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Exact Controllability and Asymptotic
Analysis for Shallow Shells
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Abstract The authors consider the exact controllability of the vibrations of a thin shal-
low shell, of thickness 2¢ with controls imposed on the lateral surface and at the top and
bottom of the shell. Apart from proving the existence of exact controls, it is shown that
the solutions of the three dimensional exact controllability problems converge, as the thick-
ness of the shell goes to zero, to the solution of an exact controllability problem in two
dimensions.
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1 Introduction

The problem of exact controllability has been studied extensively by J. L. Lions [11, 12]
and the asymptitic behaviour of thin plates and shells has been studied by P. G. Ciarlet, V.
Lods, B. Miara and others (cf. [1-6]). I. Figueiredo and E. Zuazua [7] have studied the exact
controllability and asymptotic behavior for thin plates and in this paper, we study the exact
controllability problem for thin shallow shells and the limiting behaviour of the solutions.

We begin with a brief description of the problem and describe the results obtained.

Let Q¢ = DE(Q°), O = w x (—¢,€) with w € R?, and the mapping ¢ : Q" — R? be given
by

Q(2°) = (w1, 22, €p(21, 72)) + x303(T1, T2)

for all z¢ = (z1,292,25) € Q°, where ¢ is an injective mapping of class C® and a§ is a unit

normal vector to the middle surface ®¢(@) of the shell. Let 79 be the boundary of w and let
§ = (v X (—e,€)) and I'L = P(w x {£e}).

The exact controllability problem may be formulated as follows: given initial data {¢§, 1§}

in a suitable energy space, does there exists a time 7" > 0 and controls 4° = (u§) on fg and

NE

3] NE

= (0§) on f; such that the unique solution ¢ of the problem (2.7) reaches equilibrium at
time 7', that is ¢¢(T") = ¢*(T) = 0.

In this article we first show, using Hilbert Uniqueness Method (HUM), that this problem is
exactly controllable by assuming the validity of the regularity result described in Lemma 3.1.
We then make appropriate scalings on the data and the unknowns and transfer the problem
to a domain Q = w x (—1,1) which is independent of ¢ and study the asymptotic behaviour
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of the scaled controlled solutions. The key to the asymptotic analysis lies in establishing the
weak convergence (4.32) of the scaled solutions ¢(e) of the homogeneous problem (3.9) and
the strong convergence (4.55) of the scaled solutions 6(e) of the forward Cauchy problem (3.1).
We then show that the limit (¢);) of the scaled controlled solutions (i(€)) of (3.18) is of the
Kirchhoff-Love form; that is, 13 is independent of z3,

Vo = ﬁa — 230,13, ﬁa is independent of x3.

Moreover 13 is the solution (in the transposition sense) of a two dimensional problem with con-
trols on the boundary and interior of the shell and the functions @a can be uniquely determined

in terms of a known function.

2 The Three-Dimensional Problem

Throughout this paper, Latin indices vary over the set {1,2,3} and Greek indices over the
set {1, 2} for the components of vectors and tensors. The summation over repeated indices will
be used.

Let w C R? be a bounded domain with a Lipschitz continuous boundary ~o and let w lie
locally on one side of vy. For each € > 0, we define the sets

D =wx(—ee), T'L=wx{xe}, IfH=9 x(—¢€¢).

Let ¢ = (21,22, 25) be a generic point on Q¢ and let J, = 95, = 8% and 0§ = 8%'
We assume that for each ¢, we are given a function ¢ : w — R of class C3. We then define
the map h¢: w — R? by

he(z1,22) = (1,22, 9 (x1,22)) for all (z1,22) € w. (2.1)
At each point of the middle surface S¢ = h¢(w), we define the normal vector
0t = (1210 + 1029 +1)7H (=01, 0", 1),
For each € > 0, we define the mapping @€ : Q¢ — R? by
O (2°) = (1, 22, ¢ (21, 22)) + x50 (21, 22) for all ¢ € Q°. (2.2)

It can be shown that there exists an ey > 0 such that the mapping ®¢ : Q¢ — ®¢(Q°) is a C!
diffeomorphism for all 0 < € < €y. The set ¢ = € (Q€) is the reference configuration of the
shell. We denote by é’ the standard basis in R.

For 0 < € < ¢g, we define the sets

L =a(rg), Th=0(rp)
and we define vectors g§ and g“¢ by the relations
gf = 0@° and ghc.gf = 5{

which form the covariant and contravariant basis respectively at ®¢(z¢). The covariant and
contravariant metric tensors are given respectively by

95, = 9i.g95 and g7 = ghcgle.
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The Christoffel symbols are defined by
I = g7 050f.

Note however that when the set Q€ is of the special form Q¢ = w X (—¢, €) and the mapping
@€ is of the form (2.2), the following relations hold

Tos = Th = 0.
The volume element is given by /g°dx® where
g° = det(g;;)-
It can be shown that for e sufficiently small, there exist constants g; and go such that
0<g1<g°<go. (2.3)

Let Aiikle denote the elastic tensors. We assume that the material of the shell is homoge-

neous and isotropic. Then the elasticity tensor is given by
A\ijkl,e — )\5”(5“ 4 /.L((Sik(sﬂ + 5il5jk), (24)

where A and p are the Lame constants of the material.
It satisfies the following coercive and symmetry relations. There exists a constant ¢ > 0

such that for all symmetric tensors (¢;;)

3

A\ijkl’etkltij >c Z (tij)?, (2.5)
i,j=1

Aidkle _ ZFklije _ Fiikle (2.6)

Then the system of equations which govern the vibrations of the medium Q¢ is:

pUs — 065 =0 inQF=0°x (0,T),

] on 3§ =T§ x (0,7),

1’1&6 Te\ e ~e€ $e Aoe ( ) (27)
0'”('@[} ) ' =v; on Eﬁ: =13X (O,T),

D0) =5, 0(0) = 05 in O,

where 7€ is the unit normal vector along the boundary of ﬁe, p¢ is the density of mass and
~e (€ Nijkl,ese (7€ ~€ (€ 1 Ae, € e, 7€
Uz‘jW’ )=A Ikt € (V°), eij(w )= 5(81'1/’3‘ + ajwi)' (2.8)

The controls are u€ on the lateral surface ff) through Dirichlet action and v¢ on the upper
and lower faces I'Y. through Neumann action.
We define the spaces

H, Q) = {0 € H'(Q) : o5, =0}, (2.9)
V(@) = [HE Q)P (2.10)
X(Q9) = {5 € L0, T: L)) : §° € L'(0. T3 [HL, (Q))}. (2.11)
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se) — [12° — ¢ WP 2oy C()
RGH) = 8 =l T = =7 max { R ey -
where C(Q)€) is the constant of continuity of the trace map tr : V(Q€) — [L2(9°Q°)]3. We
denote by 77 the j-th component of the tangential gradient on Qe
Throughout this paper, we denote by C;,i = 1,2,3,--- various constants which are inde-

pendent of e.

3 Preliminary Results

In this section, we will first recall some existence, regularity and energy estimate results for
the forward Cauchy problem associated with (2.7) and then we will deduce some identities for
the 3D problem.

Let 6 be the solution of the following forward Cauchy problem; that is,

P05 — 8565,(0) = f< i Q,

i Y
éf = on /2\18,
o - (3.1)
ij(ee) =0 on X9,
6°(0) = 65, 6°(0) = 0 in O,
If fﬁ = 0 then we use (;ASB, q@i and q@e in place of 95, éi and 6 respectively.
Let E%(t) denote the energy of the solution §¢ at time ¢ € [0,77]; that is,
he 1 ~e Ae o€ 1 ~€e(nE He
B0 = 3 [ SRR + 3a @ (0.0°0) (32)
where
(0,6 = [ 65,0105 (33)
When t = 0, we have
je 1 NG ne Oc 1 ~e(pE Ne
B (0) = 5/@” Z:|9M|2d§2 + (05, 05). (3.4)

Remark 3.1 For u € C%([0,7],[V(Q)]') and v € V(Q) we denote by / twdx the duality
Q
product between i € [V ()] and V().
Lemma 3.1 (a) Assume that 05 € V(Q°), 65 € [L2(Q)]3 and f© € LY(0,T; (L2(Q°))3).

