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Abstract Under the assumption that the underlying measure is a non-negative Radon
measure which only satisfies some growth condition, the authors prove that for a class of
commutators with Lipschitz functions which include commutators generated by Calderén-
Zygmund operators and Lipschitz functions as examples, their boundedness in Lebesgue
spaces or the Hardy space H* (1) is equivalent to some endpoint estimates satisfied by them.
This result is new even when the underlying measure p is the d-dimensional Lebesgue
measure.
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1 Introduction

Let 1 be a non-negative measure on R? which only satisfies the following growth condition
that there exists a positive constant Cy such that

w(B(z,r)) < Cor™ (1.1)

forallz € R? and r > 0, where B(z,7) = {y € R?: |y—z| < r}, nis a fixed number and 0 < n <
d. We call the Euclidean space R? endowed with the usual Euclidean distance and the measure
satisfying (1.1) a non-homogeneous space, since the measure p is not necessary to satisfy the
doubling condition which is a key assumption in the analysis on spaces of homogeneous type.
Here, we recall that p is said to satisfy the doubling condition if there exists some positive
constant C such that p(B(x,2r)) < Cu(B(z,r)) for all x € suppp and r > 0. Recently,
considerable attention has been paid to Calderén-Zygmund operator theory in non-homogeneous
spaces and many classical results have been proved still valid in non-homogeneous spaces (see
[2, 6-11]). The motivation for developing the analysis on non-homogeneous spaces and some
examples of non-doubling measures can be found in [16]. We only point out that the analysis
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on non-homogeneous spaces played an essential role in solving the long-standing Painlevé’s
problem by Tolsa in [14].

The purpose of this paper is to investigate the relation between the boundedness of com-
mutators with Lipschitz functions, which include commtators generated by Calderon-Zygmund
operators and Lipschitz functions, in Lebesgue spaces or the Hardy space H!(u) and some
endpoint estimates for them.

To this end, we first introduce the Lipschitz function in non-homogeneous spaces of Garcia-

Cuerva and Gatto in [1].

Definition 1.1 Let 3 > 0 and b € L} . (). We say that b belongs to the space Lip (8, 1)
if there is a constant C > 0 such that

o) —b(y)| < Clz -y’ (1.2)

for p-almost every x and y in the support of p. The minimal constant C' appeared in (1.2) is
the Lip (8, pr) norm of b and is denoted simply by ||b||vip (5)-

Let b € Lipg(p) for 0 < 8 < 1 and K be a function on R x R\ {(z, y) : « = y} that
satisfies

and if | — y| > 2|z — 2|,
o —a'|°

K ~ K(a' K ~K(y, o) < C— 1
K (@, y) = K@, y)l + Ky, ) = Ky, @) < C7— s

(1.4)
where § € (0, 1] and C' > 0 are positive constants independent of x, 2’ and y. We define the
commutator Tj associated with the Lipschitz function b and the kernel K satisfying (1.3) and
(1.4) as follows. For any bounded function f with compact support and p-a.e. x ¢ supp (f),

Tpf(x) = /Rd [b(z) = b(y)K (z, y) f(y) du(y)- (1.5)

Obviously, the commutator generated by the Calderén-Zygmund operator and Lipschitz func-
tion satisfies (1.5) (see [5]). Moreover, the boundedness of Calderén-Zygmund commutators
with Lipschitz functions in Lebesgue spaces and the Hardy space H'(u), and some endpoint
estimates for them can also be found in [5]. In this paper, we will prove the boundedness of
commutators defined by (1.5) in Lebesgue spaces and the Hardy space H'(u) is equivalent to
some endpoint estimates satisfied by them. We point out that our result is new even when p is
the d-dimensional Lebesgue measure.

Before stating our result, we need to recall some necessary notation and definitions.

