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Abstract Let Q® be the common conformal compactification space of the Lorentzian
space forms R, S? and H3. We study the conformal geometry of space-like surfaces in
Q3. Tt is shown that any conformal CMC-surface in @ must be conformally equivalent
to a constant mean curvature surface in R?, S$ or H3. We also show that if z : M — Q3
is a space-like Willmore surface whose conformal metric g has constant curvature K, then

either K = —1 and « is conformally equivalent to a minimal surface in R, or K = 0 and

x is conformally equivalent to the surface Hl(%) X Hl(%) in H3.
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1 Introduction

In the study of the classical conformal geometry of R™, it is preferable to consider in its
conformal compactification S™, on which the Moebius group acts transitively. At the same
time, it unifies the study of the three standard Riemannian space forms, making the Euclidean
geometry, the spherical geometry and the hyperbolic geometry as its sub-geometries.

Interestingly, in Lorentzian geometry we have similar constructions. Let R$, S3 and H3 be
the three-dimensional Lorentzian space forms of curvature 0, 1 and —1, respectively (cf. [10]),

where
RY = (R, (,)), (u,v) = urv1 + ugvy — ugvs, (1.1)
SBZ{UERﬂu%—i—ug—i—ug—uZ:l}, (1.2)
HB:{uER‘f|u%+u§—u§—ui:—1}, (1.3)

together with the induced metric. Let Q3 be the quadric in RP* defined by
Q% = {[z] e RP*| 2] + 23 + 23 — 25 — 22 = 0}. (1.4)

As well-known Q2 is a compact manifold homeomorphic to S? x S' /{£1}. There is a standard
conformal structure of Lorentzian type on Q3 with the conformal group O(3,2)/{%1} (cf. [5]).
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And there are conformal embeddings of R}, S} and H$ into Q® separately defined by

o RS QP o(u) = [(%(1 ~ (w0, %(1 + ()], (1.5)
70 S - Q% T(u) =(u,1)], (1.6)
0: HY — Q% o(u) =[(1,u)]. (1.7)

In this paper we study the geometry of surfaces in Q3 under the conformal group O(3,2)/{+1}.
By using conformal embeddings o, T or p, respectively, we can regard surfaces in R}, S or H3
as surfaces in Q3.

Let z : M — Q3 be an immersed space-like surface without umbilical point. Similar to
the conformal geometry of surfaces in S3, here one can also define a conformal Gauss map
& : M — R} of the surface = (cf. [1, 4]). With this construction at hand, the surface theory can
be developed as usual: the conformal Gauss map is interpreted as the mean curvature sphere
(see Section 4); it induces an invariant conformal metric g = (d¢, d§); the critical surfaces with
respect to the volume functional of g are called Willmore surfaces in Q3.

Let m : E — M be the canonical line bundle over M defined by 7='(p) = Ry, where
[y] = x(p). For any non-zero local section y : U — E, there exists a unique y* : U — R3,
such that y* 1 {&,d¢}, (y*, %) = 0 and (y*,y) = 1. We write g = ¢*’|dz|? for some complex
coordinate z. Then s = e=2“(£,5,y*)y is independent of the choice of y and z, and thus it is a
global section of E. A surface in Q? is called conformal CMC if s is a non-zero parallel section
with respect to the standard connection on E. Willmore surfaces in Q? are exactly the surfaces
with s = 0.

Our main results are as follows:

Theorem 1.1 Let x : M — Q3 be a space-like conformal CMC-surface in Q3. Then x is
conformally equivalent to a constant mean curvature surface in R3, S$ or H3.

Theorem 1.2 Let x : M — Q3 be a space-like umbilic free Willmore surface whose confor-
mal metric g has constant curvature K. Then either K = —1 and x is conformally equivalent
to a minimal surface in R, or K = 0 and x is conformally equivalent to the minimal surface
Hl(%) X Hl(%) in H3.

