}, and wi5 such that system
— 1
1

(2.1) has a fundamental solution matriz Z;(t) = (23(t), 25(t), 25(t), 25(t)) satisfying

21(t) € (T, yWi ) N (TryyWii1)",

Ay = 1 (t)
o) = )

Zé (t) € T, nyWi N (Tm(t)WiSJrl)ca

U s —T2 (t) U s
€ Trl(t)Wl N TTl(t)WQ’ Zg(t) = |T§(T21)| € TT’2(t)W2 N TT’2(t)Wla

Zé(t) S (Trl(t)Wlu)c N Tri(f)W+1,

w%o th)o 0 Wéo 0 W%o 0
wl 0 0 w o0 wi o1
Z _TO _ 11 31 Z Tl _ 11 21
1(=17) w%z w& 1wl ) 1(Th) 0 0 W%Q ol
0 0 0 w§3 0 1 w§3 0
wiy wi 0 wi 1 0wy O
w? 0 0 w? 0 1 wZ 0
Z _TO _ 11 31 Z Tl _ 21
2 12) wh wi 1 wih |’ (12) 0 0 wih Of°
0 0 0 wi Wiy wis wiz 1

where |wij| # 0, j=0,1,2,3, i = 1,2, and [o1,| < 1, [@7;] < 1, |wis] < 1, [(wh) 'whs| <
Li=12 l(wi)twi] <1, i = 1,2, j = 0,2, |(why) 'wi] <1, i=1,2, j =0,1,3,
[(whs) 'wi| <1, i=1,2, j=0,1,2, as T, T} > 1.

Proof Here we only consider ¢ = 1. Clearly, it follows from the expressions of the local in-
variant manifolds in U; that we can take 23 (t), 23 (t) satisfying z3(=17) = (0,0, 1,0)*, z3(T}) =
(0,1,0,0)*. By the definition of z}(¢) and the hypothesis on the orbit flip of I'y, we see 23 (T})
and 2{(—T7) must take the values as shown in Z;(T}) and Z;(—TY) with wly, # 0. The
hypothesis (H3) on the strong inclination property implies that wi, # 0 and wis # 0.

Now we consider 2#(7T}) and z{(—T}y). Based on the first hypothesis of (H3), we
have T, (p1yW3 = span{(0,1,0,0)*, (0,0,0,1)*}, T, (p1yW{" = span{(0,0,0,1)*, (0,0,1,0)"}.
Then, it is easy to see that we can take Z{(t) € ( Tl(t)W )¢ N (T, (1yWs)© such that zZ{(T}) =
(1,0,0,0) and z1(=T7) = (@1g, D11, D19, w13). If @iy = 0, then we set 2f = Z1(t). Other-
wise, owing to wis # 0, we take zi(t) = Z{(t) — Wis(wisz) " 23(t) € (T, ey W) N (T, 0y W3)©
with @iy = —@is(wis) ™" and 21 (-17) = (Ofy — D13(wis) ~'wig, D11 — Dis(wis) " wiy, Tis —
W0ig(wis)"twly, 0). According to Liouville’s formula, det Z(T}) # 0 implies det Z(—T}) # 0,
and so wi; # 0.

Now we show |(wiz) 'wy;| < 1 for j = 0,1,2. Let T} (resp. T7) increase to T + T
(resp. T + T'). Then

AT+ T) = e PTATY, AT~ T) = (whe M7, wh e T, whe 2T wierT),
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Reset 2 (T} +T) = (0,1,0,0). Then it is easy to see that wl, becomes wle(®i 22T and the
new components of z3 (=717 —T) satisfy |(w§3)’1w§j| — 0asT — +oo for j =0,1,2. The others
can be proved in the same way. Thus the proof is complete.

Denote W;(t) = (Z; 1 (t))* = (¥} (t), 1§ (1), ¥5(t),¥i(t)). Then, ¥;(t) is a fundamental solu-
tion matrix of the adjoint system (2.2). Using the transformation
i i i ioi ik def
z =ri(t) + (21(0), 25(0), 25(2)) (n, ny, n3) = Si(t), tel-T7,T}]
in the neighborhood of T;, we see that system (1.1) becomes
= f(ri(t )) + Ai(t)Z ( )(n1,0, n27n3) +9(ri(t), p) + h.o.t.
By 7i(t) = f(ri(t)) and Z;(t) = A;(t)Z;(t), the above equation can be simplified to the
following
Zi(t)(n1,0,75,75)" = g(ri(t), ) + h.o.t.
Multiplying two sides of the equation by ¥ (¢) and utilizing W (¢)Z;(t) = I, we get
h(t) = i (t)g(ri(t), p) + hoot., j=1,2,3. (2.3)

