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Abstract Basic facts for Gabor frame {Ey(m)sTu(n)ag}m,nep on local field are inves-
tigated. Accurately, that the canonical dual of frame {E,(mn)sTu(n)ag}m,nep also has
the Gabor structure is showed; that the product ab decides whether it is possible for
{EumpTu(nyag}mnep to be a frame for L?*(K) is discussed; some necessary conditions
and two sufficient conditions of Gabor frame for L?(K) are established. An example is
finally given.
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1 Introduction

While working on some deep questions in non-harmonic Fourier series, Duffin and Schaeffer
[1-2] introduced the concept of a frame for Hilbert spaces. Outside of this area, this idea has
been lost until Daubechies, Grossman and Meyer [3] brought attention to it in 1986. They
showed that Duffin and Schaeffer’s defintion was an abstraction of a concept given by Gabor
[4] in 1946 for doing signal analysis. Today the frames introduced by Gabor are called Gabor
frames and play an important role in signal analysis (see [5-9]). Over the last fifth years, there
has been a tremendous influx of outstanding researchers into Gabor frames in L2(R9).

Although there are many results for Gabor frame on R?, the counterparts on local field are
not yet reported. So this paper is concerned with Gabor frame on local field. Recently, we
established the orthonormal wavelet construction from multiresolution analysis on local field in
[10], and discussed wavelet bases on local field in [11]. As one of a series of works on local field,
the objective of this paper is to investigate the most fundamental facts for Gabor frame on
local field. Accurately, that canonical dual of frame {Ey ;)6 Tu(n)ad }m, ne P also has the Gabor
structure is showed; that product ab decides whether it is possible for { EymysTu(n)ad}m, ne P
to be a frame for L?(K) is discussed; some necessary conditions and two sufficient conditions
of Gabor frame for L?(K) are established. An example is also presented.

The layout of this paper is as follows. Section 1 briefly introduces some notations of local
fields to be used throughout the paper. In order to research Gabor frame from our setting,
some basic facts for the frame in abstract Hilbert space are listed, and the most basic works
of Gabor frame on local fields are contributed in Section 2, and indeed these basic works are
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some parts of major conclusions in this paper. Some necessary conditions of Gabor frame on
local fields are established in Section 3. Section 4 is devoted to discussion of sufficient condition
for Gabor frame on local fields, and in result, two sufficient conditions are given. We end the
paper with an example.

2 Some Notations of Local Fields

In this section, we list some notations of local fields to be used throughout the paper. For
more details please refer to [10-12].

A local field means an algebraic field and a topological space with the topological properties
of locally compact, non-discrete, complete and totally disconnected, denoted by K. The additive
and multiplicative groups of K are denoted by K+ and K*, respectively. dz is the normalized
Haar measure on K*. |a| is the absolute value or valuation of v in K, which is also a non-
archimedian norm on K. But |E| is the Haar measure of E C K. p is a fixed prime element of
K. We have the fact |p| = ¢~! with that ¢ = p°, p is a prime number and ¢ is a positive integer.

Every P* = {z € K : |z| < ¢ %} is a compact subgroup of K*. O = P is the ring of
integers in K. So, |O]| =1 and [P¥| = ¢ *.

X is a fixed character on KT that is trivial on O but is non-trivial on B, x,(z) := x(yz)
for z,y € K.

The “natural” order on the sequence {u(n) € K}2°, is endowed as follows.

We recall B is the prime ideal in O, O/PB = GF(q) =T, ¢ = p€, p a prime, ¢ a positive
integer and p : O — T the cannonical homomorphism of O on to I'. Note that I' = GF(q) is a
c-dimensional vector space over GF(p) C I'. We choose aset {1 = eg,e1--+,e.—1} C O* = O\P
such that {p(ey)}i_; is a basis of GF(q) over GF(p).

Definition 2.1 Forn, 0 < n < g, n=as+ap+ -+ a_1p" 0 < a, < p and
k=0,---,c—1, we define

u(n) = (ap +are1 + -+ ac,lec,l)pfl, 0<n<yq. (2.1)
Forn=by+big+---+bsq°, 0 < bi, <q,n>0, we set
u(n) =u(bo) +p~u(bi) + - +p~u(bs).

