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Abstract The authors consider the exact controllability of the vibrations of a thin shal-

low shell, of thickness 2ǫ with controls imposed on the lateral surface and at the top and

bottom of the shell. Apart from proving the existence of exact controls, it is shown that

the solutions of the three dimensional exact controllability problems converge, as the thick-

ness of the shell goes to zero, to the solution of an exact controllability problem in two

dimensions.
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1 Introduction

The problem of exact controllability has been studied extensively by J. L. Lions [11, 12]

and the asymptitic behaviour of thin plates and shells has been studied by P. G. Ciarlet, V.

Lods, B. Miara and others (cf. [1–6]). I. Figueiredo and E. Zuazua [7] have studied the exact

controllability and asymptotic behavior for thin plates and in this paper, we study the exact

controllability problem for thin shallow shells and the limiting behaviour of the solutions.

We begin with a brief description of the problem and describe the results obtained.

Let Ω̂ǫ = Φǫ(Ωǫ), Ωǫ = ω × (−ǫ, ǫ) with ω ⊂ R
2, and the mapping Φǫ : Ω

ǫ → R
3 be given

by

Φǫ(xǫ) = (x1, x2, ǫϕ(x1, x2)) + xǫ
3a

ǫ
3(x1, x2)

for all xǫ = (x1, x2, x
ǫ
3) ∈ Ω

ǫ
, where ϕ is an injective mapping of class C3 and aǫ

3 is a unit

normal vector to the middle surface Φǫ(ω) of the shell. Let γ0 be the boundary of ω and let

Γ̂ǫ
0 = Φǫ(γ0 × (−ǫ, ǫ)) and Γ̂ǫ

± = Φǫ(ω × {±ǫ}).
The exact controllability problem may be formulated as follows: given initial data {ψ̂ǫ

0, ψ̂
ǫ
1}

in a suitable energy space, does there exists a time T > 0 and controls ûǫ = (ûǫ
i) on Γ̂ǫ

0 and

v̂ǫ = (v̂ǫ
i ) on Γ̂ǫ

± such that the unique solution ψ̂ǫ of the problem (2.7) reaches equilibrium at

time T , that is ψ̂ǫ(T ) =
˙̂
ψǫ(T ) = 0.

In this article we first show, using Hilbert Uniqueness Method (HUM), that this problem is

exactly controllable by assuming the validity of the regularity result described in Lemma 3.1.

We then make appropriate scalings on the data and the unknowns and transfer the problem

to a domain Ω = ω × (−1, 1) which is independent of ǫ and study the asymptotic behaviour
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of the scaled controlled solutions. The key to the asymptotic analysis lies in establishing the

weak convergence (4.32) of the scaled solutions φ(ǫ) of the homogeneous problem (3.9) and

the strong convergence (4.55) of the scaled solutions θ(ǫ) of the forward Cauchy problem (3.1).

We then show that the limit (ψi) of the scaled controlled solutions (ψ(ǫ)) of (3.18) is of the

Kirchhoff-Love form; that is, ψ3 is independent of x3,

ψα = ψ̂α − x3∂αψ3, ψ̂α is independent of x3.

Moreover ψ3 is the solution (in the transposition sense) of a two dimensional problem with con-

trols on the boundary and interior of the shell and the functions ψ̂α can be uniquely determined

in terms of a known function.

2 The Three-Dimensional Problem

Throughout this paper, Latin indices vary over the set {1, 2, 3} and Greek indices over the

set {1, 2} for the components of vectors and tensors. The summation over repeated indices will

be used.

Let ω ⊂ R
2 be a bounded domain with a Lipschitz continuous boundary γ0 and let ω lie

locally on one side of γ0. For each ǫ > 0, we define the sets

Ωǫ = ω × (−ǫ, ǫ), Γǫ
± = ω × {±ǫ}, Γǫ

0 = γ0 × (−ǫ, ǫ).

Let xǫ = (x1, x2, x
ǫ
3) be a generic point on Ωǫ and let ∂α = ∂ǫ

α = ∂
∂xα

and ∂ǫ
3 = ∂

∂xǫ

3

.

We assume that for each ǫ, we are given a function ϕǫ : ω → R of class C3. We then define

the map hǫ : ω → R
3 by

hǫ(x1, x2) = (x1, x2, ϕ
ǫ(x1, x2)) for all (x1, x2) ∈ ω. (2.1)

At each point of the middle surface Sǫ = hǫ(ω), we define the normal vector

aǫ = (|∂1ϕ
ǫ|2 + |∂2ϕ

ǫ|2 + 1)−
1

2 (−∂1ϕ
ǫ,−∂2ϕ

ǫ, 1).

For each ǫ > 0, we define the mapping Φǫ : Ωǫ → R
3 by

Φǫ(xǫ) = (x1, x2, ϕ
ǫ(x1, x2)) + xǫ

3a
ǫ(x1, x2) for all xǫ ∈ Ωǫ. (2.2)

It can be shown that there exists an ǫ0 > 0 such that the mapping Φǫ : Ωǫ → Φǫ(Ωǫ) is a C1

diffeomorphism for all 0 < ǫ ≤ ǫ0. The set Ω̂ǫ = Φǫ(Ωǫ) is the reference configuration of the

shell. We denote by êi the standard basis in R
3.

For 0 < ǫ ≤ ǫ0, we define the sets

Γ̂ǫ
± = Φǫ(Γǫ

±), Γ̂ǫ
0 = Φǫ(Γǫ

0)

and we define vectors gǫ
i and gi,ǫ by the relations

gǫ
i = ∂ǫ

i Φ
ǫ and gj,ǫ.gǫ

i = δ
j
i

which form the covariant and contravariant basis respectively at Φǫ(xǫ). The covariant and

contravariant metric tensors are given respectively by

gǫ
ij = gǫ

i .g
ǫ
j and gij,ǫ = gi,ǫ.gj,ǫ.
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The Christoffel symbols are defined by

Γp,ǫ
ij = gp,ǫ.∂ǫ

jg
ǫ
i .

Note however that when the set Ωǫ is of the special form Ωǫ = ω× (−ǫ, ǫ) and the mapping

Φǫ is of the form (2.2), the following relations hold

Γ3,ǫ
α3 = Γp,ǫ

33 = 0.

The volume element is given by
√
gǫdxǫ where

gǫ = det(gǫ
ij).

It can be shown that for ǫ sufficiently small, there exist constants g1 and g2 such that

0 < g1 ≤ gǫ ≤ g2. (2.3)

Let Âijkl,ǫ denote the elastic tensors. We assume that the material of the shell is homoge-

neous and isotropic. Then the elasticity tensor is given by

Âijkl,ǫ = λδijδkl + µ(δikδjl + δilδjk), (2.4)

where λ and µ are the Lamè constants of the material.

It satisfies the following coercive and symmetry relations. There exists a constant c > 0

such that for all symmetric tensors (tij)

Âijkl,ǫtkltij ≥ c

3∑

i,j=1

(tij)
2, (2.5)

Âijkl,ǫ = Âklij,ǫ = Âjikl,ǫ. (2.6)

Then the system of equations which govern the vibrations of the medium Ω̂ǫ is:

ρ̂ǫ ¨̂
ψǫ

i − ∂̂ǫ
j σ̂

ǫ
ij(ψ̂

ǫ) = 0 in Q̂ǫ = Ω̂ǫ × (0, T ),

ψ̂ǫ
i = ûǫ

i on Σ̂ǫ
0 = Γ̂ǫ

0 × (0, T ),

σ̂ǫ
ij(ψ̂

ǫ)ν̂ǫ
j = v̂ǫ

i on Σ̂ǫ
± = Γ̂ǫ

± × (0, T ),

ψ̂ǫ(0) = ψ̂ǫ
0,

˙̂
ψǫ(0) = ψ̂ǫ

1 in Ω̂ǫ,

(2.7)

where ν̂ǫ is the unit normal vector along the boundary of Ω̂ǫ, ρ̂ǫ is the density of mass and

σ̂ǫ
ij(ψ̂

ǫ) = Âijkl,ǫ êǫ
kl(ψ̂

ǫ), êǫ
ij(ψ̂

ǫ) =
1

2
(∂̂ǫ

i ψ̂
ǫ
j + ∂̂ǫ

j ψ̂
ǫ
i ). (2.8)

The controls are ûǫ on the lateral surface Γ̂ǫ
0 through Dirichlet action and v̂ǫ on the upper

and lower faces Γ̂ǫ
± through Neumann action.

We define the spaces

H1bΓǫ

0

(Ω̂ǫ) = {v̂ǫ ∈ H1(Ω̂ǫ) : v̂ǫbΓǫ

0

= 0}, (2.9)

V (Ω̂ǫ) = [H1bΓǫ

0

(Ω̂ǫ)]3, (2.10)

X(Ω̂ǫ) = {ĝǫ ∈ L1(0, T ;L2(Ω̂ǫ)) : ˙̂gǫ ∈ L1(0, T ; [H1bΓǫ

0

(Ω̂ǫ)]′)}. (2.11)
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We introduce the function q̂ǫ = (q̂ǫ
i ) by

q̂ǫ(x̂ǫ) = x̂ǫ − x̂ǫ
0 = Φǫ(xǫ) − Φǫ(xǫ

0) ∀ x̂ǫ ∈ Ω̂ǫ,

where x̂ǫ
0 is a fixed point in the middle surface of the shell, and the constants R(x̂ǫ

0) and T ǫ are

R(x̂ǫ
0) = ‖x̂ǫ − x̂ǫ

0‖L∞(bΩǫ), T ǫ =
2
√
ρ̂ǫ

√
µ

max
{
R(x̂ǫ

0),
C(Ω̂ǫ)

R(x̂ǫ
0)

}
,

where C(Ω̂ǫ) is the constant of continuity of the trace map tr : V (Ω̂ǫ) → [L2(∂̂ǫΩ̂ǫ)]3. We

denote by τ̂ ǫ
j the j-th component of the tangential gradient on ∂̂ǫΩ̂ǫ.

Throughout this paper, we denote by Ci, i = 1, 2, 3, · · · various constants which are inde-

pendent of ǫ.

3 Preliminary Results

In this section, we will first recall some existence, regularity and energy estimate results for

the forward Cauchy problem associated with (2.7) and then we will deduce some identities for

the 3D problem.

Let θ̂ǫ be the solution of the following forward Cauchy problem; that is,

ρ̂ǫ ¨̂θǫ
i − ∂̂ǫ

j σ̂
ǫ
ij(θ̂

ǫ) = f̂ ǫ in Q̂ǫ,

θ̂ǫ
i = 0 on Σ̂ǫ

0,

σ̂ǫ
ij(θ̂

ǫ)ν̂ǫ
j = 0 on Σ̂ǫ

±,

θ̂ǫ(0) = θ̂ǫ
0,

˙̂
θǫ(0) = θ̂ǫ

1 in Ω̂ǫ.

(3.1)

If f̂ ǫ = 0 then we use φ̂ǫ
0, φ̂

ǫ
1 and φ̂ǫ in place of θ̂ǫ

0, θ̂
ǫ
1 and θ̂ǫ respectively.

Let Eθ̂ǫ

(t) denote the energy of the solution θ̂ǫ at time t ∈ [0, T ]; that is,

Eθ̂ǫ

(t) =
1

2

∫bΩǫ

ρ̂ǫ
∑

i

| ˙̂θǫ
i (t)|2dΩ̂ǫ +

1

2
âǫ(θ̂ǫ(t), θ̂ǫ(t)), (3.2)

where

âǫ(θ̂ǫ, φ̂ǫ) =

∫bΩǫ

σ̂ǫ
ij(θ̂

ǫ)∂̂ǫ
j(φ̂

ǫ
i)dΩ̂

ǫ. (3.3)

When t = 0, we have

Eθ̂ǫ

(0) =
1

2

∫bΩǫ

ρ̂ǫ
∑

i

|θ̂ǫ
1i|2dΩ̂ǫ +

1

2
âǫ(θ̂ǫ

0, θ̂
ǫ
0). (3.4)

Remark 3.1 For u ∈ C2([0, T ], [V (Ω)]′) and v ∈ V (Ω) we denote by

∫

Ω

üvdx the duality

product between ü ∈ [V (Ω)]′ and V (Ω).

Lemma 3.1 (a) Assume that θ̂ǫ
0 ∈ V (Ω̂ǫ), θ̂ǫ

1 ∈ [L2(Ω̂ǫ)]3 and f̂ ǫ ∈ L1(0, T ; (L2(Ω̂ǫ))3).

Then there exists a unique solution θ̂ǫ of (3.1) with

θ̂ǫ ∈ C0([0, T ], V (Ω̂ǫ)) ∩ C1([0, T ], (L2(Ω̂ǫ))3) ∩W 2,1([0, T ], V (Ω̂ǫ)′). (3.5)
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(b) If θ̂ǫ
0 ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ), θ̂ǫ

1 ∈ V (Ω̂ǫ) and f̂ ǫ ∈ L1(0, T ;V (Ω̂ǫ)) then

θ̂ǫ ∈ C0([0, T ], H
3

2
+δ(Ω̂ǫ) ∩ V (Ω̂ǫ)) ∩C1([0, T ], V (Ω̂ǫ)) ∩W 2,1([0, T ], (L2(Ω̂ǫ)3)) (3.6)

for some δ > 0.

