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1 Introduction

Let BYi = {B t >0} (i € {1,2}) be two independent fractional Brownian motions with
respective Hurst parameters on the same probability space {Q, F, P}. For each i = 1,2, B¥i is
a centered Gaussian process with covariance

1
Ry, (t,s) := E(BFi BHi) = §(t2H”’ + i — |t — s|?Hi)  for s,t > 0. (1.1)

Here we are interested in the so-called collision local time, which might be formally expressed
as follows, i.e., for T' > 0,

T
I(Hl,Hg,T):/ s(Bf — BF2)dt, (1.2)
0

where §(-) denotes the Dirac delta function on R, i.e., [, 6(z)f(z)dz = f(0).

First of all, we would mention some works, which motivated our present consideration. In
[1], Rosen proved the existence of normalized intersection local time of fractional Brownian
motion in the plane. On the other hand, since the Chaos expansion was first brought into the
study of local times by Nualart and Vive [2], it has been extensively employed to study the
self-intersection of fractional Brownian motion by many authors (see e.g. [3-6]). In this paper,
we are going to develop this technique and establish the existence of the collision local time
I(Hy, Hy,T) for two independent fractional Brownian motions. Furthermore, the smoothness
and the regularity of I(H;, He,T') will be demonstrated under some restrictive conditions.

The paper is organized as follows. In Section 2, we will introduce the Chaos expansion. The
main results on the collision local time of two independent fractional Brownian motions will be
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given in Section 3 as well as their proofs. In Section 4, we will further discuss the regularity of
the collision local time process {I(Hy, Ho,t),t € [0,T]}.

2 Preliminaries

In this section, we introduce the Chaos expansion, which is an orthogonal decomposition
of L?(Q, P). The readers may refer to [7, 8] and the references therein for more details. Let
X :={X,,t €]0,T]} be a Gaussian process defined on the probability space (Q,F,P). If p,(z)
is a polynomial of degree n in x, then we call p,, (X}) a polynomial function of X with ¢ € [0, T].
Let P, be the completion with respect to the L?(Q, P) norm of the set {p,(X;) : 0 < m <
n,t € [0,T]}. Clearly P, is a subspace of L?(2, P). If let C,, denote the orthogonal complement
of P,_1 in P,, then L?(, P) is actually the direct sum of C,, i.e.,

L*(Q, P) = P (2.1)
n=0
This means that for each element F € L?(Q, P), there exists F,, € C, with n € Z such that
F=>Y"F,. (2.2)
n=0

The decomposition (2.2) and F;, are called the Chaos expansion and n-th Chaos of F', respec-
tively. By the orthogonality,

o0

E(FP) =) E(F.?). (2:3)

n=0

Next, for F' € L?(Q, P), define an operator I'(u) for every u € [0,1] by
T(u)F =Y u"F,. (2.4)
n=0

Set ©(u) := I'(y/u)F. Then ©(1) = F. Define ®g(u) := 4L (||©(u)||?), where | F||> := E(|F|?)
for F € L*(Q, P). Then

Po(u) =D nu"'E(|F,[%).
n=0

Note that [|O(w)|? = E(|0(u)|?) = iE(anF).

Definition 2.1 Let U = {F € L*(Q,P): F = io: F, and ioz nE(|F,]?) < oo}. Then U
is called Meyer-Watanabe test function space (see [(5]?0 "

Obviously, we have the following proposition from the definition.

Proposition 2.1 Let F € L*(Q, P). Then F € U if and only if ®o(1) < oco.

Let H,(z), € R be the Hermite polynomials of degree n,

)= e (5) Lo (-5,
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Then
exp (tw - —) Z t"Hp( forallt € [0,T], z € R. (2.5)

This implies that

£B" —B")

D ) (2.6)

1 o0
exp (iuf(Bfl—be)—i— §u2£2Var(BtHl - BtH2 ) Z (tw)" o™ (t,&)H, (

where o(t,&) = \/Var(th — B2)¢2 for ¢ € R. Because of the orthogonality of {H, (z),
H H

r € R}nez,, we know from (2.2) that (iu)”a"(t,f)Hn(%) is the n-th Chaos of

exp (iu{(BfIl —Bi2) 4 %U%QV&I"(B,Z% - th))~

3 Main Results and Proofs

Let B = {BI"' |t > 0} (i € {1,2}) be two independent fractional Brownian motions, and
we use the following approximation to establish the existence of the so-called collision local
time.

