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Inverse Piston Problem for the System of
One-Dimensional Isentropic Flow

Tatsien LI* Libin WANG*

Abstract In this paper, the authors consider the inverse piston problem for the system
of one-dimensional isentropic flow and obtain that, under suitable conditions, the piston
velocity can be uniquely determined by the initial state of the gas on the right side of the
piston and the position of the forward shock.
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1 Introduction and Main Result

Suppose that the piston originally located at the origin at ¢ = 0 moves with the speed
v = ¢(t) (t > 0) in a tube, the length of which is assumed to be infinite, and that the gas on the
right side of the piston possesses an isentropic state at ¢ = 0. In order to determine the state
of the gas on the right side of this piston, in Lagrangian representation this piston problem

reduces to the mixed initial-boundary value problem for the system

or _du _
ot ox
@—’— () . (1.1)
ot oxr
with the initial data
t=0: T:T(;r(it)(> 0), uzu:)r(x), Vo>0 (1.2)
and the boundary condition
x=0: u=¢), Vt>0, (1.3)

where 7 is the specific volume, u is the velocity and p = p(7) is the pressure. For polytropic

gases
p=p(r)=Ar""7, V7>0, (1.4)

where v > 1 is the adiabatic exponent and A is a positive constant.
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Suppose that
¢(0) > u (0). (1.5)

The motion of the piston produces a forward shock z = x5(t) passing through the origin at
least for a short time Tp (see [2, 6, 7]), such that the corresponding piecewise C'! solution on

the domain
D(To) = {(t,x) |0 <t < Ty, = >0} (1.6)

is written as

s 0<z< .132(1‘,),
(74 (t,2),up (t,2)), @ > 2a(2), (17)

hw_{m@mwww»

where (7, (t,z),u,(t,x)), (74 (t,z),uy (t,x)) € C' satisfy system (1.1) in the classical sense on

their domains respectively and verify the Rankine-Hugoniot conditions

/ _
[7']1‘2 t) + [U'] - 07 (18)
[ulay(t) = [p(T)] = 0
and the entropy condition
A (7o (8 22(1))) < w(t) < Aa(7, (¢, 22(1))), (1.9)
z5(t) > Ao (74 (8, 22(1)))
on x = x2(t), in which [7] = 74 (t, 22(t)) — 7, (¢, 22(t)), etc. and
=Au(7) = Ao(7) = V=P (7). (1.10)
Introducing the Riemann invariants
1 > 1 VAY 41
r= 5(“‘/ V) = gu= 2
1 oo 1 T/A_ (L.11)
Y a1
— _ —_ - 2
5—2(u—|—/T vV p(n)dn) 2u+7_lr
as new unknown functions, (1.1)—(1.3) can be reduced to the following problem
CUNSVE L)
0Os Os '
a + /L(?”,S)% - O’
t=0: (r,s)= (rg(x),sg'(a:)), V>0, (1.13)
r=0: s=-r+¢(t), Yt>0, (1.14)
where
VA a1
g @) = gud (@) = X0 )T )
1.15
VA o1
g ) = qug @)+ 2 (@)
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with
s:)r(x)—r:)r(x) >0, Vz>0 (1.16)
and
) = blrs) = VT = L 3, (117)
(Ay)7=T

In the special case that the piston moves with a constant speed u, and the initial state is a

constant state (74, uy) (74 > 0) with

Up > Ugp, (1.18)
(1.13) and (1.14) become, respectively,
t=0: (r,s)=(ry,s4), Ya>0 (1.19)
and
r=0: s=—-r+u, Vt>0, (1.20)
where
1 Ay 41
re=gup — ———(74)7 7,
2 17—l (1.21)
Sy = lu +—A7(T )‘WT?1
+ =gt T
with
Sy — Ty > 0
and
Up > Ty + 54, (1.22)

and the solution to the previous problem is the typical forward shock

0<ax<Vt
(r,s) = (rg:50), 0z <V, (1.23)
(ry,s4), = >Vt
where V' is the speed of propagation of the typical forward shock
V=G(ry,s4,74,8,) (1.24)
satisfying the entropy condition
/\(roaso) <V <M(7ﬁ0750)7 (125)
V> p(re, sy),

in which r,, s, and (1.24) are uniquely determined by

[OR

Ty + 8y = Up (1.26)
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and the Rankine-Hugoniot conditions