Throughout this paper, by a cube Q@ C R?, we mean a closed cube with sides parallel to the
axes and centered at some point of supp (i). For any cube @ C R?, we denote its length by
1(Q) and denote its center by zg. Let @ > 1 and § > ™. We say that @ is a («, 3)-doubling
cube if p(aQ) < Bu(Q), where a@) denotes the cube with the same center as ) and having the
length al(Q). It was pointed out by Tolsa in [12] that for any « € supp () and ¢ > 0, there
exists some (a, 3)-doubling cube @ centered at x with {(Q) > c¢. On the other hand, if 3 > o,
then for p-a.e. € R? there exists a sequence of (a, 3)-doubling cubes {Q;};en centered at
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x with [(Q;) — 0 as i — co. In the sequel, for definiteness, if o and 8 are not specified, by a
doubling cube we mean a (2, 27+1)-doubling cube. Especially, for any given cube @, we denote
by @ the smallest doubling cube in the family {2'Q};>o. Given two cubes @ C R in R?, set

Ng, Rr

1+Zl21

where Ng g is the smallest positive integer i such that [(2°Q) > I(R).
Using the coefficient K¢, g, Tolsa in [12] introduced the function space RBMO(y) with the
non-doubling measure .

Definition 1.2 Let p > 1 be some fized constant. We say that a function f € L . (1)
belongs to the space RBMO(u) if there exists some constant C > 0 such that for any cube
Q CRY,

pQ /\ )| duty) < C,

and for any two doubling cubes Q C R,

Imq(f) —mr(f)| < CKq, g,

where for any cube Q C R, mq(f) denotes the mean of f over the cube Q, that is,

1
= m/Qf(y) du(y)

The minimal constant C > 0 as above is defined to be the RBMO(u) norm of f and is denoted
by [ f]]+-

Tolsa proved in [12] that the definition of RBMO(y) is independent of chosen constant p,
and that the space RBMO(u) is the dual of the Hardy space H'(u). To state the definition of
the Hardy space H' () of Tolsa in [12, 15], we first recall the definition of the “grand” maximal
operator Mg of Tolsa in [15].

Definition 1.3 Given f € L} _(n), we set

Mg f(z) = sup

o~

g fW)ely) duy)|,

where the notation ¢ ~ x means that ¢ € L'(u) N CY(RY) and satisfies
(1) lellzr <1,
(i) 0<¢W) < p=r x\n for all y € R, and
(iii) [Ve(y)| < g2l T x‘nﬂ for all y € RY, where V = (%,u- 2.

’ 895,1
Based on [12, Theorem 1.2], Tolsa defined the Hardy space H' (i) as follows.
Definition 1.4 The Hardy space H' () is the set of all functions f € L'(u) satisfying that
fRd fdu=0 and Mgf € L*(). Moreover, the norm of f € H'(u) is defined by

[ty = 1 l2r gy + [[Ma fll 1 )-
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Here is the main result of this paper.

Theorem 1.1 Let b € Lip(83, p) for 0 < 3 < 1. Let K be a function on R? x R4\ {(x, y) :
x = y} satisfying (1.3) and (1.4) and the commutator Ty, be as in (1.5). Then there exists
a constant C > 0 such that for all bounded function f with compact support, the following

statements are equivalent:
(1) 4f l<p<gj and%z

1_8
p n’

IToflLagy < ClbllLips) 111 Lo ()3

(IT) for all A >0,

. n/(n-p)
p({z € RT: Ty f(x)] > A}) < ClIbllLips) {A 1 fllrgn § ;

(I11)

I Tofll+ < Cllblluipes) 1l /sy

(IV)

ITof Nl rr -y < CllblLips) 11121 () -

Throughout this paper, C' denotes a positive constant that is independent of the main
parameters involved but whose value may differ from line to line. Constants with subscripts,
such as Cp, do not change in different occurrences. For any index p € [1, oo], we denote by p’
its conjugate index, namely, % + %/ = 1. For A ~ B, we mean that there is a constant C' > 0
such that C~'B < A < CB. Similar is A < B.

2 Proof of Theorem 1.1

We begin with the atomic characterization of the Hardy space H'(u) (see [12, 15]).

Definition 2.1 Let p > 1 and 1 < p < co. A function b € L%OC (1) s called a p-atomic
block if

(1) there exists some cube R such that supp (b) C R,

(2) f]Rd bd,u =0,

(3) for j = 1,2, there are functions a; supported on cube Q; C R and numbers \; € R
such that b = \iay + A2asz, and

-1
gl < {lnp@)]" 7 Ko, n}
Then we define
bl = Al [Aal.