Theorem 3.1 (Existence of the Collision Local Time) Define
T

I.(Hy, Hy, T) := / pe(B{" — B/™)dt,
0

where pe(-) is the density function of normal distribution N(0,¢). If H; € (0,1), for each
i =1,2, then I.(Hy, Hy,T) converges in L*(Q, P) sense, as € — 0. Moreover, denote the limit
by I(Hy,H2,T). Then I(Hy, H2,T) is an element in L*(2, P).

Proof We proceed the proof of the theorem in two steps.

Step 1 Show that for each € > 0, I.(Hy, H2,T) € L?(, P).
Actually, since

T
Ie(HlvHQaT) :/ pF(BtI{1 _Btlfz)dt
0

iﬂ/OT/Rexp(if(th — B/™)) Xexp( |€|2)d5dt (3.1)

we have

I _ :
Bt B, 1)) = (s [ [ [ explie(BI" — B{™) 4 in(BI - BI™))
™ Jo Jo Jr2

e(l€l + Inf*)

: ) dgdndsdt)

X exp (—
T pT
= [ [ [ etie - B+ Bl - B
™ Jo Jo JR2

X exp (—w)dfdndsdt. (3.2)
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However, noting that
E(exp(i&(B{"" — B{"*) + in(B[" — B")))

— exp (- Var(¢(B{" — Bf”)2+ (B — 352))) — exp (- %M)

where
M := Var(¢(BI' — BI™2) + n(BHr — BH2)),

Then use the property of the local nondeterminism of the fractional Brownian motions (see [10,
11]). Let s <t and there is a constant k£ > 0 so that

M = Var(¢[(B{" — B/") = (BJ" = BJ)] + (¢ +0)(B" — B™))
> k(E((t — 5)*™ + (t = 9)*2) + (£ + ) (s> + 7112)).

So we have

T T
/ / E(exp(i€(B{"* — B{"*) + in(BI"* — BI"2)))d¢dndsdt
0o Jo JR2
T pt
ke 2H; _ o\2H2 2/ 2H, 2H,
§2/0 /O/RQexp<—§(f ((t—5)"" + (t—5)*"2) + (E+n)*(s*" + s )))dfdndsdt

T rt
- 4%/0 /0 (= ) 4 (8 = 5)*2) (s 4 5212)) " dsal

T st
< in / / (t —s) " His~Higsat
k- Jo Jo
< o0, (3.3)

if H; € (0,1) for i = 1,2. This implies that for all € > 0, E(|I.(H1, H2,T)|?) < oo, if H; € (0,1),
i=1,2.

Step 2 Show that {I.(Hi, Ha,T),e > 0} is a Cauchy sequence in L?(Q, P).
Note that

E((I(Hy, Hy,T) — I5(Hy, Hy, T))?)
1 T pT
=B [ ] eotiest - B + i~ BE)

x (e~ Cl€l?/2 _ o=0lel* /2y (o eln*/2 _ e—5|"|2/2)d§dndsdt)

_ 1 o . Hy _ pH2 ; Hy _ pH>

- 2 E(exp(lf(Bt Bt )+7’77(B9 Bs )))
47 o Jo R2

(on (Y- )

cosp (AL 1)) g1

< Lsup (1—exp(— w))z

7T2 EER 2

T T
x / / E(exp(i€(Bf* — BF2) 4 in(BHr — BH2)))dedndsdt. (3.4)
0 0 R2
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It follows from (3.3) that

T pT
/ / E(exp(i&(B" — BI2) + in(BHr — BH2)))d¢dndsdt < oc.
0o Jo JR2
So
E((I.(Hy,Hs,T) — Is(Hy, Hy,T))?) — 0, ase— 0and§ — 0. (3.5)

Hence {I.(Hy, H>,T),e > 0} is a Cauchy sequence in L?({, P), i.e., HH(I] I.(Hy,Hs,T) exists.
Thus I(Hy, He, T) = hH(l)Ie(Hl,HQ,T) € L*(Q, P), since L?(2, P) is a Banach space. This

completes the proof of the theorem.