Equation (2.3) produces a map P{ : S} — Si, where S} = {z = S;(-T7) : |2| < 26}, S =
{z = Si(T}) : |2| < $6}. Integrating two sides of equation (2.3) from —T7 to T}, we get

ni (T} = nl(=T)) + Mjp+hot., j=1,23, (2.4)

. T1
where M = [Ty w4 (0)gu(ri(0),0)dt, j =1,2,3

Lemma 2.2 M = / ¥1(Dgu(ri(t),00dt, M7 = / W3 ()9, (r2(1), 0) dt,
M= [ 0.0 0.0)ar

Proof We first have r1(t) = (0,0,0,7{(t)), as t > T}, where |r{(t)] = O(). Then equation
(1.5) implies that g, (r1(¢),0) = (0,0,0,g1(t)), |gi(t)| = O(8) as t > T}, and that

A1 0(s) 0 0(5) 0
_ 0(9) —pi +0(6) 0(9) 0
am=| 5% AL+ 0(5) 0 ast > Ty
0(9) 0(9) 0(8)  —p3+0(3)
Denote d}%(t) (a(t),b(t),c(t),d(t))*. Based on Wi (T})Z(T}) = I, we see that b(T}) =
d(T}) = a(T{) = 1, o(T}) = —(wiy)twl;. We solve equation (2.2) with the initial

( ;
value (a( 1), b(TY), o(T}),d(T})), and get b(t) = d(t) = 0 as t > T}. Hence, we obtain
U1 (t)gu(ri(t),0) =0ast > T7.
Similarly, we have 71(t) = (r1(t),0,77(),0), gu(r1(t),0) = (g1(t),0,4¢(t),0), [ri(t)] =
0(9), [ri(t)] = 0(8%), lgi(t)] = O(9), |gi(t)| = O(6?) as t < ~T7 and

N406)  0) 0(5) 0(5)
0 —pt 4+ 0(6) 0 0(9) ‘
A=l om o Miow 0w as ¢ < Ty
0 0(5) 0 —p3 + O(6)
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So we can also show that the first and third components of 1} (¢) are equal to zero for t < —T7.
Therefore, we still have ¥ (t)g,(r1(t),0) = 0 as t < —T{. The first equality holds. The others

can be proved in the same method. The proof is complete.
o= @y g o) et = (a yh g, 0f)
induced by the flow of system (1.3) in the neighborhood U;, where S§ = S¢, ¢3 = ¢¢. To ensure

Next consider the maps P} : Sé“ — St q

the differentiability of the maps P¢ at the origin, let s; = e_)‘ii(“)”, where 7; be the time flying

from g5 to ¢}. Omitting all higher terms we get (see [19])

Ph () 2b () Py (1)
i+l i i AT il i+l i AT i AT 41
ot =218, Yl =s; Yo T, ugT = uis; , v =s; e (2.5)

Figure 2

To establish the Poincaré map, we need to build up first the relationship between ¢, ¢} and
their new coordinates ¢} (ni,nb,n%), ¢i(ni, nb, n). Using the following formulas

(@0, yo» ug, vo) = 1i(T}) + 21 (T )y + 22(T3 )b + 23(T; )n,
(21,91, ui, v1) = 13 (=17) + 21 (=T7)ny + 25(=T7)ny + 25(=T;)ns,
and the expressions of Z;(T}), Z;(—T7), we obtain
A3
N2
ny = aj — wag(wae) lug & s — W%O(W%Q)ASQM uf,
23
N2

ny = (W) Mug & (wip) sy uf,

1,1 1,1\-1,1_ —1 .1, —1 ,1/(.1\-1,1
ng = Yo — Wy (Wa) ™ U — W11 Tg + Wy1wap(wae) g

.1 1, 1\-1.2% 0 —1 1 1, 1y-1.2% 0

A Yy — Wy (Waa) ™ 8g !t uj — Wi 082 + Wiqwag(wao) ™ Sy U,

1_ 1.1 .
vy = 0 + wygny 0, (2.6)

ES]
2 _.0 2 ( 2\=1,0 2/, 2 \—1_7M 1
ny = Ty — wyo(wae) Uy A Is1 — wag(waa) ™ 8y U,
A3

