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Abstract In this paper, based on the Pauli matrices, a notion of augmented spinor space
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1 Pauli Matrices

In order to decompose the natural positive elliptic operator ∆ into a square of a first-order

operator

∆ = − ∂2

∂x2
1

− · · · − ∂2

∂x2
2n

=
(
A1

∂

∂x1
+ · · · + A2n

∂

∂x2n

)2

,

a set of equalities {
A2

i = −I, i = 1, · · · , 2n,

AiAj + AjAi = 0, i 6= j

must be assumed, where I is a unit matrix. Dirac advised expressing the above equations by

matrices, which are called Pauli matrices. About it we know the following basic theorem.

Theorem 1.1 (1) There is at least one non-degenerated unitary (N × N)-matrix system

{A1, · · · , A2n} satisfying the above equations. Here ‘non-degenerated’ means that {Ai1 · · ·Ais
|

s = 0, 1, · · · , 2n; i1 < · · · < is} span a complex vector space of dim4n, where N = 2n.

(2) For another matrix system {Ã1, · · · , Ã2n} satisfying the above conditions, there exists

a unitary (N × N)-matrix T , such that

Ãi = T · Ai · T−1, i = 1, · · · , 2n.

Moreover, such a T is unique up to a multiple eiθ, where θ ∈ R.

Remark 1.1 In physics, Pauli matrices are little different from those in the above theorem,

they are defined by AiAj + AjAi = 2δijI, for i, j = 1, · · · , 2n.
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If C2n(−1) is the Clifford algebra, which is an associative algebra with a unit 1 over the real

number field R generated by e1, e2, · · · , e2n subject to the relations : eiej + ejei = −2δij , for

i, j = 1, · · · , 2n, then it is easy to see that Theorem 1.1 is equivalent to the following theorem.

Theorem 1.2 (1) There exists a non-degenerated C2n(−1)-action on CN , i.e.,

C2n(−1) × CN −→ CN ,

which satisfies

( i ) ei(δ1, · · · , δN ) = (δ1, · · · , δN )Ai,

(ii) 〈〈 ei(x), ei(y) 〉〉 = 〈〈x, y 〉〉, for x, y ∈ CN , where δi = (0, · · · , 1, · · · , 0), 〈〈 , 〉〉 is the standard

Hermitian product in CN .

(2) For any two non-degenerated C2n(−1)-action {ei}, {ẽi} on CN , for i = 1, · · · , 2n,

there exists a complex linear transformation T : CN −→ CN preserving the Hermitian product,

i.e.,

〈〈T (x), T (y) 〉〉 = 〈〈x, y 〉〉, for x, y ∈ CN ,

and the following diagram is commutative

CN ei−→ CN

T ↓ ↓ T

CN eei−→ CN

Moreover, such a transformation T is unique up to a multiple eiθ, where θ ∈ R, N = 2n.

We may express the above theorem in the following way.

Theorem 1.3 (1) Let S be a complex vector space of dim 2n with a Hermitian inner product

〈〈 , 〉〉. Then there exists a non-degenerated C2n(−1)-action on S, which preserves the Hermitian

inner product.

(2) For any two vector spaces Si with Hermitian inner products 〈〈 , 〉〉(i), i = 1, 2, and two

C2n(−1)-actions {ei}, {ẽi} on them respectively, there exists a complex linear transformation

T : S1 −→ S2 preserving the Hermitian product, i.e.,

〈〈T (u), T (v) 〉〉(2) = 〈〈u, v 〉〉(1) for u, v ∈ S1.

At the same time, the following diagram is commutative

S1
ei−→ S1

T ↓ ↓ T

S2
eei−→ S2

Moreover, such a transformation T is unique up to a multiple eiθ, where θ ∈ R.

Definition 1.1 The space S satisfying Theorem 1.3(1) is called a spinor space of dim2n

(or rank n), whose elements are called spinors.

Remark 1.2 Let S be a spinor space. Choose a unitary basis {U1, · · · , UN}, and define

matrices [ei] by

ei(U1, · · · , UN) = (U1, · · · , UN)[ei].
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Then {[e1], · · · , [eN ]} are Pauli matrices, where N = 2n.

In this paper, we will add some other structures on a spinor space S, such that the isomor-

phism T in Theorem 1.3 is unique.

