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Abstract Let M be an invariant subspace of H2. It is shown that for each f € M*, f
can be analytically extended across OBq\o(Sz,, -, Sz,).
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Let d > 1 and
d
By = {z cCh: 22 = Z |z < 1}.
i=1

In this note, we mainly consider the reproducing kernel space H2 (v > 0) over By with repro-

ducing kernel
v 1 - v n
K)\(Z): \ = E a;)<z,)\) )
z
where

vio+1)---(v+n-—1)
n!

d
(z,\) = Zzix and aév) =1, o= forn > 1.

i=1
When v = 1, the Hilbert space H2 is the Symmetric Fock space, which was deeply studied by
Arveson [2]. When v = d, the space H?2 is the usual Hardy space H?(Bg), and when v = d + 1,
it is the usual Bergman space L2(B,4) on the unit ball. We refer the reader to [4] for details.

Let M be an invariant subspace of HZ, that is, pM C M for any polynomial p. Let

S, = Py Mpy|po be the compression operator on M~ for a polynomial p, where Py;. is the
orthogonal projection onto M. Those operators carry key information about the invariant
subspace (see [1, 2, 9, 10, 12, 17]). We denote the Taylor spectrum (see [6, 16]) of the tuple
{84, +,8:,} by o(Sz, -+, S:,), and write {Sy, -+, Sq} for {S,,,---,S.,}.

The following notations are standard. For any ordered d-tuple of nonnegative integers

a= (a1, ,0q), 2= (21 ---,zd)E(Cd, write

o =a1 4+ +aq, al=oo! -0, 2¥=20"--257, SY=57"---S7
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Theorem 1 Let M be an invariant subspace of H2. Then for any f € M+, f can be
analytically extended across OBg\o (S, ,Sq).

Proof First, we will show that o(S1, -+ ,S4) C Bg. For given u, |u| > 1 and the function
fu(z) = (z, 1) — |p|?, from the proof of Theorem 4.5 in [11], the multiplication operator M,
acting H? is invertible with the inverse M; /f,.- A simple analysis shows that Sy, acting on M +
is invertible with the inverse S /s, and hence 0 ¢ o(Sy, ). Therefore, by the spectral mapping
theorem (see [16, Theorem 4.8]), i & o(S1,- -+, Sq). It follows that

o(S1,--+,84) € By.

Letting I be the identity operator on M=, by [16, Theorem 4.8], we have

d d
ol — ANiSTH)=41-— ANiZi:z€0(S1,-+,84) ¢
(1S5 0s) = {1 3o - ot 50}
For A € By, z € By, we have
d
Re(1 - ZA@) >1—|Al|z] >0,
i=1
and hence we get

d
Re(l —Z)\@) >0, ifAeByor A%z
=1

This implies that for any point A € Bg U (9B4\o(S1,- - ,S4)),

U(I—zd:/\iS;‘) C{weC:Rew > 0}.

i=1
Choose an open set U of C? satisfying By U (9Bg\c(S1,--- ,Sq)) C U, and
d
Re(l — Z)\ﬁi) >0 foreach A €U, z€o(S1, - ,5q).
i=1

This means that for any A € U,

d
U(I—Z)\iS;) C{Rew >0:w € C}.
i=1
Since w™" is analytic on the domain {Rew > 0 : w € C}, we sce that the operator value
function
d —v
A — (I -3 )\iS;*)
i=1

is analytic on U.
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Furthermore, given any f € M+ and A € By, we have

[ee]

d —w ol | |
<(1_;Ais:) F1)=al) 3o ZaNS L) =Y al) Y ST f )

n=0 |a|=n n=0 |a|=n

=3l Y A = () = FON).
n=0 !

lov|=n
Since .,
(I - ; /\isi*)

is analytic in U, it follows that the analytic function

Fo = ((1- ﬁj&sz)_”f, 1)

has an analytic continuation across 0Bg\o(S1, - -, Sq¢). This leads to the desired result.
Using an easy argument, we obtain the following corollary from Theorem 1.

Corollary 1 Let M be an invariant subspace of H2. Then

U {N € OBy : f is not analytic at \} C o(S1,- -+ ,Sq).
feM+

In the classical Hardy space H?(D), by the elegant Beurling theorem, any invariant subspace
M is generated by an inner function 7. Arveson [1] showed that, in this case, o(S) = Z(n) and
0e(S) = Zy(n), where
Zn)={reD:n(\) =0} U{X € T:nis not analytic at A},
Zo(n) = Z(n) N'T.

In higher dimensions, one see a similar result from the above corollary. When the dimension

d > 1, any inner functions 7 on B, is not analytic at any point in OBy (see [14]). Hence, the

function Py, K\ = (1—n(A\)n) K is not analytic at any point in OBg4. If M = [n] is an invariant
subspace of H?(B,;) generated by 7, by the above corollary, a simple argument shows that

o(S1,-,8¢) ={A € Bg:n(A\) = 0} UOBq.