2 2\=1.0 (2 \—1_2 1
ny = (w3o)  ug = (W)™ sy Uy,

2_ .0 ss_ 0 2/.2\-1,0_ —2 0, —2 2/, .2\-1,0
n3 = vy — 05 — wiz(wie) Uy — Wi3Tg + Wizwag(wiz) U
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A3 A3
58 2(2)—1A%1_—25 + 32 2(2)—1A%1
NUO 2 T Waz(Wap) " 51 Uy — Wi3081 T WigWop(Wag) 51 U,
0 _ 2 92
Yo = 0 +wyn; =4,
and
o1 ]
1 1 1,1 1 1 1M

— — — A —
"% = (w11) 13/% — (w11) 1W?1,1(W?1,3) vy &~ (wi1) 151 6 — (Wh) 1W?1,1(W?1,3) 51 U(());

n% = u} -0y — W?{Q(W?{s)il”% - W%Q(wh)ily% + W}Q(wh)ilw?{l(w?{:}) 1“%

) et

|"=
o=

1 1 1
— 01— why (whs) s ) — wig(wih) st 6+ wiy(wiy) Ttwi (wis) sy ),
3
1
ng = (wig) vl ~ (wig) syl 0f,

1 11 11
Ty =0+ wiony +wzenz = 9,

s ) (2.7)
% P2
— — — A — —
n% = (Wfl) 13/(1) - (Wfl) 1W§1(W§3) 1“? ~ (Wfl) 1521 yé - (Wfl) 1W§1(W§3) 1521 g,
n% = U’l 0y — W32(W§3) 171(1) - W%z(wfl)ily? + W%Z(Wfl) 1W§1 (W?%s) 1“?
r3 7" o3

N2 2 2
— 0y — W32(W§3) 15;1 6 — sz(Wfl)’ls? yé + W%Q(W%1)71W§1 (W§3)7152A1 g,

2 2N\=1,0 . ( 2 \—
ny = (wi3)” 1 = (wi3)
2y = 0 4 wiyn? + wiyna ~ 6.

Now, by (2.4), (2.5) and (2.7) we get the expression of the map P; dof Pj o P} as follows:

o1 3
nh(T}) = (wh) " Lspt 8 — (wh) "l (whs) sy 0 + Mip+ hott.,
ny(T}) = uj — 0} — wiy(wis) "1t 0 — wir(wly) syt 6+ wig(wiy) ™ wh (wis) syt 0]
+ Mjp+ho.t.,
23
1
ni(Th) = (wis) " ts; vy + Mip + hot.,
(2.8)
ni(Ty) = () syl yg — (Wi) Wiy (why) Ttsyt 6+ Mip+ huoit,
— A — A — — A
n%(Tg) = Ul 0y — W?Q,z(w?2,3) 1521 o — W%z(‘ﬂ%l) 1521 yé +W%2(W%1) 1W§1(W32,3) 1521 4
+ Mip+ho.t.,
2
,

F2
n2(TY) = (wy) sl 6 + M2u + ho.t.
Combining equalities (2.6) and (2.8) we get the successor functions
rh A3

T 2
1.0 1, 1\=1_* 0
511 vg — 082 + wyg(wag) ™ Syt U

HI\:
L

1,1

(‘*&1)7 Wsl(w§3)7l

Gl (W) 1ss,
+Mlp+hot.,
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1 kS
G (i) syt — (i) T wh (W) sy — Bs1 + who(wh) s ul

Y
=
oo

2
+ M{p+ho.t.,
pdef 1 oy 1,1 \=1_2 0 1/ 1 \=15.> 1, 1\=1 1/ 1\=1_*,0
Gy = up — 07 —w3o(wzg)™ 81" vy — winlwiy) ™ 051" +wip(wyg) wap(wss) ™ 81 vg
23

It
— (w32) sy ul + Myp+hot.,

o3 o1 23
G2d£f0_5 2( )15%_2(2)1% + (2)12(2)71*%6
2 = U 2 — WsalWss s wi2(Wi1 Yo W12 wi1) W31lwWss) Sy (2.9)
A3
2 \—1.3M 1 2
— (wie) 781 ug + Myp+hot.,
03 23 23
Gldef(1)f17%0_1+1(1)71?0_%—15 1 1(1)71?0
Wg3) "S1 Vg — Yo T WarlWag) Sy Up T W11082 — Wy Wy Wa) Sp U
1
+ Msp+hot.,
o3 A3 "2

2 def 15,72 0, ss 2 2 N=1 . 1 | —2 —2 2 2 \—1 1
G3 = (wis) 105y T — g + 65 + wig(wiy) Thsy T up + Wizds1 — Wiswio(wss) 51 uq

+ M3p+ho.t.