2 Augmented Spinor Space

Definition 2.1 Let S be a spinor space, an anti-complex linear map J : S → S is called

a Jack map if it satisfies the following two conditions

( i ) 〈〈Ju, Jv 〉〉 = 〈〈u, v 〉〉, for u, v ∈ S,

(ii) ei · J = J · ei : S → S, for i = 1, · · · , 2n.

In [1], we have proved the following result.

Theorem 2.1 Let S be a spinor space. Then

( i ) there exists a Jack map in S;

(ii) for any two Jack maps J1, J2, there always exists a real number θ such that J1 = eiθJ2.

Moreover, J2 = (−1)
n(n+1)

2 .

Definition 2.2 For a spinor space S with a Jack map J , an element ǫ ∈ S is called a

Jack-orientation, if it satisfies the following conditions

√
−1e2i · ǫ = e2i−1 · ǫ, 〈〈 ǫ, ǫ 〉〉 = 1, J · ǫ = Kn · ǫ,

where

Kn =

{
e1e3 · · · e2n−1, when n is odd,

(
√
−1 )ne2e4 · · · e2n, when n is even.

Lemma 2.1 Given a spinor space S with a Jack map J , there exist exactly two Jack-

orientations; one is ǫ, and the other is −ǫ.

Definition 2.3 A spinor space S, with a Jack map J and a Jack-orientation ǫ, is called

an augmented spinor space, which is denoted by
−→
S .

Remark 2.1 The notion of augmented spinor space in this paper is different from the one

in [1]; the latter does not contain the Jack-orientation.

Theorem 2.2 Given two augmented spinor spaces
−→
S1 and

−→
S2, there exists only one iso-

morphism Φ :
−→
S1 −→ −→

S2, such that

( i ) Φ · e(1)
i = e

(2)
i · Φ, for all i = 1, · · · , 2n,

( ii ) 〈〈Φ(µ), Φ(ν) 〉〉(2) = 〈〈µ, ν 〉〉(1), for all µ, ν ∈ −→
S1,

(iii) J (2) · Φ = Φ · J (1) :
−→
S1 → −→

S2,

(iv) Φ(ǫ(1)) = ǫ(2),

where e
(α)
i , 〈〈 , 〉〉(α), J (α) and ǫ(α) are, respectively, Clifford action, Hermitian inner product,

Jack map, and Jack-orientation of
−→
S α, for α = 1, 2.
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3 A Naive Model of Augmented Spinor Space

Because of Theorem 2.2, if rank n is fixed, then any two augmented spinor spaces differ by

a unique complex linear isomorphism. Now let us try to show one of augmented spinor spaces,

which is called a naive model.

Definition 3.1 Let Λ∗
C(n) be a Grassmann algebra over complex number field C with

generators {1, Ω1, . . . , Ωn}, i.e., it is an associative algebra with generators {1, Ω1, . . . , Ωn} sub-

ject to only relations ΩiΩj + ΩjΩi = 0, for i, j = 1, · · · , n. Sometimes we denote Λ∗
C(n) by

Λ∗
C(Ω1, · · · , Ωn). In this space, we define following two complex linear maps ǫi and ιi by

ǫi : Λ∗
C(Ω1, · · · , Ωn) → Λ∗

C(Ω1, · · · , Ωn) : Ωi1 ∧ · · · ∧ Ωis
→ Ωi ∧ Ωi1 ∧ · · · ∧ Ωis

,

ιi : Λ∗
C(Ω1, · · · , Ωn) → Λ∗

C(Ω1, · · · , Ωn) : Ωi1 ∧ · · · ∧ Ωis
→

s∑

k=1

(−1)k−1δiik
Ωi1 ∧ · · · ∧ Ω̂ik

∧ · · · ∧ Ωis
.

Proposition 3.1 Let

µ2i−1 = ǫi − ιi, µ2i = −
√
−1(ǫi + ιi) for i = 1, · · · , n.

Then it is easy to see that

µiµj + µjµi = −2δij, ∀ i, j = 1, · · · , 2n.

In other words, map

Cµ : HomC(Λ∗
C(Ω1, · · · , Ωn)) −→ C2n(−1) ⊗ C : µi 7−→ ei

is an algebra isomorphism.

In Grassmann algebra Λ∗
C(Ω1, · · · , Ωn), we will define some structures as follows.