We mention that there have been a lot of interesting results concerning Willmore surfaces
in S? (cf. [2, 4, 7, 8, 11, 12]). These are then generalized to Lorentzian conformal geometry
in [1, 6]. Also note that similar results on conformal CMC-surfaces and Willmore surfaces of
constant Moebius curvature in S* have been obtained (see [9]).

This paper is organized as follows. In Section 2, we introduce the conformal space Q>
as the common compactification space of the three dimensional Lorentzian space forms. The
conformal surfaces theory in Q? is established in Section 3. Then we investigate conformal
CMC-surfaces and prove Theorem 1.1 in Section 4. Finally, in Section 5, we study Willmore
surfaces in Q% and prove Theorem 1.2.

2 The Conformal Space Q3

Let R3 be the space R, equipped with the inner product

(T,y) = 191 + T2y2 + T3Y3 — TaYa — T5Ys. (2.1)
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Let Q3 be the quadric in the real projective space RP* given by (1.4). We define
S?xS'={z eRS |2t +ad + a2 =23+ 22 =1}. (2.2)

Then the standard projection 7 : S? x S! — Q? is a 2-1 covering. For any local section
Z U — S§% x S C R} of 7 defined on an open set U C Q3, we can define a metric

(dZ,dZ) = dZy @ dZy + dZy @ dZs + dZ3s @ dZs — dZ4 ® dZy — dZs5 @ dZs,

which is independent of the choice of Z. It determines a global Lorentzian metric h on Q3.
Moreover, if we define on S? x S! the standard Lorentzian metric g(S?) & —g(S!), then the
projection 7 : S x S — (Q3,h) is a 2:1 isometric covering. It is known from a theorem of
Cahen and Kerbrat (cf. [5]) that the conformal group of (Q3,[h]) is exactly the orthogonal
group O(3,2)/{=£1}, which keeps the inner product (2.1) in R} invariant and acts on Q* by

T([z]) = [2T], T € O(3,2). (2.3)

Let R$ be the Lorentzian space equipped with the inner product (1.1). Let o : R} — Q3 be
the conformal embedding of R} in Q* defined by (1.5). We introduce the light-cone at infinity
as

Coo = {[(—a,u,a)] € RP*| (u,u) =0,a € R}. (2.4)
Then we have
Q% = o(R?) U Cw. (2.5)

Thus Q? is a compactification of R} by attaching the light-cone Cy, to R} at infinity.

Let v = {u € R} | (u — p,u — p) = er?} be the two-sheet hyperboloid (with e = —1) or
the one-sheet hyperboloid (with ¢ = 1) in R} centered at p with radius r. Then ~ defines an
inversion v in R} by

er®(u —p)

TP, e RS
(u—p,u—p) !

7:R} 5 RIUCs, ~(u)=p+

It is a conformal transformation in R? which fixes every point on v and takes the light cone
centered at p to the cone at infinity. If we define a vector v € R3 by

S0+ (p) —=1?), (26)

1/1
=2(2(1 - 2
Y r(( (p,p) +er ),10,2

2
then (y,7) = ¢, and v defines a reflection T, € O(3,2):
T,:R3 —R3, T,(z)=x—2¢(z,7)7- (2.7)
It is straightforward to check the following commuting diagram

coy(u)=T,00(u), u€cRs. (2.8)

Thus all inversions in R} U C, generate the conformal group O(3,2) in (Q3, [h]).
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Let R} be the Lorentzian space with inner product
(u,v) = urv1 + UgVs + U3V3 — U4V4. (2.9)

Let S3 = {z € R} | (z,2) = 1} be the de Sitter space in R. Let 7 : S} — Q3 be the conformal
embedding defined by (1.6). Denote

SZ, = {[(u,0)] | uw € RI\{0}, uf + u5 + u3 = uf}. (2.10)
Then we have
Q*=1(S}H) USZ. (2.11)