Hereafter we will denote X,y by Xn (n > 0). We also often use the following number set
throughout this paper: P = {0,1,2,---}.

Definition 2.2 We say a function [ defined on K with period a if f(x+u(l)a) = f(z) for
allz € K andl € P.
3 Some Basic Facts

We first list some facts for the frame in abstract Hilbert space (cf. [7]).

Definition 3.1 Let {fy Z’;"l’ be a sequence in Hilbert space H .
(1) {fu}i2S is called a frame for H if there exist constants C,C > 0 such that

CIFIP <Y [f fdP < ClUFIP, f e H.
k=1
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The numbers C, C are called frame bounds. They are not unique. The optimal upper frame
bound is the infimum over all upper frame bounds, and the optimal lower frame bound is the
supremum over all lower frame bounds.

(ii) A frame is tight if we can choose C = C as frame bounds.

(iii) {fk}zg 18 called a Bessel sequence for H if only the right inequality holds in the above
formula. C s called a Bessel bound for {fi}i=s

(iv) {fx}i2S is called a Riesz basis for H if {fi};2 = {Uer};2], where {ex}}25 is an
orthonormal basis for H and U : H — H s a linearly bounded bijective operator.

Suppose that {fk}z;“l’ is a frame in Hilbert space H, then the operator S: H — H, Sf =
+o0o
Z(f, f&)fr is called the frame operator associated with the frame {fk}k 7. It is well known
k=1
that S is linearly bounded, invertible, self-adjoint and positive, and {S~!f k}+°° is also a frame
with bounds C~',C~' in H, which is called the canonical dual of {f;}; r2), and Vf € H,

+o0o
f= Z f,S7 ) fe = Z( I, F1)S™ ! fr, where all series converge unconditionally. Moreover,
k=1
“+o00
{572 f1,}:=2 is a tight frame with bound 1, and Vf € H, f = 3. (f,S72fx)S™ 2 f. The

k=1
following facts will be used.

Proposition 3.1 Assume that {fk}z;“i is a Bessel sequence with bound C' for a Hilbert
space H. Then (1) ||fxll> < C (k=1,2,---); (2) if | fxl|> = C for some k, then (fi, f;) =0
for j £ k.

Proposition 3.2 Assume that {fk};:ool is a sequence for a Hilbert space H. Then {fi}{2S
is a Riesz basis for H if and only if {fi}} °° is complete in H, and there exist constants

2
C, C > 0 such that for every finite scalar sequence {er}, CY ] |er]? < H chka < C’Z |ex |2
% % =

The numbers C, C are called Riesz basis bounds. Moreover, a Riesz basis must be a frame, and

frame bounds are just Riesz basis bounds; a Riesz basis with bound C' = C =1 is an orthonormal
basis for H.

Proposition 3.3 Suppose that H is a Hilbert space. Let U : H — H be a bounded operator,
and assume that (Uz,x) =0 for all x € H. If H is a complex Hilbert space, then U = 0; if H
1s a real Hilbert space and U is self-adjoint, then U = 0.

Now, we turn to Gabor frame on local fields.

Definition 3.2 A Gabor frame on local fields is a frame for L?>(K) of the form {xm(bx)g(z—
u(n)a)}m.ne p, where a,b are fized elements in K, and g is a fized function in L*(K). The
function g is called the window function or the generator.

For a Gabor frame {Ey () Tu(n)ad}m,nep, We concern with whether the frame operator S
commutes with the operator Ey () Tumn)a; Where Tyi)of(z) = f(z —u(n)a), Eyumpf(r) =

x(u(m)bx) f(x).