We say that f € Hi;f(u) if there are p-atomic blocks {b;}ien such that

F=Y b with Y |bilypg,, < o

i=1 =1
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The Hi;f(u) norm of f is defined by
£ W ez, (uy = inf { Z |bi|H;;b”(u)}’

where the infimum is taken over all the possible decompositions of f in atomic blocks.

It was proved by Tolsa in [12, 15] that the definition of H;7 (1) is independent of chosen
constant p > 1. For 1 < p < oo, the atomic Hardy spaces Hiif (1) are just the Hardy space
H'(u) with equivalent norms.

To prove Theorem 1.1, we need to introduce the Calderén-Zygmund decomposition in [12, 13]

as follows.

Lemma 2.1 For 1 < p < oo, consider [ € LP(u) with compact support. For any A > 0

2d+1
(with A > Tt

overlaps, that is, Y xq,(x) < C < 0o, such that
J

if ||pl < oo), there exists a sequence of cubes {Q;} with bounded

® gy f, VO > s

1(2Q;)
1 » A :
) 3] / o @P (o) < 5 for any > 2

(¢) |f(@®)] <X p-a.e. on ]Rd\UQj;
j
(d) for each fized j, let R; be the smallest (6, 6" T1)-doubling cube of the form 6'Q;, i > 1.

Set w; = gig

. Then there is a function p; with supp ¢; C R; and some positive constant C

i

satisfying
[ = [ ) QIR
Moreover, if p=1,
lesllmgon(B) < C [ £ duz).

Qj

and if 1 < p < o0,

{[ s du)} " uir e < 55 [ 1@ duta).

=% o,
The following lemma plays an important role in the proof of Theorem 1.1 and its proof can
be found in [4].

Lemma 2.2 Let T be a linear operator which is bounded from LP°(u) into RBMO(u) and
from H'(p) into weak LPo(pn). Then T extends boundedly from LP(u) into Li(p), where 1 <
11

1_1_1
p<po<ooandq—p 20"

Now we turn to the proof of Theorem 1.1.

Proof of Theorem 1.1 By the homogeneity, we may assume that [|b[|1ip5) = 1.
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(I)=(II) Without loss of generality, we may assume that || f| 51, = 1.

gd+1

It is easy to see that the conclusion (II) holds if A < ||||J;||‘|L1(“) when ||u|| < co. Then
24 Fll g 2" fll g, .

we assume that A > ——m=— if l1]] < co. For f and any fixed A > — T applying

Lemma 2.1 with A replaced by A% with gy = n"Tﬁ, we obtain that with the same notation as in
Lemma 2.1, f = g + h, where

9(z) = F@)xano,e, (@) + D 05@),

h(z) = f(@) = g(@) =) [wi(@)f(x) — ¢;(@)] =Y hy(=).
J J
By Lemma 2.1, we can obtain the following properties:

1 )\110
®) 557 /Q @) > e

(B) |f(x)] < AT, p-ae x E]Rd\UQj;
J

(©) /R

D) [0l (ul(Ry) < / (@) da();

J

i) (@) = [ FCop, ) dut:

(E) D o)l S A%
J
By (B) and (D), we easily obtain
lgllzr gy S N llLry S 1 (2.1)
From (B) and (E), it follows that for u-a. e. x € R,
lg(z)] < A% (2.2)

Choose 1 < p; < 5 and %1 = %1 - % The boundedness of T}, from LP*(u) into L9 (u), (2.1)
and (2.2) give us that

i ({z e RY: [Tyg(a)] > A}) S A0 / [Tog(@)|" dpe) S A9

<@ /\qo(m—l)fn/m||f||%11/(1)1) <\ (2.3)
~ r) ~

The facts (A) and _ xq,(x) <1 tell us that
J

p(U20)) 37 [ 17w duty) 27 (24)
J

Noting that f = g+ h, from (2.3) and (2.4), we deduce that the proof of (II) can be reduced to

proving that

u({x € Rd\Umj [ Tyh(z)| > )\}) <A, (2.5)
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Let 6 be a bounded function satisfying ||6|| < 1 and supp 6 C Rd\ U2Q;. Then
J

qu
Tyh(2)0(z)| dp
Rd\UQQj
< [ @@ de) + Y [ 6] dute)
Z RUN2R; Z 2R;\2Q;
:F1—|—F2.

Recall that h; = w; f — ¢;. This together with (C) gives us that

hj(x)du(xz) = 0.

