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Abstract In this paper, the authors develop new global perturbation techniques for
detecting the persistence of transversal homoclinic orbits in a more general nondegenerated
system with action-angle variable. The unperturbed system is assumed to have saddle-
center type equilibrium whose stable and unstable manifolds intersect in one dimensional
manifold, and does not have to be completely integrable or near-integrable. By constructing
local coordinate systems near the unperturbed homoclinic orbit, the conditions of existence
of transversal homoclinic orbit are obtained, and the existence of periodic orbits bifurcated
from homoclinic orbit is also considered.
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1 Introduction

In this paper we study the following singular perturbation system with action-angle variable

2= f(z,1)+eg°(2,1,0,)¢),
fzsgI(Z,I,G,)\,s), (1.1)

0=uw,

where (z,1,0) € R* x R" xT!, A€ RF, 0 <e < 1, |A\| < 1, and ¢7, g' are 27 periodic in each
component of their [ dimensional 6 variable. The existence and transversality of homoclinic
orbits of the above systems have extensively been studied in recent years (see [1-6] and the
references theirin), where they use geometrical singular perturbation theory and the theory
of invariant manifolds to get conditions for the existence of transversal homoclinic orbit of
completely or near-integrable Hamilton system. In this paper we develop a different method
to solve the same problem for more general system (1.1). First we make a suitable C" (r > 3)
transformation in a small neighborhood U of equilibrium to flatten the local stable , unstable
and center manifolds, so that system has a simple normal form near the equilibrium, and
moreover we can get the expression of its solutions near the equilibrium using Silnikov coordinate
variables. Then we establish the local coordinate system in a small tangular neighborhood
of unperturbed homoclinic orbit. Thus we can construct Poincaré map induced by system
solutions which can be expressed as an identical transformation summing a Melnikov function
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approximately. Using the Melnikov function we give some sufficient conditions to guarantee
the existence of transversal homoclinic orbit and the existence of periodic orbit bifurcated from
homoclinic orbit. The main method used in this paper is initially employed in [7, 8], and then
extended to the study of homoclinic bifurcation in fast variable space by [9].

2 The Geometrical Structure of Unperturbed and Perturbed System

Consider the C" (r > 3) system (1.1) and the corresponding unperturbed system

z:f(za-[)a (218‘)
I=0, (2.1b)
0=uw. (2.1c)

We make the following assumptions:

(Hy) There exists Iy € R™, such that system (2.1a) has a hyperbolic equilibrium zo = z(Ip)
and a homoclinic orbit I' = {#(t) | #(£o00) = z0,t € R}. The unstable manifold W* and stable
manifold W?* of zy are ni-dimensional and ns-dimensional, respectively, with n; + ny = n.
Moreover the linearization Df,(zo, ) at the equilibrium zp has simple real eigenvalues Ay,
—MX2 such that the remaining eigenvalues of Df,(zo, Iy) satisfy either ReA > a > Ay > 0, or
Re A < —b < =Xy < 0 for some positive numbers a, b. For any p € ',

(Hz)
dim(W" A W*) = dim(T,W" N T,W*) = 1.
Span{Tf(t)Wu,Tf(t)Ws, e }=R", t>T>1,
Span{Tf(t)W“,Tf(t)Ws,e+} =R", t<-T<-1,--
where e* = i ") ot ¢ TpoW* and e € T,,,W" are unit eigenvectors corresponding to

t=oo |P(t)]
—Xo and A1, respectively.

Hypothesis (Hs) is equivalent to the following strong inclination property:

Tf(t)Wu - TroWuu & €+5 t— +OO7
Tf:(t)WS - T, W¥de , t— —o0.

From the assumption (Hy), it is easy to see system (2.1) possesses an [ dimensional invariant
torus

M ={(2,1,0)| 2 =20, = I,,0 € T"}

and a homoclinic manifold
To={(z,1,0) |z =7(t),I =1Iy,0 =0y +wt, by € Tt € R},

fo — M as t — d+oo. Now we consider the bifurcations of homoclinic manifold fo under
small perturbations. For convenience, we first restrict system (1.1) into the z — I space with
0 = 0y + wt, and regard 6y as a parameter.
Make the transformation
z—z4+ 29, I —1+I,
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so that system (1.1) is changed into

2= f(z,1)+eg°(2,1,0,\¢),
fzsgl(z,I,G,)\,s).