Lemma 3.1 Let geL?(K) and a,be K\{0} be given, and assume that B Tum)adtmmne P
is a frame with frame operator S. Then Ym,n € P, SE,mypTun)ya = Euim)pTum)aS-
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Proof Let f € L?(K). It is apparent that
E,T,f(z) = x(wz)f(z —v) and T,E,f(z)= x(vw)E,T,f(x). (3.1)

y (3.1), we have

SEu(m)bcru(n)af

- Z <Eu(m)bTu(n)afa Eu(m’)bTu(n’)ag>Eu(m’)bTu(n’)ag
m/,n'eP

= Z <fa X{[U(m/) - u(m)]bu(n)a}E[u(m’)—u(m)]bT[u(n’)—u(n)]ag>Eu(m’)bTu(n’)ag
m’/,n"eP

Performing the change of variables u(m’) — u(m’) + u(m), u(n’) — u(n’) + u(m) and using
(3.1), we have

SEu(m)bTu(n)af = Z X{u(m’)bu(n)a} <f7 Eu(m’)bTu(n/)ag>E[u(m’)+u(m)]bT[u(n’)+u(n)]ag

m’,n'€P

= Z <f7 u(m’) bT (n ’)ag>Eu(m)bTu(n)aEu(m’)bTu(n’)ag
m/,n"eP

= Eu(m)bcru(n)as.ﬁ

This completes the proof.

As a consequence of Lemma 3.1, S~ commutes with the operator EympTunya- Conse-
quently, S ~2 also commutes with EympTunya- Thus, Lemma 3.1 has the following conse-
quence.

Theorem 3.1 If {Ey(mpTum)adtm,nep is a Gabor frame, then the canonical dual has
Gabor structure and is given by { Ey(m)Tu(n)aS g} m,ne p, where g € L?(K) and a,b € K\{0}.
The canonical tight frame associated with { Ey () Tu(n)adtm, ne P 18 {Eu(m)bTu(n)aS_%g}mmep.

In order to prove results in Sections 3 and 4, we need an identity which is stated in Lemma
3.4 latter. First, we have

Lemma 3.2 Let f, g € L*(K), a,b € K\ {0} and k € P be given. Then the series

Z flx—wu(n)a) - gz —uln)a — b= tu(k)), zekK (3.2)

neP

converges absolutely for a.e. x € K, and it defines a function with period a, whose restriction
to the set G, == {x € K : |z| < |al}, belongs to L(G,). In fact,

Z |f(z —u(n)a) - glx —u(n)a — b= tu(k))| € L(G,).

nepP

Proof Since f, Tj-1,(1)9 € L?(K), we have f - Ty-1ukyg € L(K). Thus

/ Z|fx—u cg(z —u(n)a — b~ tu(k |dx—/|f g(x — b~ tu(k)) |dr < .

“nGP
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Consequently, > [f(x —u(n)a) - g(x —u(n)a — b~ 'u(k))| < +oo, a.e. x € G,. Obviously, if
nepP
the series in (3.2) converges for a.e. € G, then by Definition 2.2, it defines a function with

period a. Hence the proof is complete.

Lemma 3.3 Let f,g € L*(K), a,b € K\ {0} and n € P be given. We consider the

function F,, € L(Gy-1) defined by F,(z) = . f(x —b " u(k)) gz — u(n)a — b=tu(k)). Then,
kEP

for any m € P, (f, EymppTum)a) fG 2)Xm (bx) dx. In particular, the m-th Fourier
coeﬁ‘icient of F,(z) with respect to the orthonormal basis {|b]2 xm (bx)Ymep for L2(Gy-1) is
Cm = |b| < ) u(m bTu(n)ag>

Proof We have already seen in Lemma 3.2 that the series defining F,, converges absolutely
for a.e. x € K. Now

(F. EutmoTatmyad) / f(z) - 5@ —un)a) - Xm (b2 da

= Z / (x — b u(k)) - g(z — u(n)a — b=u(k)) - xm(bx)dz

ke P

~ [ o) Xl
G

p—1
The proof is complete.

