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Abstract In this note, we consider a Frémond model of shape memory alloys. Let us
imagine a piece of a shape memory alloy which is fixed on one part of its boundary, and
assume that forcing terms, e.g., heat sources and external stress on the remaining part of
its boundary, converge to some time-independent functions, in appropriate senses, as time
goes to infinity. Under the above assumption, we shall discuss the asymptotic stability
for the dynamical system from the viewpoint of the global attractor. More precisely,
we generalize the paper [12] dealing with the one-dimensional case. First, we show the
existence of the global attractor for the limiting autonomous dynamical system; then we
characterize the asymptotic stability for the non-autonomous case by the limiting global
attractor.
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1 Introduction

This paper is concerned with a mathematical model proposed by the second author (cf. [10,
15, 17]) to describe the thermomechanical evolution of a shape memory alloy. At a microscopic
scale, such phenomenon has been ascribed to (solid-solid) phase transitions between different
configurations of the metallic lattice, known as austenite and martensite from the metallurgical
terminology.

Frémond’s model is a macroscopic model which is constructed in terms of basic functionals
like free energy and pseudo-potential of dissipation, and it turns out to be consistent with the
fundamental laws of Thermodynamics. The model leads to the system of partial differential
equations and related conditions (1.1)-(1.9) that is stated below. The balance equations for
energy (cf. (1.1)) and momentum (cf. (1.3)) are coupled with the partial differential inclusion
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(1.2) governing the evolution of the pointwise phase variables X7, Xo (that are related to the
volumetric fractions of austenite and martensites phases). The other unknown variables of the
system are the absolute temperature ¥ and the displacement u = (u1, u2, us), which satisfies
the quasistationary momentum balance equation (1.3).

An updated and minute presentation of the Frémond model in its generality is provided in
[2, 3, 17] and [16, Chapter 13]. We also point out [2, 3] for recent existence and uniqueness
results in the three-dimensional situation: there, the various nonlinear terms arising in the
derivation of the model are accounted. For a list of related references as well as for a survey of
previous mathematical work, we address the reader to [1, 9, 13, 24]. The large time behavior
of solutions is investigated in [11] in connection with the convergence to steady-state solutions.
The paper [11] deals with the one-dimensional case, as well as [12], which is concerned with
global attractors and motivated the observation and remarks developed in this note.

Here, we consider a bounded, connected domain @ C R? with a smooth boundary I' := 912,
which is split in two parts Tg and T'; (measurable sets with positive surface measures), and
we study the following system, which renders the reduced Frémond model resulting from the
“small perturbations” assumption.

(co? — LX1)e — A¥ = f, a.e. in Q := (0, +00) x €, (1.1)
AX .
(i;)t - <AX;> + OIk(X1,X2) 2 (—Z(E;zﬁ) di?u) , a.e.in Q, (1.2)

div(—vA(divu)l + A(divu)l + 2ue(u) + a(¥)X2Il) + h =0, a.e. in Q, (1.3)
O+ —1) =0, a.e. onX:=(0,+00)xT, (1.4)
OnX;=0,1=1,2, a.e. on, (1.5)
u=0, ae. ong:=(0,400)x Ty, (1.6)
((—vA(divu) + Adivu+ a(9)X2)I 4+ 2pe(u)) -n=g, a.e. on 3y :=(0,400) xI'1, (1.7)
On(divu) =0, a.e.on X, (1.8)
9(0) = o, X;(0) =X;0, i=1,2, a.e.in Q. (1.9)
We notice that €;;(u) := %, i,7 = 1,2, 3, are the components of the standard linearized
strain tensor £(u), I denotes the identity matrix in R?, n stands for the outward normal vector to
I'. Concerning data, f : @ — R represents a known source term, h : Q — R? is a volume force,
II : ¥ — R denotes an energy flux coming from the exterior of the system, and g : ¥; — R?
yields the external contact force applied to I';. Moreover, cg, L, I, 9%, v, A\, u, v are positive
coefficients with proper physical meaning; in particular, ¥* represents a critical temperature.
The nonlinearity « acting on temperature values is a smooth non-negative decreasing function,
vanishing on the interval [¢., +00) for a certain fixed temperature (the so-called Curie point)
Je. > U (see, for instance, [9, assumptions (2.12)—(2.13)]). Actually, among the properties of «,
in our analysis we just use the fact that « € W1°°(R). As the Frémond model assumes a non-
differentiable free energy, in (1.1)—(1.9) we find the maximal monotone graph 9/, representing
the subdifferential of the indicator function Ik of the plane triangle

K:={[neR|0<E<T, | <€) (1.10)
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The set K is convex and contains the admissible phase proportions. We also notice that
Ik (Xq,X2) = 0 if [X1,X2] € K, = +oo otherwise. For definitions and basic properties of
maximal monotone operators and subdifferentials of convex functions, we refer, for instance, to
[4].

Let us comment now on the fact that, with the help of the usually considered boundary
conditions (1.6)—(1.8) (see, e.g., [10]), from (1.3) it turns out that (cf. Lemma 2 in Section 2),
at almost any time ¢, the displacement u can be completely determined in terms of the data
h, g and the other unknowns ¥, X5. Thus, we may introduce the operator Ff;7g(19,X2), which
maps the pair [¥(¢), X2(t)] (as well as h(¢), g(t)) into div u(t), where u(t) stands for the related
solution of (1.3), (1.6)—(1.8). Then, you consider the following system, denoted by (SMA),
whose unknowns are now the absolute temperature ¢ and the phase variables X7, Xs.

(co¥ — LX1)y — A9 = f, ae. in @,

19" — )
<);1> — <i§1> + 8IK(X1,X2) ) , a.e.in @,
2/, 2 —a(0)F, g (9,X5)

On?+v(0—1I) =0, a.e onX,
OnX; =0, i=1,2, ae.on?,
9(0) = o, Xi(0) =X,;0, i=1,2, a.e.in Q.

