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Abstract In this paper, the authors prove that if M™ is a complete noncompact Kéhler
manifold with a pole p, and its holomorphic bisectional curvature is asymptotically non-
negative to p, then it is a Stein manifold.
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1 Introduction
Recently, Ni and Tam proved (see [1]):

Theorem 1.1 Let M™ be a complete noncompact Kahler manifold with nonnegative holo-
morphic bisectional curvature. Suppose that M has a pole. Then M 1is Stein.

Now we use elementary method to improve above theorem, that is,

Theorem 1.2 Let M™ be a complete noncompact Kahler manifold with a pole p, its bisec-
tional curvature is asymptotically nonnegative to p, then it is Stein.

Remark 1.1 In fact, Theorem 1.2 is held under the bisectional curvature > —%.

2 Preliminary

Before we prove the theorem, we shall give some definitions and a lemma.

Definition 2.1 We say that the bisectional curvature is asymptotically nonnegative if
bi Kp(x) > —=A(r(x)),

where A(+) is a nonnegative and nonincreasing function on [0, +00) and
oo
/ rA(r)dr < +oo, r(x) = dist(p, )
0

and p is a fixed point in M.

Definition 2.2 If there exists p € M, such that the exponential mapping exp, : M, — M
s a diffeomorphism, then we say M has a pole p.
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Now, we will prove the next lemma.

Lemma 2.1 Suppose f(t) is a C? function on (0,T), L(—f(t)) — f22(t) > -k and
lirél+ f{t) = +4o00. Then
t—

f(t) >0, (2.1)
where k >0, T can tend to +oc.

Proof We use comparison method to discuss the following inequality.

Assume
bi(t) = —l+vIi+2k V1+2kt’ bo(t) = —l-vi+2k Vl—"%t. (2.2)
2k 2k
Then b i .
Sl -5 =0, i=12 (2.3)
and
b1(0) = b2(0) =0, (2.4)
. 1k, —1+V1+2k
bi(t) = 5" t_gbl = r (2.5)
. 1k, 1142k
Let A= ﬁ Therefore " 1
— 4+ AP > 2
dt 12 2~ 0 (2.7)
and A(0) = 0.
Then 1
A(0) > o kA%(0), (2.8)
i.e., A(0) > b1(0) or A(0) < by(0).
We will prove A(0) < by(0) is not valid.
Conversely, if A(0) < by(0) < 0, we have
A(t) = A(0)t + O(£%),
and then there exists an € satisfying 0 < ¢ < T such that A(t) <0, Vt € (0,¢), i.e.,
f(t) <0, Yte(0,¢). (2.9)

This is a contradiction to 1im+ f(t) = 400 which is known.
t—0

When A(0) > b1(0), we will prove A(t) > bi(t) > 0, for t € [0,T).

Let E = {t € (0,T) | A(t) < by(t)}. If E = 0, then A(t) > by (t), YVt € [0,T), and
A(0) = b1(0) = 0. Then A(t) > b1(t) >0, Vt €[0,T).

If E is a nonempty open set of [0,7'), then Va € E, we have A(a) > bi(a). Otherwise, we

have )
by
t2 t:a.

bl(a)>A(a)2%—k— z%—k

Obviously, it is impossible.
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For any ¢ € [0,T)\E, setting to = Sup(E N [0, ¢]), we have

A(e) = bu(c) = /t (A(s) — by (s))ds + A(to) — bi(to)-
By continuity, A(to) — bi(to) > 0 and (to,c] C [0,T)\E, so that A(s) — by(s) > 0. Then
A(c) — bi(c) >0, ie., A(c) > bi(c) > 0.
Thus f(¢t) >0,Vte (0,T), ie.,

f() >0, Vtelo,T). (2.10)

3 The Proof of Theorem 1.2

Now we will prove Theorem 1.2.

Proof of Theorem 1.2 A result of Grauert [2] says that a complex manifold which admits
a smooth strictly plurisubharmonic exhaustion function is Stein. Next we will prove the square
of the distance function satisfies these three conditions.

Firstly, the square of the distance function r2(x) = r2(p,z) between p and z is smooth
because p is a pole and obviously it is exhausting.

Secondly, we will prove that r2(p, ) is strictly plurisubharmonic. V2 € M, there exists a
normal geodesic 7, with the minimal length which issues from p to . For every nonzero vector
X e ngl’o)(M), we have X = X; —v/—1.JX; such that X is the unit vector of T,,(M). Now we
choose a normal basis {e1(x), ea(x), -, en(x), ent1(x), -+ ,ean(x)} = {e1(x),ea(x), -, en(z),
Jei(z), -, Jen(x)} on Tp(M), such that X1 = ei1(x), JX1 = ept1(x). And {e;(t) hi<i<on
is the normal basis on ~,(t) that was obtained by the parallel translation of {e;(z)}1<i<on
along ~v,(t). Since M is Kéhler, the parallel translation preserves the complex structure, so
that Je;(t)] = enti(t), 1 < i < mn,is valid on v, (t). We denote by {e;(0)}1<i<2, the parallel
vector basis field at p € M. Let U(v,) be an open neighborhood of v,. For any y € U(v,),
there is a minimal length normal geodesic from p to y. We translate {e;(0)}1<i<2, parallel
along 7,. Then we obtain a normal basis {e;(y)}1<i<2n on Ty(M), Yy € U(y,), such that
Jei(y) = enti(y), 1 <i <n. Hence {e;(y)}1<i<on, ¥ € U(Vs), is a normal frame on U(v,).

Let

Ve, ¥(t) = uij(t)e; (),

(3.1)
Vﬁ(t)ei(t) = )\ij (t)ej (t) = 0.

Then we have

Ugj (t) = <V€'i;y(t)’ ej> =€ <’Y(t)v 6j> - <’Y(t)7 v@ie.j>
= (ese;r) — (Ve,e5r) = Hr(es, e5) = uji(t), (3.2)
(R(e1,7(1)7(t),e1) = —(Vi5) Ve V(1) 1) — (V. 4 ¥(t), e1) + (Vv e (D), €1)

d
= 5 (-uan) - > uju
j

d
S E(—un) — Ur1U11- (33)
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Similarly, we have

. . d
(R(en+1,¥()¥(t), ent1) < E(—Un+1,n+1) — Unt1,n+1Unt1n+1s (3.4)
k . . . .
—3 S (Blen, 7(@))1(8), ex) + (Rlent1, 7(8))1(8), ent1)
d U1 + Untin 2
S E(_Ull - U;n+17n+1) - ( 1 2+17 +1) . (35)
Assume f(t) = u11 + Un+t1,n+1, and lir(gl+f(t) = 4o00. By Lemma 2.3 and (3.5), we have
t—
DQT(Xl,Xl) + DQT(JXl, JXl) = Hr(el, 61) + Hr(en+1, 6n+1) > 0. (36)
And
D*r* (X1, X1) + D*r*(J X1, JX1)
- 2<X1, E> n 2<JX1, §> +2r[D*r(X1, X1) + D*r(J X1, JX1)]
> 0. (3.7)
Because
V=100r*(X, X) = D*r*(X1, X1) + D*r*(J X1, JX,), (3.8)

where X = X; — v/—1JX1, 72 is strictly plurisubharmonic.
Thus M is a Stein manifold.
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