(1o + 39) = (1 54) = y/=(0(7(55 = 10)) = B(r(s5 = )75 = 7o) = (s —74) , (1.27)
. %p(r(so — 1)) —plr(ss = 12)

T(s8g = 7o) = T(s54 —74)

(1.28)

(see [1, 2]).

As a perturbation of the simplest piston problem mentioned above, in [2, 7], the piston
problem (1.1)—(1.3) is globally studied and we have the following

Theorem 1.1 Suppose that 7.7 (), ul (z) and ¢(t) € C* and

T(;F(O) =Ty, u:)r(O) =ug, ¢(0)=u,. (1.29)
Suppose furthermore that

|T(;r($)—’7'+|, |uar(x)—u+| <e V>0, (1.30)

lp(t) —¢(0)| <e, Vt>0, (1.31)

7 @), g (@) < 7= Ve 2o, (1.32)

0O < g VE20, (1.33)

where e > 0 and n > 0 are suitably small. Then, the piston problem (1.1)~(1.3) admits a unique

global piecewise C* solution

b ) ult o)) = (1o (t, ), uy(t, @),  0< o < wat),
(7t ult) {<r+<t,x>,u+<t,x>>, v > (0 (134
on the domain

D={(t,z)|t >0, = >0} (1.35)

This solution, containing only one forward shock x = x2(t) passing through the origin with

x4(0) =V, satisfies the following estimates: on the domain

Dy ={(t,x) |t >0, x> x5(¢)}, (1.36)

we have
e (t,2) — 7o, g (t,2) — ws | < K, (1.37)
e N e N S (1.39)

on the domain

D_={(tz)|t>0, 0 <z <axza(t)}, (1.39)
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we have
7o (8 @) = 75|, Jug(t, @) —uy| < Kse, (1.40)
%%@xm %}@xm %%@xm %%@@ﬂgfﬁz (1.41)

Besides,
|zh(t) — V| < Kze, Vit>0, (1.42)
2] < lant Vit > 0. (1.43)

Here and henceforth, K; (i =1,2,---) are positive constants independent of € and 7.

In this paper, we consider the corresponding inverse piston problem: supposing that we know

the original state (7‘3_ (z), u(‘)" (z)) of the gas on the right side of this piston and the position of

the forward shock z = z2(t) € C? with
0, (1.44)

X9 (0) =
=V, (1.45)

5(0)
can we determine the piston velocity v = ¢(¢)? As in [3], this problem can be easily solved in

the local sense. In this paper we will globally give an affirmative answer to this problem. We

have

Theorem 1.2 Suppose that the position of the forward shock x = xo(t) € C? (t > 0) with
(1.44)—(1.45) is prescribed and, for suitably small € > 0 and n > 0, we have

where V' satisfies (1.24)—(1.25). Then, for any given TJF (x) and u:)r(x) € C! (z > 0) satisfying

7H0) =714, ul(0)=uy, (1.48)

[T (@) = 7o, Juf () —us| <&, Va >0, (1.49)
’ ’ 77

7 @) Jug @) < 7=, Vez0, (1.50)

we can uniquely determine the piston velocity v = ¢(t) (t > 0) with

#(0) = up, (1.51)

|p(t) — up| < Kre, Vt2>0, (1.52)
/ KSU

POI< T V20, (1.53)

where uy, is the same as in (1.18), such that by Theorem 1.1 the corresponding direct piston
problem (1.1)—(1.3) admits a unique global piecewise C' solution (7(t,z),u(t,z)) in which the

forward shock passing through the origin is just x = xo(t).
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Remark 1.1 The inverse piston problem under consideration can be regarded as a pertur-
bation of the simplest inverse piston problem: to determine the constant piston velocity under
the condition that the constant speed of propagation of the forward typical shock V' and the

constant initial state (74, u) of the gas on the right side of the piston are given.