Then there exists a unique solution 0° of (3.1) with

6 € C°([0,T],V(Q9)) N C*([0,T], (L2(€2))) n W ([0, 7], V(Q°)). (3.5)
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(b) If 65 € H2(Q) NV (Q°), 05 € V(Q) and f¢ € LY(0,T; V(X)) then
6c € CO([0,T), H2T5(Q) N V(Q9)) N C1([0,T], V() N W([0, T], (L*(Q2)?)) (3.6)

for some § > 0.

(¢) The following energy estimate holds:

B (1) < ¢ { E7(0) ii[ / 1Pl o] (3.7)

i=1

Moreover, if fo¢ € X(Q°) and f3¢ € L*(0,T; L2(QF)), then

B (0) < C2{ 7 (0) + Z £ 1% e + [/OT ||f3’6||L2@€)dtr}. (3.8)

Proof The proof of (a) is classical and for (b) we refer the reader to the work of Grisward
[8] and Nicaise [14]. The proof of (c) is similar to the proof of [7, Lemma 2.1].

3.1 Identities related to the 3D shell problem
Letting f€ =0 in (3.1), we see that ¢¢ satisfies

PO — 0565,(6) =0 in Q°,
bs = on 3,
qAée Te\ e AS (39)
G5 (0°)05 = on %3,

¢°(0) = 45, ¢°(0) =¢5 in Q.
Then we have the following identity.
Lemma 3.2 Let 0° be the solution of (3.1) with 65 € HQ(QE) N V(ﬁe), 05 € V(ﬁe) and

fe e LY0,T; V(Q°)) and ¢ be the solution of (3.9) with ¢ € H2(Q) NV (Q°), ¢5 € V(Q°).
Then

[ e rsa @nrdsbialiar + [ (a0 - o (64105051

0

€2 ”a o ~1T PN
= /A ,aee;(q;.a;@)dm} +| / P05 (45.0565) dQ‘ / / 35°05 65 A0 dt
/ / &%, (6)D50cd0dt — / /f (G5.050%)d<dt. (3.10)

Proof The proof follows by multiplying the first equation of (3.1) by (jjéquf and the first
equation of (3.9) by cj;é;éf and integrating by parts.
Notice that

5

€ . AT T € [N T N
[ / ﬁf&;@dﬂe} - / / 505 pedCdt — / 65, (605650 dt. (3.11)
Q 0 o Ja 0



98 S. Kaizu and N. Sabu

Hence the equation (3.10) can be written as

[ e @nsastzalar + [ (a7o)pbc0 - o5 (6105611

0

= [[ ﬁeéi(d?é?éi)dﬁﬂzjt [/ OG- 8€9€)d9f} +2[/ Afgegbgdgg}
/ /f 650505 dﬂedt+/ / 8696d§26dt+/ / peOcdcded.  (3.12)

Corollary 3.1 Let ¢¢ be the solution of (3.9) with initial data in H*(Q¢) NV (Q°) x V(QF).
Then the following identity holds.

s

%/Ag(é? 0°)6; (¢6)86¢6d1“6dt+1/ (qs.a)[ ZW) fj(ée)é;ég}df;dt

— {/@ PUGE (D5 + %) dQe / E(0 (3.13)

Proof The proof follows by taking f¢ = 0 and 6¢ = ¢¢ in (3.12) and noting that E% (t) =
E?(0).

3.2 The exact controllability problem for 3D shell

We will now prove the exact controllability result for 3D shell using the Hilbert Uniqueness
Method. In order to do that we will first establish some a priori estimates for the energy E% (t)
of problem (3.9). We will also introduce the transposition formulation and define the HUM
operator and show that it is an isomorphism between V(QE) X L2(§€) and its dual.

Theorem 3.1 (Direct Inequality) Let 0 < € < 1 and T > 0 be fized. Assume that
b5 € H2(Q) NV (Q°) and ¢5 € V(QF). Then the solution ¢¢ of (3.9) with initial data {5, 5}
satisfies

| / g < (6)05 e dTgdi+ / : (7°) 5 D2 (60)? =456 ;05| Tt | < Co ¥ (0). - (3.14)

Proof The proof follows from the above corollary.

Theorem 3.2 (Inverse Inequality) Let 0 <e <1 and T > T¢. Then for every solution é“
of (3.9) with initial data {5, ¢S} € H2(Q) N V(Q°) x V(Q), we have

(7= T9E7 0) < Ca{_ [ (707055600561

€
EO

+ /i; (q°.0%) [p ;(&f - a;(&)é;ég} df;dt}. (3.15)

Proof Proceeding as in [7, Theorem 3.2], it can be shown that

P ()
< \/;max {R(xo), RGo) } (3.16)

The result then follows from (3.13) and the above estimate.

| [ intag s + dnyar
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From the above two theorems it follows that for a fixed e and T"with 0 < e < 1and T > T¢,

the mapping
{06, 01} € H*(Q) N V(Q) x V(Q) — {5, 45,

where
466,000 = { [ (@018, 35carsa
;
s [ @[ Yo - sy dg]atsary’ (3.17)
is a norm in H2(Q) NV (Q°) x [V(€9)]3, is equivalent to the usual norm in V(€€) x [L2(Q¢)]3.

3.3 Transposition formulation

For a given {¢§, 95} € V(Q°) x [L2(Q¢)]3, we first solve the homogeneous problem (3.9) for
¢° with initial data {(56, éj} Then we introduce the backward Cauchy problem: find 1&6 such
that

s — D565, (1) = 0 in Q°,
o &
f = qe,yﬁ — L on Ee,
177 Bepe 0 (3.18)
65 ()05 = 5055765 — 75675;(6)]  on B,
J(T) =0, (1) =0 in

The transposition formulation of (3.18) can be obtained as follows.
We multiply the first equation of (3.18) by 06 the solution of (3.1), and integrate by parts
on Qe and we obtain the following identity

[W;@é&—ﬁﬁ«ﬁ:(omdﬁﬁ= [ efiean s / (§°.5)6%,(6)D5 55 dt

e

+ [ @0l diis - o5 (60000 (319

Definition 3.1 The function 1&6 is a solution of the problem (3.18) in the sense of transpo-
sition if ¢ € L>(0,T; (L2(9))3), the traces {0<(0),9(0)} makes sense in [LQ(QE)]3 x V(Qe)
and 1[)6 satisfies

({0 (0), — 0 (0)}, {05, 05 ) / J fiedie / (°.5°)6%,(6)05 Tt
+ / (55505 — 955 (6)3500d0 e (3.20)
+
for any f€ e Ll(O,T;L2(§€)3) and for any {05,065} € V(ﬁe) X (L2(§€))3 with

({0 (0), =0 (0)}, {05, 053)e = ({5 45(0), —p705 (0}, {03, 05,1), (3.21)

where (-, -) denote the dual product between V(Q°) x [LQ(QE)]3 and its dual.
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Theorem 3.3 Let 0 < e <1 and T > T€ be fized. Then there exists a unique solution
¢ e L®(0,T; (L2(2)3) of (3.18) in the sense of transposition.

Proof The proof follows by duality arguments.

3.4 The HUM operator

Let 0 < € < 1 be fixed and {¢§, ¢} € V() x [L2(9)]3. First we solve the problem (3.9)
with initial data {qSO, qbe} and then we solve the problem (3.18) in the transposmon sense, i.e.,

we solve (3.19). Let ¢)¢ be the solution of (3.19) and let ¢§ = 1)*(0) and ¢ = 1)*(0). Then we
define

({95, 653) = (o1, —¥5},
that is,
(R<({05, 81}, {05, 011))e = ({&F, ~ 05} {05, 07}
for any {05,605} € V(Q°) x [L*(Q)]?.
Theorem 3.4 Let 0 < e <1 and T > T€ be fized. Then the operator A€ is a continuous

isomorphism between V (Q) x [L2(Q°)]® and its dual. Moreover if {$5, d5} = (A) =1 ({5, —d§})
where {15, —g} € V(Q€) x [L2(99)]3, we have

Cs
{*Zn%nm +a6<¢0,¢0>} < 2 5~ 06 ey x 2@ (3.22)

Proof The proof is similar to the proof of [7, Theorem 3.4].

