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Abstract In this paper, we study the asymptotics of the Krawtchouk polynomials
KN (zp,q) as the degree n becomes large. Asymptotic expansions are obtained when
the ratio of the parameters & tends to a limit ¢ € (0,1) as n — oo. The results are glob-
ally valid in one or two regions in the complex z-plane depending on the values of ¢ and p;
in particular, they are valid in regions containing the interval on which these polynomials
are orthogonal. Our method is based on the Riemann-Hilbert approach introduced by
Deift and Zhou.
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1 Introduction

Let p >0, ¢ >0and p+¢q =1, and let N be a positive integer. By the binomial expansion,

we have
(1= pw)N " (14 qu)” = > KN (z;p,qw", (1.1)
n=0
where

KN (z5p,q) = En: (JX__;) (2) (—p)"*q". (1.2)

k=0

For convenience, we put K (v) = K (x;p,q). It is easy to see that K (z) is a polynomial
in x of degree n. These polynomials are known as the Krawtchouk polynomials, and they are
orthogonal on the discrete set {0,1,2,---, N} with respect to the weight function

N
More precisely, we have
N
N\ . . N
j=0
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For further properties of this type of polynomial, we refer to Szegd [22].
Formula (1.4) tells us that these polynomials are orthogonal on an unbounded interval
as n — oo. To facilitate our future analysis, we wish to introduce a rescaling so that the

polynomials become orthogonal on a bounded interval. Let Xy be a set defined by:
Xnj=A{an; =01, ,N—1}

where
i+s
{EN’J‘ = T
The xn,;’s are called nodes, and they all lie in the interval (0,1). Also, let
N-1
N vk ‘/p_q(N._ 1) TNt (1.5)
J

w ;=
NI TgNT(N) 7

and

1
Pn p(2) := K,jlv_l(Nz - 5)

It can be easily verified that the polynomials Py ,(x) are orthogonal on the nodes zy ; with

respect to the weight wy ;; that is

g =0 forn#m,
PN (2N ) PN m (TN 5)wN (1.6)
=0 0 forn=m.
As usual, we also define the monic polynomials
n!
TNn(2) = WPNn(z) (1.7)
Rewriting the weight function (1.5) in the form
N—1
WN,; = C_NWN(‘TN’j) H |£CNJ‘ — ITN,m _1, (18)
then a simple calculation shows
Wy (x) = W(x) = vz, (1.9)

where v = log %. Without loss of generality, we can assume 0 < p < g < 1 so that v > 0. Also,

let ¢, = and assume that it tends to a limit ¢ € (0,1) as n — oo. The case p = ¢ = % is

n
N
trivial and we will not consider it here.

It is well known that the properties of zeros of Krawtchouk polynomials are important
in the study of the Hamming scheme of classical coding theory (see [4, 14, 16, 21]). Also,
Lloyd’s theorem (see [13, 16]) states that the existence of a perfect code in the Hamming metric
corresponds to the Krawtchouk polynomials having integer zeros. Recently, there has been a
considerable amount of interest in the asymptotics of the Krawtchouk polynomials, when the

degree n grows to infinity (see [11, 15, 19]).
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Since the Krawtchouk polynomials do not satisfy a differential equation, most of the results
in the literature are obtained by using the steepest descent method or the saddle point method
for integrals, which come from the generating function in (1.1) (see [11, 15, 19]). For more
information about these classical integral methods, we refer to Wong [25]. Recently, Baik et al
[2, 3] have studied the asymptotics of discrete orthogonal polynomials with respect to a general
weight function by using the Riemann-Hilbert approach, introduced by Deift and Zhou [8] and
further developed in [6, 7]. The starting point of this method is a theorem of Fokas, Its and
Kitaev [10], which makes a beautiful connection between orthogonal polynomials and Riemann-
Hilbert problems (RHP). However, the results in [3] are too general and, as a consequence, not
very applicable. Moreover, the results are local in nature; that is, they have different asymptotic
formulas valid in different regions.

The purpose of this paper is to study uniform asymptotic behavior of the polynomial Py ,(z)
as n — oo. After transforming the discrete RHP associated with this polynomial into a spe-
cific continuous one, we find that this problem is similar to some of the problems considered
previously (see, e.g., [23, 24, 26]), and our method in [5] can be applied. More precisely, for
0 < ¢ < p, we present an infinite asymptotic expansion which is valid uniformly in the whole
complex plane bounded away from (—oc, 0] and [1, 00). This expansion involves parabolic cylin-
der functions. For the case p < ¢ < %, since there exists a so-called hard edge (see [3, p. 27]),
we need two expansions each valid in a different region; these regions overlap and together cover
the whole complex plane bounded away from the two infinite lines on the real axis, mentioned
in the former case. Since there is a kind of dual property between the cases ¢ and 1 — ¢, the
result for the case % < ¢ < 1 is very similar to that for the case 0 < ¢ < %

The presentation of this paper is arranged as follows: In Section 2, we review some pre-
liminaries, including weak asymptotics of the zero distribution and the formulation of the first
RHP. In Sections 3 and 4, we solve the RHP in two different cases: 0 < ¢ < p and p < ¢ < %
The limiting case ¢ = p is quite different, and the method used here is not applicable. We will

study this exceptional case in a separate paper.

2 Preliminaries

2.1 Weak asymptotics

From the orthogonal properties in (1.4), the following proposition can be easily established
(see also [3]).

Proposition 2.1 Each discrete polynomial P ,(z) has n simple real zeros. All zeros lie in
the range tn o < z < xn,N—1 and no more than one zero lies in the closed interval [xn j, TN j+1]

between any two consecutive nodes.

It is known that the zero distribution of these kinds of discrete orthogonal polynomials is
related to a constrained equilibrium problem for logarithmic potential with an external field

¢(x), which is given by the formula

b
o) = W)+ [ loglo—ylPw)dy for w € (a.) (2.1)
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(see [12] and references therein). Here, p°(y) is the density function of the nodes and is real
analytic in a complex neighborhood of [a, b]. In our case, p°(y) = 1 and the external field ¢(z)

is given explicitly as
1
olx) =ve + / log |z — yldy = ve + zlogx + (1 — x)log(l — ) — 1. (2.2)
0

Note that e=V¢(®) is the limit of wy; in (1.8). The function ¢(z) is real analytic in the interval
(0,1), and the variational problem related to the Krawtchouk polynomials can be stated as

follows:

With ¢(x) and ¢ given, the variational problem is to find a Borel measure p. on [0, 1] which

minimizes the following energy functional

EHW%Z—{A[;bﬁx—MW@mmm@My+[;@@M&@MA (2.3)

where p.(x) satisfies the upper and lower constraints
0 < pe(z) <

and the normalization condition

/ te(x)dr = 1. (2.5)
0

The minimizer is called the equilibrium measure. From (2.4) one can see that there is an
upper bound for the measure pu., which does not appear in the continuous case. This fact is
the key difference between discrete orthogonal polynomials and continuous ones. This can also
be seen in Proposition 2.1, since the equilibrium measure reflects the distribution of the zeros
of the orthogonal polynomials.

The equilibrium measure p.(x)dz divides the interval [0, 1] into subintervals of three kinds:
(1) achieving the lower constraint; (2) attaining the upper constraint; (3) not reaching the
constraints. We call the open intervals of type (1) Voids (V), type (2) Saturated Regions (S),
and type (3) Bands (B). These terminologies are taken from [3].

