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Abstract The authors consider Maxwell’s equations for an isomagnetic anisotropic and
inhomogeneous medium in two dimensions, and discuss an inverse problem of determining
the permittivity tensor (Z1 22) and the permeability x in the constitutive relations from
a finite number of lateral boundary measurements. Applying a Carleman estimate, the
authors prove an estimate of the Lipschitz type for stability, provided that e1, €2, €3,

satisfy some a priori conditions.
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1 Introduction and Main Results

We consider Maxwell’s equations for an isomagnetic anisotropic and inhomogeneous medium

(see, e.g., [16, 17]) in two dimensions:

O¢D1 (z,t) — 0o Hs(z,t) = 0, (x,t) e G=Q x (0,T),
O¢Do(x,t) + 01Hs(z,t) =0 (x,t) € G,

O Bs(x,t) + 01 Ea(x,t) — O Eq(x,t) =0, (x,t) € G, (1)
01Dy (x,t) + 02 Da(z,t) =0, (x,t) € G,

Di(x,0) = dy(z), Ds(x,0)=ds(x), Bs(x,0)=0b(z), =€,

vi(z)Ba(x,t) — va(x)Ey (2, t) =0, x,t) € X =090 x (0,7T)

with the constitutive relations
Di(x,t)\  [ei(x) e2(x)) [ Er(w,t) .
<D2($,t)> - (52(55) 83($)> <E2(x,t)> nEe (1.2)
Bg(l‘, t) = /.L(Z‘)Hg(],‘, t)7 (Z‘, t) € G,

where # = (z1,22) € R?,  is a bounded domain in R? with the C%-boundary 9%, 0y = %

for k =1,2, 0, = %, and (v1(x),v2(x)) denotes the outward unit normal vector to J€2 at x.
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Here (Z; §§) is the permittivity tensor and p is the permeability. The boundary condition of
E means that € is bounded by a superconductive material. For mathematical treatments (see
also [3]). Throughout this paper, we assume that £;(-), j =1,2,3, u(-) € C?(Q) satisfy

e1(z), e3(x), er(w)es(x) —e3(x), wp(x) >0, xcQ.
These conditions guarantee the hyperbolicity of (1.1), that is, the well-posedness of the boun-
dary-value/initial-value problem follows.

We assume that the initial data dy, do, b in (1.1) are sufficiently smooth and satisfy sufficient

compatibility conditions. Throughout this paper, we set
62(51562753)) d = (d17d27b)) x3:t7 83:ata vm:(81782)7 vm,t:(81)82)8t)-

By Dk(ev s (I))(Z‘, t)7 Ek(G, 3 (I))(Z‘, t)7 B3(€7 3 (I))(Z‘, t) and H3(65 M3 (b)(xv t)a k=1,2, we denote
the sufficiently smooth solution to (1.1) and (1.2).
In this paper, we consider an inverse problem of determining (e1(z), e2(x), e3(x), p(x)) for

z € Q from the observation data
Dy(e, ;@) (x,t), Bs(e,p; ®)(x,t), (x,t) €9 x(0,T), k=1,2.

For inverse problems for Maxwell’s equations, we can refer to Romanov [18, 19], Romanov
and Kabanikhin [20], Sun and Uhlmann [21], Yamamoto [22, 23]. However, to our knowledge,
there are few results on inverse problems of determining the coefficients in the constitutive rela-
tions for Maxwell’s equations in an anisotropic medium with a finite number of measurements.
This is the motivation of our consideration. In this paper, we will establish the uniqueness and
the Lipschitz stability for our inverse problem with a finite number of measurements provided
that unknown coefficients satisfy some a priori conditions.

To state our main results, we define some notation. Denote

A= /inf |z — 2912 >0, A:\/sup|x—x0|2—)\2>0 (1.3)
zeQ zeQ

with some fixed 20 = (29, 29) € R?\ Q.

The following sets are concerned with unknown coefficients (e1x, £ok, €3k, k), k= 1,2:

V = VMO,]V[L(S,OO,GI
_ {(04,612,043) c (02(5))3 . HalHCg(ﬁ)’ H(L2||C2(§)a ||a3HCQ(§) < Mlv ”(LQHCl(ﬁ) < (Sa

||VIOL1||C(§)7 ||an3|\c(§) < My, ai(z),a3(z) > 01, x € Q,

min{al(x) [2 + [81(1n al(x))} (xy — a:(l])}, as(x) [2 - {82(1n al(a:))} (w9 — a:g)}}

az() as(x)

—a1(2)[01(Inaz(z))] - (x1 — 29) — az(z)[O2(Inay (z))] - (w2 — 3) > Oy, = € ﬁ}, (1.4)




An Inverse Problem for Mazwell’s Equations 37
U= UM0JW1,5,90,917’70,H0

= {(61,62763,/1) €(C*(Q)*: =

——= =", b= 09,
5153—55 Y0, K= Ko OL

leillez@yy llesllozy Nilloe@) < M
e1(z), e3(x), e1(@)es() — 3(w), pla) > 01, v €O

( €1 €2 €3 ) cy
v — Mo, M;,8,00,01
(e1€3 6%)’ u(eies 63)’ wu(eres — g%) 0,M1,9,00,01>

1Dk (€, 13 W (i) lwsoe s (1Bl 13 W) lwsoe (@) < My for k=1,2, j =1, ,5}, (1.5)

where My > 0, My, 0y, 01 > 0,0 < § < min {91, ]\9/[—03 and smooth functions 7g, g on JS) are

suitably given. Here

2¢/A2Z + )2 M 64 My
Ms = Ms(My, M- A = 2 Moy | — My + 264 ). 1.
3 3(Mo, M1, 01, A, \) 7 ( 12 T Moy 7, +3My + 91) (1.6)

The set U is an admissible set where unknown coefficients are considered, and we extra require
the last inequality in (1.4) as well as the positivity. If [|Ve;llom). J = 1,3, |le2]c1(m), and
Vil (@) are sufficiently small, ey, €3, e163 — €3, p> 0 on Q and 1, &2, €3, u€ C%(Q), then

( €1 9 €3 ) cV
Mo, M1,5,00,0, -
pleres —€3)’ p(eres —e3)" pleres —€3) o

Therefore the set U is restrictive but can contain sufficiently many elements.

