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Abstract The authors consider the problem: —div(qu_) =ul ' 4, u>0inQ,u=0
on 0L, where 2 is a bounded domain in R", n > 3, p: & — R is a given positive weight

such that p € H'(Q2) N C(), A is a real constant and ¢ = -2, and study the effect of the

behavior of p near its minima and the impact of the geometry of domain on the existence
of solutions for the above problem.

Keywords Critical Sobolev exponent, Variational methods
2000 MR Subject Classification 35J20, 35J25, 35J60

1 Introduction
In this paper, we study the following problem:

—div(p(x)Vu) = u?! + Au in Q,
u>0 in €, (1.1)
u=20 on 012,

where Q is a bounded domain in R”, n > 3, p : Q — R is a given positive weight such that
p € H(Q)NC(Q), A is a real constant and ¢ = -2 is the critical exponent for the Sobolev
embedding of HE(Q) into L(Q).

In [4], Brezis and Nirenberg treated the case where p is constant. They proved, in particular,
the existence of a solution of (1.1) for 0 < A < Ay if n > 4 and for A\* < A < A\ if n = 3,
where A is the first eigenvalue of —A on 2 with zero Dirichlet boundary condition and A* is a
positive constant.

In this paper, we extend this result to the general case where p is not constant. The study
of problem (1.1) shows that the existence of solutions depends, apart from parameter A, on the
behavior of p near its minima and on the geometry of the domain €.

Set p, = min{p(z), z € Q}. We suppose that p~*({p,}) N Q2 # 0 and let a € p~*({p,}) N Q.
In the first part of this work, we study the effect of the behavior of p near its minima on the
existence of solution for our problem. The method that is mostly relied upon, apart from the

identities of Pohozeav, is the adaptations to the new context of the arguments developed in [4].
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We assume that, in a neighborhood of a, p behaves like
p(@) = p, + Bele —al® + [z — a|*0(x) (1.2)

with & > 0, B > 0 and 0(x) tends to 0 when x tends to a.

Note that the parameter k will play an essential role in the study of our problem. Indeed,
2 appears as a critical value for k. More precisely the case k > 2 is treated by a classical
procedure, however the case 0 < k < 2 is less easily accessible. Therefore, in this case, we
restrict ourself to the case where p satisfies the additional condition

K < Vp(z).(x — a)
|z —al*

a.e. x €. (1.3)
Let us notice that if p is sufficiently smooth, then condition (1.2) follows directly from Taylor’s
expansion of p near a.

The fact that 2 is a critical value for k appears clearly in dimension n = 4. Therefore, in
this dimension and with the aim of obtaining more explicit results, we assume moreover that
it 0 (x)

0 satisfies fB(a’l) To—aft

prove the existence of solutions.

dxr < oo. Let us emphasize that this last condition is not necessary to

Moreover, in dimension n = 3, the problem is more delicate. Then we treat it in a particular
case; more precisely for p(x) = p, + |z — al*, k > 0.
The first result of this paper is the following

Theorem 1.1 Assume that p € H(Q)NC(Q) satisfies (1.2). Let A1V be the first eigenvalue
of —div(p(x)V.) on Q with zero Dirichlet boundary condition. We have

(1) If n>4 and k > 2, then for every A €0, \{iV[ there erists a solution of (1.1).

(2) If n> 4 and k = 2, then there exists a constant y(n) = %ﬂg such that for
every A €)7(n), \EV[ there exists a solution of (1.1).

(3) If n = 3 and k > 2, then there exists a constant v(k) > 0 such that for every \ €
17 (), AV there exists a solution of (1.1).

(4) If n>3,0<k <2 and p satisfies the condition (1.3) then there exists \* € [5k”72, APV,
where 5k = By min[(diam Q)*=2 1], such that for any A €N, A\{V[ problem (1.1) admits a
solution.

(5) If n >3 and k > 0, then for every X < 0 there is no minimizing solution of equation
(1.1).

(6) If n >3 and k > 0, then there is no solution of problem (1.1) for every A > \{iv.

Remark 1.1 In general, the intervals [5(n), A\{i¥[ in (2) and [5k%2,AfiV[ in (4), may be
empty. But there are some sufficient conditions for which the above intervals are nonempty:

(1) If p, > %ﬁg(diam 2)?, then F(n) < A,

Notice that this condition is always true if n is rather large.

Bkn?
(n — 2)2(diam Q)2’

The second part of this work is dedicated to the study of the effect of the geometry of

(2) If p, > then Bk"; < A

the domain on the existence of solutions of our problem. More precisely, since for A = 0 and
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p € HY(Q) N C(Q) satisfying Vp(x).(x — a) > 0 a.e. in €, the problem (1.1) does not have a
solution for a starshaped domain about a, we will modify the geometry of Q in order to find a
solution. Therefore, let 2 C R™, n > 3 be a starshaped domain about a and let € > 0, we will

study the existence of solution of the problem

—div(p(z)Vu) =u?! in Q.,
(Ie) u > 0 in QE7
w=20 on 0f).,

where Q. = Q\ B(a,¢).