Theorem 1.2 will be proved in Section 2. Then the corresponding discussion in Eulerian
representation will be given in Section 3.

2 Proof of Theorem 1.2

By (1.15) and (1.21), it follows from (1.48)—(1.50) that

703—(0) =T, 83—(0) =S+, (21)

|r(']"(a:) —ril, |53'(x) —sy| <Cie, Vx>0, (2.2)
’ ’ C 7’]

i @ 155 @l < 2L a0 (23)

Here and henceforth, C; (i = 1,2,---) are positive constants independent of € and 7.
From Lemma 6.1 in Chapter 6 of [2], we have

Lemma 2.1 Suppose that (2.1)—(2.3) hold for suitably small € > 0 and n > 0. Then the
Cauchy problem

or or

E + )\('f’, S)% - Oa

0s ds _ (2.4)
Er —I—,u(r,s)% =0,

t=0: (r,8) = (rF(x),sT(x)), x>0

0 770

admits a unique global C solution (r,s) = (7 (t,x), 5+ (t,x)) on the domain
Dy ={(t.x) [t>0, x> ¢&t}, (2.5)

where & is a constant satisfying

§> plry,s4). (2.6)

Moreover, we have
Sy(t,x) — 7y (t,z) >0, VY(ta)e Dy, (2.7)
7y (t2) — 1yl [5e(t2) — 54| < Kog, V(t,x) € Dy, (2.8)
Tottn| | 2w, (B |Zren| <K vemed. @9

Proof of Theorem 1.2

Step 1 We first solve Cauchy problem (2.4) on the domain D defined by (1.36).
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Let

¢ =~ (V+plrs.sy)). (2.10)

N =

Noting (1.25), we have
V>€&>ulry,sy). (2.11)
Hence, for suitably small £ > 0, by (1.44)—(1.46) we have
D, C D,.

Hence, by Lemma 2.1, Cauchy problem (2.4) admits a unique global C! solution (r,s) =
(ro(t,x),s4(t,x)) on the domain D4 and we have

sy(t,x) —ry(t,x) >0, V(t,x) € Dy, (2.12)
Ir(t, @) —ryl, [s4(t, @) —s4| < Cse, V(t,2) € Dy, (2.13)
ory ory 0s+ 0s+ Cyn
— — — — < D.. 2.14
)| |G )| |G| |G| < 8 Vita) eDa (214)
Then, we obtain the value of (r, s) on the right side of = xa(t)
(r,s) = (P (), 51(8) = (ry (¢, 22(1)), s (£, 22(1)), Vit =0, (2.15)
and we have
F0) =7y, Fo(0) =54 (2.16)
S4(t) =74 (t) >0, Vt>0, (2.17)
|F7:'/+(t) - 'f’+|, |:§+(t) - S+| < 0367 Vi > 0. (218)
Besides, noting (1.46), we also have
dry (t) ’ ‘d§+ (t) ’ Csn
< vVt > 0. 2.19
’ de UVlodt 17 14t =0 (2.19)

Step 2 By the Rankine-Hugoniot conditions, we now find the value of (r, s) on the left side
of x = xa(t).

On the forward shock x = x2(t), the Rankine-Hugoniot conditions are

{[T(s — )] (t) + [r + 5] = 0, (220)

[r+ sla5(t) — [p(7(s — 7)) =0,

where [7] = 7(t,22(t) + 0) — 7(¢,22(t) — 0), etc. Denote the value of (r,s) on the left side of
x=wx(t) as (r,8) = (r_(t),s—(t)) and 24 (t) = d. (2.20) can be rewritten as

{(T(g_ —7-) =74 = ))d+ (- +5- =T —54) =0, (221)

(Fe+5- =y —5)d— (p(r(s- — 7)) —p(r(s4 —71))) = 0.