Furthermore we can take a constant § satisfying

2 _
0<5<min{ N0 —0)
A2 +4X/0; —0)?
4(00 — M36)*6 } (1.7)
(5MoAv/M + \/25MFAZM; + 16(00 — M30)65 )2 ) |

To guarantee the uniqueness and the stability of the inverse problem, we will use five sets
of the initial data: ¥ (j) = (d1(j),d2(5),b(j)), s =1,--- .5, and we state our main result.

Theorem 1.1 (Stability) We assume that di(j),b(j) € C*(Q), k = 1,2, j = 1,---,5,
satisfy

di(1)(x) = b(m)(z) =0, zeQ, k=1,2, m=2,---,5, (1.8)
[01d1(m)](x) + [Oada(m)](x) =0, z€Q, m=2,---,5, (1.9)
[b(1)(z)| > 62 > 0, z € Q, (1.10)
| det(Dg(z))| > 62 > 0, reQ, k=12 (1.11)

with a constant 65 > 0. Here we set

[01d2(2))(z)  —[02d1(2)](2)  da(2)(x) —dr(2)(x)

Dy (z) = [O1d2(3)](2)  —[02d13))(z) d2(3)(x) —di(3)(x) e
[D1d2(4)](x)  —[02dr(D))(z) d2(4)(z) —dr(4)() | ’
[01d2(5)](2)  =[02d1(5))(z) d2(5)(x) —dr(5)(x)
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0 20di(2)](z) 0 0

Dy (z) : : D
_ 0 2[01di(5)](z) 0 0O
Do) =1 90,4, 2))(x) 0 0 0 , e
; Do Dy (x)
2[01d1(5))(z) O 0 0
Let the observation time T > 0 satisfy
A
T>— 1.12
v 1)
where (B satisfies (1.7). Then there exists a constant C' > 0 such that
3
Z len — ellzz) + lu — p2llz2(0)
=1
5 3
<> {2 [ laduDwer, 15 () — Dilea, s W ())lzzox 0.1
j=1 1=1 k=1

+ 1|0,0¢[Bs (€1, pu1; ¥ (5)) — Bs(ea, pa; ‘I’(j))]||L2(an(o,T))]

2
+ > [10[Dr(er, 15 U () = D (€2, pa; ¥ ()] L2002 0.7
k=1

10U Baler. 13 ¥() — Baeas s W )] orvecorn (1.13)
for all (e1,p1) = (e11, €21, €31, p1), (€2, p2) =(€12, €22, €32, p2)€ U.

Here the constant C' > 0 is independent of (1, f11), (€2, p2) € U. For the Lipschitz stability in
the inverse problem, we have to choose particular initial inputs dg (), b(j), k =1,2,j=1,--- |5
satisfying (1.8)—(1.11).

Similar kinds of positivity conditions are needed for inverse problems for a scalar hyperbolic
equation (see, e.g., [7]) and it is extremely difficult to relax those conditions drastically. More-
over we need to change initial values five times and it may be possible to reduce the number,
but here we do not further exploit. We can choose di(m), k = 1,2, m = 2,--- .5, satisfying
(1.9) and (1.11) as the following example shows.

Example We assume that

0¢Q and QN {(xy,22);27 =23} = 0. (1.14)
We choose
4 (2)(2) m 0(2)(2) 72
di@)(x) | _ | w2 da(3)(x) | _ g
dy(4)(x) 22 | da(4)(x) 2x 129
dq1(5)(x) 2x129 ds(5)(x) x3

Then (1.9) is satisfied and

| det(D1(2))| = |22122(2F — 23)

;| det(Da(2))] = 122723 (2] + 2ia3 + 23),
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so that (1.14) implies (1.11).

In Section 2, we will show Carleman estimates as preliminaries for a hyperbolic equation
and a first-order differential equation. We will prove Theorem 1.1 in Section 3.

Our proof is based on the methodology of Bukhgeim and Klibanov [2] or Klibanov [13].
Their methodology is by means of a Carleman estimate and there are succeeding publications
[1, 4-12, 14, 15, 24] for example (see also the references therein). In this paper, we mainly use
the argument of [7] which modifies [2] and further apply the ideas in Chapter 3.5 in Klibanov
and Timonov [14] and Klibanov and Yamamoto [15] to prove the Lipschitz stability as well as

the uniqueness.

2 Carleman Estimate for a Hyperbolic Equation
For 3, A and 2°¢ R? \ Q, we define the functions ¢ = v¥(z,t) and ¢ = ¢(z,t) by
P(a,t) = |z — 2P = B2 = N2, p(a,t) = eV (D) (2.1)

with some large parameter o > 0. We set Q = Q x (=T7,T) for T > 0. Moreover we set, for

(z,t) € Q,
(Pv)(z,t) = (07v)(x,t) — [a1(2) (D7) (2, t) + 2a2(2)(01020) (2, 1) + as(x)(d5v)(x,1)].  (2.2)

We show a Carleman estimate for a general second-order hyperbolic equation in two dimen-
sions which is derived from [10, Theorem 2.1] (or [9, Theorem 3.2.1]).

Proposition 2.1 We assume that (a1,az2,a3)€ V. Let § satisfy (1.7) and let o(z,t), P be
given by (2.1), (2.2), respectively. Then there exists a constant 0 < ¢ < 1 such that for T €
(07 %—i—ﬁ), for some o > 0, there exists a constant K1 = K1(9, 0, Mo, My, 6,00,01,3,Q,T,2°) >
0 such that

/ (s|Vaeryl® + s*y?)e?*Pdxdt

Q

< Kl(/ | Py |2e25? dxdt +/ (8| Varyl® + 83y2)625‘0d0) for all s > Ky, (2.3)
Q oQ

provided that y € H(Q), Py € L*(Q).

For the proof of Proposition 2.1, in terms of [10, Theorem 2.1], it is sufficient to verify
that the weight function ¢ given by (2.1) satisfies some conditions called the pseudoconvexity
for (a1, as,a3) € V. For completeness, we will give the verification of these conditions in the

appendix.