Rd

By this fact, (1.2)—(1.4) and the Holder inequality, we have

< Z/d\QR z)|[[b(z) = b(y)| K (x, y) — [b(x) — b(xr, )] K (z, r,)|
x | ()| dpy) dp()
- Z/ ovam, Jua PN =B @, 4) = Ko o A )] dily) dia(o)
" Z/MR o)lb(er,) = b)K (@, xr,)l|h; (y)| du(y) du(z)

(1)’
<Z/ s o) dty Z/HR\QRWIG(@W(%)
X [ oty Z/MR\QRz S e o
<||0Hqu Z/ y)| du(y) ZQ %6+22 z,@}

<1

On the other hand, (1.2), (1.3), the Holder inequality and (1.1) lead to

F2<Z/
R\QQJ
<3 7)'@()/ Dl +32{ [ o (@)% duta)} "
2R,\20, T — 20, [P Q; ’

N2QJ 2R

<Z/ )| du(y) Z /2+1QJ\2zQ md“(@}l/qo
+Z{/ Ty (z)|* du(x)} Ve [W(2R;)] /%0~

)| To(uw; £) ()] dp(e +Z / )| | Top; ()] dp()
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3 Z / Dl i) [Kaq,. 2m, 1% + 3 05 | Lra o (2R, 0~ 2
J
> / ) du(y) + 3 sl gon(2R;)
J
S 1,
where we have chosen ps and ¢s such that 1 < py < % and %2 = %2 — % And we have also
used the following simply fact that

[Kaq,,2r,]"/" < Kag, 2r, S 1.

The estimates for Fy and Fs indicate (2.5) and this finishes the proof of (I)

= (II).
(IT)=(III) For any cube @, let

hq = mqQ(Tolf X\ 10))-
To prove T, f € RBMO(u), we only need to verify that for any cube @,
.
—5v | Tof (@) —hal du(x) S | fllpnrs ), (2.6)
n(3Q) Jo frr)
and for any cubes @ C R,

lhqg — hr| S Kq, rll fllr/e

(2.7)
In fact, by (2.6), it is easy to see that if @ is doubling, then
1
imQ(Tof) = hol S ”é—Q/ Ty f (x) = hel du(z) SN llnre- (2.8)
Moveover, for any cube Q, K, 5 < 1, and then by (2.6), (2.7) and (2.8), we obtain that
i,
—5 | | Tof (@) =ma(Tof)| du(x)
n(3Q) Jo N
< —5-5 | Tof(2) = holdu(z) + [hq — ha| + Img(Tof) — hgl
n(3Q) /Q N @~ ol TIMg Q
S llprrseu- (2.9)

On the other hand, for any doubling cubes @) C R, from (2.7) and (2.8), it follows that

ImQ(Tof) — mr(Tof)| < Imq(Tof) — hql + |hg — hr| + |hr — mr(To f)| S 1 fllLns

which together with (2.9) indicates that Tpf € RBMO(p) and

ITofll« S NS lpnrou)-
Now we verlfy (2.6). Decompose

T — hold
/| 3 () — hal du(z)
1

/ Ty (1) (@) dia(a) +

507 . T 1)) — hol i)
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From the Kolmogorov inequality that for 0 < p < ¢ and any function f >0

”fXE‘HLP "
7“’ SNl ey,

[ fllparoe(uy < su ” ol
where L% (p) is just weak L9(p), 1 = % - %, nd the supremum is taken for all measurable
sets E with 0 < u(E) < oo (see [3, p.485]), and the condition (IT) of Theorem 1.1, it follows
that

Mo = 5 B s ol <
X1l Lao =) S G0 Ixaqlergy S llnreq)-
2

1
HZ WHXQHLMB(”)HTFI(JC
2

To estimate I, by (1.2)—(1.4), the Holder inequality and (1.1), we first have that for any =,y € Q,

Ty (e 50) () — To(Fxay 1) (9)]
< [ lbla) = BRIK G 2) = bly) ~ BEK s 212 du)
R\ FQ
< [ lbla) b e ) - K, A )
RN\ 2Q
[ b = blIK . 2] )
RN\ ZQ
= - yl?
5;/14@? » |x_zw V) du(z +Z/L4W » |y_z|n|f(z)ldu(2)