For p =1 and A = 0, the problem (1.1) has been first investigated in [6] and an interesting
result of existence has been proved for domains with holes. In [2], this last result is extended
to all domains having “nontrivial” topology (in a suitable sense). This nontrivially condition
(which covers a large class of domains) is only sufficient for the solvability but not necessary as
shown by some examples of contractible domains €2 for which (1.1) has solutions (see [8, 9, 14]).

In other direction, [13] shows that the solution of [6], on a domain with a hole of diameter
e and center xg, concentrates at the point z. In [10], the author generalized the result of [6]
for the case where u? is replaced by u? + pu®, where p € R and 1 < a0 < gq.

In this work, we consider the case where p € H'(Q) N C(Q) and satisfies Vp(z).(x —a) > 0
a.e. on Q\ {a}. The method we use in this part is an adaptation of those used in [6, 10].
More particularly, we use the min-max techniques and a variant of the Ambrosetti-Rabinowitz
theorem (see [1]).

The second result of this paper is the following

Theorem 1.2 There exists eg = €o(§2,p) > 0 such that for 0 < e < gq the problem (1) has

at least one solution in H}(Qe).

The rest of this paper is divided into three sections. In Section 2 some preliminary results
will be established. Section 3 and Section 4 are devoted respectively to the proof of Theorem
1.1 and the proof of Theorem 1.2.

2 Some Preliminary Results

We start by recalling some notations which will be frequently used throughout the rest of
this paper. First, we define

S = inf V|3
u€Hg (Q),||ull4=1

that corresponds to the best constant for the Sobolev embedding Hg(Q2) < L7(€). Let us

denote by U, . an extremal function for the Sobolev inequality

1
Ug,e(z) = —, z€R".
(e+ |z —al?)="

We set

Uge(2) = ((2)Uge(x), x€R", (2.1)
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where ¢ € C§°(Q) is a fixed function such that 0 < ¢ <1, and ¢ =1 in some neighborhood of

a included in €.

We know from [4] that
K
[Via,ells = Ew? +0(1), (2.2)
K,
| tae ”(21 = —= +0(e), (2.3)
K
=2 40(1),  itn>5,
| ta,e ”% = ij : (2.4)
74| loge| + O(1), ifn=4,
where K7 and Ky are positive constants with % = S, w, is the area of S% and K3 =

Jor T

We shall state some auxiliary results.
For p € C*(Q) or p € HY(Q) N C(Q) and Vp(x).(x — a) > 0 a.e. x € 2, we consider

Jo Vp(2).(z — a)|Vul*dz
Jo lu|?dz '

1

« =
(p 2 ueHE (Q),uz0

We easily see that a(p) € [0, +00[, and we have the following result.
Proposition 2.1 (1) If p € CY1(Q) and if there exists b € Q such that Vp(b)(b —a) < 0,

then a(p) = —oo.
(2) If pe HY(Q) NC(Q) satisfying (1.2) and Vp(z).(x —a) >0 a.e. x € Q, we have

(2.a) If k> 2 andpe CY(Q), then a(p) =0 for all n > 3;
(2.b) If 0 < k <2 and p satisfies condition (1.3), then for all n > 3 we have

k n+k—2\2, . b2

_ R <

Qﬂk( 5 ) (diam 2) < a(p).

Proof We start by proving (1). Set ¢(x) = Vp(z).(x — a), Va € Q and let ¢ € C§°(R™)
= 0 outside the ball

such that 0 < ¢ < 1 on R", ¢ = 1 on the ball {z,|z| < r}, and ¢

{z, |x| < 2r}, where r < 1 is a positive constant.

Set ¢;(x) = p(j(x — b)) for j € N*. We have
o2 4(@)[Vep; (@) Pd

1 Jo q(2)|Vp;(2)Pde 1
a(p) < L) 2 <= -
2 fQ |§0j| dx 2 fB(b,QJ_T) |<Pj| dx

Using the change of variable y = j(x — b), we get
fB(O,Qr) a(¥ + b)|Veo(z)|>dx

2
J
ap) < %
2 fB(O,Qr) |p|?dx

Applying the Dominated Convergence Theorem, we obtain
Ve (@) da
fB(o,Q ) +o(1)

2
J
a(p) < = |q(b)
2 fB(O,Qr) lp|?d




Problem with Critical Sobolev Exponent and with Weight 331

Letting j — oo, we deduce the desired result.
Now we will prove (2.a).