Given a,b € K\ {0} and g € L?(K), we will often use the following functions defined by

x) = Z lg(z —u(n)a)|®>, =z €K, (3.3)
neP

Hy(z) = Z g(x —u(n)a) - g(x —u(n)a — b~ tu(k)), z€K, k=0,1,---. (3.4)
neP

It is obvious that G(x) and Hy(z) are bounded functions with period a, and G(z) = Ho(x).
Lemma 3.4 Let a,b € K\ {0} and g € L*(K) be given. Suppose that f is a bounded

measurable function with compact support. Then

Z |<f7 w(m) bTu(n)ag>|

m,neP

|b|/|f 2)?G(x cm+~— > /1f F(@ — b u(k))Hy (z)de. (3.5)

ke P\{0}

Proof Let n € P, and consider the b~ -periodic function

=3 fla—b"tu(k) - glz —u(n)a — b Tu(k)).

keP

We have already given a general argument for F,, being well defined point-wise a.e., but our
present assumptions give more. In fact, the compact support of f implies that f(x—b~'u(k)) can
be non-zero only for finitely many k-values. The number of k-values for which f(z—b"tu(k)) #
0 is uniformly bounded, i.e., there is a constant C' such that at most C' k-values appear,
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independently of the chosen z. It follows that F,, is bounded, so F,, € L(Gy-1) [ L?(Gp-1). In
fact, even

Z |f(x — b u(k)) - g(x — u(n)a — b= tu(k)) | € L(Gy-1) N L*(Gy-1).

keP

By Lemma 3.3, for all m,n € P,

(. ButmysTomyat) = / Fy (2)xm (0) da. (3.6)

G,

Since {|b]2 Xm (bx)}mep is an orthonormal basis for L2(Gy-1), Parseval’s theorem gives

Z ‘/ dfr - |b|/ 2|2 dz. (3.7)

The assumption on f being a bounded measurable function with compact support will justify

all interchanges of integration and summation in final calculation by the observation that

> / @) - fle— b~ u®)] - 3 lg(e - u(n)a) - 9(z — uln)a — b Tu(h)) |dz < oo,

ke P ke P

Now in virtue of (3.6) and (3.7), we have

Z |<f7 u(m)bTu(n)ag Z /

dm —|b|2/ x)|*dz.

m,neP m,ncP
Writing
|Fa(2)]* = =Y fla—btu(k) - g(w — u(n)a = b~ u(k)) Fy(w),
keP

we continue with

Z |<f7 Eu,(rn)bCru(n)ag>|2

m,neP

:r; > [, S TS gt utma b ) o)

Gp-1 pep

|b| Z / f(@) - gz = u(n)a) - F(z)dz
|f(2)*G(z)dx Tl Fl@) - flz— b u(k) Hy(z)da.
=7l / PZ\{} /.7 .

This is as desired.

4 Necessary Conditions for Gabor Frame for L*(K)

We now move to the question about how to obtain Gabor frames {Ey )T u(n)ad}m, neP
for L?(K). One of the most fundamental results says that the product ab decides whether it is
possible for {Ey()Tu(n)ad}m, ne p to be a frame for L*(K).
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Theorem 4.1 Let g € L*(K) and a,b € K \ {0} be given.

(1) If |ab| > 1, then {Eyum)pTun)adtm, nep is not a frame for L?(K).

(ii) If { Ewm)Tu(n)agtm,ne p is a frame, then |ab| = 1 if and only if { Ey(m)ypTum)ad}tm, ne P
is a Riesz basis.

Proof Assume that {Ey () u(n)ad}m, ne p is a Gabor frame for L?(K). We begin with an
observation concerning the canonical tight frame {E,(m)Twumn)aS _%g}m7n€p associated with
{Evum)pTum)ag}tm,ne p- Firstly, we apply Lemma 3.4 on the frame {Eu(m)bTu(n)aS_%g}m,ne P.
For an arbitrary bounded and measurable function f with support in a subgroup Gy-1, we obtain
that

[ @kdr = 1 BunTunaS 20 = o [ 17@F X 157 2ate — u(ma) .

m,neP nepP

Thus, this gives that 3 |S~2g(z — u(n)a)> = |b|, ae., = € K, consequently, ||S~2g||> =
neP

Ja. ZP |1S=2g(x — u(n)a)|*dz = |ab|.
ne

(i) We have to prove that [ab| < 1 for the arbitrary given frame {E,(m)sTwun)ad}m,ne P-
Since {Eu(m)bTu(n)a ’%g}m nep is a tight frame with bound 1, the fact Proposition 3.1(1)
implies that ||S~2g|| < 1. It follows from ||[S~2g||? = |ab| that |ab] < 1 as desired.