3 The Main Results and Their Proofs

Assume that all hypotheses in Section 1 are valid. To investigate the existence of the
heteroclinic loop, homoclinic orbit and periodic orbit of system (1.1) near T', we need only
to consider the solution of the bifurcation equation e (G G?,GY,G3, G, G%) = 0, which
satisfies s1 =2 =0, s1 =0, s3 >0o0r s; >0, s5 =0 and s; >0, s > 0, respectively.

Due to G% = 0 we have

2

W0 = 85 + M2+ 525051 + (w2s) 10507 + O(

‘V
SN

Substituting vJ into G} = 0, we get

p% A2

NH

p

uh = Mip+ (k) 7 (65 + MEp)s; ! +Thi0s; +o(s)t ) +0(s51).

Then, we have the following equations by substituting v, y& into G%

1 1 A2

P2 2
N2
up = 0f — Myp+wis(wiy)~ 1551 +O(51 )"'0(5;1)7
ud = 6% — M2u+ w2y (w?)) " M sy —I—O(sfl) —|—0< 1) +h.o.t.
Therefore, by substituting yd, u{, ui and vJ into G¢, we obtain
o2 1 SRSt
2 2 2
s1= 6 MEp+ (W) T M syt — ()T wd (whs) Tty + 01 (wh) Thesy
0y 2% ) o RS
1 1 2 2
() (k) O+ MB)s) s o5 )0 (57 ) +0(s, T ), (3.1)
o1
0o =0 "Mlp+ (wi) s f% + h.o.t.
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Since we only consider the non-resonant bifurcations, it can be divided into the following
three cases:

pi o P .

I 2>, g1« 2 2 <.

A A A A

We only discuss case I in this paper. In fact, the following propositions have already revealed

1 1
P2 111 P2

that the orbit flip may influence the bifurcation behavior associated with heteroclinic loop with
one orbit flip. For case I, equation (3.1) can be simplified to

P

— _ A
—(W%) 1‘*’%1(‘”32,3) 152

|h
=
(1)
©
=
+
>
>

=
=

s1 =06 MEp+ (W) 710 M s,
p3+23
2 e
+0(s, ) +hot. X f(sa), (3.2)

A

so=0""Mlu+ (wi;)"'s;! +ho.t. def g(s1).

el
[

Theorem 3.1 Suppose that M and M? are independent. Then the following are true.

(1) There exists a curve C ef {p: Mip+o(|lp) = MEu+ o(|p|) = 0}, such that there is a
unique heteroclinic loop T* = T UTY of system (1.1) in the neighborhood of T as p € C' and
0 < |u| < 1. Moreover, if y§ = M3u+ h.o.t. # 0, then T} is not orbit flip;

(2) If p2 > A2, then the heteroclinic loop, 1-homoclinic orbit and 1-periodic orbit of system
(1.1) can not be coexistent near I', which means that there is not any 1-homoclinic orbit and
1-periodic orbit as p € C, 0 < |p| < 1;

(3) Ifwh <0 and p e C, 0 < |u| <1, then system (1.1) has not any 1-periodic orbit near
T
(4) Ifp?+ 2 <p3, wh >0and peC, 0< |u| <1, then
(i
(

1 2
system (1.1) has not any 1-periodic orbit near T* as 5%;’12 > 1;
171

11

1.2
system (1.1) has a unique (resp. not any) 1-periodic orbit near T* as 455 < 1 and
171
Wi Mip > (resp. <)0;
5) Ifp? + 21> p3, wh >0and pe C, 0 < |u| <1, then

(
(1) system (1.1) has not any 1-periodic orbit near T* as TS 1;
(

AT

1 2 1 2
ii) system (1.1) has a unique (resp. not any) 1-periodic orbit near T* as 5%’;\% >1> ii’;\%

and w3 Mlp > (resp. <)0;
1.2
(iii) system (1.1) has a unique (resp. not any) 1-periodic orbit near T* as 455 < 1 and
171
w3 wis M3 > (resp. <)O0.

Proof (1) If s; = s = 0, then equations in (3.2) become M?u+h.o.t. = M{u+h.o.t. = 0.
Thus the existence of I'* follows immediately from the Implicity Function Theorem. By the
definition, I'}" is orbit flip if and only if the solution of G = 0 satisfies y} = 0 (that is, the y
component of T'f' N S5 C W, should be zero).

(2) In case p? > A2, it can be deduced from the Implicity Function Theorem that equation
(3.2) has a unique small solution (s1, s9) as 0 < |u| < 1.

(3) In this case, the second equation in (3.2) has not any positive solutions obviously.