We have established the existence of the collision local time. Next we shall prove the
smoothness of the collision local time under some restrictive Hurst parameters.

Theorem 3.2 (Smoothness of the Collision Local Time) Let I(Hy, Hy,T) be the collision
local time of two independent fractional Brownian motions with Hurst parameters Hy and Hs.
If min{Hy, Hy} < & and max{H, Hy} < 3, then I(Hy,H,,T) € U.

In order to prove Theorem 3.2, we need the following lemma. And the following notations
are needed. Let

a; := Var(B" — Bff?) = ¢?H1 | 42H2
ps = B((B{" = B{*)(B{" - B"))
1
— §(t2H1 _|_ 82H1 _ |t _ 5|2H1 _|_t2H2 _|_ 82H2 _ |t _ 5|2H2).
Lemma 3.1 Let
dy(u; s, t) = asay — u2p§7t for (u,s,t) € [0,1] x [0, T]2.
T,T o _3
If [y Jo p2:(dr(1;5,1)) " 2dsdt < 400, then
[(Hy, Hy, T) € U.

Proof Recall I.(Hy, H2,T) defined in Theorem 3.1. I.(Hy,H2,T) € L?(2, P) for every
€> 0.
To seek the Chaos expansion of I.(Hq, Hs,T'), we consider

1
exp(i€(B{" — BI)) = exp (= 56 Var(B[" - Bf"))
1
X exp (if(BfIl — BJ") + 5 Var(B[" - BtH?)). (3.6)
For any random variable X, define
Lo
T.(X) :=exp (uX - U Var(X)), as u € [0,1]. (3.7)
Then by (2.6),

B — BtH2))

T, (i€(Bf" ~ B")) = ;inan(t’f)m( o0
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Let

Yult:6) =exp (= SVar(BIY — BI)E) T Gie(B - BI).

It follows from (2.4) and (3.1) that

T(u) (I (Hy, Hy, T / /wu (t.&)esp ( '5'2)dgdt

Set
Ke(u,T,X) = E(|[0{/u)I(Hy, H2, T)|?).

Then from (3.10), we have

e(€” + %)

KT %)= o [ [ [ Bttt s myess (- L5

(3.9)

(3.10)

(3.11)

)dgdndsdt. (3.12)

Note that for any non-degenerate two-dimensional centered Gaussian random vector (X,Y),

E(T,(X)Y,(Y)) = exp(uvCov(X,Y)).
Then for any 0 < s <t < T fixed, set

X =B pl",
Y = BH — BH,

It is easy to get that the (X,Y") defined above satisfies (3.13). Since
BEB{" - B (B - B)) = anB((B" - B{")(B"
we have

E(Y (B — BI")Ya(in(B" — B™)))
= exp(—uénE((B{"" — B{®)(B" — B2))).

Then by (3.9) and (3.14),

_ B

S

(3.13)

(3.14)

Byt o) = exp = 3Var(BIY — BI)E — wenB(BIY ~ B2 (B — Bl1))

1
— 5 Var(BI" — BI)?)

> 0. (3.15)
So
[ gt ouatsmyes (- L dgan < [ Baouats e
R2 R2
< 2m(dp (us,t)) 77, (3.16)

where dp(u; s,t) is defined in Lemma 3.1. From (3.12) we obtain

I \
K (u,T,X) < —/ /(dH(u;s,t))*idsdt.
2w o Jo
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Define

dS;(u; s,t) == (a¢ + €)(as + €) — u’pss.