In this paper, we shall try to extend to the 3D case the results already presented in [12] for
the 1D setting. Hence, we characterize the large time behavior according to the theory of
dissipative dynamical systems. Let us underline that the main difference between the 3D and
the 1D setting is the fact that in the 3D case we cannot write down explicitly the solution
u of (1.3), (1.6)—(1.8), as it was instead done in [12] for the 1D case (even in the less regular
framework in which v = 0, i.e., the fourth-order term is missing in the analog of (1.3)). Then, in
the present setting we have to study carefully either the regularity properties of u with respect
to the data h and g, or the dependence of divu on the functions ¥ and X5 in order to get the
same type of result as in [12].

In fact, our aim is to discuss the large time behavior of solutions of (SMA) from the viewpoint
of global attractors.

Definition 1.1 (Global Attractor) Let H be a real Hilbert space, and Dy C H be a closed
and convex set in H. Let {T(t) : Dy — Dq, t > 0} be a semigroup on Dy. Then, a set A C Dy
18 called a global attractor, if

(A1) A is nonempty, connected and compact in H;

(A2) (invariance) T'(t)A=A for anyt > 0;

(A3) (attractiveness) for any bounded set B C Dy, disty(T(t)B, A) — 0 ast — 400, where
disty (-, -) is the Hausdorff semi-distance between two subsets in H, defined as disty (A, B) :=

sup inf |a — b|g for any subsets A and B C H.
acAbEB

For an autonomous system, the dynamical system associated with the solution forms a
semigroup. But, system (SMA) is a non-autonomous system, so that you need a suitable
approach to describe the asymptotic stability.

In this paper, the asymptotic stability for (SMA) is characterized in the framework of the
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general theory discussed in [19, 23]. Unfortunately, this theory is not directly applicable to our
system (SMA) (cf. also [12] for other comments on this subject), but a similar characterization
holds by virtue of the argumentation established by Chepyzhov and Vishik [6, 7] for attractors
of non-autonomous systems.

We investigate system (SMA) within the theory of infinite-dimensional (dissipative) dynam-
ical systems. We suppose that the time-dependent data f(¢, -), h(¢, -), IL(¢, - ), g(¢, -) converge
to time-independent functions f°°(-), h*°(-), TI°°(-), g>°(-), respectively, as ¢t goes to +oo.
Then, we prove that the limiting autonomous dynamical system possesses a global attractor
Ao which is related to the non-autonomous dynamical system (generating the process E(t, s))
in the ways that

(R1) A. contains the w-limit set wg(B) for any B bounded subset of the phase space;

(R2) Ao = wg(Bg) for some suitable set Bp representing a uniform absorbing set for
E(t,s).

The above result is stated in Section 2 after reformulating the original problem and stating
some existence, uniqueness and boundedness properties of the solution. Proofs come as plain
consequences of a useful result proved in our Section 2 and of [12, Sections 3-5].

2 Statement of Main Results

First, we make precise assumption on data. In the sequel, for a Banach space X, we let
L2 (0, +00; X) stand for the set of all measurable functions v from (0,+0c0) to X such that
v e L?(0,T;X) for all T > 0 (let us omit the indication of X if X = R). We assume that

(al) f € L2,.(0, 400 L), h € WE2(0, +o0; (L2(Q))), TT € WE(0, +00; L2(T)), and
g e VVI}BCQ(O, +00; (L?(T'1))?). Moreover, letting hy, I1;, and g; denote the time derivatives of h,

II, and g, the function f* € L2 (0, +0o0),

loc

@) = {14 F )20 + (O Fr2)) + ()2 yys + TE)[72(ry
1
+ () F 20y + 18 [Er2ryyye + 186 (O)[Fr2ir, s} 2 for ¢ >0, (2.1)

is bounded in the following sense

S(f*) = Sglg|f*(' +5)|12(0,1) < +00; (2.2)

(a2) co, L, I, 9%, v, A\, pu, v are all positive constants;
(a3) a € Whe(R);
(ad) Ol is the subdifferential of the indicator function Ik of the triangle K in (1.10).

Remark 2.1 Note that (al) entails in particular that the three functions h, II, g belong
to L>°(0,+o00; (L%(Q))?), L>(0,4o00; L3(T)), and L>(0, +o00; (L*(T'1))?), respectively. Indeed,
take II, for instance, and observe that, if ¢ > 0 and n; denotes the integral part of ¢, we have

ny+1 ny+1
mm@ms/‘ m@@mw+/ T, (7) 22 oy dr < 25(F)2,

whence the boundedness of |II| o (0, 4-00;2(r)) follows.
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Next, we specify some notation. Denote by (-, -) the usual inner product in both L?(2)
and (L*(Q))3. Put V = H'(Q), with inner product

(u,v)y := (Vu, Vo) + fy/ ujvy, for any u,v €'V,
r

where u,. stands here for the trace of uw on I'. If V* is the dual space of V and we identify L?(()
with its dual space, it is well known that

V C L*(Q) c V* with compact injections. (2.3)
Moreover, we define the Hilbert space

Wi={ve (V) v, =0 divveV} (24)

endowed with the norm (cf. [9])

3 1
vl = (y/ |V(divv)|2+z/ Vo). vew. (2.5)
Q —Ja

Let us mention that v > 0 is the coefficient appearing in the fourth order term of (1.3).
Now, we need to make precise the operator F{;’g, already used to set our system (SMA) in
the Introduction, and plug it in a suitable functional setting. In particular, we are going to
introduce a variational formulation of problem (1.3), (1.6)—(1.8) in the following lemma: we
also recall known properties of the solution and include the proof for the reader’s convenience.
Before stating our helpful tool, we have to note that the operator Fﬁ,g actually acts on the two
variables ¥ and Xs, and we are interested in treating the case in which, for every time ¢, 9(t)
and Xz(t) are both in L?(2), and X3 is the second component of the pair [X, Xo] that lies in K
almost everywhere. Hence, thanks to (1.10) we are allowed to consider only the values