Theorem 3.5 (Controllability Result) Let 0 < e <1 be fized. If T > T¢, then the elasticity
system (2.7) is exactly controllable. More precisely, if {15, 5} € [L2(Q)]3 x [V(Q°)] then there
exist controls of the form

~ € AeAeéeéze' e
U§ = G505 on X,
dee (3.23)

f = a5l o5 — 705, on S5,

where ¢¢ is the solution of (3.9) with initial data

{66, 95} = (A) 7 ({95, —5)) (3.24)
such that the solution 4 of (2.7) satisfies (T = 4<(T') = 0.
({45, —d6})

Proof We first solve the problem (3.9) with initial data {@g, ¢5} = (A€)~
n (3.23). In view of

and we obtain the function gﬁe. Then we define the controls 4¢ and ¢ as in
(3.24), the solution ¢ of (3.18) satisfies

DE(0) = 5, 1E(0) = o,

or, equivalently, the solution of (2.7) satisfies ¢ (T") = 1Z6 (T) =
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Note that because of the relation (3.10), the equation (3.20) is equivalent to

(0, = O A0 i)~ [ 7 eae

- | / sbe(as ae¢e)dge}o+[ / 5o ds.000) dQe / /Sgﬁew Bt
// VOB dt — /OT Fie (.0t ) -

4 The Scaled Problem

To study the asymptotic behaviour of the solutions ¢ as ¢ — 0, we first transform the
problem (2.7) to 2 = w X (—¢, €) and then to the domain € = w x (—1, 1) which is independent
of €.

Since the mappings @€ : Q¢ — QF are assumed to be C'-diffeomorphisms, the correspondence

v (2€,t)ghc = 05(2°, t)é!
induces a bijection between V(ﬁe) and V(Q°) where
V(Q°) = {v¢ € (H'(Q9))? : v° =0 on T}.
Then we have (cf. [2])

0505 = viyu(9™)ilg"); Ui = Orve — TS (2%)vg,
&5;(69) = () (g™ Vilg" )z, €5y () = e (v°) =TT g,

With the function ¢, we associate the function ¢¢ by
0°() = B (a) — @(f) = #° — i = 4°(2).

We define
Aijkl,e —_ Aglj7€ kl,e _’_'u( ik,e kl ,€ +g1l €g_]k‘7€).

Then the equation (3.1) posed in variational form over Q¢ becomes: find 6¢(t) € V(Q€) a.e
Vt € [0, T] such that 6°(0) = 65, 6<(0) = #< and

[ g @vamder + [ A (0)eq (o)A o
- /Q Fouiy/gedat Vo< € V(QO). (4.1)
The equations (3.10), (3.19) and (3.25) posed over Q¢ become
/E(qe-Ve)Aijkl’eei\\l(ee)eﬁnj((be)\/fdrﬁdt
+/5 (4" ) [pf 95659 — AT ey (6 ey (¢)1V/g7 Tt
&

= {/EPeéfn(gm’e)i[Q§.¢Z|”(xe)(gkve)i(glye)j]\/fdxe}j
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T
{/ P ¢ (g™ )[qj 0k||l( )(gk’e)i(gl’e)j]\/g_edxﬁ}o
T
+3/0 /Q6 peﬁffb;gm,e\/fdxedt—/o /6A”kl’eea\l(ee)ezul(ﬁlse)\/fdl‘edt
T
—/0 /6fm7E(9;z)i[Q;'¢2\\l(xﬁ)(Qk’e)i(gl’e)j]\/g_ecixedt, (4.2)
/e[ped'}f(o)%j — s (0)65,197°V/g° dat —/Qg VS FE/gE dadt
:/F(QE'VE)A”M’%EW( Ver(¢9)Vge drgdt

+/€(q€,yﬁ)[pe'§9§gije Azjkleekw( Ve (99)]Vge dldt, (4.3)

[ b8, — i )85, )g Vi da - / Ve F g datt
- {/ Peéfn(gm’e)i[qje"ﬁm(ffe)(g “)ilyg ’e)j]\/fdxe}o
{/ PP (9™ )il Oy (z) (9" )i(gl’e)j]\/fdxﬁ}j
+3/0 /Qe pﬁéfé;gij’eﬁdxedt_/OT/GAijkl’eezl(ee)ezl(ﬁbe)\/g_edxedt

T

[ g i)V da (4.49)
Let Q =w x (=1,1), Tg =79 x [-1,1], Ty =w x {£1}.
Let x = (x;) denote a generic point in the set Q and let 9; = - With each point

x¢ = (z§) € Q°, we associate the point x = (z;) € Q by z, = ¢, and x3 :%xg

We assume that the shell is a shallow shell, i.e., there exists a function ¢ € C3(w) such that
@ (x1, 22) = ep(x1, 22). (4.5)

We make the following scalings on the unknowns and the intial data.

Ve (a9) = Evale)(@), Y5(a°) = es(e)(2),

Pa(29) = €0a(e)(x), d5(z°) = es(e)(x),

05, (2%) = ea(e)(x), 05(x°) = ef3(e)(2),

foe(a) = () (@), f2af) =€ (e)(@),

pf=€p, X=X pu=up,

9i(x°) = gi(e)(x), gi;(x) = gij(e)(x), g°(z%) = g(€) (),

AT () = AR (e) (), T () = Th(e)(2),

q“(z) = q(e) ().

With the functions €5, ;(v)(z°) we associate the functions e;)|;(¢; v)(x) through the following
relation

iy (V) (@) = eqj(e;v) (). (4.7)
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We define the spaces

V(Q) = {v = (v;) € (H' () | v =0 on Ty}, (4.8)
X(Q) ={g € L'(0,T; L*(Q)) : g € L' (0, T; [Hy, ()]},
Vier () = {v = (v:) : va = 1la — 230am3, Vs =13, Na € Hy(w), 13 € Hj(w)}. (4.10)

We need the following Lemma which is proved in [1].

Lemma 4.1 The functions e;)|;(e,v) defined in (4.7) are of the form

ealp(€60) = €ap(v) + ezeillﬁ(e; v), (4.11)
Cas(60) = ~{eas(v) + ek 5 (6 0), (4.12)
eslale v) = —5as(v), (113)
where
as(v) = (003 + Ota) — 150, (4.14)
() = %(am + Ova), (4.15)
é33(v) = O3v3 (4.16)

and there exists constant C7 such that

sup max||e €)oo <Crlvlia  for allvelV. (4.17)
0<e<eq XJ

Also there exist constants Cg, Coy and Cig such that

sup max |g(z) — 1] < Cré?, (4.18)
0<e<ep z€Q
sup max |[AYF (e) — ATM(0)] < Coé?, (4.19)
0<e<eo z€Q
where
ATR0) = N6 SR 4 (87570 71 5TR) (4.20)
and
Aijkl (E)tkltij 2 Cl()tijtij (421)

for 0 < € < € and for all symmetric tensors (t;;).

Proof A simple computation using the assumption (4.5) shows that

Sa1 — €223041p + O(€?) —ed1p + O(e?)
gal€) = (5a2 — €30a20 + 0(62)) , g3(e) = <—632<P + 0(63)) , (4.22)
€Datp + O(e*) 1+ 0(e?)
a1 + O(€?) —ed1p + O(e3)
g9%(e) = ( daz +O(e?) ) SHOE (—632<P + 0(63)) ; (4.23)
€Datp + O(€2) 14+ 0(€?)

Gap(€) = dap + ez[aacpaggo — 2230089] + O(eY), gas(e) = O(e), gss(e) =1+ 0(?), (4.24)
25(€) = O(e%), Tis(e) = dap(p) + O(”), T3 =O(e).
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The announced results follow from the above relations.
The variational formulation (4.1) posed over the domain © becomes: find 6(¢)(t) € V(Q)

a.e. Vit € [0,T] such that 6(¢)(0) = 6y (e), 8(€)(0) = 01 () and
o[ [ ialerosg™ @ + [ cbaleesg™ O + [ eiepnag® o
/93 )vsg® \/—dx—i—/ AT (e () (0() eay (€) (0)v/9(0) da
:/Qﬁ (/g dz, Vv e V(Q). (4.26)
The equations (4.2)—(4.4) posed over the domain Q become
/ (@2 A (Jeuyu(0) et (0)9(0) V(6] doc
+ @O a5 (€) + G Iis(€)g™ () 5TE)
+ @0 )[e65(00a(0)5" ) + d5()s (5™ (0

— AT (e)eu(e)(d(e))ei; (€ NV g(€) dxdt
. T
~ of [ (@0l oun(ers® <e><gl<e>>j] + el(0)lgs(0)6u11 (g™ (06 (©),) Vo d ).