with £(0,0) = 0, 0 = 6y + wt. We need a further assumption for (2.2):
(Hz) 97(0,0,0,),¢) =0, §'(0,0,0,\,¢) = 0, Re (0(Drg"(0,0,0,X,0))) # 0,

3'(2,1,0,\€) = g{(z,1) + €33(2,1,0, ), ).
Based on center manifold theorem, system (2.2) has a local C" center manifold W : X =
X¢(1,0, ), ¢e) satisfying
X°(0,0,0,0) =0, X§(0,0,0,0) = —fx"(0,0)f(0,0).
Under the hypothesis (Hs), the autonomous part of system (2.2) is

2= f(z, 1), I=c¢gl(z1). (2.3)

The hyperbolicity of §i suggests that we can decompose I space into I = (I1,I5) €
R™ % Rmz’ mi+mg =m, D[QI(O, 07 97 >‘a 0) = dlag(cl ()‘)a _CQ()‘))v where Re (J(Cl ()‘))) > 07
Re (o(—C43(N))) < 0. Then the second equation of system (2.2) can be decomposed into

L =egni(z,1) +°g1a(2, 1,0, A ), (2.4)
jg :€g21(Z,I)+52g22(2’,1,9,)\,€). '

In the following, we use (z,I) = (z,y, I) to denote the variables belonging to the unstable, stable
and center subspace, respectively, for the autonomous system (2.3). Taking a neighborhood Uy
of the origin small enough, then up to a linear transformation (see [9]), we can flatten the stable,
unstable and center manifolds of (2.3) so that system (2.2) becomes the following C"~! system

1= fu(x,y, 1,0, \¢), 1= for(x,y,1,0,)¢),
o= fra(z,y,1,0,\,€), Ya= foo(x,y,1,0,)¢), (2.5)
I =eqi(z,y, 1,0,\e), Iy=cgo(x,y,1,0,\¢)

and the system (2.5) has the following form in Uy

[
gr=[=Az+ - Jyr + O(|z]) - O(y2|) + €93 (2, 0, A, €),
yQ = [_BQ +oee ]yQ + (O(|$|))y1 + O(y%) + &‘gZ(Z, 97 )‘a 6)) .

Ly = e[(Cr(N) + =)L+ (O(|z]) + O(ly]) - O(|La])] + €244,
Iy = e[(=C2(A) + -+ )2 + (O(J2]) + O(ly))) - O( 1 )] + %94,
where Re(o(Az)) > a, Re(o(—Bs)) < —b, z = (z,y,I), o(x) means all eigenvalues of the matrix
() and due to (Hs) we know g7 = O(z), g]I- =0(z),i=1,2,3,4, 7 =5,6.
Remark 2.1 There is a technique problem in [9], the C*° bump functions h* and h°
defined on the open cones will cause the discontinuous of the vector field at O. Therefore, we

should modify the definition of the bump functions so that A* and h°® are defined on balls
centered at O.
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3 Poincaré Map

Our study will be based on the analysis of the poincaré map defined on some local
transversal section of I', so we need to set up a local coordinate system near I'. Denote
f = (f11, fo1, f12, f22), r(t) = (#(t),0) = (x1(¢),y1(t), x2(t),y=2(t),0), where 0 means the ori-
gin of the I space. Choose a neighborhood Uy small enough, and T large enough such
that 7(£T) € U, x1(=T) =6 > 0, y1.(T) = § > 0, where § is sufficiently small such that
{5 1) s 2l, Jyl, 1] < 2} ¢ Uy,

Denote

620.

A = (G5 (r0.0), 52 r(0,0))

Consider the linear variational system of (2.5)|.—¢

Z=At)Z (3.1)
and its adjoint system
Z =—A*t)Z. (3.2)
Now we choose a fundamental solution matrix of (3.1) U(t) = (u1(¢), u2(t), - - - , ue(t)) satisfying
(t) € ( r(f)W +Tr(f)W ) ( r(t)VVl%c)C7
_Ht)
t) = eT, W NT,.pnW?,
w2 =gy © T 0T
uz(t) € TripyW",  wuy(t) € TonyW?,
us(t), us(t) € Ty Wiie-

Notice that when ¢ = 0, I = 0. So similar to [7], we get

Lemma 3.1 There exist suitable ui(t), usg(t), -- -, ug(t) such that
uipr 0 w3t 0 wust O 0 w2 0 wyr 0 wue
U112 1 us32 0 us52 0 1 0 0 Uq2 0 uUe2
_ 0 0 uss 0 Uus3 0 o _ UuU13 U23 Id uUq3 0 ue3
U(T) - U14 U4 U34 Id Us4 0 ’ U( T) o 0 0 0 Uq4 0 Uea ’
0 0 0 0 Id O 0 0 0 0 Id O
0 0 0 0 0 Id 0 0 0 0 0 Id

where uz; < 0, det uz; # 0, moreover for T > 1 and j # 14, |u;juy; | < 1,1=1,2,3,4, luag| < 1,
|u23| < |'LL21|.