(c) The following energy estimate holds:

Eθ̂ǫ

(t) ≤ C1

{
Eθ̂ǫ

(0) +
1

2ρ̂ǫ

3∑

i=1

[ ∫ T

0

||f̂ i,ǫ||
L2(bΩǫ)dt

]2}
. (3.7)

Moreover, if f̂α,ǫ ∈ X(Ω̂ǫ) and f̂3,ǫ ∈ L1(0, T ;L2(Ω̂ǫ)), then

Eθ̂ǫ

(0) ≤ C2

{
Eθ̂ǫ

(0) +

2∑

α=1

‖f̂α,ǫ‖2
X(bΩǫ)

+
1

2ρ̂ǫ

[ ∫ T

0

‖f̂3,ǫ‖
L2(bΩǫ)dt

]2}
. (3.8)

Proof The proof of (a) is classical and for (b) we refer the reader to the work of Grisward

[8] and Nicaise [14]. The proof of (c) is similar to the proof of [7, Lemma 2.1].

3.1 Identities related to the 3D shell problem

Letting f̂ ǫ = 0 in (3.1), we see that φ̂ǫ satisfies

ρ̂ǫ ¨̂
φǫ

i − ∂̂ǫ
j σ̂

ǫ
ij(φ̂

ǫ) = 0 in Q̂ǫ,

φ̂ǫ
i = 0 on Σ̂ǫ

0,

σ̂ǫ
ij(φ̂

ǫ)ν̂ǫ
j = 0 on Σ̂ǫ

±,

φ̂ǫ(0) = φ̂ǫ
0,

˙̂
φǫ(0) = φ̂ǫ

1 in Ω̂ǫ.

(3.9)

Then we have the following identity.

Lemma 3.2 Let θ̂ǫ be the solution of (3.1) with θ̂ǫ
0 ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ), θ̂ǫ

1 ∈ V (Ω̂ǫ) and

f̂ ǫ ∈ L1(0, T ;V (Ω̂ǫ)) and φ̂ǫ be the solution of (3.9) with φ̂ǫ
0 ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ), φ̂ǫ

1 ∈ V (Ω̂ǫ).

Then

∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΓ̂

ǫ
0dt+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)[ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

i − σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
i ]dΓ̂

ǫ
±dt

=
[ ∫ ǫbΩ ρ̂ǫ ˙̂

θǫ
i (q̂

ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫ
]T

0
+

[ ∫ ǫbΩ ρ̂ǫ ˙̂
φǫ

i(q̂
ǫ
j .∂̂

ǫ
j θ̂

ǫ
i )dΩ̂

ǫ
]T

0
+

∫ T

0

∫ ǫbΩ 3ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

idΩ̂
ǫdt

−
∫ T

0

∫bΩǫ

σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΩ̂

ǫdt−
∫ T

0

∫bΩǫ

f̂ i,ǫ(q̂ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫdt. (3.10)

Proof The proof follows by multiplying the first equation of (3.1) by q̂ǫ
j .∂̂

ǫ
j φ̂

ǫ
i and the first

equation of (3.9) by q̂ǫ
j .∂̂

ǫ
j θ̂

ǫ
i and integrating by parts.

Notice that

[ ∫ ǫbΩ ρ̂ǫθ̂ǫ
i
˙̂
φǫ

idΩ̂
ǫ
]T

0
=

∫ T

0

∫ ǫbΩ ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

idΩ̂
ǫdt−

∫ T

0

σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΩ̂

ǫdt. (3.11)
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Hence the equation (3.10) can be written as

∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΓ̂

ǫ
0dt+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)[ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

i − σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
i ]dΓ̂

ǫ
±dt

=
[ ∫bΩǫ

ρ̂ǫ ˙̂
θǫ

i (q̂
ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫ
]T

0
+

[ ∫bΩǫ

ρ̂ǫ ˙̂
φǫ

i(q̂
ǫ
j .∂̂

ǫ
j θ̂

ǫ
i )dΩ̂

ǫ
]T

0
+ 2

[ ∫bΩǫ

ρ̂ǫθ̂ǫ
i
˙̂
φǫ

idΩ̂
ǫ
]T

0

−
∫ T

0

∫bΩǫ

f̂ i,ǫ(q̂ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫdt+

∫ T

0

∫bΩǫ

σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΩ̂

ǫdt+

∫ T

0

∫bΩǫ

ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

idΩ̂
ǫdt. (3.12)

Corollary 3.1 Let φ̂ǫ be the solution of (3.9) with initial data in H2(Ω̂ǫ)∩V (Ω̂ǫ)×V (Ω̂ǫ).

Then the following identity holds.

1

2

∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt+

1

2

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)
[
ρ̂ǫ

∑

i

(
˙̂
φǫ

i)
2 − σ̂ǫ

ij(φ̂
ǫ)∂̂ǫ

j φ̂
ǫ
i

]
dΓ̂ǫ

±dt

=
[ ∫ ǫbΩ ρ̂ǫ ˙̂

φǫ
i(q̂

ǫ
j .∂̂

ǫ
j φ̂

ǫ
i + φ̂ǫ

i)dΩ̂
ǫ
]T

0
+

∫ T

0

Eφ̂ǫ

(0)dt. (3.13)

Proof The proof follows by taking f̂ ǫ = 0 and θ̂ǫ = φ̂ǫ in (3.12) and noting that Eφ̂ǫ

(t) =

Eφ̂ǫ

(0).

3.2 The exact controllability problem for 3D shell

We will now prove the exact controllability result for 3D shell using the Hilbert Uniqueness

Method. In order to do that we will first establish some a priori estimates for the energy Eφ̂ǫ

(t)

of problem (3.9). We will also introduce the transposition formulation and define the HUM

operator and show that it is an isomorphism between V (Ω̂ǫ) × L2(Ω̂ǫ) and its dual.

Theorem 3.1 (Direct Inequality) Let 0 < ǫ ≤ 1 and T > 0 be fixed. Assume that

φ̂ǫ
0 ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ) and φ̂ǫ

1 ∈ V (Ω̂ǫ). Then the solution φ̂ǫ of (3.9) with initial data {φ̂ǫ
0, φ̂

ǫ
1}

satisfies

∣∣∣
∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)
[
ρ̂ǫ

∑

i

(
˙̂
φǫ

i)
2−σ̂ǫ

ij(φ̂
ǫ)∂̂ǫ

j φ̂
ǫ
i

]
dΓ̂ǫ

±dt
∣∣∣≤C3E

φ̂ǫ

(0). (3.14)

Proof The proof follows from the above corollary.

Theorem 3.2 (Inverse Inequality) Let 0 < ǫ ≤ 1 and T > T ǫ. Then for every solution φ̂ǫ

of (3.9) with initial data {φ̂ǫ
0, φ̂

ǫ
1} ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ) × V (Ω̂ǫ), we have

[T − T ǫ]Eφ̂ǫ

(0) ≤ C4

{∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt

+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)
[
ρ̂ǫ

∑

i

(
˙̂
φǫ

i)
2 − σ̂ǫ

ij(φ̂
ǫ)∂̂ǫ

j φ̂
ǫ
i

]
dΓ̂ǫ

±dt
}
. (3.15)

Proof Proceeding as in [7, Theorem 3.2], it can be shown that

∣∣∣
∫

Ωǫ

ρ̂ǫ ˙̂
φǫ

i(q̂
ǫ
j .∂̂

ǫ
j φ̂

ǫ
i + φ̂ǫ

i)dΩ̂
ǫ
∣∣∣ ≤

√
ρ̂ǫ

µ
max

{
R(x̂ǫ

0),
C(Ω̂ǫ)

R(x̂ǫ
0)

}
. (3.16)

The result then follows from (3.13) and the above estimate.
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From the above two theorems it follows that for a fixed ǫ and T with 0 < ǫ ≤ 1 and T > T ǫ,

the mapping

{φ̂ǫ
0, φ̂

ǫ
1} ∈ H2(Ω̂ǫ) ∩ V (Ω̂ǫ) × V (Ω̂ǫ) → |||{φ̂ǫ

0, φ̂
ǫ
1}|||,

where

|||{φ̂ǫ
0, φ̂

ǫ
1}||| =

{ ∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt

+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)
[
ρ̂ǫ

∑

i

(
˙̂
φǫ

i)
2 − σ̂ǫ

ij(φ̂
ǫ)∂̂ǫ

j φ̂
ǫ
i

]
dΓ̂ǫ

±dt
} 1

2

(3.17)

is a norm in H2(Ω̂ǫ) ∩ V (Ω̂ǫ)× [V (Ω̂ǫ)]3, is equivalent to the usual norm in V (Ω̂ǫ)× [L2(Ω̂ǫ)]3.

3.3 Transposition formulation

For a given {φ̂ǫ
0, φ̂

ǫ
1} ∈ V (Ω̂ǫ) × [L2(Ω̂ǫ)]3, we first solve the homogeneous problem (3.9) for

φ̂ǫ with initial data {φ̂ǫ
0, φ̂

ǫ
1}. Then we introduce the backward Cauchy problem: find ψ̂ǫ such

that

ρ̂ǫ ¨̂
ψǫ

i − ∂̂ǫ
j σ̂

ǫ
ij(ψ̂

ǫ) = 0 in Q̂ǫ,

ψ̂ǫ
i = q̂ǫ

j ν̂
ǫ
j

∂̂ǫφ̂ǫ
i

∂̂ǫν̂ǫ
on Σ̂ǫ

0,

σ̂ǫ
ij(ψ̂

ǫ)ν̂ǫ
j = q̂ǫ

j ν̂
ǫ
j [ρ̂

ǫ ¨̂
φǫ

i − τ̂ ǫ
j σ̂

ǫ
ij(φ̂

ǫ)] on Σ̂ǫ
±,

ψ̂ǫ(T ) = 0,
˙̂
ψǫ(T ) = 0 in Ω̂ǫ.

(3.18)

The transposition formulation of (3.18) can be obtained as follows.

We multiply the first equation of (3.18) by θ̂ǫ
i , the solution of (3.1), and integrate by parts

on Q̂ǫ and we obtain the following identity

∫bΩǫ

[ρ̂ǫ ˙̂
ψǫ

i (0)θ̂ǫ
0i − ρ̂ǫψ̂ǫ

i (0)θ̂ǫ
1i]dΩ̂

ǫ =

∫ bQǫ

ψ̂ǫ
i f̂

i,ǫdx̂ǫ +

∫

Σ̂ǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(θ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt

+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)[ρ̂ǫ ˙̂
φǫ

i
˙̂
θǫ

i − σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
i ]dΓ̂

ǫ
±dt. (3.19)

Definition 3.1 The function ψ̂ǫ is a solution of the problem (3.18) in the sense of transpo-

sition if ψ̂ǫ ∈ L∞(0, T ; (L2(Ω̂ǫ))3), the traces {ψ̂ǫ(0),
˙̂
ψǫ(0)} makes sense in [L2(Ω̂ǫ)]3 × V (Ω̂ǫ)′

and ψ̂ǫ satisfies

〈{ ˙̂
ψǫ(0),−ψ̂ǫ(0)}, {θ̂ǫ

0, θ̂
ǫ
1}〉ǫ −

∫ bQǫ

ψ̂ǫ
i f̂

i,ǫdx̂ǫ =

∫bΣǫ

0

(q̂ǫ.ν̂ǫ)σ̂ǫ
ij(θ̂

ǫ)∂̂ǫ
j φ̂

ǫ
idΓ̂

ǫ
0dt

+

∫bΣǫ

±

(q̂ǫ.ν̂ǫ)[ρ̂ǫ ˙̂
φǫ

i
˙̂
θǫ

i − σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
i ]dΓ̂

ǫ
±dt (3.20)

for any f̂ ǫ ∈ L1(0, T ;L2(Ω̂ǫ)3) and for any {θ̂ǫ
0, θ̂

ǫ
1} ∈ V (Ω̂ǫ) × (L2(Ω̂ǫ))3 with

〈{ ˙̂
ψǫ(0),−ψ̂ǫ(0)}, {θ̂ǫ

0, θ̂
ǫ
1}〉ǫ = 〈{ρ̂ǫ ˙̂

ψǫ
i (0),−ρ̂ǫψ̂ǫ

i (0)}, {θ̂ǫ
0i, θ̂

ǫ
1i}〉, (3.21)

where 〈· , ·〉 denote the dual product between V (Ω̂ǫ) × [L2(Ω̂ǫ)]3 and its dual.
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Theorem 3.3 Let 0 < ǫ ≤ 1 and T > T ǫ be fixed. Then there exists a unique solution

ψ̂ǫ ∈ L∞(0, T ; (L2(Ωǫ))3) of (3.18) in the sense of transposition.

Proof The proof follows by duality arguments.

3.4 The HUM operator

Let 0 < ǫ ≤ 1 be fixed and {φ̂ǫ
0, φ̂

ǫ
1} ∈ V (Ω̂ǫ) × [L2(Ω̂ǫ)]3. First we solve the problem (3.9)

with initial data {φ̂ǫ
0, φ̂

ǫ
1} and then we solve the problem (3.18) in the transposition sense, i.e.,

we solve (3.19). Let ψ̂ǫ be the solution of (3.19) and let ψ̂ǫ
0 = ψ̂ǫ(0) and ψ̂ǫ

1 =
˙̂
ψǫ(0). Then we

define

Λ̂ǫ({φ̂ǫ
0, φ̂

ǫ
1}) = {ψ̂ǫ

1,−ψ̂ǫ
0},

that is,

〈Λ̂ǫ({φ̂ǫ
0, φ̂

ǫ
1}, {θ̂ǫ

0, θ̂
ǫ
1})〉ǫ = 〈{ψ̂ǫ

1,−ψ̂ǫ
0}, {θ̂ǫ

0, θ̂
ǫ
1}〉ǫ

for any {θ̂ǫ
0, θ̂

ǫ
1} ∈ V (Ω̂ǫ) × [L2(Ω̂ǫ)]3.