Using (1.2) and since p € C*(2) in a neighborhood V of a, we write
p(@) = p, + Brlz — al* + 61 (), (2.5)
where 0; € C*(V) is such that

lim 01()

r—a |x — a|k

= 0. (2.6)
Looking at (2.6), we deduce that there exists 0 < r < 1, such that
0,(z) < |r—al*, Vae Bla,2r). (2.7)

Let ¢ € C§°(R™) be a function such that 0 < ¢ <1 on R™, ¢ =1 on the ball {z, |z| < r}, and
¢ = 0 outside the ball {z, |z| < 2r}. Set ¢;(z) = ¢(j(z — a)) for j € N*. We have

1 Jo Vp(z).(x — a)|Ve;(z)Pdx

0<a(p) <

2 fQ |90j|2dx
Using (2.5), we see that
e o, A V@R[ @) (o - 0V ()
0<a(p) < — . + -
w== S o, il 2 Sz, 1172

Performing the change of variable y = j(x — a), and integrating by parts the second term of

the right hand side, we obtain

k 2 ) y 2
< alg) < KB Joas WHITEOP s [, O+ 0T 0ITpl) P
B 7 SN R B P

Using (2.7), we write

k 2 & )
0 < ofp) < KB Lo, W IVO(y)[Pdz L1 Lo, WEV (V) y)da
2jk_2 fB(OvW) |<,0|2dx 2jk_1 fB(O,Z'r) |QD|2d:E

Therefore, for & > 2 we deduce that a(p) = 0, and this finishes the proof of this case.
Now, in order to prove (2.b), we need to recall the following Hardy’s inequality, see for
example [7] or [11, Theorem 330].

Lemma 2.1 Lett € R such that t +n > 0, we have Vu € H}(Q)

/ jalJuf?da < ( / .Vl dx.

Moreover the constant ( t) is optimal and is not achieved.



332 R. Hadiji and H. Yazidi

Now we prove (2.b). Since p satisfies (1.3), we have for all u € H}(Q) \ {0},
Jo Vp(@).(z = a)|Vu(2)]de _ ks Jo |z — al*|Vu(z)Pdo
fQ |u(x)|2dx = Mk fQ |u(x)|?dx
By applying the last lemma for 0 < k =2+t < 2, we find
Jo Vp(2).(x — a)|Vu(z)|*dx
Jo lu|?da
This implies that a(p) > &8 (2+5=2)?(diam Q)*~2.

Let us give the following non-existence result.

n+k—2\2 . b2
Zkﬂk(T) (diam )

Proposition 2.2 We assume that «(p) > —oo. There is no solution for (1.1) when A\ <

a(p) and Q is a starshaped domain about a.

Proof This follows from Pohozev’s identity. Suppose that u is a solution of (1.1). We first
multiply (1.1) by Vu(z).(x — a), next we integrate over €2 and we obtain

Auq_1Vu(x).(x —a)dx = — x)|1dx, (2.8)
)\/ uVu(z).(x — a)d =——)\/ |u(z)|*de, (2.9)
/ ~div(p(a) V) Vu(2).(z — a)de = " [ p(a)IVu(a)da
5 [ V@)~ @) Vu(e)Pas
Q
1 Ou |2
- 5/(99p(x)(x—a).1/‘$ dz, (2.10)

where v denotes the outward normal to 0f2.
Combining (2.8), (2.9) and (2.10), we write

—”;2/ p@)IVule)ds — 5 [ Ip(o). (o - 0 Vu(o)Pda

x)|9dx — —)\/ |u(z)|[*d. (2.11)

On the other hand, we multlply (1.1) by 2 —u and we integrate by parts. We get

n—2
ARGl
Q
Combining (2.11) and (2.12), we obtain

/|u |dx——/Vp ).(x — a)|Vu(x)| dx——/ ()%’ (x —a).vdr =0.

If Q is starshaped about a, then (x — a).r > 0 on 912, and

1
)\/Q |u(x)|?dx — 3 /Q Vp(z).(x — a)|Vu(z)>dz > 0.

x)|?dz. (2.12)

It follows that
1 [o Vp(@).(z — a)|Vu(z)*dx

A> =
2 Jo lul?dz

and we obtain the desired result.
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3 Existence of Solutions
Let Q € R™, n > 3 be a bounded domain. In this section, we show that (1.1) possesses a

solution of lower energy less than p,S. We will use a minimization technique.
Set

Jop(@)|Vu(z)?de — X [, |u(z)Pdx

Qa(u) = (3.1)
[l (17
the functional associated to (1.1).
We define
Sx(p) = inf Qx(u). (3.2)
u€Hy ()
u#0

Let us remark that

Sx(p) = inf /p(x)|Vu(x)|2dx—)\/ lu(z)|*da.
ul‘efﬁég) Q Q

The method used for the proof of Theorem 1.1 is the following: First we show that Sx(p) < p,S,
and then we prove that the infimum Sy(p) is achieved.