(1) Define Hermitian product 〈〈 , 〉〉 such that {Ωi1 ∧ · · · ∧ Ωis
· 1 | 0 ≤ s ≤ n} is a unitary

basis. It is easy to see that Hermitian product has a property 〈〈 eiu, eiv 〉〉 = 〈〈u, v 〉〉, u, v ∈ Λ∗
C(n).

(2) Define a map f : Λ∗
C(Ω1, · · · , Ωn) −→ Λ∗

C(Ω1, · · · , Ωn) such that

f =

{
µ1µ3 · · ·µ2n−1, when n is odd,

(
√
−1 )nµ2µ4 · · ·µ2n, when n is even.

Let [f ]C : Λ∗
C(n) → Λ∗

C(n) be an anti-complex linear map.

Lemma 3.1 In Grassmann algebra Λ∗
C(Ω1, · · · , Ωn), we define a Hermitian product as

above and ei = µi, i = 1, · · · , 2n, J = [f ]C, ǫ = 1 ∈ Λ∗
C(n). Then {〈〈 , 〉〉, ei, J, ǫ} induces an

augmented spinor space structure on Λ∗
C(Ω1, · · · , Ωn).

Lemma 3.2 Let
−→
S be an augmented spinor space. Define

−→
S R to be a real space spanned by

standard basis, i.e.,
−→
S R =spanR{e2i1−1 · · · e2is−1(ǫ) | s = 1, · · · , n; i1 < i2 < · · · < is}. Then

−→
S R = {a ∈ −→

S | J(a) = Kna},
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where

Kn =

{
e1e3 · · · e2n−1, when n is odd,

(
√
−1 )ne2e4 · · · e2n, when n is even.

The above Lemma 3.1 provides a naive augmented spinor structure on Grassmann algebra

Λ∗
C(n). Let us consider the augmented spinor structures on fixed Grassmann algebra Λ∗

C(n).

We denote the set of all such structures on Λ∗
C(n) by SP(n). Due to the uniqueness in Theorem

2.2, any two augmented spinor structures on Λ∗
C(n) differ by an element in Hom(Λ∗

C(n)). More

exactly, we have a lemma.

Lemma 3.3 For any two σα = {〈〈 , 〉〉(α), e
(α)
i , J (α), ǫ(α)} ∈ SP(n), α = 1, 2, by Theorem

2.2 there exists only one isomorphism Φ : Λ∗
C(n) −→ Λ∗

C(n), such that

( i ) Φ · e(1)
i = e

(2)
i · Φ, for all i = 1, · · · , 2n,

( ii ) 〈〈Φ(µ), Φ(ν) 〉〉(2) = 〈〈µ, ν 〉〉(1), for all µ, ν ∈ −→
S1,

(iii) J (2) · Φ = Φ · J (1)−→S1 → −→
S2,

(iv) Φ(ǫ(1)) = ǫ(2).

If we denote the relation among the above σ1, σ2, Φ by

σ2 = Φ ∗ σ1,

then given any two of σ1, σ2, Φ, we can determine the third by the equality σ2 = Φ ∗ σ1.

4 Tensor Product

Given two augmented spinor structures σ1, σ2 on Λ∗
C(n) and Λ∗

C(m) respectively, we try to

build an augmented spinor structure on Λ∗
C(n + m) as follows. For the simplicity of notations

we denote Λ∗
C(n) and Λ∗

C(m) by
−→
S1,

−→
S2 respectively.

Firstly we introduce super algebra structures on
−→
Si, i = 1, 2, and then use these super

structures to define the desired augmented spinor structure on

−→
S1 ⊗

−→
S2 ≡ Λ∗

c(n + m).

Definition 4.1 In an augmented spinor space
−→
S ≡ Λ∗

C(n), define a composition as
−→
S =

−→
S + +

−→
S −, where −→

S + = {α ∈ −→
S | (ẽ)α = α},−→

S − = {α ∈ −→
S | (ẽ)α = −α},

in which ẽ = (
√
−1 )ne1e2 · · · e2n. The above decomposition is called a superstructure on

−→
S .

The elements in S+ and S− are called even and odd elements, respectively.

Definition 4.2 For any augmented spinor space
−→
S , define a superstructure of HomC(

−→
S )

as

HomC(
−→
S ) = (HomC(

−→
S ))+ + (HomC(

−→
S ))−,

where

(HomC(
−→
S ))+ = {f ∈ HomC(

−→
S ) | ẽf = f ẽ},

(HomC(
−→
S ))− = {f ∈ HomC(

−→
S ) | ẽf = −f ẽ}.
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Here (HomC(
−→
S ))+ and (HomC(

−→
S ))− are even and odd parts, respectively.