S|f||Ln/B(,L){§@%[M(T%Q)Tﬁ/n_’_i%[u(T%Q)}lﬁ/n}

S fllnse (-

Therefore,
LS (1 lpmroeuy-

The estimates for H and T lead to (2.6) immediately.
Now we check (2.7) for chosen {hg}g. Let Ny = Ng g + 1. Write

|hq = hr| = |mq(Ts[fXxra\1q]) — mr(To[fXra\ 1r])l
< ImQ(Ty[fxag\ 20D + Ima(To[fXam g2 + [mr(To[f x2n g\ 2 &)

+ ImQ(To[fxra\oni @) — MR(TH[fXra\2v1 o))

=J1+Jo+J3+ Jsy.
An argument similar to the estimate for H tells us that
Ju S fllensqy and I3 S fllLnrs)-

Some calculations completely similar to the estimate for I lead to

Ja SN fllLnrs -
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Finally, we estimate Jo. By (1.2), (1.3) and the Hélder inequality, we obtain that for any = € @,

Ni—1

1 1/q0
{ Z /z Iz — 2|(n—B)a0 d“(z)} Il Lnrou
i=1

+1Q\2iQ |.13 — Z|("—

A

|Tb(fX2N1Q\2Q)(x)|

{Nll p(2Q)
— l(2l+1Q)n

A

1/q0
b e S KamllFll s

Then

Jo S Kq, rll flln/e(u)-
The estimates for J1, Jo, J3 and J4 yield (2.7) and thus this completes the proof of (IT)=-(III).

(IIT)=-(IV) We first verify that for any cube @ and any bounded function a supported on
Q,

/Q Tya(@)|® du() < all 2 ) [1(2Q)) . (2.10)

We consider the following two cases.

Case I [(Q) < %%pp(“)) By the condition (IIT) of Theorem 1.1 and [12, Corollary
3.5], we have

/Q Tha(e) — mg(Tia)| du(e) S lall 2, s, m(2Q) < llal %y, Q).

Thus, to prove (2.10), it suffices to verify

ima(Tya)| < [lafl Los g [1(2Q))7™ (2.11)

Let x9 € supp (u) be the point (or one of the points) in R? \ (5Q)° which is closest to @Q,
where (5Q)° is the set of all interior points of 5Q. We denote dist(zo, @) by dy. Assume
that x is a point such that some cube with side length 27%dy and centered at zq, i > 2, is
doubling. Otherwise, we choose yo in supp (u)NB (xo, %) such that this is true for yy, and we
interchange xo with yo (see [12, pp. 136-137]). We denote by R a cube concentric with @ with
side length max{10do, {(Q)}. It is casy to check K5 p S 1. Let Qo be the biggest doubling
cube centered at xo with side length 27'dy, ¢ > 2. Then Qo C R with Ko, r S 1, and it is

easy to check that

may(Th) — mg(Toa)] < [Tl < lallposog < lallimgon(@I7%. (212)
Note that dist(Qo, Q) ~ do and I[(Q) < dp. This together with (1.2) and (1.3) tells us that for
Y€ QOv

00| % Sl S QI o

0

Therefore,

mao (Toa)| S Q)] lall Lo (- (2.13)
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The estimates (2.12) and (2.13) lead to (2.11) in this case.

Case IT 1(Q) > %%pp(”)). We may assume @ is centered at some point of supp (u)
and [(Q) < 4diam(supp (u)). Then @ N supp (i) can be covered by a finite number of cubes,
{Q; }3]:1, centered at points of supp (u) with side length 2((%) It is quite easy to check that .J
only depends on d. We set

_XQ;

aj; = 7
ZXQI

Since (2.11) is true, if we replace @ by 2Q); which contains the support of a;, by (1.2) and (1.3),

we have

/ Tya@)™ duz) S Z / (i) dute +Z / (Tyas ()| du(z)
J
la;(3)]
SJZ;/Q\%QJ [/QJ |z —y|=P dinly } +Z||GJHL°°(II (4Q;)]

J
(
S ZHGJHLOQ(,,) 1Q +ZHG‘J”LOO(“) (4Q; )™

S JHGH%OOO(N)N@Q){IO

Thus (2.11) also holds in this case.
To prove (IV), by the standard argument, it is enough to verify that