Hence Q3 is viewed here as a conformal compactification of S} by attaching a sphere S2_ at
infinity of R{.
Let R3 be the space R*, equipped with the inner product

(u,v) = urv1 + U2V — U3V3 — U4V4. (2.12)

There is a hyperboloid H} = {x € R} | (z,2) = —1} in R}, which could also be embedded into
Q3 via o : H — Q3 (1.7). Set

T2 = {[(0,u)] | u € R3\{0}, u? + u3 = u? + u3}. (2.13)
It follows that
Q% = o(H3) U T, (2.14)

So @2 is also a conformal compactification of H by attaching a torus T2, at infinity of Rj.
We note that R$, S? and H$ are the Lorentzian space forms of curvature 0, 1 and —1,
respectively. Thus Q3 is the common conformal compactification of the Lorentzian space forms.

3 Conformal Geometry of Surfaces in Q3

In this section we study the geometry of surfaces in Q® under the conformal group O(3,2).
Two surfaces in Q3 (or in R$, S, H} C Q3) are said to be conformally equivalent if there exists
T € O(3,2) taking one surface to the other.

Consider a space-like surface  : M — Q3. That means z*h, the pull-back of the standard
Lorentzian metric on Q3, is positive difinite over M. Let y : U — R3\{0} be a local lift of
x with z = [y] defined on an open set U of M. By the definition of h we can find a positive
function A on U such that z*h = A\?(dy, dy). Since x is space-like, we can write

1
(dy, dy) = EeZP(dz ®dzZ 4+ dz ® dz) (3.1)
for a local complex coordinate {z}. From (3.1) and the fact that (y,y) = 0, we get

<y7y2> = <yay7> = 07 <y27y2> = 0’ <y27y5> = %ezp = _<y7y25>' (32)
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It follows that
V = span{y, y.z} ® {ay. + ayz | « € C} (3.3)

is a 4-dimensional non-degenerate subspace in R} of signature (+, —, +, +). It is easy to verify
that V is independent to the choice of local life y and complex coordinate z. So there is a
well-defined map & : M — R (up to signs) such that

£LV, R}=VeRE, ({8 =-1 (3.4)
Denote
Hf = {X e R} | (X, X) = -1} CRS. (3.5)

We call ¢ : M — H} C Rj the conformal Gauss map of .

Denote (y..,&) = Q. It is essentially the Hopf differential of the surface z, yet is dependent
on the choice of y and z. Nevertheless, the vanishing of €2 at a point p is a well-defined property,
which is also invariant under the action of the conformal group O(3,2). Such points are exactly
the umbilical points of z. By (3.3) and (3.4) we have

(62:6) =0, (€2ry) = —(&yz) =0,
(€ryz) = = (&oyz) = — (€ yez) = 0.
Since {y,y.z, Y=, y=, £} is a local frame in RS, we get
& = By — 2¢Oy (3.6)
for some function 3. It follows that

(€:,6:) =0, (&, &) =2e"7|Q. (3.7)

So ¢ : M — H{ is a conformal immersion at any non-umbilical point of , and hence shares the
same complex coordinate z. This justifies the name of the conformal Gauss map.

From now on, suppose z : M — Q? is a umbilic free surface. Then ¢ : M — H{ induces an
invariant metric g = (d¢, d¢), which is called the conformal metric of . Write

g = (dg, de) = %e%(dzwwdz@dz). (3.8)
From (3.7) we get
e = 4e7%°|Q%. (3.9)
Since
W=A{at, +aé&|acC}aRE (3.10)

is a 3-dimensional subspace in R} with signature (+, +, —), we know that W+ is a 2-dimensional
subspace in R with a non-degenerate metric of signature (+, —). By (3.4) and (3.6) we have
y € W, So there exists a unique y* € W such that W+ = span{y, y*} and

(y,y) =" y") =0, ¥y =1 (3.11)
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Hence {y,y*,£.,&, €} is a conformally invariant moving frame in R3, which depends on the
choice of {y, z}. Define

Y= <yzay*>; H = 6_2w<§zz,y*>a Q= <§zzvy>a 0= <€zza y*> (312)

Taking derivatives of the frame {y,y*, &, &, &} yields

Y= = gy — 2e7 20, (3.13)
Yy = —py" — 2HE, — 270N, (3.14)
& = Q*y + Qy* + 2w;Es, (315)

(3.16)

1
2z = e Hy + Ee% .