Now we are going to define an augmented spinor structure on Λ∗
C(n) ⊗ Λ∗

C(m).

(1) Define a Hermitian product on spinor tensor space Λ∗
C(n) ⊗ Λ∗

C(m) by

〈〈u1 ⊗ u2, v1 ⊗ v2 〉〉 = 〈〈u1, v1 〉〉(1)〈〈u2, v2 〉〉(2), where u1, v1 ∈ Λ∗
C(n), u2, v2 ∈ Λ∗

C(m).

(2) Define a super algebra structure on HomC(Λ∗
C(n))⊗HomC(Λ∗

C(m)) as

(f1 ⊗ g1)̂·(f2 ⊗ g2) = (−1)|f2|·|g1|(f1f2 ⊗ g1g2),

where

(−1)|f2|·|g1| =

{
1, either f2 or g1 is even,

−1, both f2 and g1 are odd.

(f1 ⊗ g1)̂·(f2 ⊗ g2) is denoted by (f1⊗̂g1) · (f2⊗̂g2).

There is a super algebra isomorphism

HomC(Λ∗
C(n)) ⊗ HomC(Λ∗

C(m)) = HomC(Λ∗
C(n) ⊗ Λ∗

C(m))

such that

(ei, ej) 7→ (ei⊗̂1) · (1⊗̂ej).

From the above definitions, it is easy to check that





(ei⊗̂1)(ej⊗̂1) + (ej⊗̂1)(ei⊗̂1) = −2δij , for i, j = 1, · · · , 2n,

(ei⊗̂1)(1⊗̂ej) + (1⊗̂ej)(ei⊗̂1) = 0, for i = 1, · · · 2n, j = 1, · · · 2m,

(1⊗̂ei)(1⊗̂ej) + (1⊗̂ej)(1⊗̂ei) = −2δij , for i, j = 1, · · · 2m.

It means a Clifford algebra generated by {e1⊗̂1, · · · , e2n⊗̂1, 1⊗̂e1, · · · , 1⊗̂e2m}, and a Clifford

action on Λ∗
C(n) ⊗ Λ∗

C(m). We can check that the inner product 〈〈 , 〉〉 is invariant under the

action of the set {ei⊗̂1, 1⊗̂ej)}, i.e.,

〈〈 (ei⊗̂1)(u1 ⊗ u2), (ei⊗̂1)(v1 ⊗ v2) 〉〉 = 〈〈u1 ⊗ u2, v1 ⊗ v2 〉〉,
〈〈 (1⊗̂ej)(u1 ⊗ u2), (1⊗̂ej)(v1 ⊗ v2) 〉〉 = 〈〈u1 ⊗ u2, v1 ⊗ v2 〉〉,

for all u1, v1 ∈ Λ∗
C(n), u2, v2 ∈ Λ∗

C(m).

(3) In Grassmann algebra, let K1, K2 be the Jack maps of Λ∗
C(n), Λ∗

C(m) respectively.

Then H · (K1⊗̂K2) is a complex conjugate linear map, which is defined as a Jack map on

Λ∗
C(n) ⊗ Λ∗

C(m), where H is a linear map.

(4) Define a Jack-orientation ǫ of Λ∗
C(n) ⊗ Λ∗

C(m) to be ǫ1 ⊗ ǫ2, where ǫ1, ǫ2 are the

Jack-orientations of Λ∗
C(n), Λ∗

C(m) respectively.

It is easy to see that the above (1)–(4) define an augmented spinor structure on

Λ∗
C(n) ⊗ Λ∗

C(m) = Λ∗
C(n + m).

Theorem 4.1 Given two augmented spinor structures σ1, σ2 on Λ∗
C(n), Λ∗

C(m), respec-

tively, the above construction shows an augmented spinor structure σ on Λ∗
C(n+m) = Λ∗

C(n)⊗
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Λ∗
C(m). In other words, if we denote the above augmented spinor structure σ by σ1 × σ2, then

we have a map

SP(n) × SP(m) → SP(n + m) : (σ1, σ2) 7→ σ1 × σ2.