[D(t), Xo(t)] € D := {[v1,v2] € (L*(2))? : |va] < 1, ace. in Q}. (2.6)

Thus, we are ready to state the following

Lemma 2.1 Let h, g be as in (al) and let 9, Xo € L2 _(0,+00; L2(Q)) satisfy (2.6) for

loc
almost every t > 0. Define the bilinear form

3
a(vl, VQ) = / |:VV(d1V Vl) . V(diVVQ) + )\diVVl div Vo + 2[& Z Eij(Vl)é‘ij(Vg) y
Q2 ij=1

63,;.7 U4 +611 v
2

where €;;(v) = , 4,7 =1,2,3, and v = (v1,v2,v3), v1, vo € W. If (a3) holds, then

for almost every t € (0,+00), there exists a unique u(t) € W such that

au(t)v) + [

Q

a(V(t))Xa(t) divv = /

h(t)-v —|—/ g(t) vy, forallveW. (2.7)
Q r,

: t
Moreover, if we term Fh’g the operator

Fl g [0(t),X(t)] € Dp — divu(t) € L3(Q), a.e. t € (0,400),
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where u(t) denotes the unique solution of (2.7), then for almost every t € (0,400) there holds
| g (0, X2) (8)] Lo () < {1 4 B oo (0,4003(12(2))3) T 18] Lo (0, 400:(22(11))%) } (2.8)
for some constant ¢ depending only on Q and |a|p~w). In addition, if
9, Xo € WH2(5,T; L*(Q))  for some 0 <6 <T < +oo,

then we have that
F g (9,X2) € WH2(8,T; L*(Q))

and its time derivative (FY, 4 (0, X2)); fulfills

|(Fig(9,X2))e(8)| 22y < ca{lhe(t)l (o)) +ge(®) L2y +10: ()| 2 +1(Xa) e ()| L2y} (2-9)

for a.e. t € (6,T) and for some constant cq depending only on Q and |alw1.~ ). Finally,
there is a positive constant ¢, having the same dependencies as cq, such that for almost every
t € (0,+00) and for two arbitrary pairs [, Xa], [9, X2] that belong to L2 (0, +o0; (L*(2))?) and

obey (2.6), we have the following estimate
| F g (0,X2) (1) = Fyi (9, X2) ()| 72y < E{[D(8) = 9(t)[ T2y + [Xa () = Xo(B)|F2(y}-  (2:10)

Proof Although it closely follows the proofs of [10, Lemma 1, p.44] and [8, Lemma 2], we
prefer to detail it for the sake of clarity. By virtue of Korn’s inequality (see, e.g., [14, p.115]), the
bilinear form a(-, -) is W-elliptic, that is, coercive in W x W. Then, existence and uniqueness
of the solution u to (2.7) come out as a straightforward consequence of the Lax-Milgram lemma.
Next, freeze a time ¢t > 0, test (2.7) by v = u(¢), and use (a3) and standard estimates in order
to find that

lu(t)[w < {1+ [BlLe0,400;(L2(2))2) + 8]0, £00:(z2(r1))3) } (2.11)
with ¢ depending only on € and ||z (®). Then, it is not difficult to check that the solution
u(t) = (u1(t), ua(t), us(t)) satisfies

pAu;(t) + 0p, [(A + p) divu(t) — vA(divu(t)) + a(d(t)X2(1))]
= hi(t), i=1,2,3, in D(Q), (2.12)
where h = (hy,ho,hs). Hence, since from (2.11) it follows that Aw;(t), i = 1,2,3, and
A(divu(t)) are uniformly bounded in H~1(Q), by comparison in (2.12) we deduce that

3
D19, + p) divu(t) — vA(divu(t)) + a(@(E)X2(0))] |10

=1
+ 1O+ ) divu(t) — vA(divu(t)) + a(@E) X)) -1 )
< {1+ B Lo (0,400:(£2(2))3) + |8l L% (0, 400522 (11))3) } -

Therefore, we may use the Lions lemma (reported, e.g., in [25, Proposition 1.2, p.16]) and infer
that [(A\+p) divu(t) — vA(divu(t)) +a(9(t), X2(t))] is uniformly bounded in L?(Q). From these
considerations it plainly results that

| = Aldivu(®))[rz2@) < {1+ Lo (0, 400i(22(2))2) T 18l (0, 400:(L2(r1 )% }- (2.13)
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We aim to point out that, while (1.6) is a simple consequence of u(t) € W, boundary conditions
(1.7) and (1.8) can now be recovered from (2.7) and (2.12), and they hold in a suitable sense
that involves trace spaces. In particular, div u(t) satisfies the homogeneous boundary condition
(1.8). Hence, in view of (2.11) and (2.13), well-known regularity results for elliptic boundary
value problems (see, e.g., [22]) yield

[divu(t)|a2(0) < {1+ [h] L0, 1o0:22(2))9) + 8L (0, 400:2 1))

whence (2.8) follows from the Sobolev embedding H?(Q2) C L*°(9). Now, to verify (2.9) it
suffices to formally differentiate (2.7) with respect to time and take v = wu;(¢). Hence, as
[((D)X2)e| = |o/ (9)X20¢ + () (X2)e| < c(|U¢] + |(X2)¢]), a standard manipulation leads to
(2.9). Finally, in order to show (2.10), we write (2.7) for 9(¢), X2(t), subtract (2.7) written for
9(t),X2(t), and choose v = (t) — u(t) (where u(t) is the solution corresponding to J(t), Xa(t)
and u(t) is the one corresponding to 9(t), X2(t)). Using (a3) and (2.6), you easily conclude the
proof.
Now, we are ready to give the exact definition of solutions to (SMA).
Definition 2.1  (Definition of Solutions of (SMA)) A triplet [9, X1, X2] of functions ¥ :
[0, +00) — L23(Q) and X; : [0, +00) — L?(Q), i = 1,2, is called a solution of (SMA) if
(s1) & € Wig2 (0, +00); V*) N C([0, +00); L2(2)) N L1, (0, +00; V),
0 € Wit2(5, +00; L2(Q)) for all § > 0,
Xi € W2 (0, +00; L2(Q)) N LS, (0, +00; V),
in particular, X; is weakly continuous from [0,T] to V for all T >0, i=1,2;
(s2) 9(0,-) =Yg in L*(Q), and