Using the identities y.z = vz, ¥; = v5, and &,z = .3, we get the integrability conditions as

follows:
0z — P, = 2 2(O0 — Q0), (3.17)
Qr+ P = (M. + ¢H), (3.19)
100" + 00") = —(1 + K). (3.20)
Here K = —4e~2“w,_> is the Gauss curvature of the conformal metric g.

Now Let us make it clear how these quantities depends on the choice of {y,z}. Let {y, 7}
be another pair of local lift and complex coordinate defined on V. Then on U NV holds

y=Xy, 1T=1(2)

for some non-zero real function A and a holomorphic function 7(z), which implies that

:lj* _ Afly*, e?w _ eQw %
dr

‘2
It follows that

dz - ~ dz\2 ~ dzn 2

~ —1 _ —1 . * _ y—1lox*

p=(p+A /\z)—dT, H=X"H, Q—)\Q(—d ) , Q"=27"Q (—) . (3.21)

T dr

Thus we know that the complex function F' and the complex 4-form ® given by
F=e 00", &=00d"* (3.22)

are independent of the choice of {y, z}, which are globally defined conformal invariants on M.
From (3.21) we get
dz

Hy +PH=\"(H. + oH) -

(3.23)

Thus the equation H, + ¢H = 0 is conformally invariant.
Next consider the canonical line bundle 7 : E — M with 7—1(p) = Ry, where [y] = z(p).
We define a standard connection V on E by

Vy = (pdz + @dz)y. (3.24)
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Using (3.21) we can easily verify that V is independent of the choice of {y,z}, and hence is
globally defined on E. Note that s = e2“({.z,y*)y = Hy is a global section of E, and

Vs = ((H, + ¢oH)dz + (Hz + PH)dZ)y.

We call a surface in Q3 a conformal CMC (constant mean curvature) surface if s is a nonzero
parallel section of (E, V), or equivalently, if

H.+oH =0, H#DO. (3.25)

We observe that according to (3.16), s = Hy is nothing else but the mean curvature vector
of the immersion ¢ : M — H{. This is part of the reason why conformal CMC surfaces are so
called. On the other hand, the condition that H = 0 characterizes £ : M — H{ as a harmonic
map, which amounts to say that z : M — Q3 is a Willmore surface (cf. [1]). Such surfaces are
exactly the critical surfaces with respect to the induced area

W (M) = % /M e2dz A dz. (3.26)

This conformally invariant functional is viewed as the generalization of the usual Willmore
functional of a surface in S® (cf. [1, 4]).

4 Conformal CMC-Surfaces in Lorentzian Space Forms

In this section, we study the relationship between the geometry of surfaces in the Lorentzian
space forms and the conformal geometry of surfaces in Q3.

Let f : M — R} be a space-like surface in R}. Let z be a complex coordinate of f, such
that

(df,df) = %er(dz®dE+d2®dz), (4.1)

where (, ) is the Lorentzian inner product in R given in (1.1). Let n be the unit normal of f
in R} with (n,n) = —1. The structure equations of f : M — R$ is given by

1
fzz = 2pzfz - Qn, sz = _EGQPHTL; ny = _Hfz - QQe_QPfEa (42)

where Qdz? = (f..,n)dz? is the Hopf-form of f and H = kl—;rk? is the mean curvature of f. We
have the relation |Q? = e=*|Q|? = %, where k1 and ko are principal curvatures of f.
Let o : R? — Q3 be the conformal embedding defined by (1.5). Then

v=oof=[(30- 130+ )] M~ (4.3)
is a surface in Q3. There is a standard lift of x given by
1
y= (50 L0 £ 50+ (), (9)

which satisfies (dy, dy) = (df, df). It follows from (4.2) that under a given coordinate z,