Proposition 2.2 Let p(x,t) be given by (2.1). Then there exists Ko > 0 such that for
s > Ko we have

/ sw|?e2*#@0) dy < Kg/ IVw[2e2¢@0dsz for all w e C(9).
Q Q

For the proof of Proposition 2.2, we refer to [4, Lemma 3.6].
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3 Proof of Theorem 1.1

We note that 0 < 9 < 1 and p > 0 are given in Proposition 2.1, 3 > 0 and ¢ are given by
(1.7) and (2.1) respectively, and (e, ux) € U, k =1,2. For any 9y € (0,9), we set
A

T:ﬁ+ﬁ0. (3.1)

Then T' € (O, % + 19) and under the assumption of Proposition 2.1, Carleman estimate (2.3)
holds on Q = Q x (=T, T).
In order to prove Theorem 1.1, it suffices to prove Theorem 1.1 for T which is given by (3.1).
We extend the functions Dy (er, pui; V(5)), Ex(er, ;Y (5)), Bs(er, p; ¥(5)) and Hs(e, p;
U(j)), k,l=1,2 and j=1, ---, 5, from G = Q x (0,7 by the following formulae:

Dy (et p; W (m)) (@, t) = Dy(er, pu; ¥(m)) (@, —t),
By (e, pu; ¥ (m)) (2, t) = Eg(er, pu; ¥ (m)) (z, —t),
Bs(er, pus ¥ (m)) (2, t) = —Bs(er, pu; ¥(m)) (x, —1),
Hs(er, pu; ¥(m)) (@, 1) = —Hs(er, pu; ¥ (m)) (z, —1),
Dy(er, pu; W(1)) (@, 1) = —Di(er, pu; ¥(1)) (2, =),
By (e, pu; (1)) (@, t) = —Eg(er, pu; ¥(1)) (2, =),
Bs(er, pu; W(1)) (@, t) = Bs(er, s V(1)) (2, —1),
Hs (e, pu; W(1)) (2, 1) = Hs(er, pu; U(1)) (2, —t)

for all (z,t) € Qx (=T,0), k,l =1,2, and m = 2,--- , 5. For simplicity, we denote the extended
functions by the same notation. By (1.8), we have Dy (e, pr; ¥(1))(-,0) = Bs(er, i3 ¥(m))(-,0)
=0in Q for k,l = 1,2 and m = 2,---,5. Therefore, for k,l = 1,2, m = 2,---,5, and
j=1,---,5 by (1.1), (1.2), and Dy(e;, ;¥ (5)), Ba(er,p; ¥(5))€ W3(G), we can verify
that

Hs(er, pu; W(m))(+,0) = (0: D (er, pu; W (m)))( -, 0) = (9 B (e, pu; W (m)))(+,0)
= (07 B(er, pu; ¥ (m)))(+, 0) = (97 Hz(er, pu; ¥(m))) (-, 0)
= Ep (e, pu; W(1))(+,0) = (8:Bs(er, pu; ¥(1)))( -, 0)
= (OpHs(er, p; W (1)))(+,0) = (97 Die(er, s ¥ (1)))(
= (07 Bx(e1,u; ¥(1)))(+,0) =0 in Q.

)
)
70)

Therefore, Dy (e;, ;Y (j)), Ba(er, u; ¥(j))€ W3(Q), and in both (1.1) and (1.2), G and ¥
can be replaced with @ and 09 x (=T, T), respectively.
For all (z,t) € Q, k=1,2,5=1,---,5and m,l = 1,2,3, we set

) = [0 D (e, ;s W (5)|(, 1) — [0e Dy (e2, p2; ¥ (4))] (2, 1),
ys(z,t;5) = [0eBs(er, p1; Y(4)|(w, 1) — [0: Bs(ez, p2; ¥ (5))|(, 1),
)

= [8,5Dk(62,/1,2;\1/(j))]($,t), Rg(if,t;j) [875B3(627M27\Ij( ))]({E t)
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Zml(xvt;j)zamyl(xat;j)7 Y(xat;j):(ylay27y3)(xvt;j)a {E t] Z|yl x t]
Z(z,t;7) = (zou(®,t§))1<ma<s, | Z(x,t57)] Z |z (2, 2 7)|
m,l=1
ik (z) = ek () s, filz) =72(x) — v (z),
e1k(z)esk(z) — €3;,(2)

1 1
fa(z) = @) @) f5(x) = 01 fi(x) + Oz fa(w), fo(z) = Orfa(x) + Oaf3(x).

Moreover, we set (Fy, Fp, F3, Fy)(x) = 01(f1, f3, f5, f6)(x), (F5,Fs, Fr, Fg)(x) = 02(f1, f3, f5,
fe)(x), and

2 6
= Z |(Ok 0y fa)( Z |0k f1(2)]* + Z Ifi(z)|*> for z € Q. (3.2)
k=1 1<k<2 =1
12156

Then we have, for j = 1,---,5 and m,l = 1,2,3, yi(-;7), Ri(-;5) € W2(Q), zm(-;j) €
Wl’OO(Q),

Oun(-13) = o [mon(-1)] = ~OulfiRa(-10)] in @ (33)
On(-31) + O [-mun(-1)] = BlfiRa(-13)] in @ (34)
Oy (57) + O [=r21y1(+35) + yu1y2(-55)] — %2 [varya (- 57) — v2192( -5 )]
= [01R2(-59))f1 = 2[00 Ra (5 9)] f2 — [OaRa (-5 9)]f3 + Ra(59) f5 — Ra(-5)fs in Q, (3.5)
(O1y1)(+57) + (O2y2)(+3J) =0 in @, (3.6)
y1(-,057) = =02[fab(5)],  w2(-,0;5) = O1[fab(j)] in €, (3.7)
ys(+,0;) = [01d2(§)] f1 — 2[01dr (1)) f2 — [O2dr ()] f3 + [d2())]f5 — [dr(j)]fs n Q. (3.8)
In fact, by (1.2), we have
Hs(e1, a3 W(j)) — Hs(ez, po; ¥(j))
- MiB3<e1,m; V(i) = = Balea, i W)
[33(61#1»‘1’( ) — Bs (€2, p2; W(j))] — faBs(e2, p2; ¥(j)) in Q. (3.9)