((co¥ — LX1)e(t), 2) + (9(t) —9n(t),z)v = (f(t),z) for any z € V and a.e. t >0, (2.14)

where Y1 € VVI}BCZ(O, +o0; V) is the unique solution of
(O (t), 2)v = 'y/ I(t)z. for any z €V and a.e. t > 0; (2.15)
r

(s3) X;(0,-) = Xi0 in V, and there exists a pair [1,&2) of two functions & € L2 (0, +oc;
L3()), i = 1,2, such that

@) € OIk(X1,Xs), a.e. inQ, (2.16)

2
Z{((Xi)t(t); zi) + (VXi(t), Vi) + (§i(t), z:) }

= l(ﬁ* —9(t), z1) — (a(I(t)) F, g (9,X2), 22)  for any z; € V and a.e. t > 0. (2.17)

For any t > 0, let ¢! be a proper, Ls.c. and convex function on L?(2), defined by

1
—|u—In@)|?, fueV,
o' (u) = 26~ POV (2.18)

400, otherwise.
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In addition, consider the proper, l.s.c. and convex function 1) on the product space L?() x
L?(Q) specified by

2 1
1
3 E / |Vui(x)]? de, ifv; €V, i=1,2, and [v1,v2] € K, a.e. in Q,

Y(v1,v2) = (2.19)
400, otherwise.
For t > 0 and u € L?(2), let G, be the operator
G (v1,v2) := [l(u — %), a(u) Fog(u,v2)], [v1,v2] € L*(Q) x L*(Q), (2.20)

from the product space L?(2) x L?(Q) into itself.

Remark 2.2 For the convex functions ¢(-) and (-, -) and the operator GI (-, -) defined
above, we easily see the following items:

(i) for any t > 0, u* € 9p'(u) if and only if u € H?(Q), —Au = cou* in L3(Q) and
Onu +v(u—TI(t)) =0, a.e. on I

(i) (2&) € 0vY(vy,v7) if and only if v; € H?(2), i = 1,2, and there exists a pair [(1, (2]

2
of functions ¢; € L?(f2), i = 1,2, such that <§1) € 0Ik(v1,v2), a.e. in Q, v] = —Av; + ¢ in
2

L2(Q) and 0yv; =0, a.e. on T, i =1,2.

Moreover, we need to prove some properties holding for the functional G defined in (2.20).

Lemma 2.2 There exists a positive constant Lg depending only on the norms |y 1.0 w),

18] Lo (0,400, (£2(11))3)> and [h|Loo (0,4 00;(L2())3), Such that
G5 (01, 02) — Gl (v1,09) |72y x 20y < Lal|@— |72 gy + |02 — val72q)
for any @,u € L*() and [0y, Da), [v1,v2] € L*(Q) x L*(Q). (2.21)

Proof Let t be a positive time and a(t), u(t), 01(t), v1(t), D2(t), v2(t) € L?(Q). In order to
prove (2.21), we need to obtain the following inequality

[ 100 g 72) = 0 (u(0) P g, )
< c(lalt) - <>|L2(Q>+|v2<> 03(8) (e (2.22)

for some positive constant ¢ depending only on |afwi.ec(®), [&]r(0,400;(L2(ry))?), and on
Ih[ 7,50 (0,4-00;(L2(02))3)- A first simple computation leads to

[ 100 B g2 = (e B g 0 02)
<2 / P (8, ) (1)) — alu(t)? dr
+2/ la(u(t)]? - |, g (@ 52) — . g(u,02)|? da. (2.23)
Using now the definition of F, ., the regularity (a3) of o and estimates (2.8), (2.10), (2.23)

gives automatically the desired estimate (2.22), which leads (thanks to the definition of GY))
exactly to inequality (2.21). This concludes the proof of the lemma.



Attractors for a Model of Shape Memory Alloys 691

On the basis of Remark 2.2(i)—(ii), and Lemma 2.2, variational inequalities (equalities) (2.14)
and (2.16)—(2.17) can be reformulated as the following evolution equations, of the form

() + 06 (9(1)) 3 é(xm(t) b f(t) i 1(Q) (2.24)

%[Xl(t), Xo ()] + O (X1 (), X2 (t)) + Gy (Xa (1), X2(8)) 2 [0,0] in L*(Q) x L*(Q),  (2.25)

for a.e. t > 0, respectively.

Now, for the sake of simplicity, we define a Hilbert space W by setting

W:=L*(Q) xV xV

1

2 1
with the norm |[u, vy, va]|w = (|u|2L2(Q) + > |vl|%/) *. u,v1,v0) € W, and put
i=1

D = {[u,v1,v2] € W | [v1,02] € K, a.e. in Q}.

As is easily seen, W and D indicate the range of solutions at any time ¢t > 0 and the domain of
initial values, respectively.

Our first theorem is concerned with the existence and uniqueness of solutions of (SMA).

Theorem 2.1 (Existence and Uniqueness) Assume conditions (al)—(ad). Then, for any
[P0, X1,0, X2,0] € D, (SMA) admits a unique solution [, X1, Xa].

Our second theorem is concerned with the boundedness of solutions.