Theorem 4.2 The naive augmented spinor spaces provide naive augmented structures

σ0
1 , σ0

2 , σ
0
3 on

Λ∗
C(n), Λ∗

C(m), Λ∗
C(n + m)

respectively. For any augmented spinor structures σ1, σ2, σ3, by using Lemma 3.3 there are

Φi ∈ Hom(Si) such that

σi = Φi ∗ σ0
i , ∀ i = 1, 2, 3,

where

S1 = Λ∗
C(n), S2 = Λ∗

C(m), S3 = Λ∗
C(n + m).

We denote Φi = σi/σ0
i . Then Theorem 4.1 gives a map

U(2n) × U(2m) → U(2n+m) : (σ1/σ0
1 , σ2/σ0

2) 7→ (σ1 × σ2)/σ0
3 ,

where U(2n) is the set of the unitary homomorphisms in Hom(Λ∗
C(n)).

5 Group Actions on
−→

S

Now we define the subset Spin(2n) in C2n(−1) by

Spin(2n) = {u1 · · ·u2k | 〈ui, ui〉 = 1, ui ∈ R2n},

where

R2n = SpanR{e1, · · · , e2n}.

Let

SpinC(2n) = {eiθg0 | g0 ∈ Spin(2n), eiθ ∈ U(1)} ⊂ C2n(−1) ⊗ C.

Definition 5.1 Let
−→
S be the naive augmented spinor space. Define a SpinC(2n)-group

action

SpinC(2n) ×−→
S −→ −→

S

by the restriction of the algebra action (C2n(−1) ⊗ C) ×−→
S −→ −→

S .

Proposition 5.1 For an arbitrary g = g0e
iθ ∈ SpinC(2n), define a map

g∗ : HomR(
−→
S ,

−→
S ) −→ HomR(

−→
S ,

−→
S )

by

g∗(f) = g · f · g−1, ∀f ∈ HomR(
−→
S ,

−→
S ).

Then we have

g∗(J) = e2iθJ.
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Proof According to the definition of g∗, we have

g∗(J) = g · J · g−1 = g0e
iθJe−iθg−1

0 = g0e
2iθg−1

0 J = e2iθJ.

So the Proposition is proved.

The next proposition gives the relations between U(n) action and SpinC(2n) action on the

naive model Λ∗
C(n).

Definition 5.2 Let i : U(n) −→ C2n(−1) ⊗ C be the composition of maps

U(n)
λ−→ HomC(Λ∗

C(Ω1, · · · , Ωn))
Cµ−→ C2n(−1) ⊗ C,

where λ : U(n) −→ HomC(Λ∗
C(Ω1, · · · , Ωn)) is a complex linear map defined by

λ(A)(Ωi1 ∧ · · · ∧ Ωis
) = (λ(A)Ωi1 ) ∧ · · · ∧ (λ(A)Ωis

), ∀A = (Aij) ∈ U(n),

where (λ(A)Ω1, · · · , λ(A)Ωn) = (Ω1, · · · , Ωn)A, and Cµ is the naive isomorphism in Proposition

3.1.

Obviously, the above definition gives an imbedding of U(n) into C2n(−1)⊗C. It is notable

here that SpinC(2n) is also a subset of C2n(−1) ⊗ C.

Proposition 5.2 U(n) ⊂ SpinC(2n).

Proof It is sufficient to check T1(U(n)) ⊂ T1(SpinC(2n)) in T1(C2n(−1) ⊗ C). From [1,

Proposition 2.6], we know that

T1(SpinC(2n)) = SpanR{
√
−1, eiej ∈ C2n(−1) | i < j},

T1(U(n)) = SpanR{
√
−1 θii,

√
−1(θij + θji), Ξij | i < j},

where (θij)αβ = δiαδjβ , (Ξij)αβ = δiαδjβ − δiβδjα. Letting h = (hij) ∈ T1(U(n)), we have

λ(eth)(Ωi1 ∧ · · · ∧ Ωis
) = (ethΩi1) ∧ · · · ∧ (ethΩis

),

d

dt

∣∣∣
t=0

(ethΩi1) ∧ · · · ∧ (ethΩis
) =

n∑

i,j=1

hijǫiιj(Ωi1 ∧ · · · ∧ Ωis
).