Proof Let Z = (21, --,26)* be the solution of (3.1). Based on % =0ase=0, we

have
i5 =0, %6=0.
If we take us(—T") = (0,0,0,0,1d,0)*, and ug(T) = (0,0,0,0,0, Id)*, then it follows that
US(T) - (u517 cer, Us4, -[7 O)*a UG(—T) = (uﬁla ce, Usd, Oa I)*

That ug; < 0 and the existence of ug(t) and u4(t) with the given expressions at £7" are clear if
we notice that I" leaves the origin along the positive z1— axis and that us(—7") and u4(7") can
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be taken as (0,0,1d,0,0,0)* and (0,0,0,Id,0,0)*, respectively. The inequalities detugs # 0
and ugy # 0 follow directly from the strong inclination property.

Based on (H3), we take ug(t) € (T ;yW" + Ty W?*)e U (T, Wi, )¢ satistying uo(—T') =
(0,1,0,0,0,0)*, ug(T) = (@11,--- ,14,0,0)*. Now let ui(t) = uo(t) — urzus(t), usz = t1zuz; -
Then we have ui(t) € (T, yW" + Ty W?*)¢ U (Trn W), and ui (=T) = (0,1,u13,0,0,0)*,
u1(T) = (u11,u12,0,u14,0,0)*, where uy; = w1; — 1113’(1,3_31U31', i = 1,2,4. Since ui(T) €
(Tr YW + T ryW?*) U (T ()W) ¢, we must have ug; # 0.

The others can be proved similarly to [7, 9].

Denote W(t) = (¢f,--,¢§) = U (t). Then ¥(t) is a fundamental solution matrix of
(3.2). By using ¥*(t)U(t) = Id, the invariance of T}y W*" + T,y W* and T, W¢, and the
hypothesis (Hs), it is easy to see

exp(plt|)ib1(t) € (T,iyW" + TriyW*) N (T yWiSe)® — 0, t— £o0, VO < g < min{Ai, A2}
For easy application, instead of using u; as coordinate vectors directly, we take
vi(t) = wi(t), i=1,2,3,4,
and
v5(t) = (0,0,0,0, Iy xms50), wve(t) =(0,0,0,0,0, Lnyxms,)-

Clearly the I components of vy, va, v3, v4 are all zero. In the following , we regard

77=
(U17 _mvv3av4av5vvﬁ)

as a local coordinate system of (2.5) along I', which will be used to establish the poincaré map
induced by the flow of (2.5) defined in some tubular neighborhood of homoclinic orbit I" in the
next section. Denote

s(t) =r(t) + Z v (t)n;. (3.3)

i#2
Let
So ={(z,y,I) =s(T) : |ni| <8}, S1={(x,y,I) =s(=T) : |n;| < }.

It is easy to see Sy and S7 are two poincaré sections at 7(7") and r(—T") , respectively. Let § be
small enough so that Sy, S; C U.

3.1 Establishment of the regular map F;
First we use the flow of (2.5) to establish the regular map Fy: S; — Sp. Set

(xlaylaxZay27-[1aI2)* :S(t), te [_TaT]

Then substituting it into (2.5) with the I component satisfying (2.4), we get
(7"(t) + Z 0;(t)n;) + Z v; ()1,
1#£2 i#£2

=#(t) + A(t) Y vi(t)n; +e(f=(r(t), 6,0), 5" (r(t), &,0))* + O(2),
i£2
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where & = (0, \), 0 = 0y +wt. Multiplying the above equations by 7, ¥, 1}, respectively, we
have