(4) After eliminating s in (3.2) we get
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Conclusion (4) holds clearly.
(5) Eliminating s2 in (3.2) now leads to

NS

r1r3 rip

2
_P1 __ P2
s1= (Wh) " Mwh) T M s — () T Wl (W) M why) st

=i

+h.o.t. (3.3)

The first two conclusions of (5) then become easy to check. Under the condition of (iii), (3.3)

can be rewritten as

1,2 2
pl(plz ;Pl) 03— p2
AT

1
s =5 wh) M (@)Wl Miu+ hot. (3.4)
Thus, the third conclusion also follows.

Remark 3.1 If M? # 0, then there exists a surface %; et {p: Mip+o(|p|) = 0} such that
there is a unique heteroclinic orbit T'!" of system (1.1) in the neighborhood of I'; as p € %; (see
[9]). From the proof of Theorem 3.1 in [9], we can see that there is not any 1-periodic orbit as
€ C if the original heteroclinic orbit I'; is not orbit flip.

Theorem 3.2 (1) If M| # 0, then there exists a surface

r1

»2 def {u S Mg+ (wiy) 7T EMEp) M +hot. =0, M > 0},

such that system (1.1) has a unique orbit FIQL homoclinic to ps in the neighborhood of T' as
pe X2 and 0 < |u| < 1, and, it is not orbit flip as yb = Mip+h.o.t. #0.
(2) If M? # 0, then there exists a surface

i °3
2 2
A AT

def _ _ _
S s B M+ MR M) T — 6w () (67 M )

p3+2?2

102 (67 M) ¥ +heot. =0, Ml > 0},

such that system (1.1) has a unique orbit F}L homoclinic to p1 in the neighborhood of T as
peXtand 0 < |u| < 1.

Proof When s = 0, equation (3.2) becomes

§1 = 5‘1M12,u + h.o.t.,
P

0= 07 Ml (wh) s

e

+ h.o.t.

When s; = 0, the equations become

|b

e
°
(VN

0 =07 MPp+ (w}) 107 Mips,
Y, E

+1; (wh;) 1Oy St 0(52

+
>
N

>

2
")
sy =0 'Mlu+ho.t.

Therefore, conclusions (1) and (2) hold.

Theorem 3.3 Suppose p3 < p? + A}, p? > N, wwisMiu < 0 and |p| < 1. Then the
following are true.
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(1) Ifwl, <0 and Miu <0, then system (1.1) has not any 1-periodic orbit near T';
(2) Ifwi, > 0 and Miu > 0, then system (1.1) has a unique 1-periodic orbit near I' as
§TIMZu > hi(u), has a unique 1-homoclinic orbit near T as 6~ *M#u = hy (), and has not any
3
1-periodic orbit near I' as 5;1M12u < hi(p), where hy(p) = (W) 71w (W)L Mip) M —
r1
(@2) 16 M6 ME Y+ hots
(3) If wl, > 0 and Miu < 0, then system (1.1) has a unique 1-periodic orbit near T’
Al

as 0" Miu > 1( “Lol, Miu)et, has a unique 1-homoclinic orbit near T' as 6 *M?Zu =
1 1

>
>

(=0~ qull,u)”%—i—hot and has not any 1-periodic orbit near T as 6 *MZpu<(—6~wi, Mipu)et;
(4) If wh < 0 and Mip > 0, then system (1.1) has not any 1-periodic orbit mear T’
A

as 6 M2y > (=0 'wh, Mlp)*i, has a unique 1-homoclinic orbit near T as 6 'M?Zpu =

y/-\

>
HHHH Y i

(=07 1wl Mlu)»i + hot., has a unique 1-periodic orbit mear T as hi(u) < 6 1M?u <
(=0~ wiy Mi )

any 1-periodic orbzt near I' as 6 ' MZp < hy(p).

, has a unique 1-homoclinic orbit near T' as 5 'MEu = hy(u), and has not

Proof The case (1) is obvious.
For other cases, we see that f(s2), g~!(s2) are monotonous, and the curve s; = f(s3) (resp.

51 = g 1(s2)) intersects the s (resp. so) axis at s; = s7 = 6 L MZu (resp. s = s5 = 61 Mip).
A

Further, the curve s; = g~ !(s2) intersects the s; axis at s; = §; Lo (=6 'wl Mlp)et as
wi Mip < 0.
In case (2), we get a positive solution so = g(s1) > 0 if s; > 0. Now eliminating s5 in (3.2),

we have
et o
Fs1) % 51— 67 MPu — (i) o M (67 M+ () hs) ) T
ol o3
(@) why () (07 M+ (wh) s ) 4 bt (3.5)
Because of % )\—%, N 1, we get F'(s1) = 1> 0,

Y
HMHM

F(0) = =6 "M7p— (wi))TH o Mgu(6 ™ M) M + (wiy) T wd (wis) TN (6T M) T + hout.