Another important type of invariant subspaces is that generated by polynomials (see [1, 4,
7, 8, 17]). For a polynomial p, let [p] denote the invariant subspace of H2 generated by p. Then
S, = 0 since for any fi1, f2 € [p]*,

(Spfi, f2) = (pf1, f2) = 0.

From S, = p(S1,---,S4), applying [16, Theorem 4.8] shows

0(51,"' 7Sd) c Z(p),



324 K. Wang
where Z(p) = {\ € C?: p()\) = 0}. Combing this fact with Theorem 1, we have

Corollary 2 Let p be a polynomial. Then for each function f € H? and f L [p], f can be
analytically extended across OBy\Z(p).

In the case v = d, H? is the usual Hardy space. It follows from Corollary 2 that f € H?(B,)
has an analytic continuation across B4\ Z(p) if f L [p]. The following example shows that
there exists a function f € [p]* such that f can not be analytically extended across each point
in OB4\Z(p).

Example 1 Consider the invariant subspace [z — w] of the Hardy space H?(Bs). It is easy
to check [z — w]+ = span{(z + w)"; n=0,1,---, }. Let B(z) be a Blaschke product satisfying

that the closure of its zero set contains the unit circle. Then B(Z\J;%") is in [z —w]*, and it can

not be analytically extended across each point in {( e, ‘[ #);0 <6< 2r}.

We will show by the next example that in some cases, for any fixed point in 0B;No(Sy, -,

Sg), there is a function in M+ such that it can not be analytically extended across this point.
Example 2 Fix \g € 0By, and let M be the invariant subspace of H?2 defined by
M ={f e H?: f(€\) =0, where £ € C, |¢| < 1}.
Using the same argument as in Corollary 2, one can verify that
o(S1, -, 8a) S{€r: € €C, [¢] <1}
Applying Theorem 1 shows that f is analytic in B4\{¢)\o : € € C, [¢]| = 1} for any f € M.

It is not difficult to check that the set span{Kgy, : |¢| < 1} is dense in M*. From [11,
Example 2], we have (z, \g)™ L (z, A\g)™ if m # n. It follows that if £ — 0,

1 [e%e]

Kexno(2) — Ko(2) _— T=Gow)® oF (v)

= = . Qr i z)\0>’—>a (2, Ao)
¢ ¢ z:: '

in the norm of H2. Hence (2, \o) € M*. Using the same argument, we have (z, \o)" € M~ for

any n > 0. Since

Kex (2 Z a'€" (2, 00)" € Span{1, (2, Xo), (2, \o)?, -} for any [¢] <1,
n=0

this means
Mt = span{l, (z, Ao), (2, o), - }.

Below, we will show that there is G¢, € M L such that G¢, can not be analytically extended
across the point {oA\g for any & € C, |§| = 1. First, we calculate the norm of (z, Ag)”. Noticing

[Kexoll” = Kexo (X0) = T jepy |£| Z al (¢,

IKenll® = | Z (€ (2, 2o)"

Z €12 lal (=2, Ao)™ 17,
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and comparing the coefficients of [£]?", we get

1
[[{z, X0)"|I” = :
al?

Set

g(w) = Z ntfnn'
2

Then it is analytic in the unit disk {|Jw| < 1}, but it can not be analytically extended across

the point w = 1. Let

Geo(2) = g((2600a)) = 3 28020

— nlnn
Since
1)--. -1
agf)):v(”"i' ) tmn )>E forn>1
n! n
we have
2,£0M0)" H2 - 1 Ly
_ - <z < 0.
HZ nlnn ;::Qag))n?lnzn vénann

This implies that G¢, € M ALO and it can not be extended across the point {yAg.

In the case d = 1,v = 2, H2 is the classical Bergman space L2(D). As in the situation of
the classical Hardy space over the unit disk, Bergman inner functions play an important role
in the study of invariant subspaces of the Bergman space L2 (D) (see [5, 13, 3] and references

therein). A function ® in L?(D) is called a Bergman inner function if

/(|<I>(z)|2 —1)z"dA=0
D

for all nonnegative integers n, where dA is the normalized area measure. There are a number
of references concerning analytic extension of Bergman inner functions. We refer the reader to
[5, 13, 15] and the references therein for detailed results on this problem. Notice that if ® is a

Bergman inner function, then ® L [z®]. Set

Z(@)):{/\E(C:|/\|:1, lim inf @(z):O}U{/\E(C:|/\|<1, B()\) = 0}.

|z|<1, z—X

Then by Hedenmalm [12, Theorem 1.3], the operator S (acting on [2®]*) has spectrum

o(S) = Z(®) U {0}.

As an application of Theorem 1, we come to a well-known result that ® can be analytically

extended across ID\Z(®) (see the above mentioned references).
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