Theorem 3.4 Let 0 < ǫ ≤ 1 and T > T ǫ be fixed. Then the operator Λ̂ǫ is a continuous

isomorphism between V (Ω̂ǫ)×[L2(Ω̂ǫ)]3 and its dual. Moreover if {φ̂ǫ
0, φ̂

ǫ
1} = (Λ̂ǫ)−1({ψ̂ǫ

1,−ψ̂ǫ
0})

where {ψ̂ǫ
1,−ψ̂ǫ

0} ∈ V (Ω̂ǫ)′ × [L2(Ω̂ǫ)]3, we have

{
ρ̂ǫ

∑

i

‖φ̂ǫ
1i‖2

L2(bΩ)
+ âǫ(φ̂ǫ

0, φ̂
ǫ
0)

} 1

2 ≤ C6

T − T ǫ
‖{ψ̂ǫ

1,−ψ̂ǫ
0}‖V (bΩǫ)×[L2(bΩǫ)]3 . (3.22)

Proof The proof is similar to the proof of [7, Theorem 3.4].

Theorem 3.5 (Controllability Result) Let 0 < ǫ ≤ 1 be fixed. If T > T ǫ, then the elasticity

system (2.7) is exactly controllable. More precisely, if {ψ̂ǫ
0, ψ̂

ǫ
1} ∈ [L2(Ω̂ǫ)]3× [V (Ω̂ǫ)]′ then there

exist controls of the form

ûǫ
i = q̂ǫ

j ν̂
ǫ
j

∂̂ǫφ̂ǫ
i

∂̂ǫν̂ǫ
on Σ̂ǫ

0,

v̂ǫ
i = q̂ǫ

j ν̂
ǫ
j [ρ̂

ǫ ¨̂
φǫ

i − τ̂ ǫ
j σ̂

ǫ
ij(φ̂

ǫ)] on Σ̂ǫ
±,

(3.23)

where φ̂ǫ is the solution of (3.9) with initial data

{φ̂ǫ
0, φ̂

ǫ
1} = (Λ̂ǫ)−1({ψ̂ǫ

1,−ψ̂ǫ
0}) (3.24)

such that the solution ψ̂ǫ of (2.7) satisfies ψ̂ǫ(T ) =
˙̂
ψǫ(T ) = 0.

Proof We first solve the problem (3.9) with initial data {φ̂ǫ
0, φ̂

ǫ
1} = (Λ̂ǫ)−1({ψ̂ǫ

1,−ψ̂ǫ
0})

and we obtain the function φ̂ǫ. Then we define the controls ûǫ and v̂ǫ as in (3.23). In view of

(3.24), the solution ψ̂ǫ of (3.18) satisfies

ψ̂ǫ(0) = ψ̂ǫ
0,

˙̂
ψǫ(0) = ψ̂ǫ

1,

or, equivalently, the solution of (2.7) satisfies ψ̂ǫ(T ) =
˙̂
ψǫ(T ) = 0.
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Note that because of the relation (3.10), the equation (3.20) is equivalent to

〈{ ˙̂
ψǫ(0),−ψ̂ǫ(0)}, {θ̂ǫ

0, θ̂
ǫ
1}〉ǫ −

∫ ǫ

Q̂

ψ̂ǫ
i f̂

i,ǫdx̂ǫ

=
[ ∫bΩǫ

ρ̂ǫ ˙̂
θǫ

i (q̂
ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫ
]T

0
+

[ ∫bΩǫ

ρ̂ǫ ˙̂
φǫ

i(q̂
ǫ
j .∂̂

ǫ
j θ̂

ǫ
i )dΩ̂

ǫ
]T

0
+

∫ T

0

∫bΩǫ

3ρ̂ǫ ˙̂
θǫ

i
˙̂
φǫ

idΩ̂
ǫdt

−
∫ T

0

∫bΩǫ

σ̂ǫ
ij(φ̂

ǫ)∂̂ǫ
j θ̂

ǫ
idΩ̂

ǫdt−
∫ T

0

∫bΩǫ

f̂ i,ǫ(q̂ǫ
j .∂̂

ǫ
j φ̂

ǫ
i)dΩ̂

ǫdt. (3.25)

4 The Scaled Problem

To study the asymptotic behaviour of the solutions ψ̂ǫ as ǫ → 0, we first transform the

problem (2.7) to Ωǫ = ω× (−ǫ, ǫ) and then to the domain Ω = ω× (−1, 1) which is independent

of ǫ.

Since the mappings Φǫ : Ωǫ → Ω̂ǫ are assumed to be C1-diffeomorphisms, the correspondence

vǫ
i (x

ǫ, t)gi,ǫ = v̂ǫ
i (x̂

ǫ, t)êi

induces a bijection between V (Ω̂ǫ) and V (Ωǫ) where

V (Ωǫ) = {vǫ ∈ (H1(Ωǫ))3 : vǫ = 0 on Γǫ
0}.

Then we have (cf. [2])

∂̂ǫ
j v̂

ǫ
i = vǫ

k||l(g
k,ǫ)i(g

l,ǫ)j , vǫ
k||l = ∂ǫ

l v
ǫ
k − Γq,ǫ

lk (xǫ)vǫ
q,

êǫ
ij(v̂

ǫ) = eǫ
k||l(v

ǫ)(gk,ǫ)i(g
l,ǫ)j , eǫ

i||j(v
ǫ) = eǫ

ij(v
ǫ) − Γp,ǫ

ij v
ǫ
p.

With the function q̂ǫ, we associate the function qǫ by

qǫ(xǫ) = Φǫ(xǫ) − Φǫ(xǫ
0) = x̂ǫ − x̂0

ǫ = q̂ǫ(x̂ǫ).

We define

Aijkl,ǫ = λgij,ǫgkl,ǫ + µ(gik,ǫgkl,ǫ + gil,ǫgjk,ǫ).

Then the equation (3.1) posed in variational form over Ωǫ becomes: find θǫ(t) ∈ V (Ωǫ) a.e.

∀ t ∈ [0, T ] such that θǫ(0) = θǫ
0, θ̇

ǫ(0) = θǫ
1 and

∫

Ωǫ

ρǫθ̈ǫ
iv

ǫ
jg

ij(ǫ)
√
gǫ dxǫ +

∫

Ωǫ

Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(v

ǫ)
√
gǫ dxǫ

=

∫

Ωǫ

f i,ǫvǫ
i

√
gǫ dxǫ ∀ vǫ ∈ V (Ωǫ). (4.1)

The equations (3.10), (3.19) and (3.25) posed over Ωǫ become
∫

Σǫ

0

(qǫ.νǫ)Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
i||j(φ

ǫ)
√
gǫ dΓǫ

0dt

+

∫

Σǫ

±

(qǫ.νǫ)[ρǫφ̇ǫ
i θ̇

ǫ
jg

ij,ǫ −Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(φ

ǫ)]
√
gǫ dΓǫ

±dt

=
{∫

Ωǫ

ρǫθ̇ǫ
m(gm,ǫ)i[q

ǫ
j .φ

ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫ

}T

0
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+
{∫

Ωǫ

ρǫφ̇ǫ
m(gm,ǫ)i[q

ǫ
j .θ

ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫ

}T

0

+ 3

∫ T

0

∫

Ωǫ

ρǫθ̇ǫ
i φ̇

ǫ
jg

ij,ǫ
√
gǫ dxǫdt−

∫ T

0

∫

Ωǫ

Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(φ

ǫ)
√
gǫ dxǫdt

−
∫ T

0

∫

Ωǫ

fm,ǫ(gǫ
m)i[qǫ

j .φ
ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫdt, (4.2)

∫

Ωǫ

[ρǫψ̇ǫ
i (0)θǫ

0j − ρǫψǫ
i (0)θǫ

1j ]g
ij,ǫ

√
gǫ dxǫ −

∫

Qǫ

ψǫ
if

i,ǫ
√
gǫ dxǫdt

=

∫

Σǫ

0

(qǫ.νǫ)Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(φ

ǫ)
√
gǫ dΓǫ

0dt

+

∫

Σǫ

±

(qǫ.νǫ)[ρǫφ̇ǫ
i θ̇

ǫ
jg

ij,ǫ −Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(φ

ǫ)]
√
gǫ dΓǫ

±dt, (4.3)

∫

Ωǫ

[ρǫψ̇ǫ
i (0)θǫ

0j − ρǫψǫ
i (0)θǫ

1j ]g
ij,ǫ

√
gǫ dxǫ −

∫

Qǫ

ψǫ
if

i,ǫ
√
gǫ dxǫdt

=
{ ∫

Ωǫ

ρǫθ̇ǫ
m(gm,ǫ)i[q

ǫ
j .φ

ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫ

}T

0

+
{∫

Ωǫ

ρǫφ̇ǫ
m(gm,ǫ)i[q

ǫ
j .θ

ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫ

}T

0

+ 3

∫ T

0

∫

Ωǫ

ρǫθ̇ǫ
i φ̇

ǫ
jg

ij,ǫ
√
gǫ dxǫdt−

∫ T

0

∫

Ωǫ

Aijkl,ǫeǫ
k||l(θ

ǫ)eǫ
k||l(φ

ǫ)
√
gǫ dxǫdt

−
∫ T

0

∫

Ωǫ

fm,ǫ(gm,ǫ)
i[qǫ

j .φ
ǫ
k||l(x

ǫ)(gk,ǫ)i(g
l,ǫ)j ]

√
gǫ dxǫdt. (4.4)

Let Ω = ω × (−1, 1), Γ0 = γ0 × [−1, 1], Γ± = ω × {±1}.
Let x = (xi) denote a generic point in the set Ω and let ∂i = ∂

∂xi

. With each point

xǫ = (xǫ
i) ∈ Ωǫ, we associate the point x = (xi) ∈ Ω by xα = xǫ

α and x3 = 1
ǫ
xǫ

3.

We assume that the shell is a shallow shell, i.e., there exists a function ϕ ∈ C3(ω) such that

ϕǫ(x1, x2) = ǫϕ(x1, x2). (4.5)

We make the following scalings on the unknowns and the intial data.

ψǫ
α(xǫ) = ǫ2ψα(ǫ)(x), ψǫ

3(x
ǫ) = ǫψ3(ǫ)(x),

φǫ
α(xǫ) = ǫ2φα(ǫ)(x), φǫ

3(x
ǫ) = ǫφ3(ǫ)(x),

θǫ
α(xǫ) = ǫ2θα(ǫ)(x), θǫ

3(x
ǫ) = ǫθ3(ǫ)(x),

fα,ǫ(xǫ) = ǫ2fα(ǫ)(x), f3,ǫ(xǫ) = ǫ3f3(ǫ)(x),

ρǫ = ǫ2ρ, λǫ = λ, µǫ = µ,

gǫ
i (x

ǫ) = gi(ǫ)(x), gǫ
ij(x

ǫ) = gij(ǫ)(x), gǫ(xǫ) = g(ǫ)(x),

Aijkl,ǫ(xǫ) = Aijkl(ǫ)(x), Γp,ǫ
ij (xǫ) = Γp

ij(ǫ)(x),

qǫ(xǫ) = q(ǫ)(x).

(4.6)

With the functions êǫ
i||j(v

ǫ)(xǫ) we associate the functions ei||j(ǫ; v)(x) through the following

relation

eǫ
i||j(v

ǫ)(xǫ) = ǫ2ei||j(ǫ; v)(x). (4.7)
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We define the spaces

V (Ω) = {v = (vi) ∈ (H1(Ω))3 | v = 0 on Γ0}, (4.8)

X(Ω) = {g ∈ L1(0, T ;L2(Ω)) : ġ ∈ L1(0, T ; [H1
Γ0

(Ω)]′)}, (4.9)

VKL(Ω) = {v = (vi) : vα = ηα − x3∂αη3, v3 = η3, ηα ∈ H1
0 (ω), η3 ∈ H2

0 (ω)}. (4.10)

We need the following Lemma which is proved in [1].

Lemma 4.1 The functions ei||j(ǫ, v) defined in (4.7) are of the form

eα||β(ǫ; v) = ẽαβ(v) + ǫ2e
♯

α||β(ǫ; v), (4.11)

eα||3(ǫ; v) =
1

ǫ
{ẽα3(v) + ǫ2e

♯

α||3(ǫ; v)}, (4.12)

e3||3(ǫ; v) =
1

ǫ2
ẽ33(v), (4.13)

where

ẽαβ(v) =
1

2
(∂αvβ + ∂βvα) − v3∂αβϕ, (4.14)

ẽα3(v) =
1

2
(∂αv3 + ∂3vα), (4.15)

ẽ33(v) = ∂3v3 (4.16)

and there exists constant C7 such that

sup
0<ǫ≤ǫ0

max
α,j

‖e♯
α,j(ǫ; v)‖0,Ω ≤ C7‖v‖1,Ω for all v ∈ V. (4.17)

Also there exist constants C8, C9 and C10 such that

sup
0<ǫ≤ǫ0

max
x∈Ω

|g(x) − 1| ≤ C7ǫ
2, (4.18)

sup
0<ǫ≤ǫ0

max
x∈Ω

|Aijkl(ǫ) −Aijkl(0)| ≤ C9ǫ
2, (4.19)

where

Aijkl(0) = λδijδkl + µ(δikδjl + δilδjk) (4.20)

and

Aijkl(ǫ)tkltij ≥ C10tijtij (4.21)

for 0 < ǫ ≤ ǫ0 and for all symmetric tensors (tij).