The theory about the existence of a unique minimizer measure under the constraint in
an external field is well established (see [20]). Recently, Dragnev and Saff [9] have given the
exact density function for the zeros of Krawtchouk polynomials in three different cases. More

precisely, let

o= (VI —0p—-ve? B.i=(/T—op+ ) (2.6)

They show that for 0 < ¢ < p, it is a V-B-V case, which means pu.(z)dz is supported on
[, Be] € [0, 1], and the density function is given by

= i z — arctan 7066(66 _ .13) — arctan w
pe(z) = — {2 Yy - ¢ \/(1 oG | (2.7)
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For p < ¢ < g, this is an S-B-V case; that is p.(z) = % for x € [0, a),
Lin (B — ) (1 —B)(x—ac)
()= L7 v) _ U= Bl — ) 9.
() - {2 + arctan Bo(z — o) arctan \/(1 = ao)(Be =) (2.8)
for x € [ae, Be], and p.(z) = 0 for & € [B¢, 1]. For ¢ < ¢ < 1, this is an S-B-S case, i.e.,
1w ac(fe — x) (1-B)(x —ac)
c = — | — t _— t e —— 2.
te(x) Cﬂ_b—l—arcan ﬁc(x—ac)+arcan\/(1—ac)(ﬁc—x) (2.9)

for « € [ac, Bc], and pc(z) = % for z € [0, ac] U [Be, 1]. From here, it can be seen that the zero

density function p.(x) satisfies a symmetry property in ¢ and 1 — ¢; more precisely, we have

i—c(l—2) = 1 i C[l —cpe(x)] for x €[0,1]. (2.10)

Notice that there are two critical values ¢ = p and ¢ = ¢. In the two cases, o, and 3, coincide
with the left endpoint 0 and the right endpoint 1, respectively (see (2.6)). Furthermore, p.(z)
does not reach the upper or the lower constraints at the points «;, and (;, which is different
from other cases; more precisely, p,(0) = % and pq(l) = % These two cases are special,
and the method in [3] is not applicable. As mentioned in Section 1, we will study these special
cases in a separate paper. For convenience, in situations with no confusion we will ignore the
dependence of ¢ and use the simpler notations u(x), o and g instead of p.(x), a. and S,

respectively.

2.2 Riemann-Hilbert problem

Like the continuous orthogonal polynomials, it is easily verified that the discrete ones are
also connected with RHP (see [3]). For instance, the discrete RHP for Krawtchouk polynomials
Pn n(z) can be stated as follows:

(Ya) Y(z) is analytic for z € C\ Xn;

(Yy) at each zn i € Xy, the second column of Y has a simple pole where the residue is

Z=IN Kk Z—IN,k O

O wN,'k
Res Y(z;N,n)= lim Y(z;N,n) <0 2 ); (2.11)

(Yo) as z — oo,

1 Zn 0
ver= (o)) (i )
Using the theorem of Fokas, Its and Kitaev [10], it can be shown that the solution to the
above RHP is

TN,n(2) % kzo %;(:NU
Y(z) = = | -
N1 Prno1(z) g 3 MeastusaPiaca(n

k=0
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The proof of this result is very similar to that of the continuous case, just using the discrete or-
thogonal property instead of the continuous one (see [3]). Here, 7wy, (2) is the monic polynomial
defined in (1.7).

If we can transform a discrete Riemann-Hilbert problem into a continuous one, then we can
apply the techniques that we have developed in [5, 23]. Due to the sensitivity of parameter c,

this transformation is different in different cases.

3 Casel 0<c<p

In this V-B-V case, the upper constraint is not active. To get a continuous RHP, we
introduce the first transformation
1 :F% eFINT(l=2)g=Nva___ 1
R(z) =Y (z) I (z=an) for z € Q4. (3.1)
0 1
For z ¢ Q4 , we put R(z) := Y (z). The regions Q4 and the contour ¥ = (0, 1)UX 4 are depicted
in Figure 1. It is easy to verify that this transformation removes all the poles 1, and makes
Ry (z) and R_(x) continuous on the interval (0,1). Therefore, we get the continuous RHP for
R given below.

Y
D
Q.
0 1 T
Q.
z_

Figure 1 The domains Q4 and the contour X

(Ra) R(z) is analytic in C\ X;
(Ryp) for z € (0,1),

where

ro(z) = (=1)N "L cos(N7z) e Vv

forze ¥y UX_,
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where

1 - 1
fn,i(z) _ _5 e:FzNﬂ’(lfz)efNuz : (35)

(Re) as z — oo,

(Rq) asz —0and z — 1,

R(z) =0 G 1) , (3.6)

where the O-symbol on the right-hand side is used to mean that all entries in the matrix are

o).

By using 'Hospital’s rule, it can be easily verified that the entry r,(z) in the jump matrix
(3.2) is continuous in (0,1) and can be extended into the complex plane. More precisely, by
using the Gamma function and its reflection formula I'(z)['(1 — z) = 7wcscnz, (3.3) can be
rewritten as

NN pe—Nvz

I(Nz+ LD(NQ1 —2)+ 1)

rn(2) = — (3.7)

which is an entire function.

Because of the term e™*N7(1=2) in the definition of 7, 4 (z), we find that it is exponentially
small as N — oo, comparing with 7, (z) in the jump matrix on (0,1). This fact indicates that
the jump matrix on (0,1) dominates the jump matrices on ¥, and ¥_.

Before we set out to solve our problem, we need several auxiliary functions. First, we
assume that the equilibrium measure pu,(z) related to the weight function 7, (x) is supported
on the interval [au,, 8,] C [0, 1], where the constants o, 3, are to be determined later. Thus,
tn(z) >0 for a, <z < G, and

Bn
/ (@) = 1. (3.8)

20

Then, we introduce two auxiliary functions given below.

Definition 3.1 The so-called g-function is the complex logarithmic potential of the corre-

sponding measure [i,, that is

ﬁ”l
on(2) ::/ log(z — )j(s)ds, =€ C\ (oo, Bal. (3.9)
Definition 3.2 The ¢-function is defined by

On(2) := /Z vn(s)ds, z€C\ (—o0,B,] UL, +00). (3.10)

Here pi,(x) and v, (z) are two measures to be determined later. Furthermore, vy, (2) is a complex

measure extended from p,(x) and satisfies the requirement

Un 4+ (z) = £mwip,(x)  for x € (o, Bn)- (3.11)
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3.1 Determination of the auxiliary functions

Following the usual argument, we first find a probability measure yu,, (x) such that the related

g-function satisfies the property

NTme T )} =0 (3.12)

1
(n+ 3) nsl@) + n-@) 4 o8 { - TR T

2

for x € (apn,Bn). (This is essentially what is needed in the normalization of the RHP for R.)
Differentiating both sides yields
1 1 1
(n + 5)(g;+(x) + g (x)) — N[I/ + w(Nx + 5) — ¢(§ + N — Nm)} =0,
where 1(2) is the Psi function, which is the logarithmic derivative of the Gamma function given
by

d I(2)
v(e) = () = 5
Therefore, we get
, , 1 1 1
In () + g, _(z) = 5_(V + w(Nm + 5) — ¢(§ + N — Nx)), (3.13)
where ¢, = ";% and tends to the limit ¢ as n — oo. For simplicity, we introduce the notation
1 1
hn () ::1/+w(Nx+§) —¢(§+N—Nx). (3.14)
We need one more function G, (z) defined by
1 [Pn Lin(5) i
Gn(z) = = N Cds = —g (2), C\ [ap, Bn]- 3.15
()= o [ B ds = 1), e Chfon, B (3.15)

The following result provides an important relation between the functions g, (z) and ¢, (z).