Hl

Using (1.2) and noting
E1k €2k Yok —y2k) _ (1O onQ, k=1,2,
€2k E3k Y2k ik 0 1

Ey (Glaulv\y(])) Ey (62,/12, (]))
E (elaula ] 62,/1’% (]))

y31 =21\ [ Diler, pi; ¥(j)) 32 =722\ [ Dilez, p2; ¥ (j))
—721 Do (€1, p11; Y (j)) —Y22 M2 Dy (e2, p2: ¥ (5))

we have
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_ [ v T Di(er, p1;9(5)) — Di(e2, p2; ¥(5))
Y21 Y11 Da(er, p1;¥(5)) — Da(e2, pa; ¥(3))

- < fs —f2> Dy (€2, p2; ¥(5)) inQ (3.10)
—f2 fr ) \ Dalea, p2: 0(5)) . |
Differentiating (3.9) and (3.10) with respect to ¢ and noting t-independence of p1,yi1, fi (I =
1,2,3), fa, we have

[0cH3 (€1, pa; W(5)I(-) — [OrHz (€2, p2; ¥ (5))](-) = iys( 57) = faR3( -5 7), (3.11)
[OcE1 (€1, 13 W (5))]( ) — [0 B (€2, p2; W (5))](+)
[OcE2 (€1, 15 W (5))](+) — [0 Ea(ea, p2; ¥(4))](-)

o 3t 21 yi(-34) B fa  —fo Ri(-:)) -
_<_721 711><y2(-;j)> <—f2 fl)(RQ(';j)> @ (3.12)

By (1.1), we have

y1(-57) = {02[Hs(er, 15 U(j)) — Ha(ea, pos V()] }(+), (3.13)

y2(-17) = —{01[Hz(e1, pa3 V(4)) — Hs(e2, p23 W ()]} ), (3.14)

ys(+57) = —{O01[Ea(er, pa; U(4)) — Ealea, pa; W(4))]}H(+)
+{0[Er(e1, p1; ¥ (5)) — Er(e2, p2; ¥(5)}(-) in Q. (3.15)

Differentiating (3.13) and (3.14) with respect to ¢ and using (3.11), we can obtain (3.3) and
(3.4). Differentiating (3.15) with respect to ¢ and using (3.12), we have

Ory3(-59) + O1[=r2191(-57) +y11y2(-59)] — G2lyz1yi(-37) — v2ry2(-;4)]
= —0[faR1(-37) — fiRa(-15)] + 0o faRi(-1j) + f2Ra(-37)]
=[01R2(59)]f1 + [02Ra(-57) — O1Ra (-5 9)) f2 — [O2Ra (-5 )] f3
—(O1fa + Oa2f3) Ri(-37) + (O1f1 + O2f2) Ra(-3j) in Q.
Therefore, using 91 R1(-;7) + d2Ra(-;7) = 0 in @ and noting the definitions of f5 and fg, we

have (3.5). By (1.1), we have (3.6). Moreover, by (1.1), (3.9), (3.13) and (3.14), we can obtain
(3.7). By (1.1), (3.10) and (3.15), we have

ys(+,055) = —01[fadi () — f1d2(5)] + Oa2[=f3d1(§) + fada(5)]
= [01(d2(4))f1 + [02d2(7) — Ordr ()] f2 — [02(d1 (5))] fs
— (01f2 + 02f3)d1(j) + (Orf1 + D2f2)d2(j) in €.
Therefore, using (1.8) and (1.9) and noting the definitions of f5 and fs, we have (3.8).

Furthermore, for j = 1,--- ,5, by the extensions of Dg(e;, ui; ¥(5)), Bs(er, p; ¥(5)), k1 =
1,2, and the definitions of Y'(-;j), Z(-;j), we see that

|Y('7t;j)|:|Y('a_t;j)|v |Z('at;j)|:|Z('7_t;j)|a t>0. (316)
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Differentiating (3.3) with respect to ¢, we have
Fyi(-34) — 0 i(atys(';j))} = —[fs(0cR3(+;j))] inQ for j=1,--- 5. (3.17)
We can replace d;ys(-; §) in the second term of (3.17) by using (3.5) and obtain that
Oy (+55) = 200001 (+33) + L0102y (1) — TR0y (1) + - 0Bya(-35)
1 M1 2 H1
= A (1) Y (39) + O (O Ra 1) = 20 R ()

— @R (3 s + Ra30)fs = Ra()fel | = Oa{falouRe(3 )]} n @ (318)
for j = 1,---,5. Here and henceforth, Ap(-;7;Z(-;7),Y(-;7)), k = 1,2,---, denote linear

functions of elements of Z( ;) and Y (-; j) with C(Q)-coefficients. Furthermore, we can replace
Oay2( -3 ) in the left-hand side of (3.18) with —01y:1(-;J) by using (3.6) and arrive at

O (1) = [ZL0R (- 13) + 220101 (- 53) + 205 59|
= A 2050 Y () + 0o (@ Ral ) s = 200 Ra () s
= (2R (-39))fs + Ra(-39)f5 — Ra(- ;j)fs]} — Qo {fal0R3(-5 )]} inQ forj=1,---,5.

By the same argument, we can obtain that
(1) = [L0kua(-1)+ “2010p(-53) + 22051
= a5 23V (+59) = O { (O Ra -0 s = 20 Rs (D)
— OaRa (-1 9)fs + Ral-30)fs = Ra(39) ol | + O {faloeRo( 1))} in Q.

Oual:3) = [ZL08(-13) + 22010 53) + 20359
=A3(-5552(+57),Y(+57)) — 0u{v21[02(faR3( -5 ))] +v11[01 (faRs(-55))]}
— Oo{¥31[02(faR3( -5 7)) + v21[01 (faR3( -5 5))]t} + [010: Ra( -5 5)]f1 — 2[010: R1( -5 5)] f2
—[020: Ry (-3 9)]f3 + [0¢Ra (-5 9)|fs — [O:R1(-55)]fe in Q

for j =1,---,5. Therefore, by (e1, 1) € U, we have (2L 32 35L) €V and can apply Propo-

1 op1 g

sition 2.1 to y(-37), | =1,2,3, so that by ||[Ri(-;j)|lw2(q) < M1, [ =1,2,3,
/Q(SIZ(x, t )+ $°Y (2,8 ) P)e? 7" dadt
< Cl{/Q]-'(x)e?s@(x’t)dxdt—k/Q(s|Z(x,T;j)|2—|—s3|Y(x,T;j)|2)ezs“’(m’T)dx
556300 1 /Q (s12 (e, ~T: )P + ¥ (2, ~T3 )= D} (3.19)
for all sufficiently large s >0 and j =1,--- ,5 where ® = e??” > 1 and

5 T
= z,t;5)? z,t;§)|})dodt. )
9‘;/T/m('z( DR+ IV (b)) dodt (3.20)
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Here and henceforth, Cy, k=1,2,---, C\, C., denote positive constants which are dependent
on Q, T, 2% W(1), U(2), U(3), ¥(4), ¥(5), My, My, 6, by, 01, O, Yo, o, 0, 3, but independent
of s and 7. By (3.16), we can eliminate the last term in (3.19).