Proof A simple computation using the assumption (4.5) shows that

gα(ǫ) =




δα1 − ǫ2x3∂α1ϕ+O(ǫ2)
δα2 − ǫ2x3∂α2ϕ+O(ǫ2)

ǫ∂αϕ+O(ǫ4)



 , g3(ǫ) =




−ǫ∂1ϕ+O(ǫ3)
−ǫ∂2ϕ+O(ǫ3)

1 +O(ǫ2)



 , (4.22)

gα(ǫ) =




δα1 +O(ǫ2)
δα2 +O(ǫ2)
ǫ∂αϕ+O(ǫ2)



 , g3(ǫ) =




−ǫ∂1ϕ+O(ǫ3)
−ǫ∂2ϕ+O(ǫ3)

1 +O(ǫ2)



 , (4.23)

gαβ(ǫ) = δαβ + ǫ2[∂αϕ∂βϕ− 2x3∂αβϕ] +O(ǫ4), gα3(ǫ) = O(ǫ), g33(ǫ) = 1 +O(ǫ2), (4.24)

Γσ
αβ(ǫ) = O(ǫ2), Γ3

αβ(ǫ) = ǫ∂αβ(ϕ) +O(ǫ3), Γσ
α3 = O(ǫ). (4.25)
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The announced results follow from the above relations.

The variational formulation (4.1) posed over the domain Ω becomes: find θ(ǫ)(t) ∈ V (Ω)

a.e. ∀ t ∈ [0, T ] such that θ(ǫ)(0) = θ0(ǫ), θ̇(ǫ)(0) = θ1(ǫ) and

ρ
[ ∫

Ω

ǫ2θ̈α(ǫ)vβg
αβ(ǫ) +

∫

Ω

ǫθ̈α(ǫ)v3g
α3(ǫ) +

∫

Ω

ǫθ̈3(ǫ)vβg
3β(ǫ)

+

∫

Ω

θ̈3(ǫ)v3g
33(ǫ)

]√
g(ǫ)dx+

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(v)
√
g(ǫ) dx

=

∫

Ω

f i(ǫ)vi

√
g(ǫ) dx, ∀ v ∈ V (Ω). (4.26)

The equations (4.2)–(4.4) posed over the domain Ω become

∫

Σ0

(q(ǫ).ν)Aijkl(ǫ)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(φ(ǫ))
√
g(ǫ)dxdt

+

∫

Σ±

(q(ǫ).ν)[ǫ2φ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ) + ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)]

√
g(ǫ) dxdt

+

∫

Σ±

(q(ǫ).ν)[ǫφ̇3(ǫ)θ̇α(ǫ)gα3(ǫ) + φ̇3(ǫ)θ̇3(ǫ)g
33(ǫ)

−Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(θ(ǫ))]
√
g(ǫ) dxdt

= ρ
{ ∫

Ω

(ǫ2θ̇α(ǫ)[qj(ǫ).φk||l(ǫ)g
αk(ǫ)(gl(ǫ))j ] + ǫθ̇3(ǫ)[qj(ǫ).φk||l(ǫ)g

3k(ǫ)(gl(ǫ))j ])
√
g(ǫ) dx

}T

0

+ ρ
{∫

Ω

(ǫ2φ̇α(ǫ)[qj(ǫ).θk||l(ǫ)g
αk(ǫ)(gl(ǫ))j ] + ǫφ̇3(ǫ)[qj(ǫ).θk||l(ǫ)g

3k(ǫ)(gl(ǫ))j ])
√
g(ǫ) dx

}T

0

+ 3ρ

∫ T

0

∫

Ω

[ǫ2φ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ) + ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)

+ ǫφ̇3(ǫ)θ̇α(ǫ)gα3(ǫ) + φ̇3(ǫ)θ̇3(ǫ)g
33(ǫ)]

√
g(ǫ) dx

+
{∫

Ω

fα(ǫ)[qj(ǫ).φα||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ) dx

}T

0
+

{
ρ

∫

Ω

ǫf3(ǫ)[qj(ǫ).φ3||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ) dx

}T

0

−
∫ T

0

∫

Ω

Aijkl(ǫ)ek||l(θ(ǫ))ei||j(φ(ǫ))
√
g(ǫ) dxdt, (4.27)

ρ

∫

Ω

[ǫ2ψ̇α(ǫ)(0)θ0β(ǫ)gαβ(ǫ) + ǫψ̇α(ǫ)(0)θ03(ǫ)g
α3(ǫ) + ǫψ̇3(ǫ)(0)θ0α(ǫ)g3α(ǫ)

+ ψ̇3(ǫ)(0)θ03(ǫ)g
33(ǫ)]

√
g(ǫ)dx − ρ

∫

Ω

[ǫ2ψα(ǫ)(0)θ1α(ǫ)gαβ(ǫ) + ǫψα(ǫ)(0)θ13(ǫ)g
α3(ǫ)

− ǫψ3(ǫ)(0)θ1α(ǫ)g3α(ǫ) + ψ3(ǫ)(0)θ13(ǫ)g
33(ǫ)]

√
g(ǫ)dx−

∫

Q

f i(ǫ)ψi(ǫ)
√
g(ǫ) dxdt

=

∫

Σ0

(q(ǫ).ν)[Aijkl(ǫ)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(φ(ǫ)) + ǫ2φ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ)

+ ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)]

√
g(ǫ) dxdt+

∫

Σ±

(q(ǫ).ν)[ǫφ̇3(ǫ)θ̇α(ǫ)gα3(ǫ) + φ̇3(ǫ)θ̇3(ǫ)g
33(ǫ)

−Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(θ(ǫ))]
√
g(ǫ) dxdt, (4.28)

ρ

∫

Ω

[ǫ2ψ̇α(ǫ)(0)θ0β(ǫ)gαβ(ǫ) + ǫψ̇α(ǫ)(0)θ03(ǫ)g
α3(ǫ) + ǫψ̇3(ǫ)(0)θ0α(ǫ)g3α(ǫ)
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+ ψ̇3(ǫ)(0)θ03(ǫ)g
33(ǫ)]

√
g(ǫ)dx− ρ

∫

Ω

[ǫ2ψα(ǫ)(0)θ1α(ǫ)gαβ(ǫ) + ǫψα(ǫ)(0)θ13(ǫ)g
α3(ǫ)

− ǫψ3(ǫ)(0)θ1α(ǫ)g3α(ǫ) + ψ3(ǫ)(0)θ13(ǫ)g
33(ǫ)]

√
g(ǫ) dx−

∫

Q

f i(ǫ)ψi(ǫ)
√
g(ǫ) dxdt

= ρ
{∫

Ω

(ǫ2θ̇α(ǫ)[qj(ǫ).φk||l(ǫ)g
αk(ǫ)(gl(ǫ))j ] + ǫθ̇3(ǫ)[qj(ǫ).φk||l(ǫ)g

3k(ǫ)(gl(ǫ))j ])
√
g(ǫ) dx

}T

0

+ ρ
{∫

Ω

(ǫ2φ̇α(ǫ)[qj(ǫ).θk||l(ǫ)g
αk(ǫ)(gl(ǫ))j ]+ǫφ̇3(ǫ)[qj(ǫ).θk||l(ǫ)g

3k(ǫ)(gl(ǫ))j ])
√
g(ǫ) dx

}T

0

+ 3ρ

∫ T

0

∫

Ω

[ǫ2φ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ) + ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ) + ǫφ̇3(ǫ)θ̇α(ǫ)gα3(ǫ)

+ φ̇3(ǫ)θ̇3(ǫ)g
33(ǫ)]

√
g(ǫ) dx+

{∫

Ω

fα(ǫ)[qj(ǫ).φα||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ)dx

}T

0

+
{∫

Ω

ǫf3(ǫ)[qj(ǫ).φ3||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ)dx

}T

0

−
∫ T

0

∫

Ω

Aijkl(ǫ)ek||l(θ(ǫ))ei||j(φ(ǫ))
√
g(ǫ) dxdt,

(4.29)

where

φα||β(ǫ)(x) = ∂βφα(ǫ) − φ3(ǫ)∂αβϕ+O(ǫ2),

φα||3(ǫ)(x) =
1

ǫ
∂3φα(ǫ) − ǫΓσ

3α(ǫ)φσ(ǫ),

φ3||α(ǫ)(x) =
1

ǫ
∂βφ3(ǫ) − ǫΓσ

3α(ǫ)φσ(ǫ),

φ3||3(ǫ)(x) =
1

ǫ2
∂3φ3(ǫ).

(4.30)

Theorem 4.1 Assume that the scaled initial data {φ0(ǫ), φ1(ǫ)}ǫ>0 ∈ V (Ω) × [L2(Ω)]3 of

the problem (3.9) satisfy

Eφ(ǫ)(0) =
1

2
{‖ǫ√ρφ11(ǫ), ǫ

√
ρφ12(ǫ),

√
ρφ13(ǫ)‖2

[L2(Ω)]3 + a(ǫ)(φ0(ǫ), φ0(ǫ))} ≤ C11. (4.31)

Let {φ(ǫ)}ǫ>0 be the scaled (weak) solutions of (3.9) with initial data {φ0(ǫ), φ1(ǫ)}. Then there

exists a subsequence {φ(ǫ)}ǫ>0 (still indexed by ǫ for notational convenience) satisfying the

following.

( i ) There exists φ ∈ L∞(0, T ;V (Ω)) ∩W 1,∞(0, T ; [L2(Ω)]3) such that, as ǫ→ 0,

φ(ǫ) → φ weakly ∗ in L∞(0, T ;V (Ω)),

φ̇3(ǫ) → φ̇3 weakly ∗ in L∞(0, T ;L2(Ω)),

ǫφ̇α(ǫ) → 0 weakly ∗ in L∞(0, T ;L2(Ω)),

eα||β(φ(ǫ)) → eα||β(φ) weakly ∗ in L∞(0, T ;L2(Ω)),

eα||3(φ(ǫ)) → 0 weakly ∗ in L∞(0, T ;L2(Ω)),

e3||3(φ(ǫ)) → −λ
λ+ 2µ

eα||α(φ) weakly ∗ in L∞(0, T ;L2(Ω)).

(4.32)

(ii) The limit function φ = {φα, φ3} is a Kirchhoff-Love displacement, that is, φ3 is inde-

pendent of x3,

φα = φ̂α − x3∂αφ3, φ̂α is independent of x3. (4.33)
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Moreover, φ̂α = (S(φ3))α where for a given φ3 ∈ H2
0 (ω), (S(φ3)) = (φ̂α, φ3) is uniquely deter-

mined by
∫

ω

[ 4λµ

λ+ 2µ
eσσ(φ̂α)δαβ + 4µeαβ(φ̂α)

]
∂βηαdω

=

∫

ω

[ 4λµ

λ+ 2µ
(∂αβϕφ3)δαβ + 4µ(∂αβϕφ3)

]
∂βηαdω ∀ ηα ∈ H1

0 (ω) (4.34)

and φ3 ∈ C0([0, T ];H2
0 (ω)) ∩C1([0, T ];L2(ω)) is the unique solution of the 2D shell problem

2ρφ̈3 − ∂αβmαβ(φ3) − (nϕ
αβ(S(φ3))∂αβϕ) = 0 in ω × (0, T ),

φ3 =
∂φ3

∂ν
= 0 on ∂ω × (0, T ),

φ3(0) =
1

2

∫ 1

−1

φ03dx3, φ̇3(0) =
1

2

∫ 1

−1

φ13dx3 in ω,

(4.35)

where

mαβ(ζ3) = −
{ 4λµ

3λ+ 2µ
∆ζ3δαβ +

4µ

3
∂αβζ3

}
, (4.36)

n
ϕ
αβ(ζ) =

4λµ

λ+ 2µ
ẽσσ(ζ)δαβ + 4µẽαβ(ζ) (4.37)

and {φ03, φ13} is the weak limit of {φ03(ǫ), φ13(ǫ)}ǫ>0 in H1
Γ0

(Ω) × L2(Ω).