Proposition 3.1 Let [, be defined as

log 1, (Bn

b 1= 20 () + 0871 (Bn) (3.16)
n+ 3
Then, the following relation between the g-function and ¢-function holds
ln

gn(2) + on(z) = Tl logr,(2) + ) (3.17)

for z € C\ (—o0,0]U[1,00), where r,(z) is given in (3.7).

Proof Coupling (3.13) and (3.15) yields

Gt (2) + G- () = —=— R (2). (3.18)

TCp

Since G, +(z) = lim Gn(x £ ie), it follows that

1 e i (s)(s — o + ie) B 1 e i (s)
Gy 4 (z) = lim —/a -2t ds = £pn(x) + o P.V. /an Eds. (3.19)
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This means Re G, 1 (z) = £, (z) and Im G, (x) = Im G,, 1 () for x € (ay, B,). Furthermore,

from (3.18) we also have

1

2C,m™

Im G, (2) ho (). (3.20)

Recalling the requirement (3.11) between g, () and v, (2), we need
Un 4+ () = mipn(x) = i Re Gy 1 (7). (3.21)
This evokes us to define v, (z) to be
vp(2) = mi(Gn(z) —iIm G, (2)).

From (3.20), we get

L. (3.22)

vn(2) = G, (2) + 2%

Since ¢ (z) = —7miG,(2), one easily obtains (3.17) by integrating both sides of the formula
(3.22) from 3,, to z. Furthermore, since ¢, (5,) = 0, letting z = 3,, in (3.17) immediately gives
(3.16).

Now, let us find «,, G, and p,(z). Equation (3.18) is actually a scalar RHP, and can be

solved explicitly as

VE=—an)z =6 [ hn(s) ds
Gn(z) = - .
) 2mi /an enm\/ (s —an)(Bn —8) S—2 (3.23)

for z € C\ [ap, Br]. From the definition of g, (2), we know that

b1 1 1
!/ _ e J— —
gn(2) = /a pn(s)ds = . + 0(22) as z — 0.

zZ— S
'n,

Since G, (z) = Lg/(2), from the above formula we can obtain G,(z) — 0 and 2G,(2) — + as

z — o0. Therefore, one gets two integral equations for «,, and [3,:

. fn(3) ds =0 3.24
/Otn \/(3 - an)(ﬂn - 3) ( . )

and

Lo sha(s) ds = ¢ 3.25
27T Qn \/(8 - an)(ﬁn - 5) " ( ' )

1
where ¢, = W;Q as before. To solve them, we need more information about the function h, ().

Recall the asymptotic expansion for the ¢-function given by

1 =B
Nl _— — _— T
¥(z) ~Inz 22 o

as z — oo in |argz| < m,
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where By, are the Bernoulli numbers (see [1, (6.3.18)]). Therefore, h,(z) has an asymptotic

expansion of the form

R ()
- as n — 0o, (3.26)

hn(z) ~v+Inz —In(1 —z) + Z
k=2
where the coefficient functions h*)(z) can be given explicitly; for example, we have

W) = (% - )

Moreover, to derive the asymptotic expansions of «, and [3,, we assume ¢, has an asymptotic

expansion of the form

) cn
k=1
Substituting (3.26) and (3.27) into (3.24) and (3.25), we also obtain the asymptotic expansions
o) <, 3k
o
n ~Y —7 n ~Y — ) 3.28
a a—i—;::l = ﬂ+; — (3.28)

where v and (3 are given in (2.6). Since p,(z) = Re Gy, + (), we have from (3.23)

€T — Qp n — & Bn nlS
i) = YE =0 =a) a(s)

27 an Cnm\/(s = ) (Bn — 5) (s — @)

for x € (ay, Br), and it can be shown that

ds (3.29)

o) =)+ 0 () (3.30)

uniformly for = € [«, 3], where u(x) is given in (2.7).

Once the measure p,(x) is determined, v, (z) is well defined. Furthermore, one can obtain
the important mapping properties of the function ¢, (z) as shown in Figure 2, where we have
used the same letters to indicate corresponding points on the boundary. From the definition of
¢n(z) in (3.10), it is easy to see that ¢, (6,) = 0 and ¢y, 4 (ov,) = —mi.

v
Y

o
Sy
<

E|D (CB

E
D

F 0 % B,1A7 )

F

Figure 2 The upper half plane under the transformation of ¢,,(z)
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3.2 Construction of the parametrix

As usual, to simplify the jump conditions in (Ry), we introduce the transformation R — V
defined by

=

V(z) = e 220 Ry, ()25, (3.31)

where 7,(2) is given in (3.7) and o3 is the Pauli matrix. It is readily seen that V is a solution
of the following RHP:

(Va) V(z) is analytic for z € C\ X;
(Vy,) for z € (0,1),

Vi(z) =V_(2) ((1) D ; (3.32)

for z € ¥4,

N S
Vi(z) = V_(2) ((1) 1+e¢121vm> ; 535)
(Vc) as z — 09,
1
Vi(z) = (I+ O(;))z_%”3€—("+%)¢n(z)a3;

(Vq) asz—0and z — 1,

V(z) =0 G }) .

To construct a parametrix for the above RHP, we recall the properties of ¢, (z) illustrated

in Figure 2, which are very similar to those of the function

f(€) =8V —1—log(¢ + V& — 1), (3.34)

where £ € C\ (—o0, 1] (see Figure 3). Simple calculation gives f(1) = 0 and f+(—1) = —mi. The
function f(£) plays an important role in describing the asymptotic behavior of the parabolic
cylinder function U(—7,2,/7§) as 7 — oo (see [1, 18]). This fact invokes us to construct our
approximate solution by using the parabolic cylinder function, and to introduce the mapping

between £ < z defined by

f(&(2)) = én(2), (3.35)

or equivalently

&(z) = (f71 o dn)(2). (3.36)

As z traverses the boundary of the semi-circular region in the upper half-plane once, the image
point ¢, (z) also traverses once the corresponding boundary in Figure 2. Similarly, as £ describes

the semi-circular region once, f(£) goes once along the corresponding curve in Figure 3. This
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v
Yy \4

C
OEB u

F A D]

D C
E -1 0 1 B =z
F

Figure 3 The upper half plane under the transformation of f(¢)

establishes the one-to-oneness of the mapping z < £ on the boundary of the semi-circular
region. By Theorem 4.5 in [17, Vol. 2, p. 118], this mapping is also one-to-one in the interior
of the region. By Schwarz’s reflection principle, the transformation z < ¢ defined in (3.35) is,
in fact, one-to-one and analytic in the whole z-plane with two cuts (—o0,0] and [1,00). From
condition (V.) and the asymptotic property of U(—7,2+/7 &), it is readily seen that we should
take the parameter 7 to be n + % The advantage of adopting the parabolic cylinder function,
over the Airy function as done in [5], is that the region of validity of the asymptotic expansion
we get here can include both the critical values «,, and j3,,, whereas the region of validity of the
Airy-type expansion given in [5] includes only one critical value.

