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Asymptotic Normality of LS Estimate in Simple
Linear EV Regression Model
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Abstract Though EV model is theoretically more appropriate for applications in which
measurement errors exist, people are still more inclined to use the ordinary regression
models and the traditional LS method owing to the difficulties of statistical inference and
computation. So it is meaningful to study the performance of LS estimate in EV model.
In this article we obtain general conditions guaranteeing the asymptotic normality of the
estimates of regression coefficients in the linear EV model. It is noticeable that the result
is in some way different from the corresponding result in the ordinary regression model.
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1 Introduction

Though many variables in applications suffer from measurement error, the EV model, which
contains measurement error as an element in the model, has not yet gain popular use. The
reason is apparently the complexity involved in its statistical inference and computation. For
example with random independent variable we may have the identification problem (see [1, 2]),
while when the independent variable is considered as unknown constant, the parameters in the
model increase steadily with the sample size. Still more conditions are required in EV models.
01 and €7 are assumed to be independently normally distributed with common variance (see [3]).
(01,e1) is assumed to have spherical symmetric distribution (see [4]). Replicated observations
are available (see [5]). Hence, though theoretically EV model is more appropriate in many
circumstances, people are still inclined to turn to the ordinary regression models and use the
traditional LS method in dealing with the problem of estimation. Therefore it is a meaningful
question to study the behavior of LS estimate when we really have an EV model. The main
purpose of this article is to study the asymptotic normality of LS estimate. For simplicity of

presentation we restrict ourselves to the case of simple linear model, which can be described as:

= a+ PBr; + e, & =z + 05, 1<i<n,
(A) < (iy i), 1<i<n, iid.,
Eey = E§ =0, E§? =02, Ee? = 03, 0<o?, 03 <o0.
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Here (&,7m:), 1 < i < n are observable, while z;, 1 < i < n, «a, 8, 07, and 03 are unknown
parameters.

From (A) we have
m:a-f-ﬂ&—kui, I/i:Ei—ﬁ(Si, 1<t <n. (11)

Considering formally (1.1) as a usual regression model of n; on &;, we get the LS estimates of
£ and « as

3 (6 - &)~ ) B

ﬁn == - , Op = NMn — ﬁn&n (12)
(fz - fn)Q

=

i=1
n — —
Here 7, =n=' > n;, &, and §,, are defined similarly.
i=1
In an earlier paper [6] we studied the consistency of /3,, and &,,, and showed that under model
(A), the necessary and sufficient condition for By being strong and weak consistent estimate of
0 is
n
n LS, — o0, S,= Z(xz — )2 (1.3)
i=1
Thus, as in the ordinary regression model, strong and weak consistency of (3, are equivalent.
In this paper, we study the asymptotic normality of LS estimates under model (A) with
condition (1.3).

2 Asymptotic Normality of Bn

From (1.2) we have

n

Ba=B+[> € -&)]
=1 i=1 i=1 =1

- 6[2%(& ~6] -5 (2.1)

i=1 i=1
In this section we will prove the following theorem.

Theorem 2.1 Under model (A), suppose that 61 and 1 are independent, 01 has fourth

order moment, and 1 has third order moment. If (1.3) holds and

=

Sp? max |x; — Tn| — 0 asn — oo, (2.2)
1<i<n
then
V/Su(Bu — B+ nAy o) = N(0,0F + Fof), (2:3)

where A, = S, +no?.
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We first put forward a preliminary fact.

Lemma 2.1 Suppose that wy,ws, -+ are random variable sequence with zero mean and

finite variance, and constant sequence {x;} satisfies S, — co. Then

15 i — Tp)wi — 0 a.s. asn— oo.

This is a special case of a result in [2].
n

Turn back to the proof of the theorem. Write T}, = >_ (& — &,)%. From (2.1) we have
i=1

n n n

T(Bu — B) + 1802 =3 (& — Eu)ei — B (@i — Ta)bi — 5[2(@ — 502 —no?|.  (2.4)

i=1 i=1 i=1

Let A,, = S, +no?. Then

_n (T 1) ;
" VT, AT,
Lemma 2.1 and (1.3) imply S, '7,, — 1 a.s. While

NP ICE S L B R AT
W = =l 9= 2.5
\/ 1, NGRS R Y (25)

n

(8; — 0n)? — no?| converges to a

Because Edj < oo, when n — oo, the distribution of n3 {
1

N

normal distribution. Also from (1.3) we have

Sn 2 {Z((S —0n)% — noﬂ — 0 in probability.
1=1
The first term in the right-hand side of (2.5) converges to 0 in probability in view of nA;! — 0.
_1in
From var|Sy, 2 > (a5 —in)éz} =o?and nA; ' — 0 we see that the second term in the right-hand
i=1

side of (2.5) also converges to 0. Therefore
T,S7* W, — 0 in probability.
This together with S 1T}, — 1 a.s. gives
W, — 0 in probability. (2.6)

The definition of W, implies
n = nTnA;1 — T, W,.