Proof Letting f i(ǫ) = 0 in (4.26), we see that φ(ǫ) satisfies
∫

Ω

ρ[ǫ2φ̈α(ǫ)vβg
αβ(ǫ) + ǫφ̈α(ǫ)v3g

α3(ǫ) + ǫφ̈3(ǫ)vαg
α3(ǫ) + φ̈3(ǫ)v3g

33(ǫ)]
√
g(ǫ) dx

+

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(v)
√
g(ǫ) dx = 0, ∀ v ∈ V (Ω). (4.38)

Taking v = φ̇(ǫ)(x, t) in the above equation, we have

1

2

d

dt

∫

Ω

ρ[ǫ2φ̇α(ǫ)φ̇β(ǫ)gαβ(ǫ) + 2ǫφ̇α(ǫ)φ̇3(ǫ)g
α3(ǫ) + φ̇3(ǫ)φ̇3(ǫ)g

33(ǫ)]
√
g(ǫ)dx

+
1

2

d

dt

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(φ(ǫ))
√
g(ǫ) dx = 0. (4.39)

Using the positive definiteness of (gij(ǫ)) and integrating from 0 to t, 0 < t ≤ T , we get

1

2

∫

Ω

ρ(ǫφ̇α(ǫ))2
√
g(ǫ)dx+

1

2

∫

Ω

ρ(φ̇3(ǫ))
2
√
g(ǫ) dx

+
1

2

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(φ(ǫ))
√
g(ǫ) dx

≤ 1

2

∫

Ω

ρ(ǫφ1α(ǫ))2
√
g(ǫ)dx

+
1

2

∫

Ω

ρ(φ13)
2
√
g(ǫ)dx+

1

2

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(φ0(ǫ))ei||j(ǫ)(φ0(ǫ))
√
g(ǫ)dx. (4.40)

Using the generalized Korn’s inequality (cf. [1, Lemma 4.2]),
{ ∑

i

‖vi‖2
1,Ω

}
≤ C

{∑

i,j

‖ẽij(v)‖2
0,Ω

}
∀ v ∈ V (Ω). (4.41)
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It can be shown that there exists ǫ0 > 0 such that for 0 < ǫ ≤ ǫ0,

{∑

i

‖vi‖2
1,Ω

}
≤ C13

{∑

i,j

‖ei||j(ǫ)(v)‖2
0,Ω

}
, ∀ v ∈ V (Ω). (4.42)

Using the assumption (4.31) and the above inequality we have

ρ‖ǫφ̇α(ǫ)‖2
0,Ω + ρ‖φ̇3(ǫ)‖2

0,Ω + ‖φi(ǫ)‖2
1,Ω

≤ ρC14

(
‖ǫφ̇α(ǫ)‖2

0,Ω + ‖φ̇3(ǫ)‖2
0,Ω +

∑

i

‖ei||j(ǫ)(φ(ǫ))‖2
0,Ω

)

≤ ρC15

(∫

Ω

[(ǫφ0α(ǫ))2 + (φo3(ǫ))
2 +Aijkl(ǫ)ek||l(ǫ)(φ0(ǫ))ei||j(ǫ)(φ0(ǫ))]

√
g(ǫ)dx

)

≤ C16. (4.43)

Hence

‖ǫφ̇α(ǫ)‖0,Ω ≤ C16, ‖φ̇3(ǫ)‖0,Ω ≤ C16, ‖φi(ǫ)‖1,Ω ≤ C16, ‖ei||j(ǫ)(φ(ǫ))‖0,Ω ≤ C16. (4.44)

From this, it can be shown, by using the same arguments as in [1], that for each fixed

t ∈ [0, T ], the weak ∗ convergence (4.32) holds, φ is of the form (4.33) and

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(v)
√
g(ǫ) dx→ −

∫

ω

mαβ(φ3)∂αβη3dω −
∫

ω

n
ϕ
αβ(φ)∂αβϕη3dω

+

∫

ω

n
ϕ
αβ(φ)∂βηαdω (4.45)

for all v = (ηα − x3∂αη3, η3) ∈ VKL(Ω).

Since (ǫφ̇α(ǫ), φ̇3(ǫ)) → (0, φ̇3) weak ∗ in L∞(0, T ;L2(Ω)), it follows that for fixed v = (vi) =

(ηα − x3∂αη3, η3) ∈ VKL(Ω),

∫

Ω

ǫφ̇α(ǫ)vα

√
g(ǫ)dx→ 0 weak ∗ in L∞(0, T ),

∫

Ω

φ̇3(ǫ)v3
√
g(ǫ)dx→

∫

Ω

φ̇3v3dx weak ∗ in L∞(0, T ).

This implies that

∫ T

0

∫

Ω

ǫφ̈α(ǫ)vαζ
√
g(ǫ) dxdt = −

∫ T

0

∫

Ω

ǫφ̇α(ǫ)vαζ̇
√
g(ǫ) dxdt → 0, ∀ ζ ∈ D(0, T ) (4.46)

and
∫ T

0

∫

Ω

φ̈3(ǫ)v3ζ
√
g(ǫ)dxdt = −

∫ T

0

∫

Ω

φ̇3(ǫ)v3ζ̇
√
g(ǫ) dxdt → −

∫

Ω

φ̇3v3ζ̇ dxdt

=

∫

Ω

φ̈3v3ζ dxdt, ∀ ζ ∈ D(0, T ), (4.47)

i.e.,
∫

Ω

ǫφ̈α(ǫ)vα

√
g(ǫ) dx→ 0 and

∫

Ω

φ̈3(ǫ)v3
√
g(ǫ)dx→

∫

Ω

φ̈3v3 dx in D′(0, T ). (4.48)
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Hence passing to the limit in (4.38) by taking v = (ηα − x3∂αη3, η3) ∈ VKL(Ω), we get

2ρ

∫

ω

φ̈3η3dω −
∫

ω

mαβ(φ3)∂αβη3dω −
∫

ω

n
ϕ
αβ(φ)∂αβϕη3dω +

∫

ω

n
ϕ
αβ(φ)∂βηαdω = 0 (4.49)

for all v = (ηα − x3∂αη3, η3) ∈ VKL(Ω). This is equivalent to

2ρ

∫

ω

φ̈3η3dω −
∫

ω

mαβ(φ3)∂αβη3dω −
∫

ω

n
ϕ
αβ(φ)∂αβϕη3dω = 0, ∀ η3 ∈ H2

0 (ω), (4.50)

∫

ω

n
ϕ
αβ(φ)∂βηαdω = 0, ∀ ηα ∈ H1

0 (ω). (4.51)

Since φ is of the form (4.33), the equation (4.51) can be written as

∫

ω

[ 4λµ

λ+ 2µ
eσσ(φ̂α)δαβ + 4µeαβ(φ̂α)

]
∂βηαdω

=

∫

ω

[ 4λµ

λ+ 2µ
(∂αβϕφ3)δαβ + 4µ(∂αβϕφ3)

]
∂βηαdω, ∀ ηα ∈ H1

0 (ω). (4.52)

The left-hand side of the above equation is elliptic over H1
0 (ω) and for a given φ3 ∈ H2

0 (ω),

the right hand side defines a linear functional over H1
0 (ω) and hence by Lax-Milgram Theorem,

φ̂α can be uniquely determined in terms of φ3.

Theorem 4.2 Assume that the initial data {θ0(ǫ), θ1(ǫ)} ∈ V (Ω)× [L2(Ω)]3 and the applied

body forces {f i(ǫ)} of the variational problem (4.26) satisfy the following.

( i ) fα(ǫ) → fα ∈ X(Ω), f3(ǫ) → f3 ∈ L1(0, T ;L2(Ω)).

( ii ) The sequence {θ0(ǫ)} verifies

θ0(ǫ) → θ0 strongly in V (Ω),

eα||3(θ0)) → 0 strongly in L2(Ω),

e3||3(θ0(ǫ)) →
−λ

λ+ 2µ
eα||α(θ0) strongly in L2(Ω).

(4.53)

(iii) The sequence {θ1(ǫ)} satisfies

ǫθ1α(ǫ) → 0 strongly in L2(Ω),

θ13(ǫ) → θ13 strongly in L2(Ω), θ13 ∈ L2(ω).
(4.54)

Then the solutions {θ(ǫ)}ǫ>0 of (4.26) satisfy the following.

( i ) There exists a function θ ∈ L∞(0, T ;V (Ω)) ∩H1(0, T ; [L2(Ω)]3) such that

θ(ǫ) → θ strongly in L2(0, T ;V (Ω)),

θ̇3(ǫ) → θ̇3 strongly in L2(0, T ;L2(Ω)),

ǫθ̇α(ǫ) → 0 strongly in L2(0, T ;L2(Ω)),

eα||β(θ(ǫ)) → eα||β(θ) strongly in L2(0, T ;L2(Ω)),

eα||3(θ(ǫ)) → 0 strongly in L2(0, T ;L2(Ω)),

e3||3(θ(ǫ)) →
−λ

λ+ 2µ
eα||α(θ) strongly in L2(0, T ;L2(Ω)).

(4.55)
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(ii) The limit function θ = {θα, θ3} is a Kirchhoff-Love displacement, that is θ3 is indepen-

dent of x3,

θα = θ̂α − x3∂αθ3, θ̂α is independent of x3. (4.56)

Moreover, θ̂α = (Sfα(θ3))α, where for a given fα ∈ X(Ω) and θ3 ∈ H2
0 (ω), (Sfα(θ3)) = (θ̂α, θ3)

is uniquely determined by
∫

ω

[ 4λµ

λ+ 2µ
eσσ(θ̂α)δαβ + 4µeαβ(θ̂α)

]
∂βηαdω

=

∫

ω

[ 4λµ

λ+ 2µ
(∂αβϕθ3)δαβ + 4µ(∂αβϕθ3)

]
∂βηαdω

+

∫

ω

(∫ 1

−1

fαdx3

)
ηαdω ∀ ηα ∈ H1

0 (ω) (4.57)

and θ3 ∈ C0([0, T ], H2
0 (ω)) ∩ C1([0, T ];L2(ω)) is the unique solution of the 2D shell problem

2ρθ̈3 − ∂αβmαβ(θ3) − (nϕ
αβ(Sfα(θ3))∂αβϕ) =

∫ 1

−1

f3dx3 + ∂α

∫ 1

−1

x3f
αdx3 in ω × (0, T ),

θ3 =
∂θ3

∂ν
= 0 on ∂ω × (0, T ), (4.58)

θ3(0) =
1

2

∫ 1

−1

θ03dx3, θ̇3(0) =
1

2

∫ 1

−1

θ13dx3 in ω,

where {θ03, θ13} is the weak limit of {θ03(ǫ), θ13(ǫ)}ǫ>0 in H1
Γ0

(Ω) × L2(Ω).

Proof Using the boundedness of fα(ǫ) ∈ X(Ω) and f3(ǫ) ∈ L1(0, T, L2(Ω)), it can be

shown by proceeding the same way as in Theorem 4.1 that the convergences (4.55) holds weak

∗ in L∞(0, T, L2(Ω)) (hence weakly in L2(0, T, L2(Ω))), (θi) is of the form (4.56) and (θi) satisfies

2

∫

ω

θ̈3η3dx−
∫

ω

mαβ(θ3)∂αβη3dω −
∫

ω

n
ϕ
αβ(θ)∂αβη3dω +

∫

ω

n
ϕ
αβ(θ)∂βηαdω

=

∫

ω

f1ηidω −
∫

ω

(∫ 1

−1

x3f
αdx3

)
∂αη3dω (4.59)

for all v = (ηα − x3∂αη3, η3) ∈ VKL(Ω). This is equivalent to (4.57)–(4.58).

To show the strong convergence of (ǫθ̇α(ǫ), θ̇3(ǫ), ei||j(ǫ)(θ(ǫ))) in (L2(0, T ;L2(Ω))2×L2(0, T ;

(L2(Ω))9), it is enough to show that they converge in norm as we already know that they

converge weakly.

For σij , τij ∈ (L2(0, T ;L2(Ω))9, we define

(σij , τij) =

∫ T

0

∫

Ω

Aijkl(0)σklτijdxdτ. (4.60)

Using (4.26), we have
∫ T

0

∫

Ω

ρ(ǫθ̇α(ǫ))2dxdτ +

∫ T

0

∫

Ω

ρ(θ̇3(ǫ))
2dxdτ

+

∫ T

0

∫

Ω

Aijkl(0)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(θ(ǫ))dxdτ

=

∫ T

0

∫

Ω

ρǫ2θ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ)
√
g(ǫ) dxdτ +

∫ T

0

∫

Ω

ρǫθ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)

√
g(ǫ)dxdτ
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+

∫ T

0

∫

Ω

ρ(θ̇3(ǫ))
2g33(ǫ)dxdτ +

∫ T

0

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(θ(ǫ))
√
g(ǫ) dxdτ

−
∫ T

0

∫

Ω

ρǫ2θ̇α(ǫ)θ̇β(ǫ)(gαβ(ǫ)
√
g(ǫ) − δαβ)dxdτ −

∫ T

0

∫

Ω

ρ(θ̇3(ǫ))
2(g33(ǫ)

√
g(ǫ) − 1) dxdτ

−
∫ T

0

∫

Ω

ρǫθ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)

√
g(ǫ) dxdτ

−
∫ T

0

∫

Ω

(Aijkl(ǫ)
√
g(ǫ) −Aijkl(0))ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(θ(ǫ))dxdτ

=

∫ T

0

∫

Ω

ρǫ2θ1α(ǫ)θ1β(ǫ)gαβ(ǫ)
√
g(ǫ) dxdτ +

∫ T

0

∫

Ω

ρǫθ1α(ǫ)θ13(ǫ)g
α3(ǫ)

√
g(ǫ)dxdτ

+

∫ T

0

∫

Ω

ρ(θ13(ǫ))
2g33(ǫ)

√
g(ǫ) dxdτ+

∫ T

0

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(θ0(ǫ))ei||j(ǫ)(θ0(ǫ))
√
g(ǫ)dxdτ

+ 2

∫ T

0

∫ t

0

∫

Ω

f i(ǫ)θ̇i(ǫ)
√
g(ǫ) dxdtdτ −

∫ T

0

∫

Ω

ρǫ2θ̇α(ǫ)θ̇β(ǫ)(gαβ(ǫ)
√
g(ǫ) − δαβ)dxdτ

−
∫ T

0

∫

Ω

ρ(θ̇3(ǫ))
2(g33(ǫ)

√
g(ǫ) − 1) dxdτ −

∫ T

0

∫

Ω

ρǫθ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)

√
g(ǫ) dxdτ

−
∫ T

0

∫

Ω

(Aijkl(ǫ)
√
g(ǫ) −Aijkl(0))ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(θ(ǫ))dxdτ