If F(0) <0, ie., 6~M2u > hi(u), then equation (3.5) has a unique small positive solution; if
F(0) > 0, then equation (3.5) has not any small positive solution; if F'(0) = 0, then equation
(3.5) has a unique nonnegative solution s; = 0. Hence (2) holds (see the following Figure 3(a),
where f(s3) = —F(0) > 0).

Under condition (3), s; = g~ !(s2) > 0 if so > 0. Substituting it into the first equation of
(3.2), we obtain

2

P

e _ _ _ N2

Gls2) & sy = 57 MY — (@) 7 (07 Mg+ (wh) 7167 Miusy”
— @h) W@l e )T hot. (3.6)
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2 2
Similarly to the above, because of —% %, % > 1, one has G'(s3) ~ 1 > 0,
1 1

1
L1

A

1

G(0) = =67 "Mjp— (wy;) 1 (0T MPp) M +hout.

>
S

If G(0) <0, ie, 5" MZu > (=0 twi Mip) i, then equation (3.6) has a unique small positive
solution; if G(0) > 0, then equation (3.6) has not any small positive solution; if G(0) = 0, then
equation (3.6) has a unique nonnegative solution s = 0. Hence (3) holds (see the following
Figure 3(b), where g(s7) = —G(0) > 0).

The proof of case (4) is similar to that of case (2) and (3).

51 g7 (s2) 51 51

S1 ST
So S92 59

Figure 3
Remark 3.2 If p? < A\ < p3 | or p3 < A\? and w} w33 Mip < 0, then we can obtain some
similar conclusions.

Next, we show that system (1.1) may have the three-fold 1-periodic orbit in the following

theorem. Set

P

HJHM
quw

1 15—1 A 2 y=1,2 (,2. )12
fls2) =07 " MPp + (wi))~10™ M3M52 — (w11)” wi(wis) syt +hot.
Then
2 2 2 2
21, P2 2 2 P22
/ piMsp —53 PawW3y A
S9) = —5—5-5 — 555 h.o.t.

P =% “aaeg™

A
2 2 1
If f'(s2) =0, then 9 = (%égf‘”)” 3-r7 + h.o.t. dﬁf 5

r3—rf

( T M- Wi (wis) s M )—I—h.o.t.
1

Hm|m

f(3) =6"MPpu+ (wi))”

(PQ Pl)Mg,U %Z

=6 "M+ 2 " 1 4+ h.o.t.
dpawiy
o3
:5_1M12M+ (P . 2/’1)‘;31_ 7 +hot.

1W11W33

2_ 532
e =5 (ﬂ%(ﬁ;} )Mz p3(p3 >‘2)w31§p2x2p1

— + h.o.t.
1 25‘”%1 ()‘1)2“’11“’33 )
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2( .2 2 1 2_9x2
pilpi — p3)Mzp At

2
= WS A + hOt
202 2\ 2 p3-237 p3—22%
pa(p3 — pr)wsy 55 1 2
= 0202 PP L hot. = O(|M3u| 0307 )
(M) ?whiwis

Thus we can rewrite f(s2) as

f(s2) = f(5) + %fﬂ(g)(SQ —35)? + ho.t.

Now we substitute the second equation in (3.2) into f(s2). Then the first equation in (3.2)

becomes
P

=

. Lo (s=1a 1 1yt 5 )2
s1= 1)+ 50" (67 M+ (i) ~'s < 5) +hot.
ie.,
A(p) + B(p)s1 + C(p)s;t 4+ s, +hot. =0, (3.7)

where A(u) = 2(wi1)*(f"(5)) 71 f(5) + (wi) (67 Mip —5)%, B(p) = —2(wiy)*(f"(5)) 7, C(u)
= 2w, (07 M - 5).

In the following, we always assume wi, > 0, Mipu > 0, which means sy = g(s1) > 0 for
0 < s1 < 1. Thus, to consider the homoclinic and periodic orbit bifurcation from I', it suffices
to consider the nonnegative small solution s; > 0 of equation (3.7). Let

F(t) = A(p) + B(u)t + C(u)t% + t% +h.o.t.,
)
S RN
F(t3) = A(n) + B(p)ts — 3pﬁ_ /\/\j t:}% +h.o.t.,
1 1
F'(t3) = B(u) + %@ p%;f% +h.ot. = B(p) — %@ Zpi?% + h.o.t.,
F(ts) = %tfﬁ (o} — 2300 + 4620} — 3D + o
i xew S5 on 2iF ol N o

Theorem 3.4 Suppose that 2p} < 3\, p3 < M}, whwisMip >0, wi; >0, Mlu>0 and
0 < |u| < 1. Then the following are true.