+p{/(62¢a(6)[ 7(€)-0k111(€) g% (€) (g (€));] + eds(€) [ (€)-Oryi(€)g** (€) (" (€));])V g (€) dl‘}OT
+3p// ) + e ()9 ()
+ €3(€)0a(€)g* (€) + d3 ()0 )V g(e) d
/ 70y (0)-Gai(©) \/ dx} Ho [ @l ban(o @)Vt do}
—/ /A” (E)ka ezH] )V g(€) dadt, (4.27)
0 Q
p/52[52¢a(6)(0)90ﬁ(6)9a6(6) + €0 (€)(0)003(€) g (€) + etb3(€)(0)Boa (€)g°* (€)
+13(€)(0)0o3 (€ Wle)dr — / 10 (€)(0)010(€)g*" (€) + €t (€)(0)013(€)g** (¢)
— €ep3(€)(0)01(€)g>* (€) + ¥3(€)(0)013(€) g (¢)] /g (€) d —/in(e)%(e)vg(ﬁ) dxdt
=/Z (q(e)-)[A7H (€)eryu(e)(B(€))es () (b)) + €Pa(€)Bs(e) g™ (€)
+ ea ()0 DRVAY dxd“—/ (q(€)-v)[eds(€)0a ()9 (€) + P3(€)B3(e)g* ()
— AT (e)epyi(e)(¢(e))eq; (e )V g(e) dadt, (4.28)

p /9[62%(6)(0)905(6)9“5 (€) + €t (€)(0)803(€)g* (€) + e)3(€) (0)foa (€)™ ()
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SOWaE s = [ (00010 (05"(0) + eba(0)01a()5™ (0
(0O €)™ (€) + o)1 (0hg™ VT [ Fe)(e) /5T o
@ODVai ),
OIWVatdr}

+103(€)(0)o3 (e

- P{ /Q@Z@'a(e)[%(e)-%u(e)g“’%)(gl(e))j] + e03(€) (45 (€)-Gr 1 (€) g (€) (¢'

+p{ /Q (o (€)[a;(€)-Or11(€)g°* () (9" ()] +eda(€) g (€)-Oryu ()™ (€) (g
T . . . . . .

+3p / / [€6a(€)05(e)g™ (€) + €da(€)03(e)g™*(€) + €d3(€)bale)g™ (€)

+ d3(0()g™ (O V/aTe) o + | /f 5(6)- 611 (g ()] V/oe) dar}
+{/'f<n<>%w )i1Vsle dﬁ
/ /A”kl e)eni(0(e))eq;(o(€)) v/ g(€) ddt,
(4.29)
where
Gal(6)(2) = Da(e) — 63(€)Bapp + O(E)
Buls(€)() = 20500 (€) — V5 ()0 (6)
(4.30)

8310 0)(2) = ~0305(e) — TG (I (o),

B35 (@) = s ).

Theorem 4.1 Assume that the scaled initial data {¢o(€), p1(€)}eso € V(Q)
the problem (3.9) satisfy

E*9(0) = %{||6\/ﬁ¢11(6),6\/5¢12(6),\/ﬁfbls( ez + ale)(do(e), ¢o(e)} < Cir.

Let {¢(€)}eso be the scaled (weak) solutions of (3.9) with initial data {¢o(€), d1(e)}. Then there
exists a subsequence {@(€)}eso (still indexed by € for notational convenience) satisfying the
following.

(i) There exists ¢ € L°°(O T;V(Q)) N Whee (0,75 [L?(2)]?) such that, as e — 0,

x [L2(Q)° of

(4.31)

oe) — weakly * in L°°(0,T;V (),

b3(e) — ¢3 weakly * in L>=(0,T; L*(Q)),

€hale) — weakly * in L>(0,T; L*(Q)),
eaija(d(€)) — ean( ) weakly * in L°(0,T; L*(%2)), (4.32)

eq|3(@(€)) — weakly * in LOO(O,T;LZ(Q)),

es)|3(o(e)) — py +)\2 alla(P)  weakly * in LOO(O,T;LQ(Q)).

(ii) The limit function ¢ = {¢a, d3} is a Kirchhoff-Love displacement, that is, ¢3 is inde-

pendent of x3,

Do = an - x38a¢37

éa is independent of x3.

(4.33)
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Moreover, ¢o = (S(¢3))a where for a given ¢s € HE(w), (S(d3)) = (¢a, ¢3) is uniquely deter-
mined by

4/\u
/w N+ 2 €oo ¢o¢ af T 4Heaﬁ(¢a):| 8ﬂnadw

4)\u
w )\+2

and ¢3 € C°([0, T); H3(w)) N CL([0,T); L*(w)) is the unique solution of the 2D shell problem

2063 — Dapgmap(d3) — (n55(5(¢3))dapp) =0 inw x (0,7),

(Oappd3)das + 4#(8aﬁ§0¢3):| IpNadw V1. € Hy(w) (4.34)

O3

Pz = i 0 on Ow x (0,T), (4.35)

/ dosdas, ¢3(0 / ¢13drs  in w,

where
_ [ dp
map(C3) = {3/\+2”AC350¢,3 +3 8(15@3}, (4.36)
£5(0) = 2B (C)Pup + ApiEa(C) (4.37)
naﬁ - /\+2,U600 af HEap .

and {¢o3, P13} s the weak limit of {¢os(€), P13(€) eso in Hllo () x L2(%).
Proof Letting fi(e) = 0 in (4.26), we see that ¢(¢) satisfies

/Qp[eQ(ﬁa(e)vggaﬁ(e) + €da (€)39™(€) + €d3(€)vag®(€) + d3(€)v3g™ )V g(e) dx

4 /Q AT () 1) (B())ex 3 (W) Vg dz = 0, Vv € V(Q). (4.38)
Taking v = ¢(¢)(x, t) in the above equation, we have
5o | P0aIBa(0 (O + 26 )50 + bl T
g3 [ AT Qe 6(O)es (GO ale do = 0. (439)

Using the positive definiteness of (g% (€)) and integrating from 0 to ¢, 0 < t < T, we get

;/ (cda(€))*V/g(e) dz + 5 /P(%(E))Q\/g(e) dx
+3 / AR (E)eyu(€) (Ble) e (€) (Ble)V/g(e) da
1

S 2/ E¢1o¢ \/—d{E

45 [ oo Vai@de+ 5 [ A e Go(eeny (@ Gn()Vai e, (140)
Q Q

Using the generalized Korn’s inequality (cf. [1, Lemma 4.2]),

{Z||vz||m}<0{z||e” J3a} ¥vev) (4.41)
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It can be shown that there exists ¢y > 0 such that for 0 < e < ¢,
{Z leill? e} < Cisf 2 leas@WIB o} YveV(©). (4.42)
Using the assumption (4.31) and the above inequality we have
pliedale)l3 o + pllds(l o + 16:(6) 30
< 00w (lleda(@) 0 + 1930 + 2 llears (VGO )
< 00 ([ (6600 (6))? + (60a(6))* + AW (Sene) (e)esty (€)(Go( )] a(e) d)
< Cg. (4.43)

Hence

leda(e)llog < Cis, lId3(e)loe < Cres 0i(e)llng < Cis, lesjs(€)((e))lloe < Cro. (4.44)

From this, it can be shown, by using the same arguments as in [1], that for each fixed
t € [0,7], the weak * convergence (4.32) holds, ¢ is of the form (4.33) and

~/(2Aijkl(€)ek||l(€)(¢ il (€)(w) v g(e) dw — — / Map(¢3)dapradw — / 145(9)Dap prizdw
+ / né () 910 dw (4.45)
for all v = (N — 230a7m3,m3) € Vi 1().