=

∫ T

0

∫

Ω

ρǫ2θ1α(ǫ)θ1β(ǫ)gαβ(ǫ)
√
g(ǫ) dxdτ +

∫ T

0

∫

Ω

ρǫθ1α(ǫ)θ13(ǫ)g
α3(ǫ)

√
g(ǫ)dxdτ

+

∫ T

0

∫

Ω

ρ(θ13(ǫ))
2g33(ǫ)

√
g(ǫ) dxdτ+

∫ T

0

∫

Ω

Aijkl(ǫ)ek||l(ǫ)(θ0(ǫ))ei||j(ǫ)(θ0(ǫ))
√
g(ǫ) dxdτ

− 2

∫ T

0

∫

Ω

fα(ǫ)(0)θ0α(ǫ)
√
g(ǫ)dxdtdτ + 2

∫ T

0

∫

Ω

fα(ǫ)(t)θα(ǫ)(t)
√
g(ǫ)dxdtdτ

− 2

∫ T

0

∫ t

0

∫

Ω

ḟα(ǫ)θα(ǫ)
√
g(ǫ)dxdtdτ + 2

∫ T

0

∫ t

0

∫

Ω

f3(ǫ)θ̇3(ǫ)
√
g(ǫ) dxdtdτ

−
∫ T

0

∫

Ω

ρǫ2θ̇α(ǫ)θ̇β(ǫ)(gαβ(ǫ)
√
g(ǫ) − δαβ)dxdτ −

∫ T

0

∫

Ω

(θ̇3(ǫ))
2(g33(ǫ)

√
g(ǫ) − 1) dxdτ

−
∫ T

0

∫

Ω

ρǫθ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)

√
g(ǫ) dxdτ

−
∫ T

0

∫

Ω

(Aijkl(ǫ)
√
g(ǫ) −Aijkl(0))ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(θ(ǫ))dxdτ. (4.61)

Letting ǫ→ 0 and using (4.18)–(4.20), (4.53), (4.54) and (4.55) the right hand side of the above

equation goes to

∫ T

0

∫

Ω

ρ(θ13)
2dxdτ +

∫ T

0

a(θ0, θ0)dτ − 2

∫ T

0

∫

Ω

fα(0)θα(0)dxdτ + 2

∫ T

0

∫

Ω

fα(t)θα(t)dxdτ

− 2

∫ T

0

∫ t

0

∫

Ω

ḟαθαdxdtdτ + 2

∫ T

0

∫ t

0

∫

Ω

f3θ̇3dxdtdτ, (4.62)

where

a(θ0, θ0) = −
∫

ω

mαβ(θ0)∂αβθ03dω −
∫

ω

n
ϕ
αβ(θ0)∂αβϕθ03dω +

∫

ω

n
ϕ
αβ(θ0)∂βθ0αdω. (4.63)
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On the other hand,

∫ T

0

∫

Ω

ρ(θ̇3)
2dxdτ +

∫ T

0

∫

Ω

Aijkl(0)ei||j(θ)el||k(θ)dxdτ

=

∫ T

0

[ ∫

Ω

ρ(θ13)
2dx+ a(θ0, θ0) + 2

∫ T

0

∫

Ω

f iθ̇idxdt
]
dτ

=

∫ T

0

[ ∫

Ω

ρ(θ13)
2dx+ a(θ0, θ0) − 2

∫

Ω

fα(0)θα(0)dx + 2

∫

Ω

fα(t)θα(t)dx
]
dτ

− 2

∫ T

0

∫ t

0

∫

Ω

ḟαθαdxdtdτ + 2

∫ T

0

∫ t

0

∫

Ω

f3θ̇3dxdtdτ

=

∫ T

0

∫

Ω

ρ(θ13)
2dxdτ +

∫ T

0

a(θ0, θ0)dτ − 2

∫ T

0

∫

Ω

fα(0)θα(0)dxdτ + 2

∫ T

0

∫

Ω

fα(t)θα(t)dxdτ

− 2

∫ T

0

∫ t

0

∫

Ω

ḟαθαdxdtdτ + 2

∫ T

0

∫ t

0

∫

Ω

f3θ̇3dxdtdτ. (4.64)

From (4.62) and (4.64) it follows that ‖(ǫθ̇α(ǫ), θ̇3(ǫ), ei||j(ǫ)(θ(ǫ)))‖ → ‖(0, θ̇3, ei||j)‖.
That θi(ǫ) → θi in V (Ω) can be proved using the strong convergence of ei||j(ǫ)(θ(ǫ)) to ei||j

in (L2(Ω))9.

Lemma 4.2 For η3, ζ3 ∈ L2(0, T ;H2
0 (ω)) define

b(ζ, η) =

∫ T

0

∫

ω

n
ϕ
αβ(S(ζ))∂αβϕηdωdt. (4.65)

Then b(· , ·) is symmetric.

Proof We first claim that for η = (ηi), ζ = (ζi) ∈ L2(0, T ; (H1
0 (ω))2 ×L2(0, T ;H2

0 (ω)) the

bilinear form B(· , ·) defined by

B(ζi, ηi) =

∫ T

0

∫

ω

n
ϕ
αβ(ζ)[∂αβϕη3 + ∂βηα]dxdt (4.66)

is symmetric. We have

B(ζi, ηi) =

∫ T

0

∫

ω

n
ϕ
αβ(ζ)[∂αβϕη3 + ∂βηα]dωdt

=

∫ T

0

∫

ω

[ 2λµ

λ+ 2µ
eϕ

ρρ(ζ)δαβ + 2µeϕ
αβ(ζ)

]
∂αβϕη3dωdt

+

∫ T

0

∫

ω

[ 2λµ

λ+ 2µ
eϕ

ρρ(ζ)δαβ + 2µeϕ
αβ(ζ)

]
∂βηαdωdt

=

∫ T

0

∫

ω

[ 2λµ

λ+ 2µ
(eρρ(ζ) + ∂ρρϕη3)δαβ + 2µ(eαβ(ζ) + ∂αβζ3)

]
∂αβη3dωdt

+

∫ T

0

∫

ω

[ 2λµ

λ+ 2µ
(eρρ(ζ) + ∂ρρϕη3)δαβ + 2µ(eαβ(ζ) + ∂αβζ3)

]
∂βηαdωdt

=

∫ T

0

∫

ω

2λµ

λ+ 2µ
[∂ρζρ + ∂ρρϕζ3][∂ααϕη3 + ∂αηα]dωdt
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+

∫ T

0

∫

ω

2µ[eαβ(ζ) + ∂αβϕζ3][∂αβϕη3 + ∂βηα]dωdt

=

∫ T

0

∫

ω

[ 2λµ

λ+ 2µ
eϕ

ρρ(ζ)e
ϕ
αα(η) + 2µeϕ

αβ(ζ)eϕ
αβ(η)

]
dωdt, (4.67)

which is symmetric in (ζi) and (ηi).

Let (ζα), (ηα) ∈ L2(0, T ;H1(ω)) be such that (S(ζ3)) = (ζα, ζ3), (S(η3)) = (ηα, η3). Then

b(ζ3, η3) =

∫ T

0

∫

ω

n
ϕ
αβ(S(ζ3))∂αβϕη3dωdt

=

∫ T

0

∫

ω

n
ϕ
αβ(S(ζ3))∂αβϕη3dωdt+

∫ T

0

∫

ω

n
ϕ
αβ(S(ζ3))∂βηαdωdt

=

∫ T

0

∫

ω

n
ϕ
αβ(ζ)[∂αβϕη3 + ∂βηα]dωdt

= B(Sζ3, Sη3) = B(Sη3, Sζ3) = b(η3, ζ3). (4.68)

Hence b(· , ·) is symmetric.

Lemma 4.3 Let θ3 be the solution of (4.58) with fα ∈ L1(0, T ;H3
0 (ω)), f3 ∈ L1(0, T ;

H2
0 (ω)) and {θ03, θ13} ∈ H3(ω) ∩H2

0 (ω) and let φ3 be the solution of (4.35) with {φ03, φ13} ∈
H3(ω) ∩H2

0 (ω). Then the following identity holds

−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dγdt

=
[ ∫

ω

2ρ(θ̇3(qα∂αφ3) + φ̇3(q3∂αθ3))dω
]T

0
+ 2

∫

ω×(0,T )

2ρθ̇3φ̇3dωdt

− 2

∫

ω×(0,T )

mαβ(θ3)∂αβφ3dωdt+ 2

∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dω

+

∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dω −

∫

ω×(0,T )

n
ϕ
αβ(Sfα(θ3)∂αβϕ)qζ∂ζφ3dω

−
∫

ω×(0,T )

( ∫ 1

−1

(f3 + x3∂αf
α)dx3

)
qα∂αφ3dωdt. (4.69)

Proof The above identity follows by multiplying the first equation of (4.58) by qα∂αφ3,

where φ3 is a solution of (4.35) and the first equation of (4.35) by qα∂αθ3, where θ3 is a solution

of (4.58) and integrating by parts (here we assume that the solutions φ3 and θ3 belong to

H
5

2
+δ(ω) and refer the reader to [14]).

Lemma 4.4 Suppose that the sequence {φ0(ǫ), φ1(ǫ)} ∈ H2(Ω) ∩ V (Ω) satisfies the as-

sumptions of Theorem 4.1 and let us denote by φ(ǫ) the corresponding sequence of solutions

satisfying (4.32)–(4.35). Assume also that the sequence {θ0(ǫ), θ1(ǫ)} ∈ H2(Ω) ∩ V (Ω) and

f(ǫ) ∈ L1(0, T ;V (Ω)) satisfy the hypothesis of Theorem 4.2 and let θ(ǫ) be the corresponding

sequence of solutions satisfying (4.55)–(4.58). Then

lim
ǫ→0

[ ∫

Σ0

(q(ǫ).ν)Aijkl(ǫ)ek||l(ǫ)(θ(ǫ))ei||j(ǫ)(φ(ǫ))
√
gǫ dxdt

+

∫

Σ±

(q(ǫ).ν)[ǫ2φ̇α(ǫ)θ̇β(ǫ)gαβ(ǫ) + ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ)]

√
g(ǫ)dxdt
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+

∫

Σ±

(q(ǫ).ν)[ǫφ̇3(ǫ)θ̇α(ǫ)gα3(ǫ) + φ̇3(ǫ)θ̇3(ǫ)g
33(ǫ)]

√
g(ǫ) dxdt

−
∫

Σ±

(q(ǫ).ν)Aijkl(ǫ)ek||l(ǫ)(φ(ǫ))ei||j(ǫ)(θ(ǫ))
√
gǫ dxdt

]

=
[ ∫

ω

2ρ(θ̇3(qα∂αφ3) + φ̇3(qα∂αθ3))dω
]T

0
+ 3

∫

ω×(0,T )

2ρθ̇3φ̇3dωdt

+

∫

ω×(0,T )

mαβ(θ3)∂αβφ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

−
∫

ω×(0,T )

(∫ 1

−1

(f3 + x3∂αf
α)dx3

)
qσ∂σφ3dωdt−

∫

ω×(0,T )

(∫ 1

−1

fαqσdx3

)
∂σ(S(φ3))αdωdt

+

∫

ω×(0,T )

(∫ 1

−1

fαdx3

)
ϕ∂αφ3dωdt+

∫

ω×(0,T )

(∫ 1

−1

fαqα∂ασϕdx3

)
φ3dωdt

−
∫

ω×(0,T )

(∫ 1

−1

fαqσdx3

)
∂αφ3∂σϕdωdt. (4.70)

Proof From equations (4.27)–(4.29), we notice that to compute the limit of the boundary

integral in (4.70) it is enough to compute the limit on the righthand side of (4.29). Using (4.23),

(4.32) and (4.55), we obtain

lim
ǫ→0

[
ρ

∫

Ω

ǫ2θ̇α(ǫ)[qj(ǫ).φk||l(ǫ)(g
αk(ǫ))(gl(ǫ))j ]

+ ǫθ̇3(ǫ)[qj(ǫ).φk||l(ǫ)(g
3k(ǫ))(gl(ǫ))j ]

√
g(ǫ)dx

]T

0

= lim
ǫ→0

[
ρ

∫

Ω

ǫ2θ̇α(ǫ)[qj(ǫ).φβ||γ(ǫ)(gαβ(ǫ))(gγ(ǫ))j ]

+ ǫ2θ̇α(ǫ)[qj(ǫ).φβ||3(ǫ)(g
αβ(ǫ))(g3(ǫ))j ]

√
g(ǫ) dx

]T

0

+ lim
ǫ→0

[
ρ

∫

Ω

ǫ2θ̇α(ǫ)[qj(ǫ).φ3||β(ǫ)(gα3(ǫ))(gβ(ǫ))j ]

+ ǫ2θ̇α(ǫ)[qj(ǫ).φ3||3(ǫ)(g
3(ǫ))α(g3(ǫ))j ]

√
g(ǫ) dx

]T

0

+ lim
ǫ→0

[
ρ

∫

Ω

ǫθ̇3(ǫ)[qj(ǫ).φβ||γ(ǫ)(g3β(ǫ))(gγ(ǫ))j ]

+ ǫθ̇3(ǫ)[qj(ǫ).φβ||3(ǫ)(g
3β(ǫ))(g3(ǫ))j ]

√
g(ǫ) dx

]

+ lim
ǫ→0

[
ρ

∫

Ω

ǫθ̇3(ǫ)[qj(ǫ).φ3||β(ǫ)(g33(ǫ))(gβ(ǫ))j ]