Noting the definition of (2mi(-;7))1<m,i<3 and differentiating (3.3)—(3.5) with respect to

Tm, We can obtain that

Orzm1(-:7)— 02 [izmﬂ : ;j)}

= A1 (355 2(+55), Y (+59)) = 020m[faR3(-;7)] inQ, (3.21)
) 1 )
Orzma( -5 7)+01 [Izwﬁ( ' ;J)}
= Asmy2( 355 2(+55), Y (+59))+010m[faR3(-57)] inQ, (3.22)

Orzm3(-317) + 01[=v212m1( 3 7) + Y112m2(+55)] — O2[v312m1( -3 7) — Y212ma( ;7))
= A3my3(-3352(-35), Y (+59)) + Om{[01R2( -3 )1 f1 — 2[01 R1 (-5 5)] fo
—[02Ry(55)]f3 + Ra(-55)fs — Ra(-57)fe} inQ (3.23)

form =1,2,3and j = 1,---,5. For any —T < t; <ty <7T,s >0 and nn > 0, multiplying

(3:21), (3.22) and (3.23) by [y312m1(+55) —1212m2 (-3 9)) €27, [=9212m1(+3 ) +7112ma( -5 5)]
€289t and %13) €259~ respectively, adding them and integrating over Q x (t1,t2), we

can obtain that

21001 y Zm3 (T, t;7) » y
[ {522t t0) — [ @) 0,855) () )

Zm3($,t;j) _ L L 2sp(x,t)—nt
0, {7;“(@ (—721 ()2 (28 5) + 711 (@) 2ma (2, )| e dadt

/ IK ZA9+3m+l 2,855 2(-19) Y (-19) 2, 6:)

_[828m(f4( ) 3(1’,t,]))][’}/31( )Zml(xat;])_721(x)zm2(xvt;j)]
+[010m (fa(x)Rs(, t; §))|[—721 (@) 2m1 (2, 5 §) + 111 (2) 2ma (0, E5 )]
HOm[(O1 R (2, 15 7)) f1(x) — 2(01 Ra (2,85 5)) fo(x) — (O2Ru(x,t; 7)) f3(x)

oot fo(0) — Rl t) )]} T ezor e gy, (3.24)

2
where Z,(+37) = 131251(+35) = 27212m1(59) 2Zma2( -5 9) + M120ma(-55) + % m=1,2,3,
and j = 1,---,5. We denote the left- and the right-hand sides of (3.24) by I, and Iojm,

respectively. Using integration by parts, we can obtain that

1 1
Lijm = —/ Zo (93 )€1 02 gy — 5/Qzm(a:,tl;j)eW(“l)—"tlda;
to
Zm3lT, t . .
// Zma(®,1;J) —— 2 (=21 (2) 2 (2, 5 5) + Y11(2) 2ma (2, 85 ) v (2)

Zm3(, t; . . so(z,t)—
- %[Wsl(w)zmﬂx,t;]) —721(w)2m2(x,t;])]Va(x)}eQ P@ )=t g it
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ta
. / | 2@ ts2s0np(w.0) = et daay

12
zm T, t . .
—os [ {2 @) (a. ) + (o) omae o)
ty
B Zm3(x7taj)
pa ()
form=1,2,3,7=1,---,5, 7> 0, and s > 0. Therefore, by the definition of ¢, the inequality:
2|ab| < a? + b? and (e, u1) € U, we have

o1 () 2 (2,6 ) = 921(2)2ma (2, 5 1) [Oasp (w, 1)] e =t

1 1
Tijm > = / Z (@, to; e e @t =tz gy — / Z (@, t1; ) e gy
2 Q 2 Q
to to 3
i / / Zo (3,15 )PPt — C / / 2@ S 2 (0 4 ) Pdodt
2 t1JQ t1 J O =1

to 3
— Css / / 2PN o (, £ 5) [P dadt (3.25)
b /0 =1

form=1,2,3,j=1,---,5,7>0,and s > 0. Furthermore, by (3.2), the definition of Z,,(-; ),
the inequality: 2|ab| < a® + b, (e1,p1) € U, and [|Ri(-;7)|lwzee(q) < M1, 1 =1,2,3, we can

obtain

ta
Injm < Oy / /(|Z(a:, tI?+ |Y(x,t;j)|2)623‘p(”’t)_"tdxdt
t1JQ
ta
+ 04/ / f(x)eQS‘p(m’t)_"tdxdt (3.26)
t1JQ

for m = 1,2,3, j = 1,---,5, 7 > 0, and s > 0. By (e, 1) € U, we have p(z), 212

bopa(e)
7?11—((;6)) > 0 for x € Q, [l ey < My, and [|[22-[|cy g, < 6. Therefore, by the inequality:

2|ab| < a? + b2, § < 01 and the definition of Z,,(-;j), we have

1 oo M) - .
5 Zm(@,t7) = T{lefnl — 8(z01 + 2m2) + 1200 M, 5 5) + 2 () zms (@, )