Since (eda(€), d3(€)) — (0, ¢3) weak % in L°(0,T’; L2(£2)), it follows that for fixed v = (v;) =
(o — 230am3,m3) € Vier (),

/ €hal€)var/gle) dr — 0 weak * in L*>°(0,T),
/ b3(e)vs/g(e) dz — / bsvsdr  weak * in L>(0,T).
Q Q

This implies that

T .. T . .
/ / €Pa(€)vaC/ g(€) dadt = —/ / €ho (€)vaC/gle)dxdt — 0, V(€ D(0,T) (4.46)
0o Jo 0o Jo

and
T . T . . . .
/ / Ba(e)vsCy/9(0) dadt = — / / ba(€)val\/g(0) dadt — — / dsvsC ddt
0 Q 0 Q Q
= / bsvsCdadt, V¢ e D(0,T), (4.47)
Q
ie.,

/egéa oV g(€)dr — 0 and /gbg 3\/g(e)dx—>/ﬂ<53v3 dr in D'(0,T). (4.48)
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Hence passing to the limit in (4.38) by taking v = (7, — 230.73,13) € Vi 1,(2), we get

QP/M banzdw — Lma6(¢3)8aﬁn3dw - /wnﬁﬁ(<b)<9w<pngdw + /w nf5(0)9pnadw =0 (4.49)
for all v = (ng — 30473, 13) € Vicr,(2). This is equivalent to
2p [ dumdo = [ map(on)Onmde = [ nZy(@00upomds =0, Vo € Hiw). (450
/ né5(9)0pnadw =0, V. € Hy(w).  (4.51)
Since ¢ is of the form (4.33), the equation (4.51) can be written as

A p - .

4\
- / (5352 (099305 + 41(0app6s) | Omads, Ve € H (). (4.52)

The left-hand side of the above equation is elliptic over H}(w) and for a given ¢3 € H3(w),
the right hand side defines a linear functional over H}(w) and hence by Lax-Milgram Theorem,

q%a can be uniquely determined in terms of ¢3.

Theorem 4.2 Assume that the initial data {0o(¢),01(e)} € V(Q) x [L?(Q)]® and the applied
body forces {fi(e)} of the variational problem (4.26) satisfy the following.

(1) f(e) = f* € X(Q), f3(e) — 2 € L'(0,T5 L*(9)).
(ii) The sequence {0y(€)} verifies

Oo(e) — O strongly in V(Q),
eq||3(f0)) — 0 strongly in L*(Q), (4.53)
Y 4
es)i3(fo(e)) — mea”a(%) strongly in LQ(Q).

(iii) The sequence {61(€)} satisfies

€01a(€) — 0 strongly in L*(9Q),

(4.54)
013(€) — O13  strongly in L*(Q), 613 € L*(w).
Then the solutions {0(€)}eso of (4.26) satisfy the following.
(i) There exists a function 0 € L>(0,T;V () N H(0,T;[L*(Q)]?) such that

O(e) — 0 strongly in L*(0,T; V(Q)),

03(e) — 03 strongly in L*(0,T; L*(Q)),

la(e) — 0 strongly in L*(0,T; L*(Q)),
eq)|8(0(€)) — eqyp(0) strongly in L2(0, T, LQ(Q)), (4.55)

eq||3(0(e)) — 0 strongly in L*(0,T; L*(Q)),

—A
es)3(0(e)) — eal|a(l) strongly in L2(0, T, LQ(Q)).
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(ii) The limit function 0 = {0, 05} is a Kirchhoff-Love displacement, that is 05 is indepen-
dent of x3,

On = 0p — 230005, 04 is independent of x3. (4.56)

Moreover, 0, = (Sta(03))a, where for a given f* € X () and 03 € HZ(w), (Sfa(03)) = (0, 03)
s uniquely determined by

4/\u p
2 oo (0a)0as + 4,uea5( )} 0pNadw

/Ll
=[5

Nt (Oappl3)dap + 4/‘(&1,85093)} 0pMadw

+/ / fo‘dxg)nadw V1 € H (w) (4.57)
w -1
and 03 € C°([0,T], H3(w)) N CY([0,T); L*(w)) is the unique solution of the 2D shell problem

1 1
2p03 — Oapmap(03) — (% 5(Sra(03))dapp) = / fdrs + (%/ x3fYdrs inw x (0,T),
—1 —1

03 = 803 =0 ondwx (0,7), (4.58)

. 1 !
/ Oozdzs, 93(0)25/ f13dxs in w,
—1

where {0os, 013} is the weak limit of {0o3(€), 013(€) }e>0 in Hp () x L*(K).

Proof Using the boundedness of f%(¢) € X(Q2) and f3(e) € L'(0,T, L*(f2)), it can be
shown by proceeding the same way as in Theorem 4.1 that the convergences (4.55) holds weak
«in L°°(0, T, L?(2)) (hence weakly in L2(0, T, L?(R))), (6;) is of the form (4.56) and (0;) satisfies

/ng]gdm—/mag 03)803773dw—/nzﬂ(ﬁ)aagngdw—k/wnzﬂ(ﬁ)agnadw

/f mdw—/ /_ xsf”‘dfcg)@angdw (4.59)

for all v = (Na — 230a73,m3) € V(). This is equivalent to (4.57)—(4.58).
To show the strong convergence of (6, (€), 65 (¢), e)1;(€)(0(€))) in (L2(0,T5 L3(2))? x L2(0, T
(L2(2))?), it is enough to show that they converge in norm as we already know that they

converge weakly.
For ;,7;; € (L%(0,T; L*(Q2))?, we define

T
(oij,nj):/ /Aijkl(O)aleijdxdT. (4.60)
0o Jo

Using (4.26), we have

/ / (o (€))?dadr + /O : /Q p(0s(€)) dzdr

+/ / ATE0) ey i(€)(0(€))eip; (€)(0(e))dxdr
//pe ()0s(e)g™"( \/—dxdT—i—/ /peg 65(61g™(O)/oTE dadr
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T
+/ /p )?g%%( da:dr+/ /A”kl e)exlji(€)(9(€))ei)j (€)(0()) v g(€) dwdr
0

Q

_/T/pe (©)85(6)(6°° () V/9(E) — 8ag) dxdT—/ / (65(€))2(g%(e)\/g() — 1) dardr

0

.
—/0 /p€0 (€)9*3(e)\/g(€) dzdr
- / | (4740 Va0 = A7 0))eagu(€)(0(€) s (0) (0o
-/ ' | r0r(@0s()” (0 Voo o + [ ' | re0ra(@ia(€)g @) ate)dadr
+f ) | #0136 /o) dadr+ | ) [ AP e Bol))esys €)0o(€) o) der
+2/ //f \/—dxdtdr—/ /pe )9 (€)\/g(€) — bop)dadr
/ / (fs(e V(e —ldxdT—/ /p69 €)05(€) g™ (€)\/g(€) dxdr
- / (A Va6 = AP 0w (0D (0000
-/ ) | (01015 ) /a6 dadr + [ ' | retra(@ss(€)g €)V/aTe) dadr
+ ' | #0136 /o) dadr+ | ) [ AP @enn(@60(€))es (0 60(0) Ve dod
= ) [ (€000 (6)/50E) datar +2 | ) [ @08 (00)V/5Te) dudtar
—2/T/t/f'a €)0a(c) \/—edxdtd7+2/T/t/f3 €)0s(e)\/g(€) dadtdr

2

2

/ /pe 00 (€)05(€)(g°% (€)\/9(€) — dup) dxdT—/ / (63 (e V(e) = 1) dudr
—/ / pela(€)03(€)g*>(€)\/g(€) dxdr
/ [ (A 306 = A ()00 00 (4.61)

Letting € — 0 and using (4.18)—(4.20), (4.53), (4.54) and (4.55) the right hand side of the above

equation goes to

/OT/Qp(@lg)dedT+/ a(bo, 90)dr—2/ /fa )dmdr+2/ /fa (t)dadr
_2/0T /Ot/ﬂf.a%dxdth-l—2/0 /0 /Qf393dxdtd7-, (4.62)

where

CL(QQ,@()) = —/wmaﬁ(eo)aaﬁ%gdw—/wn(fﬁ(%)aaﬁapﬁogdw—k/wn(fﬁ(%)é)g&()adw. (463)
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On the other hand,

/ / (63) dxdT—i—/ /A”“ Y (0)eyr (0)dzdr

:/O [/Q o(015) dm+a(90,00)+2/ /fadxdt}d

:/T[/ p(013)2dz + (6o, 60) —z/fa dm+2/fa
o fnairea [ [ o

:/0 /Qp(913)2dxd7'+/ a(0o, 0o) 7—2/ /fa dxd7+2/ /f“ t)dwdr
-2 /0 ! /0 t /Q 0 dadtdr + 2 /0 /0 /Q f30sdadtdr. (4.64)

From (4.62) and (4.64) it follows that [|(efla(€), 63(€), eqj;(€)(0())]| — 11(0, 63, e7)|-
That 60;(¢) — 6; in V(2) can be proved using the strong convergence of e;|;(€)(0(¢)) to e;;
in (L%(Q))°.