272 T.T. Li and L. B. Wang

Similarly to [4, Lemma 3.1] (also see [3]), in a neighbourhood of (r,sy,r,,s,,V), (2.21) can

be rewritten as

- :g(?+a§+7d)7 (2 22)

s_= h(?-l-ag-i-vd)v .
where g(-),h(-) € C? and

Ty = g(rJrv S+, V)7 (2 23)

g = h(T+,S+,V) .

—N—
» 3
I
<
IZ
S
N~—
Il
> @
—~
=
+
—
=
:—/
V) »
+3+?
—
=
:—/
=

5(1)),
L) (2.24)

Moreover, noting (1.44)—(1.47), (2.16), (2.18)—(2.19) and (2.23), we have

7 (0)=r,, 5-(0)=s,, (2.25)
[T (t) =7l [5-(t) = 5,1 < Cee, V>0, (2.26)
dr_(t)| ds_(t) Cwn

< > 0. )
‘ dt H dt |~ 1+t vi20 (2.27)

Besides, noting (1.25) and (1.45)—(1.46), we have
A (£),5-(8)) < 2h(t) < (7 (8), 5 (1), (2.28)

Step 3 We finally solve the generalized Cauchy problem
or or

E =+ /\(ra S)% = 0;
s ds (2.29)
5 +u(r,s)ax =0,

w=wy(t): (r;8) = (- (1),5-(1), t=0
on the domain D_ defined by (1.39).

Due to (2.28), the generalized Cauchy problem (2.29) always admits a unique local C!
(t,x),s_(t,z)) (see [6]). For the time being we assume that on any existence

solution (r,s) = (r—
= (r_(t,x),s_(t,x)), we have

domain of (r, s)
lr—(t,z) =7yl [s—(t,2) — s, <6, (2.30)

where > 0 is suitably small. At the end of the proof, we will explain that this hypothesis is
reasonable.
Let

(2.31)

—_——
&l o~
Tl
~ 5

[\v]
—~
-~
N—

|

8
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Then, by (1.25), (1.44)—(1.46) and (2.30), the generalized Cauchy problem (2.29) on the domain
D_ reduces to the following Cauchy problem

or  ~,_ or

ﬁ + )\(J?, ) )% - 0)

Jgs  __ _ _ 05 (2.32)
8% +M(xvras)af - 0)

T=0: (7,5) = (7 (7),5.(T)), YT>0

T(t,7),5t, 7)) = (r— (7, 22(T) — 1), s (T, 22(T) — 1)), (2.33)
< 1
AZ,7,5) = @ ) (2.34)
(T, 7,35) = ,_; (2.35)

and T = 0(f) € C? with 6(0) = 0 is determined by
2o(T) = t. (2.36)

Besides, by (1.25), (1.45)—(1.46) and (2.30), we have

1 —
z,7,5) > n(x,7,s 2.
and it follows from (2.26)—(2.27) that
P @)~ oy [F(3) — 5, < Cse, ¥z 20, (2:38)
Con

(@), [sL(@)] <

T > 0. 2.
Trz vz >0 (2.39)

Obviously, problem (2.32) admits a unique local C! solution (7,5) = (7({,%),5(1,T)) =
(r_(z,22(F) — 1), 5_ (T, 22(T) — )) on the domain D_(dy) = {(£,7) | 0 < ¥ < &y, T > 0(F)},
where dp > 0 is a small number (see [6]). Since the system in (2.32) depends explicitly on z, in
order to get the global existence of C'' solution on D_, we need a uniform a priori estimate on
the C'' norm of C! solution (7(¢,7),3(¢,T)) on any existence domain D_(T).