Substituting the relationship above into (2.4), we have

n

=2 (& -¢ Z i = )0 = B (65 = 8)2 —no?. (2.7)

i=1
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Dividing both sides by +/7}, and noticing (2.6), we obtain

VT (Bo — B+ nA; B02) =T, ® > (& —&n)ei — BTy > (i — 20)5;
=1 i=1
— BTy [Z(&i —80)2 = no?| + 0,(1). (2.8)
i—1

Because the third term in the right-hand side of (2.8) is 0,(1) and S, 'T;, — 1 a.s., we know
that when n — oo, the limiting distribution of v/S,, (8, — 8 + nA; ' 30?) is the same as that of

n

Vi=5,% 3 (6 — Eu)ei — BSa Z i — Ea)0

i=1

=95, 3 (z; — Tp)ei — Bz — Tp)0; + digs] — nS;%Sngn-

Because \/n 6, and y/n&, have the limiting distributions N(0,07) and N(0,03) respectively,
1 .

we know nS,, 26,8, = o0,(1). Hence the limiting distribution of v/S,, (3, — 8+ nA, 1 B0?) is the

same as that of

n n

_1
Vi = Z Sn 2 (x; — Tp)ei — B(xi — Tp)0; + 0i65] = Ztni-
i=1 i=1
Here t,1,th2, -+, tnn are mutually independent and have zero mean. Further,

B2 =var(V,) = Z Stz — 2n)%03 + (z; — Tn)* B0 + 0703

0’% —|—ﬁ2 —|—nS 0102 — 05 —|—ﬁ201,

o

> Eltni|* < Const. - Z[m — & *(da + [B1%d1) + d1d2] Sn *

i=1 =1

Ch

where d; = E|61|3, do = Ele1|®. By the moment assumption imposed on §; and ¢1, d; and ds

are finite. Therefore

C, < Const. - {{ max |z; — ZTn|Sn 2 :|(d2 +16]3dy) + ndlng;%}.

1<i<n

_3
(2.2) and nS; ! — 0 imply C,, — 0 and then C, B, > — 0. Consequently V;, has limiting
distribution N (0,02 + 3%0%). The proof is completed.

One might notice that although the assumption nS; ' — 0 implies nA, ! — 0, the left-side
of (2.3) cannot be replaced by v/S,, (3, — ). This is because

VSn (Bn — B+ 1Ay Bo?) = /Sp (Bn — B) + V/Spndy Bt

while it is possible that nA; /S, does not converge to 0. If we assume o7 is known in model
(A), we can replace 3, by B, = (1 — nA;102)3, as the estimate of 5. Then

\/S—n(ﬁn - 6) i) N(07 Ug + ﬁQU%)'
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3 Asymptotic Normality of &,

From (1.2) we have

(34—0[: (ﬂ_Bn)jn"_ (ﬁ_ﬁn)gn _65n+§n (31)

Again denote Y (¢ — &,)% by T),. Then
i=1

Tn(OA‘n - a) =—Zn Z(fl - gn)gi + ﬁfn Z(xz - fn)(sl + ﬁfn Z((Sl - Sn)Q

i=1 i=1 i=1

— 00 Y (& — &)+ B0n Y (@i — Tn)8i + B8, (6 — 5,)°

i=1 i=1 i=1
— BT 0 + Théy. (3.2)
Theorem 3.1 Under model (A), suppose that §1 and €1 are independent, 61 has sixzth order
moment, and €1 has third order moment. Write
A, =8, +no?, D?=(c2+p5%?) (72 +n"'S,). (3.3)
If (1.3) and (2.2) hold, then
DM/S, (Gn — a — nZ, A Bo?) -5 N(0, 1). (3.4)
We need the following preliminary fact.
Lemma 3.1 S, — oo implies 225, — 0.

Consider two special cases: (1) {Z,} are bounded. (2) |Z,| — oo. We need only to consider

case (2). Given natural integer m, find ng sufficiently large such that when n > ny,

|jn| > 2maX{|x1|7"' ,|!Em|}.
As n > ng,
” 2 ma>
1=1

that is 725, < 4m~!. Hence

251 0.

n=n

Because we can draw a subsequence from arbitrary subsequence of {Z, } belonging to case (1)

or case (2), the lemma is proved.