Then it follows from (3.9) and (3.12) that

I .
Ke(u,T,X):%/O /O(dfq(u;s,t))_§dsdt.

Hence
O KT, X) = /T/T(d€(~ )42 (e, (us 5, 1) dsdt (3.17)
ou e\U, L, - o Jo U S, ou WS, sat, .
where ¢ > 0 is a constant. It is easy to verify that
8 € 2
L sy (w3 5,1)) = —2up?,. (3.18)

ou
Therefore

(dsg (us s,t)) = —2up? ((as + €)(as +€) —u?p?,) 2

S

e 3
(dg(u;s,t))~2
> —2up? (aras — u?pl,)”

3
§ .

= —2up},(du (uss, 1))~

Thus by (3.17),

0 e 3
— K (u, T, X) < 20/ / up? (d(u; s, )" 2dsdt.
Ju o Jo '

Recall ®o(u) = £ (||©(uw)[|?) and (3.11). We have

T T
Dp (u) < 20/ / upit(dH(u;s,t))_%dsdt.
o Jo

Then it follows from Proposition 2.1 that I(H;, H,T) € U if and only if ®x_(1) < co. Thus

we complete the proof of Lemma 3.1.
Now, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2 By Lemma 3.1, it suffices to show that
T T i
/ /(dH(l;s,t))_Epitdsdt < 0.
0o Jo

Recall that
a; = Var(B"* — BHz) = (2H1 4 42Hz2
as = Var(BHr — pHz) = 21 4 2H2
pos = E((BI — BI)(BI — BIt))

— %(tZHl + 52H1 _ |t _ 8|2H1 +t2H2 + 52H2 _ |t _ 8|2H2).
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Let s <t and s = at, where x € [0, 1], and set
(g = g2 g2 | g 2H22Hs

%(tQHl + x2H1t2H1 _ |1 _ $|2H1t2H1 _|_ t2H2 _|_ x2H2t2H2 _ |1 _ $|2H2t2H2).

ﬁm,t =
Clearly, a,+ = as and py = ps¢. Then

AtQy ¢ —ﬁ%t
_ i{t4H1 [4$2H1 + 2(1 + 1’2H1)(1 o $)2H1 o (1 + x2H1)2 o (1 o $)4H1]
+ t4H2 [4$2H2 + 2(1 + I'QHQ)(]. o x)QHQ o (1 + xQHg)Q o (1 o 1’)4H2]
4 t2H1+2H2 [4$2H1 + 4$2H2 o 2((1 4 xQHl) o (1 o Z‘)QHI)((l + xQHg) o (1 o x)QHQ)]}

1
= Z[t‘lHlf(x,Hl) + t4H2f(x,H2) + t2H1+2H29(x,H1, H,)l,

where
flx, H) = 42®7 121 + 2*H)(1 — 2)*H — (1 +22H)? — (1 —2)*H,
g(x, Hy, Hy) = Aa?Hr 4 gp2H2 2[(1+ x2Hl) —(1- x)2Hl][(1 + x2H2) —(1- x)2H2].
Note that

1
(1 —2)?" >1, as H< 3 (3.19)

Since max{H;, Ha} < 3, we have
flx, Hy) = 22% 4 2(1 — o) i 4 222Hi (1 — g)2Hi 1 — g4 (1 — )M
> p?Hi (1 — 2)* i — 1 4 222Hi(1 — )M
> 202Hi(1 — g)?Hi =12,

g(w, Hy, Ha) = 2[2*™ 4 22 4 (1 — 2)* 4 (1 - 2)*2 4 22T (1 — 2)?M02
_|_ $2H2(1 _ x)QHl _ (1 _ x)2H1+2H2 _ x2H1+2H2 _ 1]

> 2 (1 — )M 22 (1 — g)2H0],
Hence, we obtain
1
ata/m’t _ ﬁg’t 2 §[t4H1{E2H1(1 _ x)?Hl +t4H2{E2H2(1 _ 1’)2H2
+ t2H1+2H2 (szl (1 _ 1’)2H2 + xQHQ(l _ x)?Hl )]