Noting (2.26), we have

7(E,E) — 1y, [5ET) — 5| < Coe, V(5,T) € D_(T), (2.40)

In what follows, we want to get a uniform a priori estimate on the C° norm of 2Z, 92 95 5nd

9z’ ot 07
% on D_(T). For this purpose, instead of the usual Lax transformation, we introduce

=< OF
S () el
w=-e 5

(2.41)

where ¢(7,35) € C! satisfies
dq 1 o\

5 A7,5) — u(F,5) 05 (2.42)
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By (2.32)—(2.35), it is easy to get

ow dw  ONT, )~ o). 2
5 + (7, )éﬁ =~ AT, 7,35)e w”, (2.43)
1=0: w=—etT-@5-@)\7,7_(7),5_(7))7_(T), YT >0.

By (2.37), each characteristic passing through any given point (7,7) = (0, 3) (3 > 0) intersects
the boundary = 6(f) (f > 0) of D_ in a finite time. Let T = 7;(%, 3) be the forward
characteristic passing through a point (0, 3) and (T, % (T, 3)) be the intersection point of Z =
71 (¢, 8) with T = 6(%).

Noting (1.44), (1.46), (2.30) and (2.33), for suitably small ¢ > 0 and § > 0, we have

T o= T_ T
V— Ia(ro,s0) <T(1,8)=p +/0 @, 7,35) (7, T1(1,B))dr < B+ m. (2.44)
Hence
T < MyB, (2.45)
where
Noting (2.32), on T = 71 (, 3) we have
7(t,7) =7(t,71(L, B)) = 7-(B), (2.47)
S(0,7) =571 (F, 6)) = 5 (afF, 5)), (2.48)

where «a(%, 3) is the Z-coordinate of the intersection point of the backward characteristic passing
through (¢, (¢, 3)) with the T axis. Then, it follows from (2.43) that on T = 7, (¢, 3) we have

—et T 005 IX(B, 7 (8). 5- (B)T(9)

where
8)\ <~ ~ ~ T/ ~ -
B= / (7@ (7, B))AB, 7-(B), 5-(B)) A1 (7, B), 7 (8), 5(7, 71 (7, B)))
_(ﬂ)eq(r (8):5-(8))—a(T—(B),5(7;%1(7:8))) g .
Hence, by (2.41), we get
o7 —ed(7=(8),5-(8)=a(T-(B):5(tz1 (AN (3, 7_(B), 5— (8))7_(B)
T (.0) = B . (250)

By (1.46), (2.38) and (2.47)—(2.48) and noting (1.25), on T = 71 (¢, 3) we have

SV = Ay, 5,)) < h(7) — A 5) < 2V~ Alry. 5,) (2.51)
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Then, noting (2.38) and (2.47)—(2.48), we get
2dl[X| < My, ‘%\X%qul < M, (2.52)

where My and M are two positive constants independent of € and 7.
We choose 1 > 0 so small that

1
CgM()MQ?] < 5 (253)

Then, it follows from (2.50) that

o - _ = Con Con =\ 1
a7 <M 1— M T) . 2.54
gz b7 (5:0) 11+5( T+3 ) (2.54)
Thus, noting (2.45) and (2.53), we get
o - _ = n -1 n Cion -
— (7 t < M 1-— Mo M. < 2CyM < - <t<T. (2.
t(yfﬁ(yﬂ))‘,cs) 11+ﬁ( CoMoMan)™" < 2Cy T35 ST47 0<t<T. (2.55)
Hence, noting (2.34) and (2.51), we get
8? - = Clln —
— < - <t<T. .
FEmEe)| < L 0<is<T (2.56)
Finally, we obtain
87 - _ 87 - _ Clg’r] - —
— — < - _ . .
0] 0D < 75 vE®) e D(T) (2.57)
Similarly, we have
35 - 8§ - _ 01377 - _ —
— — < = _ . .
0] @) < 7o VER e D(T) (2.58)

Thus, we get a unique global C'* solution (7,3) = (7(Z,Z),3(f,7)) to (2.32) on D_. Noting
(2.31), for the generalized Cauchy problem (2.29), we obtain the unique global C'! solution