+ ǫθ̇3(ǫ)[qj(ǫ).φ3||3(ǫ)(g
33(ǫ))(g3(ǫ))j ]

√
g(ǫ) dx

]

=
[ ∫

Ω

ρθ̇3(qα∂αφ3)dx
]T

0
. (4.71)

Similarly

lim
ǫ→0

[
ρ

∫

Ω

ǫ2φ̇α(ǫ)[qj(ǫ).θk||l(ǫ)(g
αk(ǫ))(gl(ǫ))j ]

+ ǫφ̇3(ǫ)[qj(x).θk||l(ǫ)(g
3k(ǫ))(gl(ǫ))j ]

√
g(ǫ) dx

]T

0
=

[ ∫

Ω

ρφ̇3(qα∂αθ3) dx
]T

0
. (4.72)
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Also

lim
ǫ→0

∫ T

0

∫

Ω

3ρ[ǫ2θ̇α(ǫ)φ̇β(ǫ)gαβ(ǫ) + ǫθ̇α(ǫ)φ̇3(ǫ)g
α3(ǫ)

+ ǫφ̇α(ǫ)θ̇3(ǫ)g
α3(ǫ) + θ̇3(ǫ)φ̇3(ǫ)g

33(ǫ)]
√
g(ǫ)dxdt

= 3

∫

ω×(0,T )

2ρθ̇3φ̇3dωdt. (4.73)

Since q3(ǫ) = ǫϕ+ ǫx3 +O(ǫ2), ∂3φ3 = 0 and ∂3φα = −∂αφ3, we have

lim
ǫ→0

∫ T

0

∫

Ω

fα(ǫ)[qj(ǫ).φα||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ)dxdt

= lim
ǫ→0

∫ T

0

∫

Ω

fα(ǫ)[qj(ǫ).φα||γ(ǫ)(gγ(ǫ))j + qj(ǫ).φα||3(ǫ)(g
3(ǫ))j ]

√
g(ǫ) dxdt

=

∫ T

0

∫

Ω

fα(qσ∂σφα)dxdt −
∫ T

0

∫

Ω

fα(qσ∂σαϕφ3)dxdt +

∫ T

0

∫

Ω

fα(qσ∂αφ3)∂σϕdxdt

−
∫ T

0

∫

Ω

fα(ϕ∂αφ3)dxdt−
∫ T

0

∫

Ω

fα(x3∂αφ3)dxdt. (4.74)

Since φα = φ̂α − x3∂αφ3 = (S(φ3))α − x3∂αφ3, we have ∂σφα = ∂σ(S(φ3))α − x3∂ασφ3. Hence

∫ T

0

∫

Ω

fα(qσ∂σφα)dxdt−
∫ T

0

∫

Ω

fα(qσ∂σαϕφ3)dxdt+

∫ T

0

∫

Ω

fα(qσ∂αφ3)∂σϕdxdt

−
∫ T

0

∫

Ω

fα(ϕ∂3φα)dxdt−
∫ T

0

∫

Ω

fα(x3∂αφ3)dxdt

=
〈∫ 1

−1

fαqσdx3, ∂σ(S(φ3))α

〉
−

〈∫ 1

−1

fαqσx3dx3, ∂σαφ3

〉
−

〈 ∫ 1

−1

fαqσ∂ασϕdx3, φ3

〉

+
〈 ∫ 1

−1

fαqσdx3, ∂αφ3∂σϕ
〉
−

〈∫ 1

−1

fαdx3, ϕ∂αφ3

〉
−

〈∫ 1

−1

fαx3dx3, ∂αφ3

〉
, (4.75)

where 〈· , ·〉 denotes the dual product between L1(0, T ;L2(ω)) and its dual.

Also,

lim
ǫ→0

∫ T

0

∫

Ω

ǫf3(ǫ)[qj(ǫ).φ3||l(ǫ)(g
l(ǫ))j ]

√
g(ǫ) dxdt

= lim
ǫ→0

[ ∫ T

0

∫

Ω

ǫf3(ǫ)[qj(ǫ).φ3||γ(ǫ)(gγ(ǫ))j + qj(ǫ).φ3||3(ǫ)(g
3(ǫ))j ]

√
g(ǫ)dxdt

]

=

∫ T

0

∫

Ω

f3(qσ∂σφ3)dxdt. (4.76)

Adding the above two equations, we get

lim
ǫ→0

[ ∫ T

0

∫

Ω

fα(ǫ)[qj(ǫ).φα||l(ǫ)(g
l(ǫ))j + ǫf3(ǫ)(qj(ǫ).φ3||l(ǫ)(g

l(ǫ))j ]
√
g(ǫ) dx

]

=
〈
f3 + x3∂αf

α, qσ∂σφ3

〉
+

〈 ∫ 1

−1

fαqσdx3, ∂σ(S(φ3))α

〉

−
〈∫ 1

−1

fαdx3, ϕ∂αφ3 +
〈 ∫ 1

−1

fαqσdx3, ∂αφ3∂σϕ
〉
−

〈∫ 1

−1

fαqσ∂ασϕdx3, φ3

〉
. (4.77)
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It can be shown as in [1] that for fixed t ∈ [0, T ],

∫

Q

Aijkl(ǫ)ei||j(ǫ)(θ(ǫ))ek||l(ǫ)(φ(ǫ))
√
g(ǫ) dxdt →

−
∫

ω×(0,T )

mαβ(φ3)∂αβθ3dxdt−
∫

ω×(0,T )

n
ϕ
αβ(φ)∂αβϕθ3dxdt

−
∫

ω×(0,T )

n
ϕ
αβ(φ)∂βθαdxdt. (4.78)

The result follows from (4.71)–(4.73), (4.77) and (4.78).

Lemma 4.5 Let T > T (ǫ) and ψ(ǫ) be the sequence of solutions of the problem (4.28) with

initial data {ψ0(ǫ), ψ1(ǫ)} satisfying

‖{ψ0(ǫ), ψ1(ǫ)}‖[V (Ω)]′×[L2(Ω)]3 ≤ C. (4.79)

Assume also that the sequence of functions {θ0(ǫ), θ1(ǫ)} and {fα(ǫ), f3(ǫ)} satisfy the assump-

tions of Theorem 4.1. Then there exists ψα ∈ [X(Ω)]′ and ψ3 ∈ L∞(0, T ;L2(Ω)) such that

〈{ρψ13,−ρψ03}, {θ03, θ13}〉

= 〈ψi, f
i〉 +

∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt

−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dωdt−
∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

−
∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(Sfα(θ3))∂αβϕqζ∂ζφ3dωdt

−
∫

ω×(0,T )

∫ 1

−1

(fαqσdx3)∂αφ3∂σϕdωdt+

∫

ω×(0,T )

(∫ 1

−1

fαqσdx3

)
∂σ(S(φ3))αdωdt

−
∫

ω×(0,T )

(∫ 1

−1

fαdx3

)
ϕ∂αφ3dωdt−

∫

ω×(0,T )

( ∫ 1

−1

fαqα∂ασϕdx3

)
φ3dωdt, (4.80)

where

−{ψ13, ψ03} is the weak limit in [V (Ω)]′ × L2(Ω) of a subsequence of {ψ13(ǫ), ψ03(ǫ)}ǫ>0,

−ψα is the weak limit of the subsequence of {ψα(ǫ)} in [X(Ω)]′, ψ3 is the weak ∗ limit of the

subsequence of {ψ3(ǫ)} in L∞(0, T ;L2(Ω)),

−θ3 is the solution of (4.58),

−φ3 is the solution of (4.35) with initial data

{1

2

∫ −1

1

φ03dx3,
1

2

∫ −1

1

φ13dx3

}

and {φ03, φ13} is the weak limit of {φ03(ǫ), φ13(ǫ)} in V (Ω) × L2(Ω) and

{φ0(ǫ), φ1(ǫ)} = (Λǫ)−1({ψ1(ǫ),−ψ0(ǫ)}).

Proof Note that the solution ψ(ǫ) of (4.28) with initial data {ψ0(ǫ), ψ1(ǫ)} satisfies (4.29).

We want to compute the limit as ǫ→ 0 of (4.29).
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Note that because of (4.79), there exists a subsequence of {ψ0(ǫ), ψ1(ǫ)}ǫ>0 (still denoted

by ǫ for notaional convenience) that weakly converges in [L2(Ω)]3 × [V (Ω)]′. Also since {θ0(ǫ),
θ1(ǫ)}ǫ>0 converges strongly in V (Ω) × [L2(Ω)]3, we have

ρ

∫

Ω

([ǫ2ψ̇α(ǫ)(0)θ0β(ǫ)gαβ(ǫ) + ǫψ̇α(ǫ)(0)θ03(ǫ)g
α3(ǫ)])

√
g(ǫ) dx

+ ρ

∫

Ω

([ǫψ̇3(ǫ)(0)θ0α(ǫ)g3α(ǫ) + ψ̇3(ǫ)(0)θ03(ǫ)g
33(ǫ)])

√
g(ǫ) dx

− ρ

∫

Ω

([ǫ2ψα(ǫ)(0)θ1α(ǫ)gαβ(ǫ) + ǫψα(ǫ)(0)θ13(ǫ)g
α3(ǫ)]))

√
g(ǫ) dx

− ρ

∫

Ω

([ǫψ3(ǫ)(0)θ1α(ǫ)g3α(ǫ) + ψ3(ǫ)(0)θ13(ǫ)g
33(ǫ)])

√
g(ǫ) dx→

∫

Ω

ρ(ψ13θ03 − ψ03θ13)dx as ǫ→ 0. (4.81)

From the assumption (4.79) and estimate (3.22), it follows that the initial data {φ0(ǫ), φ1(ǫ)}
= Λ−1(ǫ)({ψ1(ǫ),−ψ0(ǫ)} satisfy

‖(ǫ√ρφ11(ǫ), ǫ
√
ρφ12(ǫ),

√
ρφ13(ǫ))‖2

[L2(Ω)]3 + a(ǫ)(φ0(ǫ), φ0(ǫ)) ≤ C. (4.82)

Hence {φ0(ǫ), φ1(ǫ)}ǫ>0 satisfy the assumption (4.31). Let {φ0, φ1} be the weak limit of the

subsequence of {φ0(ǫ), φ1(ǫ)}ǫ>0 in V (Ω) × [L2(Ω)]3.

Choosing {θ0(ǫ), θ1(ǫ)} = {0, 0} in (4.29) and using (4.82) it follows that

|〈ψ3(ǫ), f
3(ǫ)〉| ≤ C

∫ T

0

‖f3(ǫ)‖[L2(Ω)]3dt if fβ(ǫ) = 0, β = 1, 2, (4.83)

|〈ψβ(ǫ), fβ(ǫ)〉| ≤ C

∫ T

0

‖fβ(ǫ)‖X(Ω)dt if f3(ǫ) = 0, fα(ǫ) = 0 for β 6= α. (4.84)

Hence there exists ψα ∈ [X(Ω)]′, α = 1, 2 and ψ3 ∈ L∞(0, T ;L2(Ω)) such that

∑

i

〈ψi(ǫ), f
i(ǫ)〉 →

∑

i

〈ψi, f
i〉. (4.85)

The identity (4.80) follows from (4.81), (4.85), (4.69) and (4.70).

Lemma 4.6 The limit displacement ψ = (ψi) of the controlled displacement ψ(ǫ) is a

Kirchhoff-Love displacement, that is,

ψ3 is independent of x3,

ψα = ψ̂α − x3∂αψ3, ψ̂α is independent of x3 and is a function of φ3. (4.86)

Proof (i) To show that ψ3 is independent of x3, it is enough to show that

〈ψ3,−∂3f〉 = 0, ∀ f ∈ D(Ω × (0, T )). (4.87)

In (4.28), we consider sequences {θ0(ǫ), θ1(ǫ)}ǫ>0, {f(ǫ)}ǫ>0 such that

θ0(ǫ) → 0 in V (Ω), θ1(ǫ) → 0 in [L2(Ω)]3,

(f1(ǫ), f2(ǫ), f3(ǫ)) → (0, 0,−∂3f) in [X(Ω)]2 × L1(0, T ;L2(Ω)).
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It can be verified that the above sequences satisfy all the hypothesis of Theorem 4.2. Note

that when fα = 0, we have Sfα = S. At the limit we obtain (cf. (4.80))

0 = 〈ψ3,−∂3f〉 +

∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt

−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβϕφ3dωdt−
∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

−
∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(S(θ3))∂αβϕqζ∂ζφ3dωdt, (4.88)

where θ3 is the solution of

2ρθ̈3 − ∂αβmαβ(θ3) − n
ϕ
αβ(S(θ3))∂αβϕ =

∫ 1

−1

(−∂3f)dx3 in ω × (0, T ),

θ3 = ∂νθ3 = 0 on ω × (0, T ),

θ3(0) = θ̇3(0) = 0 in ω.

(4.89)

Since f3 ∈ D(Ω× (0, T )), we have
∫ 1

−1
(−∂3f

3)dx3 = 0 and so θ3 = 0. Therefore it follows that

〈ψ3,−∂3f〉 = 0.