Theorem 2.2 (Boundedness) Under conditions (al)—(ad), let [, X1, X2] be any solution
of (SMA) with the initial value Vg, X1,0, X2,0] € D. Then the following estimates hold for the
solution [, X1, Xa] :

(i) there exists a positive constant Ny, independent of f* and [¥o, X1,0, X2,0], such that

2
[9(8), X1.(8), Xa (D)} + 191 Z 21,1111 + Z Xilfre e i1, 02 ()
i=1

< N(){|[19(), XLO? XQ}()H%,V + S(f*)Q} fOT‘ any t > 0; (226)

(ii) for any (small) 6 > 0, there exists a positive constant Ng, depending only on d, such
that

2
|19|%/V1’2(t,t+1;L2(Q)) + |79(t)|%/ + Z{|Xi|%/V1v2(t,t+1;V) + |(Xi)t(t)|2L2(Q)}
i=1

< No(L+ hlZ e (0 4o02(2))%) T 18lL0 0, 400i(22(1))9)

. {|[190,X1,0,X270]|%V +S(f*)?}  for any t > 6.

The following statement is an easy consequence of Theorem 2.2.

Corollary 2.1 Under the same assumptions as in Theorem 2.2, let [{1,&2] be a pair of
functions satisfying (2.16) and (2.17). Then, we have that
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iii ere is a positive constant My, independent o and |99, X1.0,X2.0], suc a
iii) th ) b7 tant My, ind dent *and [¥9, X1,0, X2, h that

2
Z {|Xi|2L2(t,t+1;H2(Q)) + |€i|%2(t,t+1;L2(Q)) }

=1
< Mo{|[90, X1.0, Xa.0][3y + S(f*)?} for any t > 0;

(iv) for any & > 0, there is a positive constant Mg, depending only on &, such that

2
> A 0) + 160172} < Ms(L+ BT (0 poosz2@)s) T 1870, +002201))%)
i=1
A1Wo, X1,0, X2,0]13 + S(f*)?}  for any t > 6.
Proof In fact, since (2.17) is equivalent to

{—Axl(t) +&(1) = 10" =9(1)) = (Xa):(D), in L*(92),
—AXa(t) + &2(t) = —a(9)Ff, o (9, X2) — (Xa2)4(t), in L*(Q),
and (Xi(t),X2(t)) € K for a.e. ¢t > 0, from (1.10), o € L*®(R), (2.7)-(2.8), and a known

regularity result (cf., e.g., [5]) we infer that that there exists a positive constant M7, independent

of f* and [J9, X1,0, X2,0], satisfying
2

D X)) + 16720y}
i=1

2
< Mi {1+ ROigayys + 18O oy + POz + 1000 ey} for ae. >0,

i=1
Thus, by (al) and Theorem 2.2(i)—(ii), we obtain assertions (iii) and (iv).
For any s > 0, we denote by f* € L2 (0,+00; L%(Q)), h* € L2 (0,+00; (L%(Q))?), II* €

loc loc

WL2(0, +00; L2(I')), and g* € VV11’2(0,+00; (L?(T'1))?) forcing terms translated by s, more

loc oc

precisely, for ¢ > 0,
)= ft+s) i L2(Q), he(t) =h(t+s) in (1),
%(t) :=(t +s) in L3T), g°(t):=g
Let (SMA)® (s > 0) be the system (SMA) with translated forcing terms f*, h®, g® and II°,

namely,

(co¥ — LX1) — AY = f*, ae. inQ,

X1 AX, 1(9* — 0) _
<X2>t - (AX2> - 8IK(X17X2) 9 <_a(19)F}fis’gs (19) XQ)) 7 vem Q’

—On¥+v(0—11°) =0, a.e.onX,
OnX; =0, i=1,2, a.e. on,
9(0) = o, Xi(0) =X;0, i=1,2, ae. in Q.

Then, on account of Theorems 2.1 and 2.2, we define a solution operator E(t,s) : D — D
(0 < s <t < +400), which assigns to any fixed triplet [¢g, X1,0, X2,0] the element [J(¢t — s), X1 (t —
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s), Xa2(t — s)] given by the solution of (SMA)® at time ¢ — s. Then, the family {E(t,s) |0 < s <
t < +oo} satisfies the evolution properties:

(E1) E(s,s) =1 (identity) for any s > 0;

(E2) E(t,s) = E(t,tg) © E(to,s) for any 0 < s <ty <t < 4o0.

Next, let f° € L?(Q), h>® € (L%(Q))3, I~ € L*T), and g* € (L?(I'1))? be constant
functions in time such that, for s — +o0,

= in L (0,400; L?(2)), h® —h* in L} _(0,+o0;(L?(2))3),

I — 10 in W20, 400; LAT)), g — g™ in Wh2(0, +o00; (L2(T1))3).

loc

(2.27)

Then, we can consider the following system, denoted by (SMA)*°, as the limiting system:

(co — LX1) — AY = [, ae. in Q,

X1 AXy 1(19* . 19) '
<X2>t - (AX2> + 0k (X1,X2) 2 (-Oé(ﬁ)Fﬁx7gm (19,X2)> , a.e. in @,

—On¥ +9(¥—1I*°) =0, a.e. onX,
OnX; =0,i=1,2, ae. on X,
9(0) =g, X;(0) =X;0, i=1,2, a.e. in Q.

The well-posedness of problem (SMA)® can be inferred as a special case of that of (SMA).
It is clear that for (SMA)> we can also define a solution operator S(¢) : D — D (t > 0),
which assigns to any initial value [¢g, X1,0, X2,0] the triplet [9(¢), X1(t), X2(¢)] specified by the
solution of (SMA)> at time ¢. Here, the family {S(¢), ¢t > 0} forms a semigroup on D, since
(SMA)® is autonomous. Referring the reader to the later Proposition 3.1 (which is inspired by
[12, Proposition 4.1] and continues to hold thanks to Lemma 2.2), we notice that both {E(t, s)}
and {S(t)} satisfy appropriate continuity properties.