M«

01 ) 1 .
> 5 (01 = 0)(zp1 + o) (@, 15 ) + 2—szng(x,t;j) >h

—

_ min{60, (01 —95), ——
where (z,t) € Q,j=1,---,5,m=1,2,3, and h = M > 0. Summing (3.24) over

m =1,2,3 and using (3.25), (3.26), and (3.27), we can obtain that
to
N T B
Q t1JQ
to
<C{ [ 1ZtigPeseenman s [Cf |z )P tioa
Q ty JOQ
tz to
+S/ |Z(x,t;j)|2e25‘0(””’t)*”tdxdt—|—/ /]—'(x)e%‘”(w’t)*mdmdt}
Q

t1

ta
+3c*/ /(|Z(x,t;j)|2+ Y (2, £ §)|%) 22 @D~ gy (3.28)
t1JQ
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for j=1,---,5,7>0, and s > 0. Moreover, using (3.3)—(3.5) and repeating the procedure of
deriving (3.28) from (3.21)—(3.23), we can obtain

ta
h/ |Y(w,tg;j)|2628“’(m’t2)_"t2dfn+nh/ / Y (2, t; §)|2e2*P @D dadt
Q t1JQ
ta
<Co{ [ W tgpeseem i [ ¥R o
Q ty J O
tz ta
+s/ |Y(x,t;j)|2625‘0(x’t)*"tdxdt—|—/ /]—“(x)e%ww’t)*mdmdt}
t1 JQ t1 JQ
ta
+C**/ / Y (x, t; §)[2e2P @0 gy (3.29)
t1JQ

forj=1,---,5,n>0and s > 0. Adding (3.28) and (3.29), taking n > %, and noting
—T <t; <ty <T and (3.20), we can obtain that

/(|Z(x,t2;j)|2 Y (2, t2; §)|2)e2P@t2) gy
Q
= C?{/(|Z(x,t1;j)|2 Y (2, 1 §)[2)e2 @) 4 4 2520
Q
+/ f(x)628¢(m7t)d$dt+ 8/ (|Z({E,t;j)|2 + |Y(x’t;j)|2)623¢(m,t)dxdt} (3.30)
@ Q

forj=1,---,5and s > 0.
Taking to = 0, t; = —T, and s > 0 sufficiently large in (3.30), we can appply (3.19) to

replace the last term in (3.30) and arrive at
[ 1200 +1¥ (0.0 )ee O
< C{ [ (12(a,~Td) + V(@ ~Te)P)esoe s 1 57200
+ /Q}"(a:)e%ww’t)dxdt + /Q(S|Z(x,T;j)|2 + %Y (x, T;j)|2)625¢(w’T)dx}
< cg{s?’em /Q(|Z(x,T;j)|2 Y (2, T §)|?)dz + 532520 +/Qf(x)e2w(w>dxdt} (3.31)
for all sufficiently large s > 0 and j = 1,--- ,5. For the second inequality in (3.16), we have
used (3.16) and p(z,T) = ¢(z, —T) = e@llz=a’P=BT* =A%) < 1 = (o(A*=BT%) By (1.12), we see
that
0<T <1 (3.32)
Furthermore, taking to =T, t; = 0 and s = 0 in (3.30), we see that
[ 02T P+ 1Y @ T3

< 010{ / (1Z(x,0; §)> + |Y (z,0; §)|*)dz + © +/ f(x)dxdt} forj=1,---,5. (3.33)
Q Q
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Substituting (3.33) into (3.31), we obtain
[ 120D + 1Y (@0 P20 < o {26500 4 | Fla)(e2o0) 4 59627 dade
Q Q
b [ ST 20 + |V (w,03))de} (330)
Q

for all sufficiently large s > 0 and j = 1,--- ,5. Here we have used T < ®. By

o(z,0) = eello= P > e (3.35)

and (3.32), we have
0 < 53257 < g3e25(T=1)25¢0(2.0) 5 7 c ) and }E& s3e25(T=1) — (3.36)
Therefore, we can eliminate the last term in (3.34). Then, summing (3.34) over j =1,---,5,

we can obtain that
5
> / (12 (x,0; )I? + Y (z,0; 5)[})e2¢ @0 gz
Jj=
< Cl? 25(1)@ +/ ./T 2‘9‘/’(73 t) + 8362ST)d$dt} (337)

for all sufficiently large s > 0.
On the other hand, by (1.10), (3.7), and the definitions of Z(-;j), Y (-;J), we have

2
Do10kfal? < C(lY (L0 D) + |fa?) in €, (3.38)
k=1
2 2
> |aonfal? < 014(|Z(-,0;1)|2 +) lonfal + |f4|2) in Q. (3.39)
k=1 k=1

Furthermore, by (3.8) and the definitions of Z(-;j), Y(-;7) and Dy, we see that

2 (| (oo s

L wys(+,0;3 1(3 .

P | = ws0n | P2 | o ™ (3.40)

fe ys(-,0;5) [01d1(5)] f2

O f1 ZkBE',0;2; 31@3 1 122;%{ f1
oufs | [ zes(-,0:3 O {[01d1 (3)] o sl

il ot | = |zl 0y | +2 a:{[aldlzx)]f} —@Dy) | g @ (34
O fe 2k3( -, 0;5) Ok {[01d1(5)] f2} fo

where k = 1,2. Noting the definitions of Fy, F5, ---, Fg, f5, fs, we have

Orfa=fo —Fs, Oa2fs=fs—F1, inQ. (3.42)
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Noting the definition of Dy and using (3.41) and (3.42), we can obtain that

z13(+,0;2) [01d1(2)] fs d7d1(2)
I z13(+,0;5) (011 (5)] f, 92dy (5) oD\ | f
D _ | #23(-,0; 9 | 1011 6 9 1d1 _ (0D 3 u
| 223(+,0;2) N [01d1(2)] f5 22 0102d1(2) 0Dy ) | f5 (343)
Fy z z z fe
z23(+,0;5) [01d1(5)] f5 0102d1(5)
in Q. Therefore, by (1.11), (3.40) and (3.43), we have
Z A2 < 015(2 Y0P+ 1R+ 1A)) o, (3.44)
6
SR < cw(z Z( 02+ Y IA1) e (3.45)
1=1 j=2 =1
Furthermore, by (3.42), we have
2
Z |0k fa* < Crr(IFL PP + | Fol* + | f5]° + 1 f6?) in Q. (3.46)
k=1
Then it follows from (3.2), (3.38), (3.39), (3.44), (3.45) and (3.46) that
5
F<O{ Y020, 00P + Y0 4 IRP + AP} mo. (347
j=1
Consequently (3.37) and (3.47) imply
[ F@e ==z < Ca{ [ (1520 + |fa(w) o=V
Q Q
+ s%e?*%0 + / F(z)(e2*¢®D 4 sgeQST)dxdt} (3.48)
Q

for all sufficiently large s > 0.
Noting (€1, 1), (€2, p2) € U and the definitions of fa, f4, we can apply Proposition 2.2 to
get that