We now begin to construct the parametrix. From formula (19.4.7) in [1], we have
1 ’ .
V2rU(a,+x) = F(§ - a) {e_”(%(”'i)U(—a, +ix) + e”(%“*'i)U(—a, Fix)}, (3.37)

which provides the matrix equation

U(-r,2y7 &) HEeims U(r,2iy/7 €)
U'(-7,2v7€) TG U(7,2iv/7 €)

Var
(UG SRR U 2ivTe) | 11 .
U'(—7,2y7 &) —T8demm5" U(r, —2iy7 €) ) \0 1 ’
where
T=T, :=n+%. (3.39)

For convenience, we sometimes suppress the dependence of 7 on the large variable n. We also

recall the asymptotic expansions
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as n — oo, uniformly for £ € C\ (—o0,1] (see [18, p. 140]). With the above results, simple

calculation yields

U(-7,2y7€)  Hleims U(r,2iy/7 €)

U'(=m,2y7 €) e U'(r,2iy/7 €)

i(52—1)7i03 myre O myaem (O 0
V2 Mo~ THE)  mgne™ () ’ :

where the constants m;; are given by

mi = e H0 Dt DY, gy = iSO (4 )2 (3.41)
Moy = —e~ 22 (n 4 %)%, Mag 1= —Z'F("?;Tl)e%("+%)(n +3)72.
Note that there is a relation between these constants, namely, —z—; = ﬁ—;;
For z € C,, we define
: 0 ) (& —Diyes
—vi| ( )
Q(Z) \/_ 2z—an—Pn 1 bn(z)
4mi2 2maa
I'(n T .
(U SRR Ur2ivE o) 12)
n i ntl . ’ ’
U= 2v78) Se™ S Ul(n, 217 )
where b,,(2) is the analytic function in C\ (—o0, 8,] given by
bu(2) i= (2 = Bn) T (2 — an) 1. (3.43)

The reason why we divide (€2 —1)3 by by, (2) is to make sure that (£2 —1)3 /b,(2) is analytic in
C\ (—00,0] U1, 00), with no jump on the interval (0,1). Furthermore, it can be easily verified
that Q(z) satisfies the same large-z behavior as V(z) given in (V).

Similarly, we can construct the parametrix in the lower half plane. For z € C_, we define

Q(z) =V2 mlll 0 ((52 — 1)1 )”3

2z—an—Pn n
4maa 2771Lzz b (Z)
U(-1,2y7€)  —T0e=m% U(r,-2iy/7 ¢) )
X .
U(-r2v7 ) e ™ Uln 27 ©)

It is easy to see that Q(z) satisfies all four conditions in the RHP for V, except for a new
jump on (—o00,0) U (1,00). In view of the transformation from V(z) to R(z) introduced in

(3.31), a reasonable parametrix to the RHP for R is given by

R(2) i= ez (") Q(2)r, (2) 7275 (3.45)
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Since r,(z) in (3.7) is an entire function and £(z) in (3.36) is analytic on (0,1), it is readily
verified that

Ry(z) = R_(x) for x € (0,1).

But there is an additional jump matrix on the part (—oo,0] U [1,00) of the real axis. In the

following subsection, we will show that this jump matrix tends to the identity matrix.

3.3 Uniform asymptotic expansions

Define the matrix
D(z) 1= e~ 314303 () R (5)e3 (Mt 2)in0s, (3.46)

Since R(z) has the same jump as R(z) on the interval (0,1), the matrix D(z) satisfies the

relation
Di(z) =D_(x), x€(0,1).
Furthermore, since R(z) is analytic on (—o00,0) U (1,00), it is easy to verify that D(z) is a
solution of the following RHP:
(Da) D(z) is analytic in z € C\ (—o0,0] U [1, 00);
(Dy,) for z € (—o0,0) U (1, c0),
Di(z) = D_(z)Jp(x), (3.47)
where
Jp(z) 1= e 22T R_(2)(Ry (x) e )lnes; (3.48)
(D) for z € C\R,
1
D(z) = I—i—O(;) as z — 09;
(Dq) as z —0and z — 1,
D(z)=0
1 1

To solve this problem, we need to derive the explicit asymptotic expansion of Jp(z). Note
that for x € (1, 00), we have

o THEL() 2
U(=7,2VT &4(x) ~ p(V21) (5 Z AS , (3.49a)
+\x s=
e fEr (@) 2
U(r, 2iVT E4(2)) ~ p(iv/27) Y As(€ , (3.49Db)
(54- —1)3 5—0 (=2

V(= 2V7 &4 (@) ~ =T p(VET)(E () —1)Fe 60D 37 % (3.49¢)

U/ (7, 2i/7 €4 (2)) ~ —iv/T p(iv37 (€2 (2) — Dher e 32 Beleel@) g 4qq)

s=0
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where
p(V2T) ~ 2" Fe~ 3T 754 {1 + % i Z—} (3.50)
_ us(§) _ vs(§)
s(§) = @_E 5(6) @_)E (3.51)

(see [18, p. 140]). Here ug(§) = vo(€) = 1, and when s > 0, both u4(£) and vs(§) are polynomials
of degree 3s if s is odd, and 3s — 2 if s is even. Moreover, the polynomials us(§) and vs(€) can

be successively determined through the following recurrence relations:

(€~ () — 356us(€) = o 1(6), vh(€) = us(€) + Hus1(6) ~ 74-2(6)
with 7_1(£) = 0 and

8r5(€) = (3% + 2)us(€) — 12(s + 1)&rs—1(8) +4(&% — 1)r_1(9).

Therefore, it is easily seen from (3.51) that Ag(§) = Bo(§) =1, and for s = 1,2, -,
1
¢

The coefficients v in the expansion (3.50) are given by the following formula

40,(6) = O( ), Basl) = 0(5%)7 Assy = O(1), Bawy =0(1) as€ —oo. (3.52)

1 o s
P(z—|—§) ~ (27)2 Zf;)%, |arg z| < m,

and the first three terms are
1 1
207 7 1152
Now let us construct the asymptotic expansion of Jp(z). For z € (1,00), we get from (3.45)
and (3.48)

=1 m=-

Ip(z) = e 2T Do R (2)(Ry(x)) Lez (Ha)laos
= Q- (2) T~ (1) 271y 4 (2) 27 Qu () . (3.53)

From the Wronskian

nmi

iU(_Ta 2\/F 5) UI(T7 27’\/F 5) - U/(_T7 2\/F 5) U(T7 27’\/; 5) =—ie 2 /7

we have
1 2 1
0 ) (€@
_ mi1
JD (x) o 2$70¢n76n 1 ( bn(x) )
4mia 2ma2

U(-7,2y7 - (2))  —Temm U(r, —2iy7 ¢ (x))
U'(-7,27 é-(2) —TE2e™ ™5 U'(r, ~2iy/7 € (2))

X

X T, (@) 72, 4 (2)
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n i ntl ; n im g )
. (NJ%% = U'(1,2iT &4(2)) —%e 2 U(772u/?£+(w)))

~U'(—7,2(/T &4 ()) U(—7,2y7 &4 (x))
(2(2) —1)iy= [ 7 0\
x ( by () ) (237—%—5”, 1 )

Inserting the expansions in (3.49) into the last formula yields

L T
JD(x) ~ (gm_TZ:_gn ? ) bn(x)fﬁ Z ]gST(){) (p(\/2_) .0 )

s=0 0 p(—iv2T)

47VL12 2m22 s

K =R @any, () =boap  (g)hosplnt D(En@)os VT

P(n+1)
/)(Z\/E) 0 00 N, (@) . mln 0 -1
X ( 0 P(@)) ;) (27)® by () (% 2%22) , (3.54)
where
M;(z) := ( e _F(&%l)e_m%(—l)%s(ﬁ—(x)) )
| VB (@) TG R (1Bl ))

e (r%l)eﬂ%\/;(—l)SBs@Hx” —F(”?;T”em%(_gsAs(@(x))).
VT Bs(€4(2)) Ayl (2))