So

h = λ∗(h) =
∑

i,j

hijǫiιj =
∑

i,j

hij

(ǫi + ιi) + (ǫi − ιi)

2
· (ǫj + ιj) − (ǫj − ιj)

2

=
1

4

∑

i,j

hij(
√
−1 e2i + e2i−1) · (

√
−1 e2j − e2j−1).

If h =
√
−1 θii,

√
−1(θij + θji), or Ξij , then

hαβ =
√
−1 δiαδiβ ,

√
−1(δiαδjβ + δjαδiβ) or δiαδjβ − δiβδjα,
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respectively. Therefore

√
−1 θii = h = λ∗(h) =

1

4

√
−1(

√
−1 e2i + e2i−1) · (

√
−1 e2i − e2i−1)

=
1

2
(
√
−1 − e2i−1e2i),

√
−1(θij + θji) = h = λ∗(h) =

1

2
(e2ie2j−1 − e2i−1e2j),

Ξij = h = λ∗(h) =
1

2
(−e2ie2j − e2i−1e2j−1).

It means

T1(U(n)) = SpanR{
√
−1 θii,

√
−1(θij + θji), Ξij} ⊂ SpanR{

√
−1, eiej} = T1(SpinC(2n)),

so the proposition is proved.

6 Examples

We write Pauli matrices for n = 1, and naive augmented spinor space for n = 2.

When n = 1, the basis of Λ∗
C(1) can be represented by (1, Ω). Then

e1(1, Ω) = (ǫ − ι)(1, Ω) = (Ω,−1) = (1, Ω)[e1],

e2(1, Ω) = −
√
−1(ǫ + ι)(1, Ω) = (−

√
−1Ω,−

√
−1) = (1, Ω)[e2],

where

[e1] =

(
0 −1
1 0

)
, [e2] =

(
0 −

√
−1

−
√
−1 0

)
.

The above [e1], [e2] are the Pauli matrices for n = 1.

When n = 2, since

Λ∗
C(Ω1, Ω2) = Λ∗

C(Ω1) ⊗ Λ∗
C(Ω2) = (1 ⊗ 1, 1 ⊗ Ω2, Ω1 ⊗ 1, Ω1 ⊗ Ω2) = (1, Ω2, Ω1, Ω1 ∧ Ω2),

by the following equalities

e1(1, Ω2, Ω1, Ω1Ω2) = (ǫ1 − ι1)(1, Ω2, Ω1, Ω1Ω2) = (1, Ω2, Ω1, Ω1Ω2)[e1],

e2(1, Ω2, Ω1, Ω1Ω2) = −
√
−1(ǫ1 + ι1)(1, Ω2, Ω1, Ω1Ω2) = (1, Ω2, Ω1, Ω1Ω2)[e2],

e3(1, Ω2, Ω1, Ω1Ω2) = (ǫ2 − ι2)(1, Ω2, Ω1, Ω1Ω2) = (1, Ω2, Ω1, Ω1Ω2)[e3],

e4(1, Ω2, Ω1, Ω1Ω2) = −
√
−1(ǫ2 + ι2)(1, Ω2, Ω1, Ω1Ω2) = (1, Ω2, Ω1, Ω1Ω2)[e4],

we can determine the Pauli matrices

[e1] =




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


 , [e2] =




0 0 −
√
−1 0

0 0 0 −
√
−1

−
√
−1 0 0 0

0 −
√
−1 0 0


 ,

[e3] =




0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0


 , [e4] =




0 −
√
−1 0 0

−
√
−1 0 0 0

0 0 0
√
−1

0 0
√
−1 0


 .
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It is easy to check that

e1 = e1⊗̂1, e2 = e2⊗̂1, e3 = 1⊗̂e3, e4 = 1⊗̂e4.

The Jack map in the augmented spinor space is

J(1, Ω2, Ω1, Ω1Ω2) = −e2e4(1, Ω2, Ω1, Ω1Ω2) = (1, Ω2, Ω1, Ω1Ω2)[J ],

where

[J ] =




0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0


 .

Obviously, here {[J ], [ei], i = 1, 2, 3, 4} satisfy the equations

{
[ei][ej ] + [ej ][ei] = −2δijI, for i, j = 1, 2, 3, 4,

[J ] · [ei] = [ei] · [J ], for i = 1, 2, 3, 4.

The Jack-orientation in the augmented spinor space is ǫ = 1 ∈ Λ∗
C(2).

Applications of the augmented spinor spaces will be introduced in other papers.
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