= e [fe(r(t), &,0)] + O(2),

(t),4 (3.4)
nj=€g( ()d0)+0( ),

where 1@ is the  — y component of ¥;, i = 1,3,4, j = 5,6, g = (g1, 92)*. Now integrating two
sides of (3.4) from —T to T, we have

ni(t) = ni(=T) + a/_tT O fo(r(s), &,0)]ds + h.o.t.,
ns(t) = na(=T) + a/_tT O3 fo(r(s), &,0)]ds + h.o.t.,
na(t) = na(=T) + a/_tT i fo(r(s), &,0)]ds + h.o.t.,
ns(t) = ns(=T) + & /_tT 91(r(s), &, 0)ds + h.o.t.,

ne(t) = ne(—T) + £ /_T g5(r(s), &, 0)ds + ho.t.,

where the higher order terms h.o.t. include O(g2), O(n2(—T)), O(en;(—T)), etc. If we denote

K3

T
Mi(T,a):/_wafg(r(t),d,o)]dt, i—1.3.4

T T
M5(T,a):/_Tgl(r(t),éz,O)dt, MG(T,a):/ go(r(t), &, 0)dt,

-T

where a = (6p, A), then the regular map F;y : S1 — So,
q1(n1(=T),n3(=T),na(=T),n5(=T),n6(=T)) = q2(n1(T),n3(T),n4(T), 15(T), n6(T))

can be expressed in the following form

n1(T) =n1(=T) +eMi(T,a) + h.o.t.,
n3(T) = n3(=T) 4+ eM3(T, ) + h.o.t.,
n4(T) = na(=T) + eMy(T, ) + h.o.t., (3.5)
ns(T) = ns(=T) + eM5(T, ) + h.o.t.,
ne(T) = ne(—=T') + eMg(T, o) + h.o.t
We call (M1(T, o), M3(T, ), My(T, ), M5(T, ), Mg(T, x)) the Melnikov functions.

3.2 Establishment of the singular map F»
Now we consider the map induced by the flow (2.6) in Uy

F>:850— 51, go(210, Y10, 20, Y20, 110, L20) — q1 (11, Y11, 21, Y21, L11, I21).

Notice that Fy is not well defined at W* NSy, where the z-component is zero, but we can
extend F» to W* NSy continuously so that F»o(W*NSy) C W*N.S, and F(0,6,0, 0y, L1, I20) =
(0, (5, 0, (530, Iu, 121) as € = 0
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First we assume \; < A2. Let 7(p) be the flying time from gy € Sy to ¢1 € S1. We can get

the following expression by variation of constants formula

t

71 (t) _ ez\l(s)(t—T—T) [xll + E/

T4
t
yi(t) = e 20T {ym + 6/ 6A2(S_T)§2ds} +h.o.t.,
T

e’\l(_s+T+T)§1ds} + h.o.t.,

zo(t) = eI g0 + 35(t) + O(e) + hoo.t.,
ya(t) = e B2 yo0 1+ o (t) + O(e) + heovt,
Il (t) = eecl(A)(tiTiT)Iu + h.O.t.,

Lt) = e =N L0 L hot.,

where
T<t<T+rm,
g1 = [O(x2) + O(y1) + O(y2) + O(I)],
g2 = [O(z1) + O(z2) + O(y2) + O(1)],
2(t) = O(|z11]) - O(yl) + O(x7,),
92(t) = O([yaol) - O(|z]) + O(yiy),
O(lyl) = O(ly10l) + O(ly20l),
O(lz]) = O(lz11]) + O(lz21])

In order to guarantee the differentiability of the map at the origin, we set s = e

—Al(E)T’

which is called Silnikov time (see [10]). Notice that s — 0 as 7 — +o00. Thus we obtain the
singular map F5 of (2.5) defined by Silnikov variables (221, y20, I11, 120, s) in U. The expression

of Fy is given by

1
)\1 ¥+ AQ Y10,

b
ANy e
Y10 A1+ Ao

w20 = 22(T) = 5"/ M a1 + O(|z11]) - O|yo|) + O(ady),

x10 = 21(T) =~ sx11 + ¢

yi1=un(T+71)~s 11,

yo1 = ya2(T +7) = 57221y + O(|ynol) - O(|21]) + O(7),
IlO = Il(T) ~ SECl(A)/Alfll,
Iy = L(T +7) & 8N/ i Ly,