Lemma 4.2 For n3,(3 € L*(0,T; HZ(w)) define

T
b(Com) = /0 / 1 5(S(0))Bap pnduwdt. (4.65)

Then b(-, ) is symmetric.

Proof We first claim that for n = (1;), ¢ = (&) € L*(0,T; (H} (w))? x L?(0,T; HZ(w)) the
bilinear form B(-, -) defined by

T
B(Gym) = /0 / 1 5(Q) Bapps + Dpalddt (4.66)

is symmetric. We have

T
B(Q,m)=/ /N§ﬁ(0[3awns+36na]dwdt

2\ s,
/ / [/\ + 2 60"8 + 2M606(C):| 8aﬁ(,0773det

0 /w [ ZAMM‘?@ ()dap + 2ue]; (C)}ngadwdt
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T
+/ / 2# 60,3 ) + 3aﬁ<PC3][ asPn3 + 35770]de75
0 w

/0 / [)\2+ (Qefa(n) + 2pegs(Qleqs () dwd, (4.67)

which is symmetric in (¢;) and (7).
Let (Ca), () € L*(0,T; H'(w)) be such that (S(¢3)) = (Ca, G3), (S(13)) = (1a,73). Then
T

b(¢3,m3) =/ ny 05 (5((3))0appnzdwdt
0

' T
/0 /wn 5 )aaggongdwdt—i—/o /wnﬁﬂ(S(Cg))@madwdt
T
)
= B(5(s,5n3) = B(Sns, SC3) = b(ns, C3).- (4.68)

Hence b(-, -) is symmetric.

n% 5 () [0appns + dpnaldwdt

Lemma 4.3 Let 03 be the solution of (4.58) with f* € LY(0,T;H3(w)), f* € LY(0,T;
HZ(w)) and {603,013} € H3(w) N HZ(w) and let ¢p3 be the solution of (4.35) with {pos, P13} €
H3(w) N HE(w). Then the following identity holds

- / (gcvc)map(03)Oappsdydt
Owx(0,T)
= [/ (93((1(1 Oa3) +¢3 (q30a03)) } / 2p93¢3dwdt
wx(0,T)

—2/ Map(03) a5¢3dwdt+2/ $3))O0applsdw
wx(0,T)

wX

+/ qcac(nig(s(%))aa,@sﬁ)@sdw—/ n% 5(Spe (03)0app)qcOc 3 dw
wx(0,T) wx(0,T)

_ /wx(o.T) (/_11(f3 +x38afa)dx3)qa8a¢3dwdt. (4.69)

Proof The above identity follows by multiplying the first equation of (4.58) by ¢nOn¢s,
where ¢3 is a solution of (4.35) and the first equation of (4.35) by ¢n0a03, where 03 is a solution
of (4.58) and integrating by parts (here we assume that the solutions ¢3 and 65 belong to
H3%(w) and refer the reader to [14]).

Lemma 4.4 Suppose that the sequence {do(e), d1(€)} € HZ(Q) NV (Q) satisfies the as-
sumptions of Theorem 4.1 and let us denote by ¢(€) the corresponding sequence of solutions
satisfying (4.32)—(4.35). Assume also that the sequence {0o(¢),01(e)} € H?*(Q) N V(Q) and
fe) € LY(0,T;V(Q)) satisfy the hypothesis of Theorem 4.2 and let 6(e) be the corresponding
sequence of solutions satisfying (4.55)—(4.58). Then
iy [ (0020494 (00 010 e () 60) Vo

0

e—0

+ / (4(6) 1) [2da ()€} (€) + ea(€)8 ON/a(e) dedt
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+ (0 )[e65(00ia (019" ) + () (1™ () 5T0)
-/ @A <e>ew<e><¢<e>>emj<e><9<e>>¢fdmt]
- [ /w 20(03(qadads) + ég(qaaaog)dw]j +3 / 2p63sdwdt

wx(0,T)

+/ maﬁ(93)5aﬁ¢3dwdt+/ n‘p (S(¢3))3a,39093dwdt
wx(0,T) wx(0,T)
_Lx(o . (/1(f3+x3<9 fa)dxg)qo Oy P3dwdt — /WX(OT) / fe qqug) 5 (S(¢3)) 0 dwdt

+ / / fadxg 0O badwdt + / / F%e M(pdxg)gégdwdt
wx(0,T) wx(0,T)

/ / e qadxs) Oa 305 pdwdt. (4.70)
wx(0,T)

Proof From equations (4.27)—(4.29), we notice that to compute the limit of the boundary
integral in (4.70) it is enough to compute the limit on the righthand side of (4.29). Using (4.23),
(4.32) and (4.55), we obtain

€—

+ ey (s (©)-xga(e) (% (€)) (9 (€))5]V/5Te) ]
= tim [p | #6u(l0,(0)1 (6™ ()7 ()]

tim [ /Q €00 (6)[05(6) b1 () (9°* ()9 (€))5]
T

0

€E—

T

+ 0050 B335 () (6" (V5T ]
+1im [ [ @ (0l ()0 (6™ () " (),
+E0u(0]a5(0)-0515() (6o 2]
+1im [ [ ed0la; (€021, 6* ()" (0)]
+ el ()0 (0) B (57 () 61V ole
+1im [ [ es(6)ig (0050 %) (€]
+ ey ()0 (0 B315() (6™ () (6,110 da

Q 0

S~—
Q
8,

Similarly
tim [ 60(6)10,(0)ugn() (6™ () (5'(0))]
+ebal0)la @) (0 g ) (Vo da] | = [ [ pdstaatntiyaa] . @)
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Also

T
15%/0 / 3p[e*0a 6)&5(6) o0 (6)+69a(6)¢3(6) *(e)

+ €ha(€)b3(€)g° (€) + b3(e) )]/ g(€) dadt
= 3/ 2p03¢3dwdt. (473)
wx(0,T)

Since g3(€) = ep + exz + O(e?), O3¢5 = 0 and O3, = —0np3, We have

}E%/ /fa (95 (€)-¢ai(€) i1V g(e) dzdt
:lii%/o /Qfa(ﬁ)[qj(e)-%m(e)(g”(e))j+qj()%Hg )1V 9(e) ddt

:/(]T/Qf“(qa&,%)dxdt_/OT/Qfa(qaaqubg)dxdt-k/o /Qfa(qaaaqﬁg)agapdxdt

- /0 ' /Q £ (pOuchs)dadt — /0 ) /Q [ (w3 Dus)derdt. (4.74)

Since Do = éa - x38a¢3 = (S(¢3))a - x38a¢37 we have 8U¢a = 8U(S(¢3))a - x38a0¢3~ Hence

/OT/Qfa(qa&y%)dxdt—/OT/Qfa(qaamwbg)dxdt+/0T/Qfa(q03a¢3)8ﬂ0dxdt
_/OTAfa(¢33¢a)dxdt—/T/ FO (23003 ddt

1
= / fOtQdeB;aU / ,f QGdexl% aoz¢3 / f o aa‘pdx35¢3>

/ 170y, Dacrsdr / fodrs, p0n03) / forade 0uds).  (4.75)

where (-, -) denotes the dual product between L'(0,T; L?(w)) and its dual.
Also,

EE%/ /€f [g;(€)-¢3)11(€) )iV g(e€) dzdt

- lgr(l) / / €). 03115 (€)(g7 (€)); + g;(€)-93)13(€) \/—dxdt}

[ [ $asios)aa (wr6)
0 Q

Adding the above two equations, we get

T
tim [ [ [ 100 6a11(€)6'(©); + 7 las () ()61 (€)1 5e) da]

= (f? + 230", 4s0505) + ( /1 It s, 5 (5(63))a)

/ [Adx3, 903 + / [%qodxs, a¢330<P / %o M<pda:3,¢3> (4.77)



Ezact Controllability and Asymptotic Analysis for Shallow Shells 115

It can be shown as in [1] that for fixed ¢ € [0, 7],
/ Aijkl(e)emj(e)(ﬁ( ))ex(e NV g(€) dedt —
Q
- / Map (¢3)8a/393d$dt - / nzﬁ((b)@aggaﬁgdxdt
wx(0,T) wx(0,T)
_ / 0 4(8)050adadt. (4.78)
wx(0,T)

The result follows from (4.71)—(4.73), (4.77) and (4.78).