Definition 2.2 Let {E(t,s)}, {S(t)} be the dynamical systems introduced above.
(1) (w-Limit Sets) For any subset B ofD

(i) the set wg(B ﬂ U (t+s,s) is called w-limit set of B for {E(t,s)};

720 t27

= w
(ii) the set wg(B) := ﬂ U S(t)B s called w-limit set of B for {S(t)}.
T>0t>T1

(IT) (Absorbing Sets)

(i) (Uniform Absorbing Set) A subset B C D is called a uniform absorbing set for
{E(t,s)}, if for any bounded subset B C D, there exists a finite time tg > 0, depending only
on B, such that E(t + s,s)B C Bg for allt > tp and s > 0;

(i) (Absorbing Set) A subset Bs C D is called an absorbing set for {S(t)}, if for any
bounded subset B C D, there exists a finite time tg > 0, depending only on B, such that
S(t)B C Bg for allt > tp.

The main objective of this paper is to investigate the asymptotic stability for the dynamical
system associated with (SMA) from the viewpoint of attractors. Our final result is concerned
with a characterization of the asymptotic stability for { E(¢, s)} in terms of the global attractor
(cf. Definition 1.1) for the limiting semigroup system {S(¢)}.
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Theorem 2.3 Assume all conditions (al)—(ad) and (2.27). Let {E(t,s)} and {S(t)} be
dynamical systems as the above. Then, the following three statements are fulfilled.

(1) There exists a global attractor A for the semigroup {S(t)}.

(ii) wg(B) C A for any bounded subset B.

(iii) There exist a uniform absorbing set By for {E(t,s)} and an absorbing set Bgs for
{S(t)}. Moreover, Bg and Bg fulfill wgp(Bg) = ws(Bs) = Ax.

Let us conclude by noting that we only sketch here the proofs of our main results (i.e.
Theorems 2.1-2.3) because the proofs are strictly closed with the ones detailed in [12, Sections
2-5], except for the term F appearing in equation (2.17) of (SMA). However, let us note that
this term may be treated using our Lemmas 2.1 and 2.2 proved in this section.

3 Proofs of Main Results

In this section, let us briefly present the proofs of our main theorems, which are Theorems
2.1-2.3. Since the demonstration technique is quite similar to that as in [12], we will show only
the rough sketch of them, and refer to [12] for more details.

Let us put

Dy :={[u,v1,v2] € D |u €V},
and first show the existence in the case of [J9, X1 0, X2,0] € Do.

Proof of the Existence in the Case of [¥g,X1,0,X2,0] € Do Note that the system
(SMA) can be reformulated as the system (2.24)-(2.25) of two abstract evolution equations
governed by subdifferentials of appropriate convex functions. This kind of system was also
treated in [21] to show a local existence result for some phase transition models. Indeed, by
a similar argument as in [21, Section 3], we can also prove the local existence of solutions of
(SMA) (see [12, Section 4] for details).

The global existence is shown by a contradiction argument. Let us assume that
T* :=sup{T > 0| (SMA) has a solution on [0,7]} < +o0. (3.1)

Then, by the local existence result, we immediately deduce that T* > 0. Besides, since there
holds some regularizing effect for the solutions, it turns out that the triplet [9(T*), Xy (T*),
Xo(T™)] lies in Dy. Hence, taking [¢(T*),X1(T*),X2(T*)] as the new initial value, we can
extend the solution [, X1, X2] in time beyond T*. This contradicts (3.1).

Next, we consider the case of [¢g, X1,0, X2,0] € D. In this case, the existence is shown on the
basis of the continuous dependence of solutions with respect to the initial values. So, one first
proves the uniqueness and the boundedness, because these properties are needed in the proof
of the continuous dependence.

Proof of the Uniqueness Let [, X1, X2] and [J, X1, X2] be two solutions of (SMA) with
two initial values [Jo, X1,0,X2,0] and [150,;(170,%270], respectively. Here, let us subtract (2.14)
written for [15, X1, %2] from the one for [, X1, Xa], as well as (2.17), choose the appropriate test
functions, and take the sum of results. Then, by the monotonicity of 0lk, we find positive
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constants vy and vy, independent of forcing terms and initial values, such that

2
EJO( ) < Vo{Jo(t) + <|190 — Dol aiay + D X — xi,oﬁz(m) } ae. t >0,
i=1

for the function
t B 2 t _ t B
:/0 10— 9) (7)o dT—i—Z/O 106 =X (1) 2 dr+y1‘/0 (-
i=1

Now, applying Gronwall’s lemma to Jy, we deduce the uniqueness.

‘ 2

\%4

Proof of Theorem 2.2(i) For any solution [, Xy, Xa] of (SMA) with the initial value
[P0, X1,0, X2,0] € D, we define

2
C 1
J(t) = 200 = InOfF @) + 5 2 NGO 20, (3.2)
i=1

Let us put z = +(9(t) — I (t)) in (2.14), z; = 1X;(¢) in (2.17), and (formally) z; = F(X;)¢(t)
n (2.17), i = 1,2, then take the sum of results. Hence, applying condition (al) and Young’s
inequality, we find positive constants va, v3, v4 and Ny, independent of f* and [J9, X710, X2,0],
such that

%J(t) + v J(t) < ws|f*(t)* for a.e. t >0, (3.3)
2
L30) + m{) — o)} > (19X 2@y + 10600 Faey) }
< N f*(1)]* for a.e. t > 0. (3.4)

Now, applying Gronwall’s lemma to (3.3) and integrating both sides of (3.4) over [t,t + 1], we
obtain Theorem 2.2(i).