From (3.9), it is readily seen that g, 4(x) = gn,—(x) for x € (1,00). Hence, by using (3.17), it
can be shown that

e—(n-i-%)f(i—(m))ﬂsrm_(x)—%dsrm_i_(x)%Gse(n+%)f(§+(m))03 - T

Furthermore, since p(iv27) = (—1)"72 p(—i/27) (see (3.50)), equation (3.54) can be written
in the form

20—y —fBn 1

Tp() ~ ie™% p(v/27) pWE)( Y )bn@cw

4m12 2'f"r122
L —1
207 0 > M; 0
QT ) e b (359
0 2\/7_— t=1 j+k=t ( T) T_Alfr]nnlg_ﬁn 27?122

for # € (1,00), where M; ;(x) is the matrix

(ﬁ [(—1)F + (—1)]4;(€2)Bi(€4)  [(—1)FF! 4 (—1)7]4;(¢-) Ax(r) )
. (3.56)

TI(=DF + (=1V]B;(€-)Br(€+) VT (D)% + (—1)7]B;(§-) Ak (€4)
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Also from (3.50), we have

o0

p(VET) plivET) ~ 5 ¢
s=0

where 179 = 1 and

1
o=+ e+ D Dy fors=1,2,--.
hzo
Therefore, we get
Ip(z) ~ I+ i J5" (@) (3.57)
= (2n+1)m’
where J(Dm)(x) is equal to
~1
23—1 s 1 O B ml 0
2 o b ()77 My ()b () |,
1 22—, —fBn 1 ’ 20—, —fn 1
s+jt+k=m /T + 2 4mia 2ma2 4mia 2mo2
Using (3.52) and (3.56), it can be shown that
m) () — of L _
Jp (x)—O(P), m=1,2,---, asx — oo.
Thus, the expansion in (3.57) is uniformly valid for all = € [1, c0).
For convenience, we put Jj,(z) := Jp(x) — I so that
< g(m) (z)
Jh(x) ~ D .
b(®) mz::l (2n + 1)m
(3.58)

From (Dy) and (3.57), we get
D.(2) = D_ (@)l +J3(x)] = D_(x)[ I + 0(%)} for 2 € (1, 00).

In a similar way, it can be shown that (3.58) also holds for 2 € (—00,0). Therefore, we have

established the equation
for x € (—o0,0) U (1, 00).

(D4 (2) = 1) = (D-(x) = I) = D—(x)Jp(2)

As in [5], we first derive formally the expansion
(3.59)

e Dk(Z)
k=1

Let Do(z) = I, and define Dg(z) recursively by
Dk(z)zi(/o +/oo)[ : (Di—;) (x)J(j)(x)]d—x for z € C\ (—o00,0] U[L,00).
2w\ J_o )i = D T —z ’ ’

1
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Using induction, it can be verified that for k =1,2,--- |
Dy(z) = O(|%|) as z — 00.
Furthermore, by successive approximation (see [5]), it can be easily demonstrated that the
expansion (3.59) holds uniformly for all z € C\ (—o0,0] U [1, c0).
Theorem 3.1 Let r,(2), 1, and &(z) be defined in (3.7), (3.16) and (3.35), respectively.

Then the asymptotic expansion of the monic polynomial wn ,(z) in (1.7) is given by

() = VE 1) HE U g2yt g 6(2) A

+U’(—n—%,2 n—l—% ()) Bz.m)]. (3.60)

where A(z,n) and B(z,n) are analytic functions of z in C\ (—o00,0]U[1,00). Furthermore, the

asymptotic expansions

A(z,n) ~ (& _11)1 [1 +> (‘2&} (3.61)

B(zm) ~ B2 Bn)? (2 — 2wt i Beld) (3.62)

hold uniformly for z bounded away from (—o0,0] U [1,00), where the constant myy is given in
(3.41).

Proof Let R;;(z) and ﬁij (z) denote the elements in R(z) and R(z), respectively. Since
R(z) = e2(mt2)1nos P (2)e~2(1+2)ns B(2) we have

TNm(2) = y11(2) = Ri1(2) = D11(2)Ra1(2) + Dya(2)e™ 2 Ry (2). (3.63)
By (3.59), we have
D ()~1+§:& (3.64)
e £ (2n + 1R :
= DiY(2)
Diy(z) ~ kZ:l BT OF (3.65)

From the definition of R(z) in (3.45), we also know that for z in either C, or C_, the entries

in the first column of this matrix are the same. More precisely, we have

ﬁ(z) _ -’?11(2) * 7
Rgl(Z) *
where
Rii(2) = RN U( —n— 3,2 4 g)rn(z)*%e%<n+%>ln7
mi1 bp(2) 2 2
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+% U'(—n—%,2 n+%£) 277122).

By (3.63), one easily obtains (3.60), with

z_ i Z— OQp — Pn
= B a2 =]
B(z,n) = bn(Z) Dlg(Z).

B 2m22(§2 — 1)%

Note that A(z,n) and B(z,n) are analytic for z in C\ (—o0,0] U [1,00). Hence, by (3.64) and

(3.65), we have the asymptotic expansions in (3.61) and (3.62). Here, one additional thing that
needs attention is #22 ~ \/#_% mlu

as n — oco. This completes the proof of the theorem.

4 Case II p<c<%

Since the parameter c¢ is defined in terms of the degree of the polynomial, the number of
zeros of the polynomial increases as ¢ increases. Moreover, the zeros near the origin become
as dense as the nodes (see [3, Theorem 2.12] and [19, Theorem 2]). Also, the density function
reaches its upper constraint (see (2.4) and (2.8)). As we mentioned before, this fact is a
crucial difference between the discrete orthogonal polynomials and the continuous ones, see the
paragraph following (2.5).

Furthermore, since u(x) is not differentiable at the point « in this case, the functions vy ()
and ¢4 (x) are not analytic in the neighborhood of x = «, and we can not expect to obtain
a globally uniform asymptotic expansion (by using parabolic cylinder functions) in a region
which includes both of the critical values o and 3. However, as we shall see, each of these
values lies in a region in which there is a globally uniform asymptotic expansion in terms of the
Airy function; the two regions overlap, and together cover the whole plane with two cuts along
(—00,0] and [1, 00).

4.1 Preliminary work

Now we need to modify our method to handle this case. First, we want to remove the

saturated region. Define

1 k
On = = (TN ko—1 + TN k) = NO’

4.1
; (11)
and choose kg so that o, tends to a limit o € (0,1). Here, ko is somewhat arbitrary, as long as

TN ko—1 is in the band, not tending to its boundary and not asymptotically equal to n. Under

this assumption, we shall see later that o < ¢ < 8 and ¢ # ¢. Our first transformation is

kﬁl(z — {EN’J‘)il 0
H(z):=Y(z) | =° b1 . (4.2)
0 1;[0 (z—xnN,j)

It is easy to see that H is a solution of the following RHP:
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(Ha) H(z) is analytic for z € C\ Xn;

(Hp) the residue at the simple pole zy ) is given by

ko—1
w"i’k [T (engk — 2N 5)?
Res H(z;N,n)= lim H(z;N,n) R =R ! (4.3)
Z=TN k Z—IN,k
0 0
for k =kg,---,N — 1, and
0 0
Res H(z;N,n) = 1li H(z; N, ko1 4.4
Zzwe]\?,k (Z n) ZJ;/?VIC (Z n) % H (xN,k_xN,j)_Q 0 ( )
oy
J#k

for k=0,--- ko —1;

(He) as z — oo,

n—ko 0
o=+ ) (7

To introduce the second transformation, which removes the poles and transforms the discrete

RHP into a continuous one, we define

1 0
T (cman) A
B(z):=H() F1 FiNT(1-2)oNvz ko N . for z € QF, (4.5)
o
I (z=zn~.;)
3=0
kg—1
| _iNm(es),—N HO (z=Nj)
1 :F_ e:':l S S e— vz .7i
R*(2) := H(2) : " —any) for z € QY (4.6)
i=ko
0 1
R*(z) .= H(z) for all other z € C\ ¥*,  (4.7)

where ¥* = (0,1) UX2 UXY. For the description of the domains 4, QY and the contour %%,
see Figure 4. In this section, we use the superscript * to indicate that we are considering Case
I1.