(ii) We have to prove that a frame {Ey,(m)yTun)ad}m,neP is a Riesz basis if and only if
|ab] = 1. Firstly, assume that {Eu(m)bTu(ﬂ)ag}m neP is a Riesz basis. Then by Proposition
3.2, {Eu(myp Tu(n)aS 2g}m ne P 1s also a Riesz basis having bound C' = C=1. Consequently,
this implies that ||S~ 29 || = 1. Since we have already given a completely general proof for the
equality ||[S~2g||2 = |ab|, we have |ab| = 1 as desired.

For the other implication, we now assume that |ab| = 1. Then [|[S™2g|? = |ab] =
and therefore ||Eu(m)bTu(n)aS’%g||2 =1 for all m,n € P. Using Proposition 3.1(2), we con-
clude that {Eu(m)bTu(n)aS_%g}mm,ep is an orthonormal basis for L?(K). Notice that S
is linearly bounded and invertible. Hence by Definition 3.1(iv), {Eym)pTum)ad}tm,nep =
{S%Eu(m)bTu(n)aS*%g}m,nep is a Riesz basis.

Remark 4.1 Theorem 4.1 shows that it is only possible for {Eu(m)bTu(n)ag}m,nep to be
a frame if |ab| < 1, and the frame is over-complete if |ab| < 1.

Remark 4.2 One can actually prove a stronger result that in Theorem 4.1(i): when
lab| > 1, the family {E, () Tu(n)ad}m, ne p can not even be complete in L?(K).

The assumption |ab] < 1 is not enough for {Ey)sTu(n)agd}m, nep to be a frame, even if
g # 0. For example, let ®g2 be the characteristic function on P2, a = p and b = eg, the unit of
multiplication of K. Then the sequence of functions {Ey ()5 Tu(n)e P2 }m, ne p is not complete
in L2(K) and can not form a frame. The following Theorem 4.2 gives a necessary condition for
{Eum)pTu(n)ag}tm,nep to be a frame for L*(K).

Theorem 4.2 Let geL?(K) and a,be K\{0} be given. Assume that {EumypTum)agd}tm, nep
s a frame with bounds A and B. Then

b|A < G(z) < BB, a.e., (4.1)
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where G(x) is the same as in (3.3). More precisely, if the upper bound in (4.1) is violated,
then {Ey(m)ypTum)ad}tm,nep is not a Bessel sequence; if the lower bound is violated, then
{EumypTum)ag}tm,nep does not satisfy the lower frame bound condition.

Proof The proof is by contradiction. Assume that the upper condition in (4.1) is not true.
Then there exists a measurable set A C K with positive measure such that G(z) > [b|B on
A. We can assume that A is contained in a ball ' with diameter of |[b|~!. Set Ag = {x € A :
G(z) > 1+ |b|B} and A, = {z € A: k+1 + [b|B < G(z) < § + |b|B}, k=1,2,---. Then we
obtain a partition of A into disjoint measurable sets. At least one of them, say, A;, has positive
measure. Now consider the function f = ®4,, the characteristic function on A;, and note that
| fII* = |Ai|l. For n € P, f-Tyn)eg has support in A;. Since A; is contained in a ball I with
diameter of [b]=1 and {|b|2 xpm (b)}mep constitutes an orthonormal basis for L2(T') for every
ball I' of diameter |b]~!, we have

Z | fa u(m)bTu(n)ag Z | fcru(n)agy Eu(m)b |b|/ |f | |g :E—U( )a)|2dx

meP meP
Thus

> BumiTumas) = 7 [ 1f@PG()a > (B+

m,nc P

) e

Consequently, B can not be an upper frame bound for { E,, ;)6 Tu(n)ag}m,ne P- A similar proof
shows that if the lower condition in (4.1) is violated, then A can not be a lower frame bound
for { Ey(m)pTu(n)a9}m,ne p- The proof is complete.