Proof of Theorem 2.2(ii) Let us argue formally and choose z = +(9:(t) — (Yr)¢(t))
n (2.14), z = $(X;).(t) in £(2.17), i = 1,2. Then, taking the sum of results and applying
(2.8)—(2.9), condition (al), and Young’s inequality, we find a positive constant Na, independent

of f* and [J9, X1,0, X2,0], such that

2
Co 1 d
E|19f |L2(Q jz:: |L2(Q dt{ [0(t) — I (t)|3+ = 5 Z| ()22 Q)}
< N1+ |h|Loo(o Foos(L2(Q))3) T |g|2L°°(0,+oo;(L2(1"1))3)}
{Z| ()72 + £ (¢ )|2} for a.e. t > 0.

Here, letting 0 < s < ¢ < s+ 2, we multiply both sides by (¢ — s) and integrate them over [s, t].
Then, by (3.4), we find a positive constant N3, independent of f* and [Jo, X1,0, X2,0], such that

/S t<T—s>(|ﬁt<T>|iz<m+i|<vxi o) ey )dr+ (=) (19(8) - |V+Z| ®)lEze )

< N3{1 + [ Lo (0,100;(£2(2))%) + |8l L (0,4-00i( L2<r1>>3>} / [f* ()P dT (3.5)
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for all s and t satisfying 0 < s <t < s+ 2. Now, combining condition (al), (3.2), (3.5) and
Theorem 2.2(i), we conclude Theorem 2.2(ii).

Remark 3.1 For solutions of systems (SMA)® with s > 0, we also obtain the same estimates
as in Theorem 2.2 just as in the above argument. Then, we notice that constants Ny and Ns
can be chosen independent of s, since forcing terms f*, h®, g* and II° are estimated by S(f*)
uniformly with respect to s.

Now, we are on the stage to prove the existence of solutions in the case [Jg, X1,0, X2,0] € D.
The keypoint of the proof is to show the continuous dependence of solutions, stated as follows.

Proposition 3.1 Let {f,} C L2 (0,400; L2()), {h,} € WL2(0,+00; (L2(2))?), {gn} C

loc

W1’2(0,+oo; (L2(T'1))?) and {I1,,} C W1’2(0,+00;L2(I‘)), For any n € N, let [Yo.n,X1,0,n,

loc loc

Xo,0.n) € D, and let [0y, X1, n, X2.p] be the solution of (SMA) corresponding to forcing terms fi,
h,, g, I, and the initial value [9o.n,X1,0,n, X2,0.n]. If there exist functions f € L% (0, 4oc;

loc

L2(9)), h € W2 (0, +o0: (LA(Q))*), g € Wyl (0,+00; (L*(I1))%), I1 € W,2(0, +o0; LA(I))

loc loc

and [V, X1,0, X2,0] € D such that

fa = in L (0,400; L*(Q)),

h, —h in W20, +00; (L2(Q))%),

gn—g in Wi2(0,+00; (LA(I1))), (3.6)
I, — I in W20, +o00; L2(I)),

loc

[D0,n, X1,0,ns X2,0,n] — [P0, X1,0,X2,0] in W as n — +o0,

then there exists a triplet [9,X1,Xa] € LE (0, +o0; W) such that

loc
[P, X1,m, Xon] — [0, X1, X2]  in C(J,W) as n — +o0 (3.7)

for any compact interval J C (0,400). Moreover, the triplet [, X1, X2] is a solution of (SMA).

Proof For any n € N, let [¢1,,,&2,,,] be the pair of functions &;,, € L2 _(0,+o00; L?()),
i=1,2, as in (2.16) and (2.17) with [, X1, X2] = [Un, X1,n, X2,n]. Then, by (3.6), Theorem 2.2
and Corollary 2.1(iii), we find subsequences {U,,, } C {0}, {Xin,} C {Xin}, {&Ginn} C {&in}

and functions 9, X;, &; € L2 (0, +00; L%(Q)), i = 1,2, satisfying

loc
Un, — 9 weakly in WH2(Jo; V*) N L2(Jo, V)
and strongly in L?(Jo, L*(Q)),
Xin, — X;  weakly in WH2(Jo; L2(Q)) N L% (Jo; H?(2))
and strongly in C'(Jo; L?(Q)) N L?(Jo; H(2)),
§iny — &  weakly in L?(Jo; L*(Q)),

so it consequently follows from (2.10) and (3.6) that

FL) o (O Xom,) — FLJ(W0,X) i L2(Jo; L3(9)) as k — +oo,

e 8ny

for any compact interval Jy C [0, +00). Therefore, due to the demi-closedness of the graph 0k
as well, we infer that [X1, X2] and [&1, &] satisfy (2.16) and (2.17).
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Let now J be a compact interval contained in (0,400). For any n € N, we denote by
I, € Wﬁ)’f(O, +00; V) the function specified by (2.15) as Jr, but in terms of the boundary
data II,, instead of II. Analogously, we introduce the convex function ¢!, using definition (2.18),

with 11 replaced by 91, . Then, since 9, solves
L 1
(9)¢(t) + 0t (9, (1)) C—(Xn)t(t) + C—fn(t) in L*(Q), ae. t >0,
0 0

for any n € N, it follows from (3.6), (3.8) and [20, Theorem 2.7.1] that ¥, — ¥ in C(J; L*(Q))
as k — 400 and ¥ satisfies (2.14). Thus, the limit triplet [J, X1, X2] is a solution to (SMA).
Moreover, by virtue of the uniqueness of the solution (3.8) and Theorem 2.2(ii), we conclude
that (3.7) holds.

Proof of the Existence in the Case of [¥¢, X1,0, X2,0] € D For any [Jo, X1,0, X2,0] € D,
let us choose a sequence {[Y.n, X1,0,n,X2,0.n]} C Do such that

[90,n, X1,0,n: X2,0,n] — [P0, X1,0,X2,0] in W as n — +oo.

For any n € N, let [J,,, X1, X2 5] be the solution of (SMA) with the initial value [Jon, X1,0,n,
X2,0,n] € Dy. Then, by Proposition 3.1, we find a solution {9, X1, X2} of (SMA) with the initial
value [J9,X1,0,X2,0] € D as the limit of the sequence {1, X1 5, X2, } of solutions in the sense
of (3.7).