932

P
where by = a—gﬂo and by = oz, lo-

Now we use (3.3) to seek the new coordinate of gy and ¢; in the new coordinate system. Let

qo = (.1310, Y10, 37307 9507 Iik07 150)* = T(T) + Z(T)(nlov 0, n§07 nrloa ngov ng‘o)*a

q1 = (mllvyllaxavy;lvlflvI;l)* = T(_T) + Z(—T)(nl,O,TL;,TLZ,TL;,TLE)*,
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where Z(t) = (vi(t),v2(t),vs(t), -+ ,v6(t)). Then, based on r(1') = (0,6,0%,4d;,0%,0%)" ,
r(=T) = (6,0,07,07,0%,07)", (|67, |05 <), we have

(n10,0, 130, 40, 150, 160)* = Z (T (210, Y10 — J, 20, Y20 — Oy L10, I20)*, (3.7)
(n1,0,n3,14,n5,16)"(=T) = Z~(=T) (211 — 6, Y11, 21 — O, Y21, 11, I21)", .
which are equivalent to
n1o = uyy (T10 — Us1Uzs T20), N30 = Usz T20,
N40 = Y20 — Oy — Uauy; T10 + (UraU]y Uz1 — Uza)uzs T20, (3.8)
ns0 = o, meo = I20, Y10~9
and
(1) =
ng(=T) =
1(=T) = u441y21,
(=T)
9

3

1 Y11 — u42“44 Y21,

To1 — 0p — ur3y11 + (Ur3taz — Uz )ug) yor,

3

ns(=T) =11, ne(=T)=1In, x11~0.

Now based on (3.5)—(3.9), we can establish the poincaré map of (2.5) near T'
F=FoFy: q € Sy— q € S,
F(nio,n30, -+ ,ne0) — (n1(T),n3(T), -+ ,ne(T)),

which is given by

2 b
n(T) = 5™ + eM(T, o) + 6/\172)\2%1 +h.o.t.,

A
ng(T) = w91 — 0y — 5u133ﬁ +eMs(T,a) + O(e) + h.o.t.,
B A
na(T) = ugts™ yao + 65 O(|z1]) + eMa(T, @) + O(e) + h.o.t., (3.10)

n5(T) =11+ €M5(T a) + h.o.t.,

eCo (T, N)

ng(T) =5 > IQ() + eMg(a) + h.o.t.
And its associated successor function
G(s, 221,20, 111, I20) = (G1,G3, -+ ,Ge) = (F — I)(n10, 130, - ,N60) (3.11)
is given by

b1 + b2
A1+ A2

Gy = 291 — 0y — Ourssi — uz5 050(|yo|) + eM3(T, a) + O(g) + h.o.t.,

A
Gy = ds>i — uy s +eMy (T, ) + ¢

0+ h.o.t.,

Ga = —y20 + 6, + ursuitds + eMy(T, @) + O(e) + h.o.t., (3.12)

=1 ()
Gs = (Id —s M )IH + €M5(T 0&) + h.o.t.,

G6:<s

It is easy to see system (2.5) has homoclinic orbit (resp. periodic orbit) near I' if and only if

ECQ(

—Id)Igo +eMg(T, a) + h.ot.

G = 0 has solution satisfying s = 0 (resp. s > 0).
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4 Existence of Transversal Homoclinic Orbit

In this section, we use the above successor function to study the existence and transversality
of homoclinic orbit. Consider the equation

G(s, w21, Y20, I11, I20) = 0. (4.1)
Due to (3.12), equation (4.1)|s=¢ is equivalent to

eK(a)+ 0(e?) =0,

xo1 — 0z +eM3(T, ) + O(e) + h.o.t. =0,

—y20 + 0y +eMy(T, ) + O(e) + h.ot. =0, (4.2)
Iy +eMs(T, ) + h.o.t. = 0,

— Iyo+eMs(T, o) + hot. =0,

where K(a) = Mi(T,«a) + %5. If there is an o = a9 = (6o, Ao) such that K(«p) =
0, Kx(ap) # 0, then by the implicit function theorem, we can claim that there is a (k —
1) dimensional surface A = A(fp,e), when A = A(fp,e) and 0 < ¢ < 1. System (2.2)
has a homoclinic orbit T satisfying . - T x {I =0} as ¢ — 0". And the coordinates
{(xl(t),yl(t),xg(t),yg(t)l\fl(t),Ig(t))}/\on I, satisfy xl(—T/) ~ 0, i (T) =~ b, xo(=T) = Zo1,
y2(T) = Y20, [1(=T) = I11, I2(T) = Is9, where a1, §20, 111, I20 are the unique solutions of

the last four equations of (4.2) as A = A(6o, €), respectively.
Remark 4.1 In case A\; > o , we take s = ¢~ 27, similar results can be obtained.
Then for system (1.1), we obtain