The matrix R*(z) is a solution of the following continuous RHP:

(R¥) R*(z) is analytic for z € C\ ¥*;

(Rf) the jump conditions on the curve *: for z € (0,0y,),

1 0
R () = R* (z) : (4.8)
rin(z) 1
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Y
\Y%
zA 2
Q4 QY
0 1 =
QA o, QY
zA
- v

Figure 4 The domains Q4, QY and the contour X*

where
N—-1
I}[@ (z —zn,;)
1 (x) = (—=1)V "1 cos(N7x) eNVw;;i—; (4.9)
Il (z—an;)
j=0
for x € (on, 1),
1 ron(2)
R () = R* (x) , (4.10)
0 1
where
ko—l
l:[o (x—an)
rom(x) = (=)~ cos(Nra) e N T (4.11)
Il (z—2n;)
Jj=ko
for z € ¥4,
R -re| " (.12
1(z)=R_(z , .
r2(z) 1
where
N—-1
. I}[@ (z—zn,;)
ri () = 5 el (4.13)
I (z=2n;)
j=0
for z € BY,
1 rY(z
R:(z) = R (2) +(2) , (4.14)
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where
ko—1
) HO (z —ny)
rY (z) = 3 eTiNm(1=2)g—Nvz —Jj\;l : (4.15)
Il (z=an;)
Jj=ko
(RY) as z — oo,
1 Zn—ko 0
R*(2) = (I+o(—)) ;
z 0 »—n+ko
(R}) asz—0and z — 1,
1 1
R*(z)=0
1 1

As in Case I, due to the term eF*N7(1=2) in the definitions of 72 (z) and rY(z), we shall
concentrate on the jump conditions on the real line. Again by using the Gamma function,

T1,n(2) and 72 (%) can be written as

N2ko=NpeNv2D(N(1 — 2) + %)

()= , 4.16
rin(2) T(Nz+ D)T%(ko — Nz + 1 (4.16)
NN—2kopo—Nvap (N, 4 1
ron(2) = —— - ( 2) —. (4.17)
r (Nz—ko—f— §)F(N(1 —Z)+§)
As usual, we now define the auxiliary functions ¢* and ¢*.
Definition 4.1 The g-functions are defined by
I
5= [ log(z — (s, z € C\[ago0), (4.15)
B
gr(z) == / log(z — s)u) (s)ds, z€ C\ (—o0,B], (4.19)

where the measure ) (x) and the Mhaskar-Rakhmanov-Saff numbers o and [ will be deter-

mined later.

Definition 4.2 The ¢-functions are defined by

G2 = [ ws)ds for 2 € €\ (~oc,0]Ula, 0), (1.20)
o (z) = / vy (s)ds for z€ C\ (=00, ] UL, c0). (4.21)
B,
Here the measures v} (z) and v} (z) are defined in the complex plane and satisfy
D5 (x) = £mipl(x)  for x € (o, om), (4.22)
n—ky
n

—u () = £mip) (x)  for x € (on, 5)). (4.23)
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To find the measures in the above definitions, we need the following equations:

—(n — ko)(g;;ﬁ(x) + g;;,(x)) +logrin(z) =0 forze (o), on), (4.24)
(n —ko)(gn,+ () + gn () +logran(z) =0 for z € (on, By). (4.25)

These formulas correspond to (3.12) in Case I; they are what is required in the normalization
of the RHP for R*.

Proposition 4.1 With the constants defined by

* * * 10 T 51 :L
1 = 23(05) + 2ErznlO) (4.26)
7% ~ % * logr M 0‘2
Iy = 24 03 — 2] (4.27)

the following connection formulas between the g-function (g-function) and the ¢-function (qg—
function) hold

o
2(TL — k())

Pn(2) = —

- 1 I
gn(z) — - fko o (z) = o) logry n(2) + E” for z € C\ (—00,0]U [0y, 00). (4.29)

gn(z) + log ro . (2) + % for z€ C\ (—o0,0,]U[l,00), (4.28)

n—ko

Furthermore, we have

*(2), z € Cyq,

4.30
gi(z)+2mi, zeC_, (4:30)

n—ko

~ ~64() = i — o logria(e)ran(z), 2 €Ty,
n(2) = " " (4.31)
— () + 2

5 =1, + 2mi. (4.32)

1
i — —1 n n 9 € (C,,
- i ™ 0811 n(2)rom(2), =

Proof The proof is similar to that of Proposition 3.1, and we only give a sketch of it.

Corresponding to (3.22), here we have

D _on(z) = i (2) +

2(cn 1— o) {V 2 (N(U” —2)+ %)
o D me(va- o+ 1] (1.33)

for z € C\ (—00,0] U [a}, 00), and

n—ko

n * __*’
i) = —0 () +

2(cn — o) {V 2 (N(Z —on)+ %)

—w(Nz—I—%)—w(N(l_z)"'%)} (4.34)

for z € C\ (—o0, 5] U[1,00). Integrating v (z) and 0%(z) from 3 and o to z, respectively,
we obtain (4.28) and (4.29). Moreover, (4.26) and (4.27) follow immediately.
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Equation (4.30) is obtained by observing the branch cut of log(z — s) in (4.18) and (4.19).
To get (4.31), we note that by using (4.33) and (4.34),

s L
Un(z) = vn(z) + o dz IOg Tl,n(Z)T'Q’n(Z). (435)

From (4.20) and (4.21), it follows that

- z B z

G0 == [ ods = [ Taiads - [ wsds
n — k() ) % 1

=F——mi- or(z) — on logry n(2)ran(z) for z € Cy. (4.36)

In reaching the last equality, use has been made of (4.22), (4.23) and (4.35). This establishes
(4.31). Subtracting (4.29) from (4.28), we obtain (4.32) from (4.30) and (4.31).

From (4.24) and (4.25), one can derive the asymptotic expansions of o and f}; they have
the same form as given in (3.28). It turns out that these expansions are independent of the
choice of kg and the corresponding number o, in (4.1). Furthermore, p} () can be shown to

satisfy the relation

pia) = @) +0(+) (4.37)

uniformly for = € [a, (] (see the corresponding result (3.30) in Case I). Note that due to the
transformation in (4.2), here p*(x) is discontinuous at the point . Moveover, we have

1
“—(n@) - =), we(00)
/14* (IE) _ C —c g C
p(z), z € (0, 8),
c—o
where p(z) is defined in (2.8).
4.2 Construction of the parametrix
We now define the final transformation
e~ 2 (n=k0)lnos R*(2)ry ,(2)27%  for Rez > o,
V*(z) = (4.38)

e~ 3(n—ko)l; 05 R (,z)rl’n(,z)_%‘73 for Rez < oy,
Let T' be the line Rez = oy,; see Figure 5. Using the relations (4.28) and (4.29), it can be
verified that V*(z) satisfies the RHP:
(V) V*(z) is analytic in C\ X* UT;
(Vi) the jump conditions on the contour X* UT": for x € (0, 1),