Finally, we show our third theorem. The keypoint of the proof is to find so-called compact
(uniform) absorbing sets, stated in the following lemma.

Lemma 3.1 These exists a compact subset B* C D which satisfies the following absorbing

property (x) :
(%) for any bounded subset B C D, there is a finite time tp, depending only on B, such
that E(t + s,8)BU S(t)B C B* for any s >0 and t > tg.

Proof For any 0 < s < +00, let us denote by vy € Wl’Q(O, +00; V) the unique solution of

loc
(= (t), 2)y = fy/ I1%(t)z),. for any z € V.
r

Here, we note that Jp~ is time-independent, since II*° is constant. Also, let us denote by
[9%, X5, X5] the solution of (SMA)*, and put

2
1
Jo(t) = 20—2|193(t) — s (t)|%2(9) + 2 Z |Xf(t)|%11(9) for all 0 < s < 400 and 0 <t < +o0.
i=1

Let S be a positive constant defined as
o0 o0 (o) o0 o0 1
S = (L+ |f®72(0) + 0|2 (yys + 18712 ry e + T T2 )2

Then, by a similar way to obtain (3.3), we find two positive constants v§ and vy, independent
of s, such that

d vEIf*(8)]?, if0<s < +oo,
—J(t) + 5T (t) < il 0 for a.e. t > 0.
dt vi(8%)?%,  if s = +oo,
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So, applying conditions (al), (2.27) and Gronwall’s lemma to the above inequality, we also find
a positive constant v}, independent of s, such that

|[9°(8), X5 (8), X5 ()][fy < wse™ 0! |[9o, Xa0, X0l [y + vgvivs (S7)°
for any 0 < s < +oo and 0 < ¢ < +o0. (3.9)

Let us put Bf := {[u,v1,v2] € D | |[u,v1, va]lw < 14 5°°/vivivs }. Then, it is not so difficult
to check that the set given by
B* = —conv< | E(s+1,8)B; U 5(1)3;;)
s>0

is, as required, to be a compact set, where conv ( - ) is the closed convex hull of any subset in

w.

Proof of Theorem 2.3(i) By Lemma 3.1, the construction of the global attractor A, for
{S(t)} is a direct application of the general theory in [18, 26]. Accordingly, the global attractor
Ao is given as the w-limit set of the absorbing set B*, namely,

— W
A i=ws(B*) = () |J S®)B* .
T>0t>T1
In the rest, let B be any bounded subset in D, let € be any positive number, and let
T be any finite time. Then, by (2.27) and Proposition 3.1, there exists a positive number
to =to(B,e,T) > 2—15, depending only on B and ¢, such that

sup |E(T+t+s,8)z—S(1)° E(t+s,s)z|lw < =
T 2
T€[5,T
).

for any s >0, z € B and t > to(B,e,T (3.10)

Let A, be the global attractor for {S(¢)}. Then, by the attractiveness of A, we find a

finite time 79 = 79(B,¢) > 2_15’

depending only on B and ¢, such that
disty (S(7) e E(t+ s,5)B, Ax) < % for any s > 0,¢ >0 and 7 > 7.
So, by (3.10), we have

sup |E(r+t+s,8)z—8S(1)° E(t+s,8)z|lw <

TE[TTO,TQ]

| ™

for any s >0, z € B and t > to(B, e,

~—

Thus, putting ¢1(B,¢) := to(B,e,70) = to(B, e, 70(B,€)), we obtain that

disty (E(10 +t + 5,5)2, Aso)

<|E(ro+t+s,8)z—S(10) °c E(t+s,8)z|lw + distw (S(10) © E(t + s, 8)2, Ao)
gg—i—%:e forall s >0, z€ Bandt>1t(B,¢). (3.11)

Proof of Theorem 2.3(ii) Let us assume that zo € wg(B). Then, we find sequences
{tn}, {sn} C [0,4+00) and {z,} C B such that t, > T()(B, %) +t (B, %) >n for any n € N,
and E(t, + $n, $n)2n — Zeo In W as n — +o00. Here, by (3.11) it turns out that

1
distw (E(tn + Sn, Sn)2n, As) < — for any n € N,
n
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whence

distw (Zoo, Aoo) < |E(tn + Sns Sn)zn — Zoo|w + distw (E(tn + Sn, Sn)2n, Aoco)

1
< |E(tn + 8n,50)2n — Zoolw + — — 0 as n — +oo0.
n

It implies that zo € Ao, since Ay is compact in W.

Proof of Theorem 2.3(iii) We shall show that putting Bg := B* gives a set with the
required property, namely wg(B*) = A,. By the assertion of Theorem 2.3(ii), we immediately
have wg(B*) C Ax. So, it is enough to show the converse inclusion. By Lemma 3.1, we find a
finite time tp~ > 0, depending only on B*, such that

E(t+s,s)B* C B* forany s >0 and t > tp-. (3.12)

Let us assume that zoo € Aoo = wg(B*), equivalently there are sequences {t,} C (0,+0o0),
{zn} C B* such that

t, >tp-+n foranyn €N, and S(t,)z, — 200 in W asn — +oo.
Now, it follows from Proposition 3.1 that for any n € N,

sSup |E(T + S, S)Zn - S(T)ZW|W —0 ass— —+00.
TE[tn—tpx,tn]

So, for any n € N, we find s,, > n such that

1
[B(tn + 50, 50)20 = S(ta)zalw <~ (3.13)

On account of (3.12) and (3.13), we infer E(tp- + Sp, Sn)2zn € B* for any n € N, and
E(tn + Sp,tpx + Sn) ° E(tB* + Sn,Sn)Zn = E(tn + Sn, Sn)zn — Zoo in W asn — +oo,

which implies zo € wg(B*).
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