(1) In case C(u) > 0, we have

(i) 4f B(u) > 0, then the system (1.1) has a unique (resp. not any) 1-periodic orbit near
I' as A(p) <0 (resp. > 0).

(ii) if B(p) <0 and A(p) < 0, then the system (1.1) has a unique 1-periodic orbit near T".

(iii) if B(u) < 0 and A(pn) > 0, then the system (1.1) has not any 1-periodic orbit near
I as F(tg) > 0, has a unique two-fold 1-periodic orbit near I' as F(ty) = 0, has exactly two
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1-periodic orbits near I as F(ty) < 0, where ty is a unique small positive solution of equation
F'(t) =0.
(2) In case C(u) <0, we have
(i) if p > 0, then system (1.1) has a unique (resp. not any) l-periodic orbit near I' as
pts—q+ts > 0 (resp. < 0), and has an orbit homoclinic to the point p1 as pt3—q-+t3+h.o.t. = 0.
(ii) if p =0, then system (1.1) has a unique three-fold 1-periodic orbit near T as ¢ = 0 (that
1

1 21
18, p is situated in a codimension 2 bifurcation curve X1 defined by [— (g‘;ff’;z)} 20 4 h.ot. =
1 1

)\1
A (pl-AHB(p) - (p1=ADC (1)
[~ 300)7 2T Fhot. = [ - 3T
I asq <0 or0<q<t3 has not any 1-periodic orbit near I' as q¢ > t3 + h.o.t., and has an

} pl +h.o.t. ) has a unique 1-periodic orbit near

orbit homoclinic to the point p1 as ¢ = t3 + h.o.t.

(iii) ifp < 0 and t3 — \/—_g + h.ot. <0, then system (1.1) has exactly one 1-periodic
orbit near T' as —t3 < pt3 — q, has exactly one 1-periodic orbit and one orbit homoclinic to
the point p1 near I' as —t3 + h.o.t. = pt3 — q, has evactly two 1-periodic orbits near I' as
p(ts + \/—_g) + \/T§)3 < pt3 —q < —t3, has exactly one two-fold 1-periodic orbit near I' as
pts —q = p(ts + \/—_g) + \/Tgﬁ + h.o.t., has not any 1-periodic orbit near I' as pts — q <
p(ts +/=5) + /()

(iv) ifp <0 and tz —/—% > 0, then system (1.1) has evactly one 1-periodic orbit near I'

as p(ts —/—%) —v/—(§)3 < pt3 — q, has exactly one two-fold and one simple 1-periodic orbits
near I' as p(ts —/—% ) ,/ —|—h o.t. = pts —q, has exactly three 1-periodic orbits near I" as
—t3 <pt3—q < p(tg— -z \/ , has two 1-periodic orbits and one orbit homoclmzc to the

point p; as —t3 +h.o.t. = pt3 —q, has two 1-periodic orbits near I' as p(ts —l—\/—g ++/— 3
pts—q < —t3, has one two-fold 1-periodic orbit nearI' as p(ts+/—% )-+/—(§)3+h.o.t. = ptg—q,
has not any 1-periodic orbit near I as pt3 —q < p(tz +/—%) +/—(§)3.

Proof We first consider case (1). When A(u), B(u), C(u) are all positive (or negative), we
have F'(t) # 0 for small ¢ € RT. When B(u), C'(u1) are all positive (or negatlve) but A(u)B(p) <

P1

0, we have F'(t) # 0 for t € R*, and F(0)F(f) = A(u)(B(p)t + C(n )_%—i—hot) < 0, where

t= (—A(u))ﬂ. Therefore (i) holds.
pl-
For case (ii), because of F'(0)F'(t) = B(u)(%C(u)f M+ hot.) < 0and F’(t) > 0
1
for small ¢ € R*, equation F’(t) = 0 has a unique small positive solution ¢ = ¢y, € (0,?),
)\1

where ¢ = ( — *159‘))2&** . Hence, F'(t) < 0 for t € (0,t9) and F'(t) > 0 for ¢ > .
1

==

2p

e
2

On the other hand, equation A(p) + B(u)s1 + s,
solution ¢ = ¢. In fact, the straight line F(s;) = A(u
201
Fy(s1) = —sf% + h.o.t. = 0 at a unique point s = &', and Fi(s') = Fa(s’) — 0 as p — 0.
i
Thereby, F(0)F(t) = A(u) (C( Yt +h.o.t. ) < 0. By the continuity of function F(t), equation
(3.7) has a unique small positive solution t* € (¢, ). (ii) holds.