Theorem 4.1 Suppose that hypotheses (Hy)—(Hs) are valid. If there is an o = oo = (0o, Ao)
such that K(ap) = 0, Kx(ag) # 0, then there exists a (k — 1)-dimensional parameter surface
A = AN0o,€) satisfying X\(0o,0) = Xo, such that system (1.1) has a unique 1-homoclinic orbit
I.:T. x T} mnear T x {I =1} x T" for X = X(0o,¢) and 0 <& < 1, where T} ={0€T":0 =
0o + wt}.

Obviously, the orbit I'; is homoclinic to the [ dimensional invariant torus M.

Next we use the corresponding tangent map of F' to study the transversality problem for
the homoclinic orbit.

By the transversality theory, if we want to prove the stable and unstable manifolds intersect
transversely, we only need to prove that their tangent spaces at the intersection points can span
the whole space. It follows from the above discussion that, to show the transversality of T,
it suffices to show that the stable manifolds W2 (M) and center-unstable manifolds W< (M)
intersect transversaly when they are restricted at the section Sy x 1.

Owing to the discussion in Sections 2 and 3, we see that, at the intersection point (g, ¢) of
W2 (M) and WE(M) restricted in the section So x T! | their tangent spaces have the following
expressions

Tg0.0)W2(M) = span{ua(T) + O(&), vr(T)}

and
6F1 8F1

a0,y W™ (M) = (687 %) Tigr.e)WE" (M),



90 X. B. Liu, X. L. Fu and D. M. Zhu

where v7(T') = (0,0,0,0,0,0, Id)* means the I dimensional unit line vectors, T{4, oyW<*(M) is
the tangent space of W% (M) restricted in S1 x T at the intersection point(q1,0) with S; x T,
which satisfies

Tg,0yWE (M) = span{vs(=T) + O(e),v5(=T),v6(=T'),v7(T)}.

In order to prove W2 (M) and We* (M) intersect transversaly, we need to modify the Poincaré
map F;: S; — Sy defined by (3.5), so that it can reflect the dependent relation to the coordinate
of original variable ¢ .

Based on (3.3) and (3.7), we know

g2 = 7(T) + Z(T)(n1(T),0,n3(T)", na(T)", m5(T)", 16 (T)")",
@ =r(=T)+ Z(=T)(n:(=T),0,n3(=T)", na(=T)", n5(=T)", n6(=T)")",

which suggests the following expression of F} in the original coordinate system
4 = Fi(ar) = r(T) + Z(D)[Z7 (=T (g1 — r(=T)) + eM(T,0) + hot],  (43)
where

M = (MlvoaMgaszMgng)*v

r(T) = (0,6,0%,4,,0%,0%)%,
T(—T) = (57 0; 5;7 0*7 O*a 0*)*7
0 1 0 —ugpuy 0 0
0 0 0 0 0 0
_ —ugzuy  — Id w 0 0
7= T = U23U9q u13
=) 0 0 0 gy 0 0|’
0 0 0 0 Id 0
0 0 0 0 0 Id

where w = (u1gu42 + 'LL2_11U23'LL41 — 'LL43)'LLZ41. Consequently we get

u Z(T)Z N (=T)+ 0(e) eZ(T)M4
T(fIOﬂ)WE‘ (M) = < ( ) (0 ) ( ) (13800> T(fhﬂ)We (M)

Z=YT) 0
P= ( 0 Id)"
It is obvious that the transversality of T{4, o)W (M) and T4, o)W " (M) restricted in the section

So x T is invariant under the action of P. If we notice that v4(7) and v7(T') are also invariant
under the action of P, while vs(—=T'), vs(—T1), v¢(—T") and v7(T") are invariant under the action

Let

oF  oFy
of P ( Ba1’ 9% ) , then by simple calculation we get
0 Id

span{ PTg, )WZ (M), PT(4,,0)W" (M)}
= span{evg, v3(=T) + O(e),v4(T) + O(e),v5(=T) + O(e),vs (=T) + O(e),v7(T)}
= spanf{evg, w3 + O(g), -+ , Wpym + O(e),v7(T)},
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where vy = (%]‘9/{)1 ,0,0,0,0,0,0)* means [ line vectors, their first components are g%i, e ?9{0\3

respectively; w; means the ¢ unit basis in the n 4+ m + [ dimensional space, 3 < ¢ < n +m.
Due to (0,1,0,0,0,0)* =~ vo(T') & So, we get the following result immediately.