C 2
/Q (2@ + | fa(@)[*)e**? OV de < =22 / (D00 fa(@) 2 + |00 fa(@)[2) )9 (3.49)
k=1
for all sufficiently large s > 0. By (3.2), (3.48) and (3.49), we can obtain
/ F(x)e2#@0 dy < C21{53625q’@ —|—/ F(z)(e?@) 4 83628T)d$dt} (3.50)
Q Q

for all sufficiently large s > 0. By (3.35), we have

o(z,t) — p(x,0) = elo=a" =A%) (o=aBt" _ 1) < g=eBt® _q
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for (z,t) € Q and consequently
250(0) 4 (3025T _ (p25(p(e)=(0.0) | 325(T=p(2,0))) 25(2,0)
< (ezs(eﬂﬁ‘Q—l) + 53628(1’—1))623@(1',0)’ (z,t) € @
Therefore we have

/ F(a) (298 4 5320 dudt
Q

T ope?
< { / (e2s(e™" *1>+s3e2S<T*1>)dt}( / ]—'(x)e%‘”(w’o)d:ﬂ). (3.51)
-T Q
Noting (3.32), we have
T —opt?
lim [ (e2" Y 4 32Ty — 0. (3.52)
s—oo [ _p

It follows from (3.35), (3.50), (3.51), and (3.52) that
/ F(x)dx < 6_28/ }“(@&S«P(%O)dx < CpysPe 252529
Q Q

for all sufficiently large s > 0. Hence, taking s > 0 sufficiently large, and noting (3.2), we obtain
that

24: [fi(x)[?)dz < [ F(x)de < Ca30. (3.53)
) Q
=1

Moreover, by direct calculations, we can verify that gy — po = pipsfi and

Ji(y11ys1 — ’731) + v [(v22 + Y1) f2 — Y12 f3 — 31 f1]

€12 — €11 = n
(712732 = ¥32) (V11731 — 731)
where [ = 1,2, 3. Therefore we have
3 4
Z llew —en2llz2) + I — w2l L2y < Cos Z I fill 2oy (3.54)
=1 =1

In terms of (3.16), (3.20), (3.53), (3.54) and the definitions of Z(-;7), Y (-;4), j=1,---,5,
the proof of Theorem 1.1 is complete.
Appendix Verification of the Conditions for Carleman Estimate (2.3)

We note that P and 3 > 0 are given by (2.2) and (1.7) respectively, z° € R? \ Q and
T € (0, % + ) where 0 < 9 < 1 is sufficiently small.
We set

P(z;¢) = = + ar(2)¢f + 202(2)C1G2 + a3(2)(3, v €D, ¢ =(G1,¢,63) €CP (A
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Then, under the condition (a1, as,as) € V, we have to verify that 1 (z,t)= |z — 2°% — pt2 — A2
satisfies (A.2), (A.3) and (A.5):

(Vo) (,8)] >0, (2,t) € Q. (A.2)
e oropP o A
1= (9;009)(x, t)aC % (2;€) + lim 7 Zakp x5+\/_17( et (2,1))
Ji:k=1 k=1
> K¢ (A.3)

for some positive constant K, for any & = (£, &2,&3) € R? and any point (z,t) of Q such that

P(x;€) = Z % (z;€)(0;9) (z, 1) = (A.4)

P(z; (V I,tdj)(x,t)) #0 forall (z,t) € Q. (A.5)

Here § means the imaginary part. Then by [10, Theorem 2.1] we see Carleman estimate (2.3).

First, by direct calculations, we have

(V) 6) = (201 — ), 2022 — a8), ~200)
(000080 = (010002 ) = (o)1) = 0.
@F0)e,t) = (OB0)(w,0) =2, (3R (e 1) = —25,
(OUP)050) = o)) + 200G + Qo)) ok =12 @oP(as0) =0
S @0 = 2@ + 2ea(a)a, G (@30) = 20a(a)r + 2aa(o)a, e (0 C) = 26

Verification of (A.2)

By 2% € R?\ Q, we have |(V, )(z,t)]? = 4|z — 29> + 48%t% > 0 for (z,t) € Q. Therefore
(A.2) has been verified.

Verification of (A.3)
By direct calculations, we have, for z € §,
I =8{[a ( )1 + az(2)&]? + [az(2)é1 + as(2)&2]* — BT}
+ 42{2 a()€1 + arr1(2)&2][(Opar(2)) (21 — 29)&1 + (Tras(2)) (22 — 25)&
(3ka2( )((x2 = 25)&1 + (w1 — 27)&)]

= (w1 —af)ar(2) + (w2 —a3)arn (2)][(Opar (2))6 +2(0kaz(2))61 €2+ (Oras(2)€3]}. (A6)
We divide the right-hand side of (A.6) into two terms: the first term I; is independent of aq(x)
and the second term I is dependent on as(x). That is, I = I; + I where
L = 4{2a7(2)€} + 2a3(2)&3 + ar(@)[Drar ()] (z1 — 29)EF + 2a1(2)[Dras(x)](z2 — 25)€1€
— ay(2)[Dras(2))(21 — 21)€5 + 2a5(2)[02a:1 (2)] (21 — 29)&162
+ a3(x)[D2a5 ()] (w2 — 25)€3 — as(x)[Dza1 (2)] (w2 — 25)€F — 2565}, (A7)
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Iy = 8a3(x)(&] + &3) + daz(x){da1 (2)&1& + das(2)&1 & + 2[01a1 (2)](z1 — 29)61&2
+ [Oraz(@)](x2 — 23)€5 — [B101(2)] (22 — 25)EF + [D2a1(2)] (21 — 27)&F
+ 2[0aa3(2)](x2 — 23)&1&2 — [D2az(@)](x1 — 29)&5 + 2[Oraz(@)] (21 — 29)&3
+ 2[0zas(2)] (22 — 23)E7} + 8ar (2)[Draz(w)](x2 — 25)&F + 8az(x)[D2as(x)] (21 — 27)E3.