Vi(z) =V>(x) (1) 1 ; (4.39)
for z € (0,04,),
0
Vi(z) =V>(x) ! ; (4.40)
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Yy
I
\%
zA 2
Q4 QY
0 g o g 1 =
oL " Qv
zA
B r Vv

Figure 5 The domains Q%, QY and the contours ¥* and T’

for z € BY,
* * 1 - 1+€;12—Nmz
Vi) = V() : (4.41)
0 1
for z € ¥4,
. . 1 0
Vi) = VA(2) 1 : (4.42)
~IFeFINTE 1
for z € T'y,
+1
NN 0
Vi(z) = (—1)nRovE() [T , , ; (4.43)
+ 0 _i(eN'rrzz +€—N7r1,z)
(VE) as z — oo,
* 1 —no¢) (z)o
V*(2) = (I+0(—))e MO (4.44)
z
for Rez > o,, and
1 T
V*(2) = (I + 0(—))6"%(2)”3 (4.45)
z

for Rez < oy;

(V%) asz—0and z — 1,
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From the well-known formula

Ai(2) + w Ai(wz) + w? Ai(w?z) = 0,
one can get the following matrix equations

Ai(f*(2)  —w?Ai(w?f*(2)) Ai(f*(2))  wAi(wf(2) | (1 1 (4.46)
Ai'(f*(2)) —wAl' (W2 f*(2)) A(f(2) w?Af(wf*(2))) \0 1)

—w?AlWf7(2))  AI(fT(2) | _ [ wAilwf(z)  Ai(f*(2) ) (10 . (4.47)
—wAl' (W f*(2))  Al'(f*(2)) 1

w?Al'(wf*(2)) Al'(f*(2))

1
We divide the complex plane into four regions by using I" and the real axis, see Figure 6.
Y
I
I 11
0 G, 1
111 v
I

Figure 6 The domains I, II, IIT and IV

With a similar technique as given in [5], we construct the parametrix of the RHP for V* by
using the Airy functions in these four regions. Define

i - *(z)iyos [ Ai(f*(z —w? Ai(wW?f* (2
Q*@)::m(l ) (Ll (.<f<>> ( f()))
1 4 an(z

AT'(f*(2)) —w Al (W f*(2))
for z € 11,

(4.48)

Q*(2):

1 4 B ()N [Al(f*(z)  wAi(wf*(2))
i (_1 ) () (A' ) A

(f*(2) w?Al'(wf*(2))
for z € IV,

i B - . —w? Ai(W2f* (2 i(f*(2
0 o ( 11) (f*(z)4an(z))g3( @ () A ))) w5
for z € I and
Q" (2) :

7 B - h wAi(wf*(z Ai(f*(z
o[t 1) (F@raye [ AT AR (451)
i1 w? Ai'(wf*(2)) A'(f*(2))
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for z € II1, where f*(z) and f*(z) are defined by

3 R 3 - 3
1@ = [anen)] ", Fe) = [5nda)] (4.52)
and ay,(z) is the analytic function in C\ [, 5] given by
an(z) im BT (4.53)
(-~ )t

In view of the relations between V*(z) and R*(z) given in (4.38), a reasonable parametrix
of the RHP for R* is

R*(z) ==

l(”*ko)l*ff?» * —L1og
ez n?30Q*(2)ron(2)" 293, zeIlUIV,
{ (2)ran(2) (4.54)

e%(nfko)i;;agQ*(Z)ﬁ’n(z)%fw, z e TUIIL

From these definitions, it is easy to verify that

1 0

ﬁ* X :ﬁ* X ) z yOn)s
t(z) = R (x) o) 1 € (0,00)
~ ~ 1 ro,(x
Rj_(x) =R" ({E) » ( ) ) T e (Jnv ]-)a
0 1

and that R*(z) satisfies the large-z behavior given in (R?). The only difference between R*(z)
and R*(z) is that there are new jump matrices on (—o0,0) U (1,00) and the vertical line T'. In
the subsequent analysis, we will show that all these jump matrices tend to the identity matrix

as n — 0.

4.3 Uniform asymptotic expansions

Define the matrix
S(2) = e~ 7 (kL8 R* (2) (R*(2)) ~tez (Ro)lnes, (4.55)
From the construction of B*(z), it is easy to see that
Si(x) =5_(x), xe€(0,1).
Furthermore, it can be verified that S(z) is a solution to the RHP:

(Sa) S(z) is analytic for z € C\ (—00,0] U [1,00) UT;

(Sp) for z € (—o0,0]U[1,00)UT,
Si(2) =85-(2)Js(2), (4.56)
where

Js(2) i= e~ 3(nko)nos B ()(RY (2)) ez (nRo)lios, (4.57)
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(S¢) for ze€ C\ (—o0,0]U[1,c0)UT,

S(z)zI—i—O(%) as z — 00;

)
S(z) =0 .
11

We consider only the case on the line I', since the discussions for the other cases on the cuts
(—00,0) and (1, 00) are very similar. Let 'y = TN Cy. For z € 'y, we recall the asymptotic

(Sq) as z —0and 2z — 1,

expansions of the Airy functions in [1, p. 448]

oo

Ai(f*(z))Ni(f*( WO (—1)Fer (ngg(2) 7,

k=0
Ai’(f*(Z))~—ﬁ(f Dhee <Z>Z Vedy (n ()
(4.58)

AP () ~ = (7 () Her i) 3 e (nd (2)
k=0

AV () ~ =Gz (P DR S di (0= o) ()7
k=0

where ¢co =dy =1 and for k=1,2,---,
3k + 3) 6k +1
Ch=Tom T k=
54FEIT(k + 3) 6k — 1

Corresponding results can be given for Ai(f*(2)), Ai'(f*(2)), Ai(w?f*(2)) and Ai'(w?f*(2)).
Now we set out to derive the asymptotic expansion of Jg(z) for z € I'y. From (4.54) and

Ck.

(4.57), we have

Coupling (4.32) and the well-known formula (10.4.12) in [1, p. 446]

wAI(f*(2)) AT (W2 f*(2)) — w? AT (F*(2)) Ai(w?f*(2)) = ﬁ
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we get

X

Ble| =

Sze

os (i1
an(Z)) (z —1)'

4.1, we readily see that

1({1 -1 o [ (FDe ey 1 \J
Jate) ~ 4 (—i —i) an2) {JX_:O ((_1)j+1dj z‘dj> (nqbz(z)) }
2 [(=1)Fide  (—1)F iy, 1 \F i1

n i —1
Straightforward calculation yields

Js(z) Ni ( _1 :1 ) an(z)”% { (20 —021) DY %}

m=1 j+k=m

i1
X an(2)”% ( . ) for z e I'y, (4.59)
i -

Substituting the expansions in (4.58) into the last equation and taking into account Proposition

where
() g (=)™ +1]cjde (=)™ = 1]ejey 1 NI 1 Nk
o ([(—1>m+11djdk (1) - e ) Ga) Ga) - oo
Thus, we obtain
Js(z) ~ I+ i ']:anz), (4.61)
where
- i1
Jn(2) i( g ?)am% S M=) an(z) ( ) (4.62)
—t —1 j+k=m . —1

From (4.60) and (4.62), it can be easily shown that

o(5) m

Jm(z):O(m) co, o as z — o0.