Now turn back to the proof of the theorem. From (3.2) we have
VT, (G — a — nE, A Bo?)
= /Ty, (G — o — nZ, T, Bo}) + /T nz,foi (T, — AL

= /TunZnBoi(T, ' — A1) —

Tn ~ R 1 -
g (xv - xn)€i - g 5151 + — nxn6n€n
VI i=1 VI i=1 VI
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13 l
= Z fi. (3.5)

Consider f;, 1 <14 < 13 one by one. Firstly, var(nd,&,) = 0702 < co and /n L, N(0,1)
together with 225! — 0 (see Lemma 3.1) and S, 'T,, — 1 a.s. imply

fa, fz — 0 in probability.

Secondly Var(S;% Z (x; — a‘cn)si) =02 < oo and &, — 0 a.s. imply
i=1

fs — 0 in probability.

1
fio — 0 in probability is deduced similarly. Then var (Sn 2N (51'61') =nS; 0?02 — 0 implies
i=1

fo — 0 in probability,

and var (Sn

W=

572) = nS, var(67) — 0 implies

=1

fi1 — 0 in probability.

Finally, by the definition of D,,,

2 i—x i
T, S22 n VI, 7;@ i=1

71 _ — 2—- - —_— .
buih =0y A 5 R, NES

Because |Z,,| < Const. - D,, and S2A T 1 — 1 as.,
D;'fi — 0 in probability.

Summing up the discussions above and observing that S, 7, — 1 a.s., we know that the
limiting distribution of D *\/S,, (&, — a — nZ, A, 1B30?) is the same as that of

Vo= S DS {85 (51 — ) — B~ Sl + BTa(62 — 0?)

i=1
- [jn(xz - jn) - n_lsn]fi - jnan&n}

=1
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Here tp1, -+ , Ly are mutually independent and have zero mean. Further,
. n
B2 = var(z fm;) =1+ 8,'D, *nz2 0305 4 B*var(61)] — D, 2z, E63 — 1,
i=1

_ n ~ . n 3
Go =Y Bliwf? < Const.- D75, % 3 |87l — 2l + 1

3
Sy d

i=1 =1

53
+ |ﬁ|3|jn|3d3 + |ﬁ|3|:fn|30? + |jn|3|xi - fn|3d2 + n_ng + |jn|3d1d2:|
< Const. - {_ max |z; - ZalSa D3 Zn P (1813 ds + da)
3 _3
+ D2 Sin 28 dy + do) + 0D Sy P18 (ds + 0f) + duda] .

where di = E|61[3, d2 = Ele1]?, d3 = E§%. By the assumption imposed upon §; and &;, dq, do
and d3 are all finite. Since D,, > Const. - v/n~1S,, and D,, > Const. - |Z,|, we have

- 1 3o—3, 13 _3
D, >Sin " <Const.-n" 2 -0, nD_”S,?|z,|” < Const.-nS, 2 — 0.

_3
2

This proves that 6’n — 0 and éan — 0. Therefore V,, has the limiting distribution N (0, 1).
The proof is completed.

The proof can be greatly simplified if measurement errors are assumed to have normal
distribution:

(51751) ~ N(0,0,0’%,O’S,O).

From (3.1) we have

VSn (G — o — ninA,jlﬁof)
Y Snjn(ﬁn - ﬂ + nA;;lﬂU%) - ﬁ\/ Sngn + V Sngn + V Sngn(ﬂ - Bn)
= Jln + J2n + J3n + J4n-

Jin, Jopn and J3, are mutually independent for the normal case. This is because J, and J3,,
are mutually independent and Jq,, is independent of (Ja,, Js,). The latter assertion is because

Jin depends only on the following four variables

n n n n

I = Z(Iz —Zn)0;, I = Z(xv — Tn)gi, I3 = Z(év —0,)%, L= Z(év —0n) (i — En)s

i=1 =1 i=1 =1

and the normal condition implies Ony En, 11, I and (I3, 1) are mutually independent. Further,

we have
Jon ~ N(0,n718,8%?), J3n ~N(0,n"1S,02),

and Jy,, approaches asymptotically to normal distribution N(0,z2 (03 + 3%07)). When (1.3)
holds, f3, is consistent estimate of 3 (see [3]). Hence Jy, = 0,(Jan). Therefore the limiting
distribution of D */S,, (&, — a — nz, A, Bc?) is N(0,1).

Theorem 2.1 and Theorem 3.1 show a difference between EV model and classical regression

model. Asymptotic normality in EV model does not point at &,, —« and Bn — [ but at &, — ay,
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and Bn — B, with a,, — « and 3, — (. This stems from the fact that in the ordinary regression

model the LS estimates ¢,, and Bn are unbiased, which is not necessary so in the EV case.
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