TRl Loo () S |Rl g0 (2.14)

are (K

2
for any atomic block h with supp(h) C R, h = Y \ja;, where the a;’s are functions as in
j=1
Definition 2.1 satisfying the following size condition that

Lo (uy < [(4Q))] T K - (2.15)
Write

[ mb@e dut) = [ Db du(o)+ [ Tb@)® du(e) = Lo + La.
Rd 2R RIN2R

To estimate Ly, further decompose
2
LSS [ @) dute) + Z I i@l dne) = Lo + L
j=1 2Q; R\2Q;
From (2.10) and (2.15), it follows that

2 2
Lit § 32 Il 0 [4Q1™ S 37 Iyl
j=1

Jj=1
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For Lys, by (1.2), (1.3) and (2.15), we have

NQ7

. @)~ bl -
L12<ZIAI Z/MQ\QQJ/ D=0, 4) o)} it

J

@ la; (y)| © e
: ZM | Z /‘“Q \20Q; /Qj |z — y[n=F d”(y)} ()

Ng,; .
0 < M(QPFIQJ 0 0
s@w > T oy (@)
j=

i=1

2
<SS NI Kg,. rllal|n, (@)

j=1
2
YOI,
j=1
The estimates for Ly; and Lis tell us that
L hl?,
1 5 | |Hitb ( )

On the other hand, from the fact [, hdu =0, (1.2), (1.3) and (1.4), it follows that

oo
Ly S /
kZ:l 2k+1R\2F R

+ ki Lo L) b )ty
i/gmmm} (2°R)” /RIw ﬁfia(zuﬂaz ) M(y)‘qodu(x)

3 l(R) q0
" Z::l ~/2""+1R\2’CR I(2FR)" [ (; |)\z||a¢(y)|) du(y)‘ du(x)

k

2 oo
< (Z |)\i|)q0 Z l(QkR)qo(ﬁ—n—é)l(R)éqo'u(zk-HR)
=1

k=1

2 o)
+ ()" Sk R) () (2 R)
k=1

i=1

< (2"

=1

@) = (e [ [ ) = Ko am] ) )] di(o)

" du()

Combining the estimates for L; and Lo yields (2.14) and this completes the proof of
(1) = (IV).

(IV)=(1) First we claim that for any cube @ and any function f € L!(u) with supp (f) C
%Q and any = € Q,

) . W) S 1 (2.16)
2
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We also consider two cases.

Case A [(Q) < %%pp(”)). We consider the same construction as the one in (III)=(IV).
Let @, Qo and R be the same as there. We have known that Q, Qo C R, Ko r S 1, Kg,,r S'1
and dist(Qo, Q) > 1(Q). Recall also that Qo is doubling.

Let

g=1f+ CQOXQO’

where Cg, is a constant such that f]Rd gdp = 0. Then g is an atomic block supported in R. It
is easy to check

3 1/q0
Iollzg2 S [1(5Q)] 1

This and the fact that H;;;l/ﬁ (1) = H'(u) imply that

3

ol S [(2@)] " 15l gmssgr (217)

For y € ), we have

< |CQ0 |N(Q0) <
S EHQ. Qo

Then by the Holder inequality, the condition (V) of Theorem 1.1 and (2.17), we obtain that

IT5 (CqoxQo) ()] [RAIFRVEIONE (2.18)

/QlTbg(y)ldu(y)={/QITbg(y)l"o du(y)}l/qou(Q)lfl/qo

_ 3
S Q) gl gy S #(5Q) 1 s (2.19)

The estimates (2.18) and (2.19) indicate (2.16).

Case B 1(Q) > %%pp(“)) By an argument similar to the proof of (2.10) in the case of
Q) > %Bpp(“)), we can prove that (2.16) also holds.

Now we turn to prove (I). By Lemma 2.2, we only need to verify that 7} is bounded from
L™ B(11) into RBMO(1). Repeating the proof of (2.6) and (2.7) step by step with replacing the
weak (L' (), L™ "=P) (1)) type estimate of T, by (2.16) when estimating H, we can prove that
Ty, is bounded from L™? (1) into RBMO(y). This finishes the proof of (V)=(I) and, therefore,

the proof of Theorem 1.1.
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