(4.63)
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This, in particular, infers that the expansion in (4.61) is uniformly valid for all z € T'y. Similar
U (1, 00). Therefore, formally we have
(4.64)

as n — 00,

results hold for z € I'_ U (—o0,0)

dt (4.65)

)}t z

where
Kk
Si(2) 27TZ / / / ; (S j

), with Sp(z) = I. By induction, it can be verified that for

for z € C\T U (—00,0] U[1,00

k=1,2,--,
Sk(2) =
[1,00). Thus, we arrive at our

1
<| |) as z — 00.
Using the usual method of successive approximation, we can show that the formal expansion
Y U Y N

in (4.64) is actually uniformly valid for z € C\ T' U (—00,0]

second main result stated below.
Theorem 4.1 Let r,(z), X and f*(z) be defined in (3.7), (4.26) and (4.52), respectively
(4.66)

The asymptotic expansion of the monic polynomial wn ,(z) is given by
T n(2) = VT (2) 2 e TRORAI(£(2) A (2,m) + AT (f7(2)) B*(2,m)]
where A*(z,n) and B*(z,n) are analytic functions of z in C\ [1,00) and Rez > «

Similarly, with I¥ and f*(z) defined in (4.27) and (4.52)

mn(2) = () deboho
x {[cos(N72) Bi(f*(2)) — sin(N72) Ai(f*(2))]A(z,n)
+ [cos(N72) Bi'(f*(2)) — sin(N72) AY'(f*(2))] B(2,n)}, (4.67)
where A(z,n) and B(z,n) are analytic functions of z in C\ (—00,0] and Rez <
Furthermore, A*(z,n) and B*(z,n) have the asymptotic expansions
n(2) [ i Bil } (4.68)
P

A*(z,n) ~ JZ;((ZZ); {1 _|_Z AELEQZ)}’ B*(z,n) ~ f E )%
k=1
Bi(z } (4.69)

[1+Z

and A(z,n), B(z,n) have the asymptotic expansions
1

1

4

f i [l—i—z }, z,n)wf()an

A(z,n) ~
All four expansions hold uniformly for z in their respective regions of analyticity
(4.55), we have

Proof From the definition of S(z)
R*(Z) _ eé(nfko)l:;ags(z)efi(n kO)an3R*( )
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For any matrix X, we shall denote by X;; the (i,j) element in X. The above formula then

gives
R;(2) = S11(2)Ri1(2) + S1a(2) Ry (2)e R0k
and
12(2) = S11(2) Ria(2) + Sia(2) R (2)elnFo)ln,

First, let us consider z in the half plane on the right side of I'. Recalling the definition of
R*(z) in (4.54), one obtains

Rjy(2) = VAo (z) "2 e2 RO AI(f7 (2) A% (2,n) + AT (f*(2)) B (2, n)], (4.70)
where
A*(z,n) = IMOK (S11(2) —iS12(2)) and B*(z,n) = an(2) (—S11(2) — iS12(2)).
an(2) fe(2)%
From (4.2) and (4.6), it also follows that
ko—1
() = Y11(2) = Ri1 (2) ] (2 = 2m.)-
j=0
This, together with the fact that
ko—1
r(2) =r2.n(2) [ (z = 2n5) 72 (4.71)
=0

(see (3.3) and (4.11)), gives us the main result (4.66). From the asymptotic expansion of S(z)
in (4.64), we immediately obtain (4.68).
Next, let us consider z in the half plane on the left of I', and restrict it to the region I

indicated in Figure 6. From (4.54), we have

Rj1(2) = VAri(z)2es (RO o5 Ai(W2 f*(2)) A(z, n) — e5™ AT (w2 f*(2)) B(z,n)]

and
12(2) = VA1 (2) " FeFTROL [ AN(f*(2)) A2, n) — i AT (F*(2)) B(z,n)],

where

A(z,n) = f*(2)Tan(2)(S11(2) + iS12(2))
and

~ 1

B(z,n) = = : S1i(z) — 1S .

(z,n) *(z)mn(z)< 11(2) — iS12(2))

Similarly, for z € III,

£1(2) = VAT (2) e3R8 Aj(w f(2)) A(z, ) — e 3™ AT (wf* (2)) B(z,n)]
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and
12(2) = VaAria(2) Eed RO [ AN (2)) Az, n) — i AV (F*(2)) B(2,n)).

From (4.5), we know that Hy1(2) has different expressions in different parts of regions I and III.
Let us first consider regions Qﬁ and Q2 shown in Figure 4. For z € Qﬁ, we have from (4.5)

N-1
L g (z—2n,)
Hu(z) = Riy(2) + 5 e N N Ry (2)
Il (z —2zn;)
7=0
_ _% ﬂ,Tle(Z)—%e%(n—ko)l”:;{(e—iNﬂ-(l—z) + ez’Nﬂ-(l—z))

x [e7 8™ Ai(W? () Alz,m) — €87 AT (W *(2)) B(=,n)]
+i e NTU=DAI(f*(2))A(z,n) + AV (f*(2))B(2,n)]}. (4.72)
In view of the well-known formula of the Airy functions (see [1, p. 446))
Bi(z) = +i[2¢F57™ Ai(w®'2) — Ai(z)), (4.73)

equation (4.72) can be rewritten as

(—p~t —1 L(n—ko)l,
N O Lt

x {[cos(Nmz) Bi(f*(2)) — sin(N7z) Ai(f*(2))]A(z, n)

Hu(z) =

+ [cos(Nmz) BY'(f*(2)) — sin(Nwz) Al'(f*(2))]B(z,n)}. (4.74)
Similarly, for z € Q2,

N—-1

) g (z—zn,;)

Hu(z) = By, (2) = 5 elN”“*Z)eN”igfl— 12(2)

(z —2n,j)

j=0
_ _% 7T7”27n(2’)_%6%(n_k0)l~:{(e_iNﬂ—(l_z) + eiN-rr(l—z))

x [e5™ Ai(wf*(2))A(z,n) — e 5™ Al (wf*(2))B(z,n)]
— i eNTU=2Ai(F*(2)) A(z,n) + AT’ (F*(2))B(z,n)]}. (4.75)

Again by (4.73), we get exactly the same formula given in (4.74). On account of (4.2) and
(4.71), one now easily gets the main result (4.67) for z € Q2 U (0,0,,). Using the asymptotic
formula of S(z) in (4.64) again, we obtain (4.69).

Now, we show that the asymptotic expansion of Hqq(z) in (4.74) holds for z in I and III,
rather than for z only in Q2. Recall that, in our analysis the choice of Q4 is quite arbitrary

and these regions may be large. Moreover, from the relation between R*(z) and H(z) in (4.7),
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we know that Hyi(z) = Rf;(2) for z € L U IIT\ Q2. In contrast to the expansions in (4.72) and
(4.75), for z outside Q% the terms

T

F oA () BB RO FNTO DA () Az, m) + AT (F(2)Bzm)]  (476)

do not appear. Note that, due to the quantity eTN™(1=2) these two terms are exponentially
small as n goes to infinity in comparison with the other term in (4.72) and (4.75), respectively.
This suggests that the region of validity of the expansion given in (4.74) can be extended to
z € TUIIL As a consequence, (4.67) holds for z € C\ (—o0,0] and Re z < 0.

So far we have established the asymptotic expansions of 7y ,(2) in the form of (4.66) and
(4.67) only for z > ¢ and z < o, respectively. Recall that the choice of o, in (4.1) is also
somewhat arbitrary, as long as « < ¢ <  and o # ¢. Hence, by choosing appropriate o,,, we
can make the regions of validity of (4.66) and (4.67) bigger. Indeed, the expansion (4.66) is
valid as long as Re z > «, and the expansion (4.67) is valid for Rez < S.

This completes the proof of Theorem 4.1.
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