(rys) = (r—(t,x), s—(t,x)) = (F(aa(t) — z,t),5(z2(t) — x,t)) (2.59)
on the domain D_. Noting (2.40) and (2.59) we immediately obtain that
Ir—(t,x) =7yl [s—(t, ) —s5,| < Crae, VY(t,z) € D_, (2.60)

which also implies that hypothesis (2.30) is reasonable. Besides, noting (1.46), it follows from
(2.57)—(2.58) that

or_ or_ Os_ Os_ Cisn
_ - - - — < . .
= (t.2)]. ()|, | % (t,2)]. o (ha)| < T V(ha) € D- (2.61)
Hence, we get the piston velocity
o(t) =r_(t,0) + s_(t,0), Vt>0. (2.62)

Moreover, noting (2.25) and (1.26), we see that (1.51)—(1.53) hold.

Theorem 1.2 is then proved.
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3 Related Problems in Eulerian Representation

In Eulerian representation, the system of one-dimensional isentropic flow is written as

9p , Olpw) _
O(pu) | Opu® +p(p) _
ot Ox ’

where p is the density, u is the velocity and p = p(p) is the pressure. For polytropic gases

p=pp)=Ap", Vp>0, (3:2)

where v > 1 is the adiabatic exponent and A is a positive constant. In this situation, the cor-
responding piston problem asks us to solve the following mixed initial-boundary value problem
for system (3.1) with the initial data

t=0: p:pg(x)(> 0), u:ug(x), Vo >0 (3.3)

and the boundary condition

x=f(t): u=p(t), Vt>0 (3.4)
with
10 = [ elerae (35)
Suppose that
©(0) > uF(0). (3.6)

The motion of the piston produces a forward shock @ = xf(t) passing through the origin at
least for a short time T} (see [6]), such that the corresponding piecewise C! solution on the

domain
Q1) ={(t,x) |0 <t < T,z > f(t)} (3.7)

is written as

(o) = {(po () uy (b)), f(t) <@ <ap(t), 58)

(p+(t,x),u+(t,x)), x> Zf t)v
where (p, (t, ), u, (L, x)), (p4(t,2),uy(t,x)) € C* satisfy system (3.1) in the classical sense on

their domains respectively and verify the Rankine-Hugoniot conditions
' (t) — =0
[p]:vfl( ) — lpy] =0 (3.9)
[pu]a’s (t) — [pu® +p(p)] =0
and the entropy condition

{Al(po (t,2(1)) < @3 (t) < Aalpy (t, 21 (1)),

2 (t) > Aa(p+(t, g (1)) (3.10)
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on x = x¢(t), in which [p] = py (t,24(t)) — p,(t,z¢(t)), etc. and

—Ai(p) = Aalp) = V' (p)- (3.11)

In the special case that the piston moves with a constant speed u, and the initial state is
a constant state (p4,uy) (p+ > 0) with u, > uy, the solution to the previous problem is the
typical forward shock (see [1])

<zx<
(pou) = (o up),  upt < = < Ut (3.12)
(p+au+)7 x> Uta

where U, the speed of propagation of the typical forward shock, and p, are determined by

Rankine-Hugoniot conditions

(Poup — p+us)? = (py — p+)(pousy + p(py) — p+ui — p(p+)),
U= Polle — P+ (3.13)

Py — P+

As a global perturbation of the simplest piston problem mentioned above, for the piston
problem (3.1) and (3.3)—(3.4) we have the following

Theorem 3.1 Suppose that p; (x), ul (z) € Cl and f(t) € C? and

EO0) = pis uF(0) = s, $(0) = up. (3.14)
Suppose furthermore that

(@) = psl, Juf (@) —uy| <o, Va0, (3.15)

lp(t) —up| <&, Vt>0, (3.16)

oy @ g @] < =, Va0, (3.17)