1
— §($2H1t2H1 + $2H2t2H2)[(1 o Z‘)2H1t2H1 4 (1 o $)2H2t2H2]. (320)

On the other hand,
1
ﬁazc,t _ 1[t4H1(1 + x2H1 _ (1 _ x)2H1)2 —|—t4H2(1 + x2H2 _ (1 _ x)2H2)2
+ 2t2H1+2H2(1 + 22— (1- x)ZHl)(l + 22tz (1- x)ZHQ)]

1
= Z[t4H1h(x, Hy) 4 t*2 0z, Hy) + 2t*H0 2 2 (0 Hy  HY)),
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where

B H) = (1+ 22 — (1= 22,
Ko, Hy, Ho) = [+ 22— (1= 2?14 a2 — (1 )],
Clearly, by (3.19), we have
h(x, H;) < 4z i=1,2 and k(z, Hy, Hy) < 4x?f1i+2Hz
Therefore

ﬁ"zw’t S t4H1:E4H1 +t4H1{E4H1 + 2t2H1+2H2x2H1+2H2 _ (tQHleHl +t2H2$2H2)2. (3.21)

Recall the definition of dg(u; s,t) in Lemma 3.1. By (3.20) and (3.21) we have
T T ,
| [ s, 302 s
0 Jo
T 1
:/ /(ataw,t - f)f?7t)*%f)§7ttdxdt
0 Jo

T r1 _
S / / {%(xQHthHl _|_ xQHQtQHg)[(l _ x)QHthHl _|_ (1 _ x)QHQtQHQ]}
0 JO
x (t2Hr g2y g ¢2H2 0 2024 g0 gy

T pr1
/ / Va2Hi2Hy | g2Hay2H> (1 — g)2Hg2Hy 4 (1 — ) 2H242H2) =540y
0 JO

[N

Njw

=2

T r1

<2 / / Va2Hi2Hy  g2Hag2Hs (1 — g) =3 min{H Habyl =3 min{H,Haby gy gy
0 Jo

< 00,

under the condition min{Hy, Ha} < % Thus the proof of the theorem is completed.

4 Regularity of the Collision Local Time Process

In this section, we will discuss the regularity of process {I(Hi, Ho,t),t € [0,7]}. The
following theorem gives the Holder continuity of process {I(Hi, Ha,t),t € [0,T1]}.

Theorem 4.1 (Regularity of the Collision Local Time Process) The collision local time
process {I1(Hy, Ha,t),t € [0, T} is Holder continuous with order 1 — max{Hy, Ha}.

Proof Let
Ly = I(Hy, Ho,t) = /Oté(Bfl — BI2)ds and LS =I.(Hy, Ho,t) = /Otpe(Bfl — BH2)gs.
Suppose 0 < s <t <T. Then
Bt 12 = B [[pBi - i)

t
= %/@ /}RE(exp(if(Bfl _sz))) exp(—e|€[?)dedu

I 1
< Lo om 2H,
< 27T/S/Rexp( 25 (u™ +u ))d{du
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where K =

Y. M. Jiang and Y. J. Wang

1/t 5 )
27T/s /R W2 1 2 exp(—a?)dzdu
— 1 t 1 J

a N w2H g 2H2 U

1 t
< _ - u— max{Hl,HQ}du
B \/27r/s

tlfmax{Hl,Hg} _ Slfmax{Hl,Hg}

\/ﬂ(l — maX{Hl, HQ})

S K|t _ s|17max{H1,H2}’

1
Jom (e (Fr i) > (0. By Theorem 3.1,

|Le = Lo| = lim |L§ — LY, P-ass.

Thus by Fatou’s lemma, we obtain

E(|Li — Ly|) = E( lim |L; — L;|) < liminf B(|Lf — LY]) < K|t — sf! (),

Thus we complete the proof of the theorem.
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