Corollary 4.1 A function g generating the frame {Ey,(m)pTun)ad}m,neP is necessarily
bounded.

5 Sufficient Conditions for Gabor Frame for L?(K)

Two sufficient conditions for Gabor frame for L?(K) will be established in this section. The

first sufficient condition is as follows.

Theorem 5.1 Let g € L?*(K) and a,b € K\ {0} be given. Suppose that there are constants
A, B > 0 such that

A<G(x)<B, aezek, (5.1)
> Hilleo < A (5.2)
ke P\{0}

Then {EymyTun)adtm,nep is a Gabor frame for L*(K).

Proof We are going to process (3.5) in Lemma 3.4. Note that

EED S RCIRVEE O AT

kE P\{0}

Z /|f )2 H( )|dx /|fx—b Yu(k))|? | He (z )|dx}

ke P\{0}

IA
=l

1

<o /|f P R MR O I S ACI LY

ke P\{O} ke P\{0}
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|b| / It ke P\{0}|Hk( } ) / I keP\{O} |Hk(x+b_1u<k))|}dm}
ol [ 1@ im)]ae} < { [ P[]
keP\{O} keP\{O}
Sy /|f IR @ < 5 3 ol (53)
ke P\{0} ke P\{0}

Hence, it follows from (3.5) and (5.3) that
D2 s BupTumad)l® < 7 SIP{ICe+ Y Il )
m,ne P ke P\{0}

and

> . BunpTuimat) = G E{IGe = 3 [Hilo}:

m,ne P ke P\{0}
Consequently, by (5.1) and (5.2) we have
A= X AT S X BumpTatmas)

ke P\{0} m,n€ P

<m{B+ X Imiir

ke P\{0}

Thus, {Ey(m)Tu(n)adtm, ne P is a frame for L?(K), because the set of f considered is dense in
L?(K). The proof is complete.

Next, we state the second sufficient condition which is more general than the first one.

Theorem 5.2 Let g € L?(K) and a,b € K \ {0}. Suppose that

B:= — sup Z |Hi(z)] < +o0. (5.4)
|b| *€Cacp

Then {Eu(m)bTu(n)ag}m,nep is a Bessel sequence with upper frame bound B. If in addition,
1
A= it {G(a:) -y |Hk(x)|} >0, (5.5)
ke P\{0}
then { EymTum)adtm,ne P is a frame for L?(K) with bounds A, B.
Proof Consider a function f € L?(K) which is continuous and has compact support. By
Lemma 3.4, we want to estimate the second term of right side in (3.5). For k € P, note that

z) = Z Tu(n)a9(@) * Tutnyatb—1u(k) 9(2)- (5.6)
neP

Hence, we have

Z T 106y He ()] = Z ‘T—bﬂu(k) Z Tu(nyad() 'Tu(n)a-l—b*lu(k)g(x)}
ke P\ {0} ke P\ {0} nep

‘ Z Tu(n)a—b—lu(k)g(x) 'Tu(n)ag(x)"
k€ P\{0} ncP
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Replacing u(k) with —u(k) (which is allowed), we obtain

Z |T7b*1u(k)Hk(x)| = Z ‘ Z Tu(n)aer*lu(k)g(x) CTu(w)ag(x)‘

ke P\{0} ke P\{0} neP

Z ’ Z ZL(W,)a—i-b*lu(k)g(x) : Tu(n)ag(x)’

keP\{0} neP

S |Hia).

ke P\{0}

So, by Cauchy-Schwartz’s inequality,

B> /f Pl — b u(k)) He(w)da

ke P\{0}
<X @ T f@)] )
ke P\{0}
< 3 { [r@rim @i} { [ gowi@ )
ke P\{0}
<{ ¥ / PP @} {3 / Tisu ) (@) Hi (@)}
ke P\{0} ke P\{0}
/ foF Y 1m@i) [ e S i)
ke P\{0} ke P\{0}
S |Hi () do. (57)
keP\{O}

y (3.5), (5.7) and the condition (5.4), we have

> W BuiTunasl < g [ 11@F {6+ 3 (i)} < Bl

m,ne P ke P\{0}

Since this estimate holds on a dense subset of L?(K), it holds on L?(K). This proves the first
part. If in addition (5.5) is satisfied, we again consider a continuous function f with compact
support, and obtain that

> i Tuas = i [ 1F@F - {6@) 3 (e} > Al
m,ne P ke P\{0}
Thus, the proof is complete.