(ii) To prove that ψα = ψ̂α − x3∂αψ3, ψ̂α independent of x3, it is enough to prove that

〈∂3ψα + ∂αψ3, f
α〉 = 0, ∀ fα ∈ D(Ω × (0, T )). (4.90)

That is,

〈ψα,−∂3f
α〉 + 〈ψ3,−∂αf

α〉 = 0, ∀ fα ∈ D(Ω × (0, T )). (4.91)

We consider sequences {θ0(ǫ), θ1(ǫ)}, {f(ǫ)} such that

θ0(ǫ) → θ0 = (θ0α, 0) in V (Ω), θ1(ǫ) → θ1 = (θ1α, 0) in [L2(Ω)]3,

fα(ǫ) → −∂3f
α in X(Ω), fβ(ǫ) → 0 in X(Ω), β 6= α,

f3(ǫ) → −∂αf
α in L1(0, T ;L2(Ω)).

Again it can be verified that the above sequences satisfy all the hypothesis of Theorem 4.2.

Note that
∫ 1

−1 −∂3f
αdx3 = 0 when fα ∈ D(Ω × (0, T )) and hence Sfα = S. At the limit we

obtain (cf. (4.80))

0 = 〈ψα,−∂3f
α〉 + 〈ψ3,−∂αf

α〉 +

∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt

−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dωdt−
∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

−
∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(S(θ3))∂αβϕqζ∂ζφ3dωdt

+

∫

ω×(0,T )

( ∫ 1

−1

−∂3f
αqσdx3

)
∂σ(S(φ3))dωdt−

∫

ω×(0,T )

( ∫ 1

−1

−∂3f
αqσdx3

)
∂αφ3∂σϕdωdt

−
∫

ω×(0,T )

(∫ 1

−1

−∂3f
αdx3

)
ϕ∂αφ3dωdt−

∫

ω×(0,T )

(∫ 1

−1

−∂3f
αdx3

)
qσ∂σαϕdωdt, (4.92)
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where θ3 is the solution of

2ρθ̈3 − ∂αβmαβ(θ3) − n
ϕ
αβ(S(θ3))∂αβϕ =

∫ 1

−1

[(−∂αf
α) − ∂α(x3(∂3f

α))]dx3 in ω × (0, T ),

θ3 = ∂νθ3 = 0 on ω × (0, T ), (4.93)

θ3(0) = θ̇3(0) = 0 in ω.

Since fα ∈ D(Ω × (0, T )), we have

∫ 1

−1

[(−∂αf
α) − ∂α(x3(∂f

α))]dx3 = −
∫ 1

−1

∂αf
αdx3 + ∂α

( ∫ 1

−1

fαdx3

)
= 0. (4.94)

Hence θ3 = 0 is the unique solution of (4.93). Therefore (4.92) becomes

0 = 〈ψα,−∂3f
α〉 + 〈ψ3,−∂αf

α〉 +

∫

ω×(0,T )

( ∫ 1

−1

−∂3f
αqσdx3

)
∂σ(S(φ3))dωdt

−
∫

ω×(0,T )

(∫ 1

−1

−∂3f
αdx3

)
ϕ∂αφ3dωdt−

∫

ω×(0,T )

( ∫ 1

−1

−∂3f
αdx3

)
qσ∂σαϕdωdt

−
∫

ω×(0,T )

(∫ 1

−1

−∂3f
αqσdx3

)
∂αφ3∂σϕdωdt. (4.95)

Since fα ∈ D(Ω × (0, T )), we have

∫

ω×(0,T )

(∫ 1

−1

−∂3f
αqσdx3)∂σ(S(φ3)

)
dωdt−

∫

ω×(0,T )

(∫ 1

−1

−∂3f
αdx3

)
ϕ∂αφ3dωdt

−
∫

ω×(0,T )

(∫ 1

−1

−∂3f
αdx3

)
qσ∂σαϕdωdt−

∫

ω×(0,T )

(∫ 1

−1

−∂3f
αqσdx3

)
∂αφ3∂σϕdωdt

= 0. (4.96)

Hence

0 = 〈ψα,−∂3f
α〉 + 〈ψ3,−∂αf

α〉. (4.97)

(iii) To prove that ψ̂α = Z(φ3), let us consider in (4.80) θ03 = θ13 = 0, f3 = 0 and fα 6= 0,

and fα ∈ D(ω × (0, T )). Then we have

0 = 〈ψ̂α − x3∂αψ3, f
α〉 +

∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt

−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dωdt−
∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

−
∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(Sfα(θ3))∂αβϕqζ∂ζφ3dωdt

+

∫

ω×(0,T )

(∫ 1

−1

fαqσdx3

)
∂σ(S(φ3)α)dωdt−

∫

ω×(0,T )

( ∫ 1

−1

fαqσdx3

)
∂αφ3∂σϕdωdt

−
∫

ω×(0,T )

(∫ 1

−1

fαdx3

)
ϕ∂αφ3dωdt−

∫

ω×(0,T )

( ∫ 1

−1

fαqσ∂ασdx3

)
ϕ∂αφ3dωdt. (4.98)



Exact Controllability and Asymptotic Analysis for Shallow Shells 119

Hence

〈ψ̂α, f
α〉

= −
∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt

+

∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dωdt+

∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt

+

∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt−

∫

ω×(0,T )

n
ϕ
αβ(Sfα(θ3))∂αβϕqζ∂ζφ3dωdt

−
∫

ω×(0,T )

( ∫ 1

−1

fαqσdx3

)
∂σ(S(φ3)α)dωdt+

∫

ω×(0,T )

(∫ 1

−1

fαqσdx3

)
∂αφ3∂σϕdωdt

+

∫

ω×(0,T )

( ∫ 1

−1

fαdx3

)
ϕ∂αφ3dωdt+

∫

ω×(0,T )

(∫ 1

−1

fαqσ∂ασdx3

)
ϕ∂αφ3dωdt. (4.99)

For a given φ3 ∈ H2
0 (ω), the right-hand side of the above equation defines a bounded linear

functional on H1
0 (ω). Hence

〈ψ̂α, f
α〉 = 〈Z(φ3), f

α〉, ∀ fα ∈ H1
0 (ω) (4.100)

and therefore ψ̂α = Z(φ3).

We can now identify the limit problem corresponding to (4.80) using the symmetry of the

bilinear form b(· , ·) defined in (4.65):

2ρÿ3 +
8µ(λ+ 2µ)

3(λ+ 2µ)
∆2y3 − n

ϕ
αβ(S(y3))∂αβϕ

= 2ρφ̈3 +
8µ(λ+ 2µ)

(λ+ 2µ)
∆2φ3 + n

ϕ
αβ(S(φ3))∂αβϕ− qζ∂ζ(n

ϕ
αβ(S(φ3))∂αβϕ)

+ n
ϕ
αβ(S(qζ∂ζφ3))∂αβϕ in ω × (0, T ),

y3 = 0 on ∂ω × (0, T ),

∂νy3 = (qανα)∆φ3 on ∂ω × (0, T ),

y3(T ) = ẏ3(T ) = 0 in ω,

(4.101)

where φ3 is the unique solution of the homogeneous 2D problem

2ρφ̈3 +
8µ(λ+ 2µ)

3(λ+ 2µ)
∆2φ3 − n

ϕ
αβ(S(φ3))∂αβϕ = 0 in ω × (0, T ),

φ3 = ∂νφ3 = 0 on ∂ω × (0, T ),

φ3(0) = φ03, φ̇3(0) = φ13 in ω.

(4.102)

Definition 4.1 The function y3 is a solution of the 2D problem (4.101) in the transposition

sense if φ3 ∈ L∞(0, T ;L2(ω)), the traces {y3(0), ẏ3(0)} makes sense in L2(ω)×H−2(ω) and y3

satisfies

〈{ρẏ3(0),−ρy3(0)}, {θ03, θ13}〉

= 〈y3, g3〉 +

∫

ω×(0,T )

[2ρθ̇3φ̇3 + 3mαβ(θ3)∂αβφ3]dωdt−
∫

∂ω×(0,T )

(qζνζ)mαβ(θ3)∂αβφ3dωdt
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−
∫

ω×(0,T )

n
ϕ
αβ(S(φ3))∂αβϕθ3dωdt−

∫

ω×(0,T )

qζ∂ζ(n
ϕ
αβ(S(φ3))∂αβϕ)θ3dωdt

+

∫

ω×(0,T )

n
ϕ
αβ(S(qζ∂ζφ3))∂αβϕθ3dωdt (4.103)

for any g3 ∈ L1(0, T ;L2(ω)) and any {θ03, θ13} ∈ H2
0 (ω) × L2(ω) with θ3 the solution of

2ρθ̈3 +
8µ(λ+ 2µ)

3(λ+ 2µ)
∆2θ3 − n

ϕ
αβ(S(θ3))∂αβϕ = g3 in ω × (0, T ),

θ3 = ∂νθ3 = 0 on ∂ω × (0, T ),

θ3(0) = θ03, θ̇3(0) = θ13 in ω.

(4.104)

Theorem 4.3 There exists a unique solution to the problem (4.101) in the transposition

sense.

Proof Multiplying the first equation of (4.101) by θ3, a solution of (4.104), and integrate

by parts, it can be shown using duality arguments the existence of a unique solution y3 ∈
L∞(0, T ;L2(ω)).

Theorem 4.4 Let T > T (ǫ) and ψ(ǫ) be the scaled (weak) solutions of problem (2.7) with

controls (3.23). Suppose that the scaled initial data {ψ0(ǫ), ψ1(ǫ)} verifies

‖{ψ1(ǫ),−ψ0(ǫ)}‖[V (Ω)]′×[L2(Ω)]3 ≤ C. (4.105)

Then there exists a subsequence of ψ(ǫ) (still indexed by ǫ) and functions {ψα, ψ3} in [X(Ω)]′2×
L∞(0, T ;L2(Ω)) such that, for any {f1, f2, f3} ∈ [X(Ω)]2 × L1(0, T ;L2(Ω))

〈ψi(ǫ), f
i〉 → 〈ψi, f

i〉 as ǫ→ 0.

Moreover, the limit function ψ = (ψi) satisfies

( i ) ψ = (ψi) is a Kirchhoff-Love displacement, that is, ψ3 is independent of x3 and ψα =

ψ̂α − x3∂αψ3, where ψ̂α is independent of x3.

(ii) ψ3 is the solution (in the transposition sense) of the following 2D problem

2ρψ̈3 +
8µ(λ+ 2µ)

3(λ+ 2µ)
∆2ψ3 − n

ϕ
αβ(S(ψ3))∂αβϕ

= 2ρφ̈3 +
8µ(λ+ 2µ)

(λ+ 2µ)
∆2φ3 − n

ϕ
αβ(S(φ3))∂αβϕ− qζ∂ζ(n

ϕ
αβ(S(φ3))∂αβϕ)

+ n
ϕ
αβ(S(qζ∂ζφ3))∂αβϕ in ω × (0, T ),

ψ3 = 0 on ∂ω × (0, T ) (4.106)

∂νψ3 = (qανα)∆φ3 on ∂ω × (0, T ),

ψ3(0) =
1

2

∫ 1

−1

ψ03dx3, ψ̇3(0) =
1

2

∫ 1

−1

ψ13dx3 in ω,

ψ3(T ) = ψ̇3(T ) = 0 in ω.

The pair {ψ03, ψ13} is the weak limit in the space L2(Ω) × [V (Ω)]′ of the sequence {ψ03(ǫ),
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ψ13(ǫ)}ǫ>0 and φ3 is the unique solution of the homogeneous 2D problem

2ρφ̈3 +
8µ(λ+ 2µ)

3(λ+ 2µ)
∆2φ3 − n

ϕ
αβ(S(φ3))∂αβϕ = 0 in ω × (0, T ),

φ3 = 0, ∂νφ3 = 0 on ∂ω × (0, T ),

φ3(0) = φ03, φ̇3(0) = φ13 in ω,

(4.107)

where {φ03, φ13} is the weak limit in the space [V (Ω)]×L2(Ω) of the sequence {φ0(ǫ), φ1(ǫ)} =

Λ−1(ǫ)({ψ1(ǫ),−ψ0(ǫ)}).

(iii) ψ̂α = Z(φ3).

Proof To prove the theorem, it is enough to prove that ψ3 = y3, where y3 satisfies (4.103).

Note that (4.80) will coincide with (4.103) if we are able to prove that (4.80) is valid for fα = 0,

any pair {θ03, θ13} ∈ H2
0 (ω) × L2(ω) and any g3 ∈ L1(0, T ;L2(ω)). Choosing

f(ǫ) = (0, 0, g3), θ1(ǫ) = (0, 0, θ13),

θ0(ǫ) = (−x3∂1θ03,−x3∂2θ03, θ03 + ǫ2v(ǫ))

such that
ǫv(ǫ) → 0 in H1(Ω),

∂3v(ǫ) →
λ

λ+ 2µ
x3∆θ3 in L2(Ω)

(note that this is possible because H1
Γ0

(Ω) is dense in L2(Ω)), it follows that

f(ǫ) → (0, 0, g3) strongly in [X(Ω)]2 × L1(0, T ;L2(Ω)),

θ0(ǫ) → (−x3∂1θ03,−x3∂2θ03, θ03) strongly in V (Ω),

eα||3(θ0(ǫ)) → 0, e3||3(θ0(ǫ)) →
λ

λ+ 2µ
x3∆θ03 strongly in L2(Ω),

ǫθ1α(ǫ) → 0, θ13(ǫ) → θ13 strongly in L2(Ω).

(4.108)

Hence we conclude that (4.80) is valid for any pair {θ03, θ13} ∈ H2
0 (ω) × L2(ω) and any

g3 ∈ L1(0, T ;L2(ω)).
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