Lemma 4.5 Let T > T(¢) and 1(¢) be the sequence of solutions of the problem (4.28) with
initial data {o(€),1(€)} satisfying

[{%b0(€), 1 (€)} v <2 < C. (4.79)

Assume also that the sequence of functions {0o(€),01(€)} and {f*(¢), f3(e)} satisfy the assump-
tions of Theorem 4.1. Then there exists 1, € [X(Q)] and 13 € L>=(0,T; L*(Q)) such that

({pt13, —ptbos}, {003, 013})
= (i, f*) + / (200303 + 3ma3(03)Dpds]dwdt
wx(0,T)

- / (QCVC)maﬁ(93)8aﬁ¢3det - / nZQ(S(¢3))aa,39093det
Owx (0,T)

wx(0,T)

- / 4c0c(nf5(S(93))0app)fsdwdt + / n? 5(Spa(03))0appacOc padwdt
wx(0,T)

wx(0,T)

/MX(O T)/ (f%qodxs) a¢33090dwdt+/wx(0ﬂ / o q[,dx3) 1 (S(63))adwdt

- / ( / [ dag ) Oadydudt — / / FQuBanpdas ) dadudt,  (4.80)
wx(0,T) wx(0,T) -1

where
—{tb13, %03} is the weak limit in [V (Q)]" x L2(Q) of a subsequence of {113(€), vo3(€) }exo,
—1)q is the weak limit of the subsequence of {1 (€)} in [X(Q)], 13 is the weak x limit of the
subsequence of {1s(e)} in L>(0,T; L*()),
—03 is the solution of (4.58),
—ao3 is the solution of (4.35) with initial data

1 —1 1 —1
- drs, = d }
2/1 ¢ozdzs, 2/1 ¢13dzs

and { o3, P13} is the weak limit of {¢o3(€), d13(€)} in V(Q) x L*(Q) and
{¢o(e), ¢1(e)} = (A) ™ ({1 (), —ho()})-

Proof Note that the solution 1(€) of (4.28) with initial data {1y (€), 11 (€)} satisfies (4.29).
We want to compute the limit as e — 0 of (4.29).
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Note that because of (4.79), there exists a subsequence of {¢g(€),11(€)}es0 (still denoted
by e for notaional convenience) that weakly converges in [L2(Q)]? x [V(2)]". Also since {fq(e),
01(€)}eso converges strongly in V(Q) x [L2(Q)]?, we have

p [ (0a(0)05(01g™ () + et 03 (€)g™ () a(E) d

0 [ (66000015 (0) + D(0) 0 ()g™ () Vo da

= [ (@0 (0010015 (€) + et (D) O13(0)g™ (D) Va0 d

— 1 [ (evs()01a(g* (€ + ¥a(0)(0)12()g™ (D) V(e o —

/Qp(wmeog — Posbhs)dr  as e — 0. (4.81)

From the assumption (4.79) and estimate (3.22), it follows that the initial data {¢o(€), ¢1(e)}

= A7He)({1(€), —to(e)} satisty
I(ev/Po11(€), €y/p12(€), v/Pb13(€))IFr2 (s + ale)(do(e), do(e)) < C. (4.82)

Hence {¢o(€), ¢1(€) }eso satisfy the assumption (4.31). Let {¢o, ¢1} be the weak limit of the
subsequence of {¢o(€), ¢1(€)}eso in V() x [L2(Q)]3.
Choosing {0y(€),01(e)} = {0,0} in (4.29) and using (4.82) it follows that

T
[(¥s(e), £2(e))] < C/O 12 Oll2@pdt i f7(e) =0, §=1,2, (4.83)

T
[(¥s(e), f7())] < C/O 17 @llx@dt  if f2 () =0, f*(e) =0 for f#a.  (4.84)
Hence there exists ¢, € [X(Q)],;a =1,2 and 3 € L°°(0,T; L?(2)) such that

> Wile), f1(e)) = D (Wi 1) (4.85)

The identity (4.80) follows from (4.81), (4.85), (4.69) and (4.70).

Lemma 4.6 The limit displacement ¥ = (¢;) of the controlled displacement (e) is a
Kirchhoff-Love displacement, that is,

Y3 1s independent of x3,
Vo = ha — 23001hs, o is independent of x5 and is a function of ¢s. (4.86)

Proof (i) To show that 15 is independent of 3, it is enough to show that
(Y3,—05f) =0, V[feDQx(0,T)). (4.87)
In (4.28), we consider sequences {0y (€),01(€)}e>0, {f(€)}e>0 such that

Oo(e) — 0 in V(Q), 6i(e) =0 in[L*(Q)?,
(f1(e), £2(e), f3(e)) — (0,0, —0sf) in [X(Q)]* x L'(0,T; L*(Q2)).
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It can be verified that the above sequences satisfy all the hypothesis of Theorem 4.2. Note
that when f® =0, we have Sgo = S. At the limit we obtain (cf. (4.80))

0= (3, —0sf) + / 20l 3 00

—/ (QCVc)maﬁ(93)3aﬁsﬂ¢3dwdt—/ n%5(S(83))0apphzdwdt
Owx (0,T) wx(0,T)

[ a0y (SOt + [ (S(00)Guspacddnduds, (1.53)
wx(0,T)

wx(0,T)

where 63 is the solution of

1

2pily — Do (03) — 1 5(S(05)) s = [1(—83f)dx3 in w x (0,7),

03 = 0,03 =0 onw x (0,7),
05(0) = 63(0) = 0 in w.

(4.89)

Since f3 € D(Q x (0,T)), we have f_ll(—83f3)dm3 = 0 and so 03 = 0. Therefore it follows that
(3, —03f) = 0.

(ii) To prove that ¥, = 1[)(1 — 230,03, 1[)(1 independent of x3, it is enough to prove that
(O3%q + Oatps, fCY =0, VY f*eD(Qx(0,T)). (4.90)
That is,
(Yo, =03f) + (Y3, =0af) =0, V[f* €D x(0,T)). (4.91)

We consider sequences {fy(€),01(e)}, {f(€)} such that

00(6) — 00 = (90(1, 0) in V(Q), 91 (6) — 91 = (010“ 0) in [LQ(Q)P,
fe(e) = =03 f" in X(Q), () =0 in X(Q), 8#a,
f3(e) = —0uf° in L'(0,T; L*()).

Again it can be verified that the above sequences satisfy all the hypothesis of Theorem 4.2.
Note that f_ll —03f%dxsz = 0 when f* € D(Q x (0,T)) and hence Sy = S. At the limit we
obtain (cf. (4.80))

0= (Yo, —03f") + (3, =0 f*) + / (200303 + 3M0p3(03)Dapds]dwdt
wx(0,T)
- / (4c) M (03) Do bideodt — / 0 5(5(65))Dap phsdudt
dwx (0,T 0,7)

—/ qcac(nﬁg(S(%))aaw)%dwdt+/ 17 5(8(03))0apacOc psdwdt
wx(0,T) wx(0,T)

1
+ / — faquxg) Db pdeodt

-1

/ —0sf %dm) 7 (S (¢3))det—/

% (0 T) wx(O,T)(

/ —83f°‘dx3>g08a¢3dwdt— /
x(0,T)

1
/ (/ —83fadx3)q[,8mgpdwdt, (4.92)
w wx(0,T)

—1
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where 603 is the solution of

2003 — Dapmas(fs) — n%5(5(03))0app = /_1[(—5af°‘) = Oa(3(05f%))ldzs  inwx(0,T),

03 =090,03=0 onwx (0,7), (4.93)
03(0) = 63(0) =0 in w.