Y= = (_(fz’f)7fz’ (fzaf))7
Yzz = 2p2(_(fza f)7f27 (fzyf)) - Q(_(nvf)an7 (na f))v

oz = =3P H(=(0, f),m, (1, )) = 5¢(1,0,-1).
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Since the conformal Gauss map & L {y, 9., yz y.z} and (£,£) = —1, we get

f: H(%(l - (fvf))afa %(1 + (fa f))) + (_(na f)vna (nvf))a (45)

which implies that
<yz275> = (fzzan) =Q.

Thus p € M is an umbilical point of x = ¢ o f if and only if p is an umbilical point for
f: M —R} ie., ki(p) = ka(p).
Now let ¢ be the light-like vector in R given by

c=(1,0,-1), 0€R} (c,c)=0. (4.6)
By (4.4) and (4.5) we get

(y,¢) =1, (§¢c)=H. (4.7)
It follows from (3.16), (4.7) and (3.9) that

1 1
—e H-—-H=———(AH —8||Q|?H 4.
H=c 31 = Torap (AH — sI2l*m), (4.8)

where A is the Laplacian operator of the metric (df,df). We note that H = 0 is exactly the
Euler-Lagrange equation for Willmore functional of surfaces in R. Thus H = 0 if and only if
f: M — R$ is a Willmore surface in R3.

If f: M — R} is a constant mean curvature surface with H # 0, then we know from (4.8)
that H = —1H # 0 is also a constant. From (3.13) and (4.7) we get ¢ = 2 2*QHz = 0.
Thus z = oo f : M — Q3 satisfies H, + ¢H = 0. Thus any CMC-surface in R} is a conformal
CMC-surface in Q® (under the conformal embedding o : R} — Q3).

When the ambient space is S} or H3, we have similar conclusions. For a space-like surface
f: M — S} C R}, let n be the normal vector of f with (n,n) = —1, and H be its mean
curvature. Using the embedding 7 : S§ — Q3 defined by (1.6), we get a surface z = [(f,1)] :
M — Q3 with the lift y = (f, 1), whose conformal Gauss map is computed out as

E=H(f,1)+ (n,0). (4.9)
For the time-like vector ¢ € R} given by
c=(0,-1), 0cR}, (4.10)
we have
(c,c)=—-1, (y,c)=1, ({c)=H. (4.11)
In case of a space-like surface f : M — H$ we can do almost the same, with
¢=H(1,f)+(0,n), c=(1,0), 0¢cR], (4.12)
c,c)=1, (y,c)=1, (&c)=H. (4.13)

It is straightforward to verify that any CMC-surface in S} or H3 is a conformal CMC-surface
in Q* (under the conformal embedding 7 or g, respectively).
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Now we come to the proof of Theorem 1.1. Let z : M — Q3 be a conformal CMC-surface.
Then by (3.25) we have H, + ¢H =0 and H # 0. Since

y=Hy=e >z y")y

is independent of the choice of {y, z}, it defines a global lift of x. Moreover,
8= (:7) = ((H9)2 0 ) = o (He + M) = 0.
H H
Since 77@ = Hy, we get H=1. Thus, by taking new y = y as the lift of x if necessary, we may
assume that ¢ = 0 and H = 1. It follows from (3.18) and (3.19) that both Qdz? and Q*dz? are
holomorphic 2-forms on M. By (3.17) we get Q*/Q = Q*/Q, which implies that Q* = pQ for
some real constant p. From (3.13) and (3.14) we get

Yy -y t+28=c (4.14)
for some constant vector ¢ € R3. It follows that

(o) =1, (6e)=-2 (ec)=—2u4 (4.15)

First we consider the case that 4 = —2. Then c is a light-like vector in R3. Taking a
conformal transformation 7' € O(3,2), if necessary, we may assume that ¢ = (1,0,—1) € R}.
Since (y,c) = 1, we can write y by (4.4) for some f : M — R}. From the fact that (dy, dy) =
(df,df), we know that f is an immersion, and the conformal Gauss map & is given by (4.5). It
follows from (4.7) and (4.15) that H = —2. Thus f : M — R? is a constant mean curvature
surface in R3.