10 (1)] < 1L+t Vi >0, (3.18)

where € > 0 and n > 0 are suitably small. Then, the piston problem (3.1) and (3.3)—(3.4) admits

a unique global piecewise C' solution

2). ult. z)) = (p()(ta z), U (tz)), f)<z< Z‘f(t),
(it ). ult o) {<p+<t,x>,u+<t,x>), v > (1) (3:49)
on the domain

Q={(t,z)|[t=>0, > f()}. (3.20)

This solution, containing only one forward shock x = xz¢(t) passing through the origin with

x'f(O) = U, satisfies the following estimates: on the domain

Q= {(t.a) [t >0, & > 2/(D)}, (3.21)
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we have
lp+(t,2) = ol Jug(t, @) — uy| < Kuze, (3.22)
Ip+ Ip+ duy ‘ duy Kiam
P+ P+ Gt du+ < : 2
()|, | o) |G|, |G| < T2 (3.23)
on the domain
Q- ={(t,2) [t >0, f(t) <z <ap(t)}, (3.24)
we have
|p0 (tvx) - p0|a |U'() (th) - u0| < K13€; (325)
dp, dp, du,, Ouy, K4
— (7 — (7 — (¢ — (7 < . 2
gl |[Greal |Fhes)| [Fe Y (3.26)
Besides,
|2 (t) = U| < Kise, Yt >0, (3.27)
Kign
()] < t>0. 2
0 < T2 ez o (3.25)
Proof Take the Lagrange coordinates (£, m):
/(t»w)
m= pdx — pudt,
(0,0) (3.29)

t=1

as new variables. Problem (3.1) and (3.3)—(3.4) reduces to (1.1)—(1.3) in which (¢, x) is replaced
by (t,m) and

Ty (M) = ————=.  ug(m) =u; (z(m)), (3.30)

0
o(t) = (1), (3.31)

By (3.14)—(3.18), it is easy to see that

1
T(;r (O) = Z =T+, u:)r(o) = Uy, ¢(0) = Up, (332)
|7'Jr(m) — 74, |u:)r(m) —uy| < Cige, Vm >0, (3.33)
6(t) — ¢(0)| <&, VE>0, (3.34)
’ ’ 017’[’]

+ +
7y (M, fug” (M)} < ===, Vm 20, (3.35)

"D < L. viso. 3.36
@ < e Vi (3.36)
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By Theorem 1.1 we obtain that problem (1.1)-(1.3) corresponding to problem (3.1) and
(3.3)-(3.4) admits a unique global piecewise C'* solution

g g _ (T (Em)au (Em))a OSmSmQ(%v)v
(ﬂmmm@m»_ﬂﬁ@mmi@mm m > ma() (337
on the domain
{(t;m) |t >0, m>0}. (3.38)

This solution, containing only one forward shock m = ms(t) passing through the origin with
m5(0) =V, where

V=ps(U—uy), (3.39)

satisfies the following estimates: on the domain

{&m) [£20, m > ma(t)}, (3.40)

we have
74 (£,m) — 74|, Jug(f,m) —uy| < Crse, (3.41)
S @ [T G, |G )], | o) < T2 (3.42)

on the domain

{(&m) T2 0, 0 <m <may(0)}, (3.43)

we have
|70 (E,m) = 75|, [y (£,m) — uy | < Cage, (3.44)
oo [, [Gaenl, [Geam] <30

Besides,
|mh(t) — V| < Coge, Vt>0, (3.46)
iml (@) < fi?’zv vi>0. (3.47)

Using the inverse transformation of (3.29)

(#m) N
T = Tdm + udt,
/(0’0) (3.48)

we get

m = m(t, ). (3.49)
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Then, by means of (p(t, x), u(t, z))

= (m, u(t,m(t,x))), it is easy to see that the original
piston problem (3.1) and (3.3)—(3.4) admits a unique global piecewise C! solution