Since f® € D(Q x (0,T)), we have
1 1
—0af*) — Ou(x3(0f™))])d o f4d o “dzs) = 0. :
[ 1007 = 0ula @) = / paron( [ ) =0 o

Hence 65 = 0 is the unique solution of (4.93). Therefore (4.92) becomes

1
0= (o, —O3f%) + (3, —0a f®) +/><(0 . (/1 —05 ¢ qux3> (S (¢3))dwdt

1
/ / 0y f“dxg)goaa(bgdwdt - / ( / —0s f“dxg)qa&m(pdwdt
wx(0,T) wx(0,T) -1
/ / —83faqux3)8a¢38[,gpdwdt. (4.95)
wX OT)

Since f¢ € D(Q x (0,T)), we have

/w o ( / 11 05 40 d3)0, (S(03) ) dudt — /w o ( /_ 11 05" s ) pOusddt

1 1
_ / ( / 04 ) gy Dt — / ( / 04y ) sy ol
wx(0,T) -1 wx(0,T) -1
~0. (4.96)

Hence
0= <w(¥7 _83fa> + <¢3, _8afa>- (497)

(iii) To prove that 1) = Z(¢3), let us consider in (4.80) fps = 013 = 0, f3 =0 and f* # 0,
and f* € D(w x (0,7T)). Then we have

0= (o — w30atis, f*) + / (200363 + 3map (03) Das bs]duvdlt
wx(0,T)
/ qug Ymags(6s) aggégdwdt—/ nf5(S(63))0appbsdwdt
Ow X (0 wx(0,T)

065 (S(60) s oot + | nE (Sye(00)DuppacOsudodt

% (0,T) wx(0,T)

-
/WX(OT / I qadx?,) 7 (S(#3)a )det_~/w><(O,T) (/11 faqux3)8a¢360<pdwdt
-

1
/ o dx3)<p8a¢3dwdt— / ( / faq[,awdm)@aa@dwdt. (4.98)
% (0,T) wx(0,T) -1

_|_
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Hence

(Pas )
/ 2pé3¢3 + 3ma5(03)8a5¢3]dwdt
wx(0,T)

+
S—

(quc)mag (03)8a5¢3dwdt + / niﬁ (S((bg))@aggaﬁgdwdt

Awx (0,T) wx(0,T)

+ 4c0c(n 5(S(43))Dupep)Ozdwdt — / )nﬁg(sfa (03))OappacOc p3dwdt
x(0,T

x(0,T)

y OT) / I qadx:s) > (S(¢3)a )alcudt—k/wX OT) / 1 qu$3) Do h305pdwdt

+

g\e\s\

/ fadxg)gpaa¢3dwdt+ / / faqgaaodxg)gaaa¢3dwdt. (4.99)
><(0T) -1 w><(O.T) -1

For a given ¢3 € HZ(w), the right-hand side of the above equation defines a bounded linear
functional on H}(w). Hence

(has ) = (Z(3), f*), V[ € Hy(w) (4.100)

and therefore 1, = Z(¢3).
We can now identify the limit problem corresponding to (4.80) using the symmetry of the
bilinear form b(-, -) defined in (4.65):

8u(\+2
2pijs + Hﬁys —nf5(5(y3))dapp
- Su(N+2
— 2py + AL 20 p2 e (5(89)) 0 — 4cO (0 5(S(85))Das )

(A +2p)
+175(5(0c0¢43))0app  inw x (0,7), (4.101)

y3=0 on dw x (0,7T),

dvys = (qava)A¢s  on dw x (0,7,

ys(T)=9y3(T) =0 inw,

where ¢3 is the unique solution of the homogeneous 2D problem

- (A + 2
29 + o A 2 (S(62)0up =0 inw x (0.7)
¢3 = 0,03 =0 on dw x (0,7, (4.102)
¢3(0) = do3,  $3(0) = ¢u3 in w.

Definition 4.1 The function y3 is a solution of the 2D problem (4.101) in the transposition
sense if g3 € L>=(0,T; L*(w)), the traces {y3(0),93(0)} makes sense in L?(w) x H%(w) and y3
satisfies

({py3(0), —py3(0)}, {603, 013})

= (ys,g3) + / (200505 + 3mag(03)0apds]dwdt — / (qcve)map(03)0appsdwdt
wx(0,T) Owx (0,T)
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—/ )"ﬁg(s(%))aa,@@@dedt—/ 4cOc(nf5(S(¢3))0app)f3dwdt
wx(0,T

wx(0,T)

+ q<8<¢3)) aﬁ@@gdwdt (4.103)

\

wX OT)

for any g3 € L1(0,T; L*(w)) and any {0o3,013} € H3(w) x L*(w) with 05 the solution of

h 8:“()‘ + 2#) 2 _
—— TIA%fy — 50 = ),
2p03 + 300+ 20) 03 —nf5(S(03))0app = g3 inwx (0,7)
93 = &,93 = 0 on 8(4] X (071-\)7 (4104)
93(0) = Oos, 93(0) = 013 inw

Theorem 4.3 There exists a unique solution to the problem (4.101) in the transposition
sense.

Proof Multiplying the first equation of (4.101) by 63, a solution of (4.104), and integrate
by parts, it can be shown using duality arguments the existence of a unique solution ys €
L*(0,T; L?(w)).

Theorem 4.4 Let T > T(¢) and ¥(€) be the scaled (weak) solutions of problem (2.7) with
controls (3.23). Suppose that the scaled initial data {1o(€),11(€)} verifies

[{v1(€), —=vo(e) HIv @y x[r2@)yz < C. (4.105)

Then there exists a subsequence of (e) (still indexed by €) and functions {1q, s} in [X(2)]'2x
L°(0,T; L?(2)) such that, for any {f1, fa, f3} € [X(Q)]? x L*(0,T; L*(Q))

<¢z(€)afl> - <¢z,fl> as € — 0.

Moreover, the limit function 1 = (¢;) satisfies

(1) ¥ = (¢i) is a Kirchhoff-Love displacement, that is, 13 is independent of xs and ¥, =
1% — 23043, where 1&0, is independent of x3.

(il) w3 is the solution (in the transposition sense) of the following 2D problem

. (N +2
2p3 + %A%s —nf5(S(¥3))0apyp
- (N +2
= 2pi + HOE A N2 1 (5(60)) 00 — c(1(S(60))u)
+ nﬁﬁ(s(qC8C¢3))aa,8§0 inw x (0,7),
3 =0 on dw x (0,7T) (4.106)
Oub3 = (qaVa)Ad3  on dw x (0,
V3 / Yoszdrs, 30 / Y1zdzs  in w,

1!)3( ):1!J3( ): mn w.

The pair {1os, Y13} is the weak limit in the space L*(Q) x [V(2)]" of the sequence {1o3(e),
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P13(€) teso and @3 is the unique solution of the homogeneous 2D problem

. 8u(A+2
29+ ot A% i (S(00)) s =0 inw x (0.T),
b3 =0, Oy =0 on 8w x (0,T), (4.107)
$3(0) = ¢o3,  $3(0) = 13 in w,

where {¢o3, 13} is the weak limit in the space [V (Q)] x L?(2) of the sequence {¢o(€), p1(€)} =
A=) ({Wr(e), —vo(e)}).-

(i) v = Z(¢3)-

Proof To prove the theorem, it is enough to prove that ¢3 = y3, where ys3 satisfies (4.103).

Note that (4.80) will coincide with (4.103) if we are able to prove that (4.80) is valid for f¢ =0,
any pair {0p3, 013} € H3(w) x L*(w) and any g3 € L'(0,T; L?(w)). Choosing

f(&) = (07 0;93)7 91(6) = (07 O; 013)7
90(6) = (—.133(91903, _33382003; 003 + 621}(6))

such that
ev(e) = 0 in H(Q),

A :
e 2qu3A03 in L?(Q)

(note that this is possible because Hp, (2) is dense in L?(Q2)), it follows that
f(e) = (0,0,93) strongly in [X(Q)]* x L' (0,T; L*(Q)),
00 (6 — (—.13381003, —3?3(92903, 903) strongly in V(Q),
A
ea||3(6o(€)) — 0, ez)3(fo(€)) — Tt

, 013(¢) — 013 strongly in L*(Q).

o, (4.108)
x3A0ps  strongly in L°(Q),

Hence we conclude that (4.80) is valid for any pair {6p3,013} € HZ(w) x L?(w) and any
g3 € L1(07T7 LQ((“')))
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