Next we consider the case that © = —2 + %7"2 for some r > 0. Then c is a time-like vector
in R3. Taking a conformal transformation 7" € O(3,2), if necessary, we may assume that
c =1r(0,-1) € R}. Since (y,c) = 1, we can write y = r~1(f, 1) for some f : M — S3. From
the fact that (dy, dy) = r~2(df, df), we know that f is an immersion, and the conformal Gauss
map ¢ is given by (4.9). It follows from (4.11) and (4.15) that H = —2r=1. Thus f : M — S3
is a constant mean curvature surface in S3.

Finally we consider the case that y = —2 — %rQ for some r > 0. Then c is a space-like
vector in R3. By using a conformal transformation 7' € O(3,2), if necessary, we may assume
that ¢ = r(1,0) € R3. Since (y,c) = 1, we can write y = r~!(1, f) for some f : M — H;.
From the fact that (dy,dy) = r=2(df,df), we know that f is an immersion, and the conformal
Gauss map € is given by (4.12). It follows from (4.13) that H = —2r~!. Thus f: M — H3 is a
constant mean curvature surface in H.

Thus we complete the proof of Theorem 1.1.

5 Willmore Surfaces of Constant Curvature in Q3

In this section, we study Willmore surfaces in Q3 and prove Theorem 1.2.
Let  : M — Q3 be a Willmore surface of constant curvature K. Then H = 0. From (3.18)
and (3.19) we get

(Q0): = Q0" + QO = 0. (5.1)
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Thus

Q07 dz* = (Eez ) (Eenyy)d2? (5.2)

is a globally defined holomorphic 4-form on M. We know that either Q* =0 or Q* # 0 on M
(except at some isolated points).

First we consider the case that Q* = 0. By (3.17) we get ¢z = ., which implies that
d(pdz +pdz) = 0. Thus we can find A > 0 such that ¢dz + Bdz = —dlog A. It follows from
(3.24) that V(\y) = 0. Taking ¥ = Ay, we have ¢ = 0. By changing y to y, if necessary,
we may assume that ¢ = 0. It follows from (3.14) that y* is a constant light-like vector in
R3. By making a conformal transformation 7' € O(3,2), if necessary, we may assume that
y* =c = (1,0,—1). Since (y,c) = 1, we can write y as (4.4) for some surface f : M — R3. Tt
follows from (4.7) that

H = <§,C> = <€7y*> =0.

Thus f : M — R} is a minimal surface in R$. Since Q* = 0, we get from (3.20) that K = —1.
Now we consider the case that Q* # 0. Then F = e~ Q" # 0 is a globally defined
complex function on M. We write

F =|Fle" = |F|(cos +isin)). (5.3)
Let A be the Laplacian operator of g. Using (3.17)—(3.19) we get
Alog F = 4e **(log ).z = 4K — 16i|F|sin . (5.4)

It follows from (5.4) and (3.20) that

Alog |F| = 4K, (5.5)
A = —16|F|sin ),
8|F|costp = —(1+ K). (5.7)