(p(t, ), u(t, x))
(Po(taﬂf),uo(t,x)) = (;
(p+(t, ), us (t,2)) = (7

on the domain (3.20), where

xf(t) :/0 (1(o,ma(0))mb(c) + u(o, ma(0)))do; (3.51)

moreover, (3.21)-(3.28) hold.
This proves Theorem 3.1.
For the global inverse piston problem, we have
Theorem 3.2 Suppose that the position of the forward shock x = z¢(t) € C* (t > 0) with
zs(0) =0, (3.52)
a5 (0) =U (3.53)

is prescribed and, for suitably small e > 0 and n > 0, we have

|2 (t) —U| <e, Vt>0, (3.54)
") < ——, V>0 3.55
) < g, iz (3.55)
Then, for any given pf (x) and ul (z) € Ct (z > 0) satisfying
P:{(O) =P+ U;(O) = Uy, (3.56)
(@) = pil, () —us| <&, V>0, (3.57)
+ + n

o7 @ @) < 7, a0, (3.58)

we can uniquely determine the piston velocity v = @(t) (t > 0) with
©(0) = up, (3.59)
lp(t) — up| < Ky7e, Vit >0, (3.60)

Kisn

()] < , Vt>0, 3.61
Wl T vex (3.61)

where uyp is the same as in (3.12), such that by Theorem 3.1 the corresponding direct piston
problem (3.1) and (3.3)—(3.4) admits a unique global piecewise C* solution (p(t,z),u(t,x)) in
which the forward shock passing through the origin is just x = xs(t).

Proof First, we solve Cauchy problem (3.1) and (3.3) on the domain Q defined by (3.21).
By (3.56)—(3.58), just as we did in Lagrangian representation (cf. Lemma 2.1), Cauchy problem
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(3.1) and (3.3) admits a unique global C! solution (p,u) = (p4(t,z),us(t,z)) on the domain
Q. and we have

lps(t, ) — pyl, Jug(t,z) —uy| < Cose, V(L x) € Qy, (3.62)
dp+ dp+ Ouy Ouy Casn

i i -t -t < =27 , ,
- (t,x)‘, o) [T |G )| < T V() ey (3.63)

By the Lagrange transformation (3.29), the forward shock in Eulerian representation o = x¢(¢)

reduces to the forward shock m = ms(t) in Lagrangian representation with

ma () = / pi(0,25(0)) (@} (0) — us (0,24 (0)))dor (3.64)

Noting (3.52)—(3.55) and (3.62)—(3.63), we have

m»(0) = 0, (3.65)
my(0) =V, (3.66)
Imy(t) — V| < Cage, VE>0, (3.67)
mi@] < 20 i, (3.68)

where V is given by (3.39). Besides, 7 (m) and uar(m) defined by (3.30) satisfy

o
T(;i— (O) =T+, ug— (O) = U4, (369)
|7'Jr(m) — T4, |u:)r(m) —uy| < Cge, VYm >0, (3.70)
’ ’ 029'[’]
+ +
17y ()], [ug (m)] < Tom’ vm > 0. (3.71)

Thus, the inverse piston problem in Eulerian representation reduces to the corresponding one
in Lagrangian representation. By Theorem 1.2, in Lagrangian representation we can uniquely
determine the piston velocity v = ¢(t) (£ > 0) with (1.51)-(1.53) such that the corresponding
direct piston problem (1.1)-(1.3), where (¢,z) is replaced by (,m), admits a unique global
piecewise C'! solution (7(t,m),u(t,m)) in which the forward shock passing through the origin

is just m = ma(t).

Using the inverse transformation (3.48), in Eulerian representation we get the piston path

r=f(t) = /0 o(6)de. (3.72)

Then, by (1.51)—(1.53), the piston velocity (), which is nothing but ¢(t), satisfies (3.59)-
(3.61). Thus, by Theorem 3.1 the corresponding direct piston problem (3.1) and (3.3)—(3.4)
admits a unique global piecewise C! solution (p(t, z), u(t,x)) in which the forward shock passing
through the origin is just z = x;(t).

Theorem 3.2 is then proved.

Remark 3.1 The corresponding consideration on the one-dimensional gas dynamics system

(containing three equations) can be found in [5].
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