Remark 5.1 Let us compare Theorems 5.1 and 5.2. Using the definitions of G(x) and
Hj(x), we see that the conditions in Theorem 5.1 imply that

sup > [He(@)| < > |[Hilloo < inf G(2).
ke P\{0} ke P\{0}
So, the conditions in Theorem 5.2 hold.
Remark 5.2 The advantage of Theorem 5.2 is that we compare the functions G(x) and

sup Z |Hy(z)| point-wise rather than requiring that the supremum of Z |Hy ()| is
ke P\{0} ke P\{0}
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smaller than the infimum of G(z). For a given function g € L?(K) and a fixed element a in K,
this will usually imply that we can prove that {Eym)Tun)ag}tm, ne P is a frame for a larger
range of the parameter b. The example in next section demonstrates this in practice.

Corollary 5.1 Let a,b € K \ {0} be given. Suppose that g € L*(K) is of support
in a ball with diameter of |b|™, and the function G(x) satisfies (5.1) for A,B > 0. Then
{EuimyppTum)ag}tm,nep is a frame for L?(K) with bounds A, B. The frame operator and its
imverse are given by

G(-)

_G0) sy L
Sf==ppf and ST =gosf feLNK),

respectively.

Proof {E,m)sTun)ad}m,nep is a frame by Theorem 5.2, because

Hy(z) = Z g(x —u(n)a) -g(x —u(n)a — @) =0 forall ke P\ {0}.

nepP

Given a continuous function f with compact support, Lemma 3.4 implies that

(SEH= > fs BupTumag)l® = |—l1)|/K|f($)l2G(af)d$- (5.8)

m,ncP

By continuity of S, (5.8) holds for all f € L?(K). It follows from Proposition 3.3 that S acts
by multiplication with the function % The proof is complete.

6 An Example

Let a = b = eq, the unit of multiplication of K. Define

1+ q|z|, r €D,
1
a) = | T (L ale]). w B\,
0, otherwise,

where we use the expression of z € P~ \ D that z = 2’/ — u(l) with 2/ € D and [ € {1,2,- -,
q—1}.

Consider for n, k € P, the function z — g(x — u(n))g(x —u(n)a — u(k)) for x € ®. Due to
the compact support of g, it must be zero if n ¢ {0,1,---,¢g—1} or k ¢ {0,1,--- ,¢—1}. So
we work out that

q—1 1
Gla) = 3 lole —u(m)l* = 3 lgte —u(m)P* = (14 o) O+ el wed,

neP

and for k € {1,2,--- ,¢—1},

Hi(@) = Y~ gla = u(m)g(e —u(n) —u(k)) = (q(q2_ 5t 7l ‘_21)2)<1 +qla)’, weD.
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Thus
“ 2 g-2
> @) =Y Hi(@) = (2 + —= ) (A +gla)®, €D
ke P\ {0} k=1 ¢ ¢lg-1)

Therefore,

. _q—2 3—q

pfoe- ¥ ] -5 2ot

2 1
sup {G(x) + Z |Hk(l‘)|:| = (1 + -+ —2)(1 +¢)? < 0.
TED ke P\ {0} q q

Theorem 5.2 now shows that {Ey ;) Tu(n)9}m, ne P is a frame for L?(K) with bounds

q—2 3—q 2 1 9
A= + and B=(14+-+4+—=)(1+4+q)".
¢  ¢g-1) ( q qz)( )
But
infG(x)—l+#<2
€D 0 ?g-1) T
2 q—2 9

Hillo = (2 + =172 Y1492 >2(1+9).
> ke = (5 + =) (10 > 20+ 0)

ke P\{0}

So the condition of Theorem 5.1 is not satisfied.
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