First we show that 1) must be a constant. Assume, on the contrary, that v is not a constant,
then we can find an open set U of M such that cosy # 0 and ¥, # 0 on U. In the following,
we consider ¢ : U — R. From (5.7) we have

| = —é (1(:;5). (5.8)
It follows from (5.6) and (5.8) that
Y.z = —4e*|F|siny = %(1 + K)e** tan . (5.9)
By (5.5) and (5.8) we get
€% I = (log | F|).z = —(log | cos ]}z = ths= tan ) + 220z (5.10)

cos2 )’
From (5.9) and (5.10) we get
1+ K

0 < e 2 afr = K cos® 1p — sin? ) = A(¥). (5.11)
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Using (5.9) and (5.11) we can eliminate w and obtain

ber = 50+ K) STl (512)
Let n = % Then by (5.12) we get
= %w)((l—kl()tanlb—l—(1—|—3K)sin¢cos¢)wgn. (5.13)

Let p = p(v)) be a solution of the ODE

Z—Z:%(w)((l—i-K)tanw—i—(1+3K)sin¢cosz/}). (5.14)
Then we get from (5.13) that
d
== ﬁ%ﬂ = pzn, (e7n)z =0 (5.15)

It follow that n = e#n for some non-zero holomorphic function 7g. By (5.11) we have 2 = |n|?.
Thus we get from (5.15) that

d (nz
%:z = (Iog |nf?):= = (29 +log )z = 2pze =2 (7).

Thus we get from (5.13) that

d 1 .
2w,z = 7 (W((l + K)tany + (1 + 3K) sint) cos w)z/Jg). (5.16)

It follows from (5.16), (5.11) and (5.12) that

K=—4e%y=—(1+K)((1+K)tan®9 + (1 + 3K)sin? w)ﬁ
—2(1 4 3K)((1 + K)sin? ¢ + (1 + 3K) sin® ¢ cos> w)ﬁ
_ 2(% + (14 3K) cos zw), (5.17)

where A(¢) is defined by (5.11). Let ¢t = tan % Then we have

11—t ) 2t 2t
—1—|—t2’ s1nw:—1+t2, tanwzl_t2.

cosh = (5.18)
From (5.17) and (5.18) we know that t = tan% satisfies a non-trivial polynomial with constant
coefficients. Thus ¢ and % is a constant, which contradicts our assumption that 1, # 0. We
conclude that ¥ must be a constant.

Now we consider the case that ¢ is a constant. By (5.6) we get sint) = 0 and cos®) = +1.
Thus (5.7) implies that 8|F| = +£(1 + K) is a constant. By (5.5) we get K = 0. Thus
F = |F|cost¢ = —%. Since

F =00’ = P i = -,
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we know that Q*/Q = m is a negative function. If we change y to Ay, then Q*/Q will
change to A=2Q*/Q. Thus, by changing y to § = Ay for some suitable ), if necessary, we may
assume that Q*/Q = —1. Since Q*Q is holomorphic and Q* = —€, we know that both Q and
O* are holomorphic. It follows from (3.18) that ¢ = 0. Since K = 0, we can choose z such that
g = |dz|? and w = 0. These properties are preserved under the coordinate change z — ¢z for
constant . Since F = Q0" = —1, we get |2 = |Q*]> = L. Since Q* = —Q is holomorphic, we
know that both  and Q* are constant. If we change z to €’z for some constant , then Q will
change to e~2"Q). Thus we may assume that  is a positive real number, which implies that
QF=-0= —%. It follows from (3.13) and (3.14) that y + y* = ¢ for some constant vector
c € R3. Since (c,c) = 2, by making a conformal transformation T € O(3,2), if necessary, we
may assume that ¢ = v/2(1,0). Since (c,y) = 1, We can write y = \/Li(l,f) for some surface
f: M — H3. Since (c,&) =0, we get from (4.13) H = 0 and £ = (0,n). We write z = u + iv.
From (3,13) we get y, = —%fg. It follows that

fu= "Ny, [o="ny. (5.19)

Thus the principal curvatures of f are given by k1 = 1 and ky = —1. Thus f : M — Hj is an
open part of the surface

1 1 1
' (5) < () = {r el - = —af =} ot

Thus we complete the proof of Theorem 1.2.
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