On the other hand, condition (A.4) implies that, for (z,t) € Q,

a1 (2)&F + 2a2(x)61&2 + as(2)€5 = &3, (A.8)
a1(2)€1(z1 — 29) + as(2)&2 (22 — 29) = —Btés — az(x)&a (21 — 1Y) — as(w)é1(z2 — 23).  (A.9)

Moreover, by [laz|cr @) <9 < b1, a1(z), as(x) > 01, z € Q and the inequality: 2|ab| < a® + b2,
we see by (A.8) that for z € Q,

€2 = a1 (2)E2 + 2as(x)&1 & + az(x )5%
< ay(@)E +as() + 2Dl i) 6V

ai (a:)

< a1 (2)& + az(x)&3 + 0—1[a1($)51 +a3(2)&3] < 2[ar(2)€} + az(2)&3). (A.10)
Consequently, again by a;(z), az(z)> 6, for x € Q, we have
Alay(2)€F + as(2)€3] = 2[a1 (2)€F + az(2)&3] + € > min{20, 1}[¢%, = € Q. (A.11)
Next we estimate I. By (A.9), we obtain

01 (Inag(x))]é [as(x) (z2 — 29)&)
01 (Inaz(x))]&1[—ar ()1 (x1 — 2Y) — Btés
2)&a (1 — af) — az ()& (z2 — 29)], (A.12)

a1 (z)[01as(x)](z2 — 25)6162 = a1 (x

Oz (Inay (x))]&2[—as(z)6a (v2 — x9) — Btes
— ag(z)&2 (w1 — 2Y) — az(w)& (v2 — 23)). (A.13)

Substituting (A.12) and (A.13) into (A.7) and arranging it according to &%, &3, 8 and az(z), we
can obtain, for (z,t) € Q,

I = 4a1 (2)€7{2a1() + [Drar(2))(z1 — 27) — az(2)[B2(In a1 (2))) (w2 — )
— 2a1(x)[01 (In ag(@))] (21 — 29)} + daz(x)&3{2a3(x) + [D2a3(x)] (z2 — 25)
— a1 (2)[01 (I az(x)] (21 — 27) — 2a3(2)[2 (0 a1 (x))](x2 — 25)} — 8E;
— 86t{a1(2)[01 (Inas(2))]§1 €5 + as(2)[02(In a1 (2))]§283}
= 8az(2){a1 ()[01 (Inaz(2))](x1 — 29)é1& + a1 (2)[01 (0 az(x))] (w2 — 25)&F
+ a3 (@)[2(Inax (2))] (21 — 29)&F + az(x)[B2(In a1 (2))] (w2 — 25)&1 &2} (A.14)
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Moreover, using ||Vwa1|\c(§), IVzas|l o< Mo, ar(z), as(z)> 61, we have

2[v/a1(x) §1v/a3(x) &| < ar(2)€F +as(2)€3, 2|V ar(x) &1&| < an(2)€F + &3,
2|\ az(x) &263] < asz(2)€5 + &5, |0j[nak(z)]] < ];4—10 for 7=1,2 and k=1,3,

Ora1(z) = a1 (x)or[lnar (x)], O2as(x) = asz(x)d2[lnas(z)], =€ Q.

Therefore, using (1.3), (A.10), [la1 c2(m): [lasll 2@ < M1, [lazl|cr @) < 0, we have, for « € Q,

1 > 4y (216 {2 (0) + () [ (10 D)y — )

as(x)
— a3(2) [0z (In ay (2))](z2 — 25) — a1 (2)[D1 (In az(2)))(z1 — =)}
+ 4a3(a:)§§{2a3(a:) —az(x) [82 ( In Z; EJ? )} (3 — 29)

— a1(2)[01 (In as ()] (21 — 29) — a(@) D2 (m a1 ()] (@2 — 23)}

160006} + as@)eh] — LT g, (et 1 aared + 26
2 2 2 2
- SIS s (0 + an(o)gh) - X, (062 4 g
> 4fur (6] + as()e) 00 — a9 - VAL AMVIEE ([ 4 1)) s

For the second inequality, we have used (a1, a2,a3) € V and (A.10). Furthermore we can

similarly estimate I and have

/ oMy & _
I, > —85y/AZ + AQ[ A2 + ks 010 t gt m@E tas@g), ze@ (A10)

Then (A.15) and (A.16) imply

I=05+1

> 4o (@)€] + as(2)€3) [0 — 45 -

2v/AZ + X206
— 7, (2 A2—|—)\2+M0” +3M0+5+91)}

5M0\/_5T

> min{26;,1} [00 46— 5M°5/_ﬁ( n 19)
2VAZ+ 22§
B (Vs o+ Mo \/ 3o +201) e
— min{26;,1} [00 ~ M3 — 46 — 5M05/1_5 (ﬁ + 19)} €2, zeq. (A.17)

For the second inequality and the last equality, we have used 0 < T' < % +49, 0 < b, (A.11)
and (1.6), respectively. By (1.7), we have

9O—M35—4ﬁ—(@)\/§>0.
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Therefore, taking
0o — M36 — 45 — (75M°2;/1MA)\/B

0<d< 5Mo+/M 3 ’
01
we obtain 5
5Mo/ My

0 — M36 —43 — ——(—= + 0 .

o 3 B o (\/B+ )>0

Hence we have completed the verification of (A.3).
Verification of (A.5)

By 0 <9 <1,d<6; and (1.7), we have

BY+AB—M/01— 6 < B+AVB— /0 —6<0.

Consequently, noting

A
0<T < —=+19,
VB

M0 — 6 > B0+ A/B > BT.

we can see

Therefore, noting
lazllcrgy <90, ai1(x), as(z) > 61 forze Q

and the inequality
2lab| < a® + b2,

we have

P(z; (Vaut)(, 1))

= 4[=3% + a1 () (21 — 21)? + 2a2(2) (21 — 27) (22 — 23) + az(z) (w2 — 23)°]
> A[=F2T? + 01 (x1 — a)? = 8lw — 2 4 01 (2 — 23)?]

=4[-F*T? + (6, — 0)|z — x0|2] > 4[-B*T? + (61 — 6)\?
=4(

A0 — 6+ ﬂT )\\/ 0, — ﬁT > 0, ({E,t) € @

We have verified (A.5).
Thus we have completed the verification of the conditions (A.2), (A.3) and (A.5). We can
apply [10, Theorem 2.1] to obtain Carleman estimate (2.3) in Q if (a1, a2, as) € V.
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