Theorem 4.2 If the conditions of Theorem 4.1 hold, and %fo’ao) has at least one

nonzero component, then the homoclinic orbit T'. obtained in Theorem 4.1 is transversal.

Remark 4.2 The above method can be applied to study the existence of transversal
homoclinic orbit of the more general system

&= fx,I)+eg”(x,1,0,\¢),
I=eg(x,1,0,) ),
0 =Q(x, 1) +eg(x,1,0,)\,¢).

5 Existence of Multi-pulse Orbit

Now we consider the solutions of G = 0 satisfying s > 0. Since

G- G (s, 21, Y20, 111, I20)
0(s, x21, Y20, 11, I20)

is degenerated at (s, 221, ¥y20,l11,120) = 0 and ¢ = 0, thus we can not use implicit function
theorem to get the solutions of G = 0. But it follows from (3.12) that the second and third
equations of (4.1): G5 = 0, G4 = 0 always have a unique solution Zo; = w21(s,¢), ¥20 = Y20($, €)
as ¢, s sufficiently small. Substituting it into G; = 0, G5 = 0 and Gg = 0, we see G = 0 is
equivalent to G1 = 0, G5 = 0 and Gg = 0. In case Ay > A\ and K («) # 0, it suffices to consider
the following equations

A
53% — ul_llés +eK(a) + h.o.t. =0,

eCq(X\)
(Id—s 2 V11 4+ eMs5(T, o) + h.o.t. =0, (5.1)

eCa(N)

(s ™1 —Id)Iy +eMgs(T, ) + h.o.t. = 0.

Now if u;1K(a) > 0, then G; = 0 has a unique solution s = &6 tu; K(a) + h.o.t. > 0,
Which also means s = O(e). Using Taylor formula, s°¢1(N)/A1 and s=¢C2(M)/A1 can be expressed
approximately as follows

Id — s/ ~ —eA['0yIns, Id— s °9/* ~ AT 0y Ins.
Then from the last two equations of (5.1), we can get

MCTIM(T
I = —101 1n55( ) —l—O(ln_2 s),

. )\16’2_1]\46(7"7 a)

In"?5).
s +O0(n"“s)

Iy =

Thus system (1.1) has an orbit near I' x {Io} x T" as following

Lo = {(z1(t), y1(t), 22(t), ya(t), [ (t), I2(t),0(t)) : t € R}
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and
PEHFX{Io}X{eo—f—wt:tGR}, e — 0,

which satisfies

8

1(=T) =6, n(T)=0, x2(=T)==21, y2(T) = 920,
1(=T)=T1, L(T)=I, 0()=0 +uwt,

1(To) = 21(0),  y1(To) = y1(0), z2(To) = z2(0), y2(To) = y2(0),
5L(To) = 1(0),  I2(To) = 12(0),

~

8

where
To=2T +7 =27 — A\{ " In(ed tup K () + O(e).

When Ay < A1, we substitute s by s*/*2 in (5.1). It is easy to see when K(a) < 0, G; = 0 has
a unique solution s = —ed 1K (a) + h.o.t. > 0; while when K(a) > 0, G; = 0 has no solution
satisfying s > 0. Then we can discuss the existence of I. in a similar way as above.

In general, fe is not a periodic orbit or quasi-periodic orbit, it may be an orbit tangling
several circle around T' x {Ip} x T, we call it the multi-pulse orbit.

As a summation, we get the following conclusion

Theorem 5.1 If the hypotheses (Hy)—(Hs) hold, A\ # Ao, K(«) # 0, then the following is
true

(1) In case Ao > A, unnK(a) <0 or Ay < A1, K(a) > 0, system (1.1) has no 1-homoclinic
orbit and 1-periodic orbit near T x {I = Iy} x T,

(2) In case A2 > A1, up1 K(a) > 0 or Ay < A1, K(a) < 0, system (1.1) has a multi-pulse
orbit T<(00) near T x {I = Iy} x T".

Remark 5.1 When the | components of w = (wy,ws, -+ ,w;) are all not zero, it is easy to
see I'; is 1-periodic if and only if there exist positive numbers k1, - - - , k; such that
2k 2k
Ty =10 = 2T (5.2)
w1 wi
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