+ h.o.t. = 0, has a unique small positive
) + B(u)s1 = 0 must intersects the curve

For case (1)(iii), we note that ¢t = t¢ is a two-fold solution of equation (3.7) as F(tg) = 0.
Thereby, (iii) also holds.

Next, we consider case (2)(i)—(iv).
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Solving equation F”'(t) = 0, we get its unique small positive solution

1
A1

~ Ao 1ot

(
= = —_— h. «U. S
t=ts3 [ 22pT — A1) +hot. asC(u) <0

Hence equation (3.7) is equivalent to

F(t) = F(t3) + F'(t3)(t — t3) + éFW(t3)(t —t3)® + h.o.t.

_ éF”’(tg)[q Fp(t—tg) + (t —t5) + hot]

=0. (3.8)

Clearly, the zero points of F'(t) are corresponding to the intersections of the line L: Hy(t) =
—p(t — t3) — q with the curve C: H(t) = (t — t3)® + h.o.t. Thus, it is easy to see that claim (i
is true. To show (ii), we need only to notice that if F’(t3) = p = 0, then we have

1
A

(o} = M)C(w)7 3t (el = A)BG |31 def
t = _— 1 h t - - a7 1.0 " 1 h t - t
’ 2201 — M) ] +ho 2(01)? } el =
if t3 = t4 then
F'(t3) = F"(t4) = F'(t3) = F'(t4) =0
and
1
AL 2p] 9, _ )\ 2
F(ts) = F(ts) = A(p) + B(p)ts — 3p St Hhot = 4G + e o,
1

iy ey o, M A(p) 211 def
thereby F(t) = F'(t) = F"(t) =0ast=t3 =14 = [ — (2;1_”)] "1 +h.o.t. = ts.
1 1

Now we show (iii) and (iv). Owing to

A A %
F"(t3) = %tg ot =220 + 4201) — At | + ot
1
1\2( 1 1 Pl=3A] 12 1 M
— T 2 2
_ _(Pl) (PE)\%);\DC(N)% M 4 hot. = (p1) (()\51 Al )t3 M +h.o.t.

we see that the condition 2p1 < 3A\} ensures [p|, |q| < 1 as |u| < 1. If p < 0, then (3.8) implies
that F'(t) = 0 has exactly two small solutions t* ~ t3 +,/=F as |u| < 1. It means the curve
C has two tangent lines L*: HF (t) = —p(t — t%) +./—(%)3, which are parallel to the line L.
The lines LT intersect the vertical axis at points H* (0, pt* +,/ —(£)?), respectively. Moreover,
we can show that the point Cp(0, —t3 + h.o.t.) is situated between points H~ and HT as

t= =tg—/—% > 0.Infact, if t3 >\/—Z, then pt*+/—(5)3 = pts—2,/—(8) < pts—2t3 < —2¢3.

Therefore, conclusions (iii) and (iv) hold (see the following Figure 4). The proof is complete.
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H

pts —q

Figure 4

Remark 3.3 Clearly if w}; < 0, M{u <0, and 0 < |u| < 1, then system (1.1) has not any
1-periodic orbit near T'. If wl; Mlu < 0, then sy = g(s1) can be rewritten as the following

s2=g(s1) = PL_gx ] (s1 —s") +ho.t.,

>

1
21

where s* = (=6 'w}; M{u)*t + h.o.t., so system (1.1) can bifurcate two 1-periodic orbits at

most near I'.

4 Conclusions

We have known that a rough homoclinic loop can produce at most one 1-periodic orbit, and

a non-resonant codimension 2 homoclinic loop with an orbit flip can yield at most two 1-periodic

orbit (cf. [12, 5]). As for the rough non-twisted (i.e., wi;w?; > 0) heteroclinic loop bifurcation

without orbit flip and inclination flip, it follows from [9] that the persisted heteroclinic loop

can not be coexistent with the 1—113eriodic g)rbit, and the original loop can bifurcate at most one
1 Pl

2
(resp. two) l-periodic orbit as >4 %> (resp. % < 1). While we have shown in this
1 1 1

paper that, for the rough non-resonant heteroclinic loop with an orbit flip, on the one hand, the
non-coexistence and the uniqueness are still valid in case % > 1, % > 1; on the other hand,
the persisted heteroclinic loop (by Theorem 3.1, which is not orbit flip) can be coexistent with a
1-periodic orbit, three 1-periodic orbits can be produced simultaneously from the 2original loop,

and much more complicated bifurcation phenomenon can occur in case % > 1, % <1.
1 1
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