We have the following result
Lemma 3.1 If Si\(p) <p,S for some A > 0, then the infimum in (3.2) is achieved.
Proof Let {u;} C H}(Q) be a minimizing sequence for (3.2), that is,
[ujllg = 1, (3-3)
/ p(x)|Vu;(z)|*dx — )\/ luj(z)|?dr = S\(p) +o(1) asj — oc. (3.4)
Q Q

The sequence u; is bounded in Hg (). Indeed, from (3.4), we have
[ p@Vu@)Pds = 530+ A [ fuy(@)Pda +o(0)
Using the embedding of L4(Q) into L?(£2), there exists a positive constant C; such that
[ p@)Vu @) s < $10) + A Callus I + 001,

Using the fact that

lujllg =1,

we obtain

/Qp(x)|Vuj (z)2dz < Sx(p) + ACy + o(1).

Since 0 < p, < p(x) for every x € Q, we deduce

/|Vuj Wode < =22~ — S\(p )+)\Cl +o(1).
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This gives the desired result.
Since {u;} is bounded in H{ (), we may extract a subsequence, still denoted by u;, such
that

u; —u  weakly in HJ(Q),
uj — u strongly in L*(Q),
u; — u a.e.on ),

with [Jull; < 1. Set v; = u; — u, so that

v; =0 weakly in H}(Q)
v; — 0 strongly in L*(Q),

v; =0 a.e. on Q.

Using (3.3), the definition of S and the fact that minp(z) = p, > 0, we have
Q

/mememzms
Q

From (3.4) it follows that Al|ul|3 > p,S — Sx(p) > 0 and therefore u # 0. Using again (3.4) we

obtain
/Qp(ﬂf)IVU(x)lex + /Qp(x)ij (2)|*dz — /\/Q |u(z)[*dz = Sx(p) + o(1), (3-5)
since v; — 0 weakly in H}(2). On the other hand, it follows from a result of [5] that
[+ ;1§ = lullg + llv;lIg + o(1)
(which holds since v; is bounded in L9 and v; — 0 a.e.). Thus, by (3.3), we have
L= [lullg + llv;ll§ + o(1)

and therefore
1< JJull? + [Jo; 12 + o(1),

which leads to
1
1< [Julld + —/ p(x)|ij(a:)|2dm + o(1). (3.6)
poS Q

We distinguish two cases:
(a) Sx(p) > 0, which corresponds to 0 < A < AV,
(b) Sx(p) < 0, which corresponds to A > A1V,
In case (a) we deduce from (3.6) that
(p)

Su(p) < Sl + (2

¢ )/Qp(x)|ij(x)|2dx+0(1). (3.7)
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Combining (3.5) and (3.7) we obtain

/p(x)IVu(%)l2 —AIU(%)IQdJGﬂL/p(ﬂf)Iij(x)Ide
Q Q

Sx(p)
PeS

< s\l + (2E) [ p@Ive@)Pds+ o).

Thus

2 2 2 Sx(p) 2
[ p@Va@) s = [ ju@)Pds < S\@)ul + [25 - 1] [ p@)[Vey@)Pds + of0).

4]

Since Sx(p) < p,S, we deduce
/Q p()| Vulz) 2dz — A /Q () Pz < S5 (p)Jul2. (3.8)

This means that « is a minimum of Sy (p).

In case (b), since [|ul|2 < 1, we have Sx(p) < Sx(p)[lul|2. Again, we deduce (3.8) from (3.5).
This concludes the proof of Lemma 3.1.

To prove assertions (1) and (2) of Theorem 1.1 (case k > 2), we need the following

Lemma 3.2 (a) For n > 4, we have
Sx(p) <p,S for all X >0 and for k > 2.
(b) Forn =4 and k = 2, we have
Sx(p) < p, S for all X > 4/5.

(¢) Forn>5 and k = 2, we have

(n—2)n(n+2)

Sx(p) < p, S for all X\ > 1)

Ba.
(d) Forn=3 and k > 2, we have

Sx(p) < p,S  for all X > ~y(k), where y(k) is a positive constant.

Proof We shall estimate the ratio Qx(u) defined in (3.1), with © = g ..

We claim that, as € — 0, we have

2

e 25 / ()| Vtta.. ()2
Q

p0K1—|—O(5n52) ifn>4andn—2<k,

p0K1+Ak€§+o(5§) ifn>4andn—2 >k, (3.9)
< n2 e

po K1+ ("_2)2(5"‘24'12)%5 2 |loge] o(e"z |loge|) ifn>4andk=n—2,

o K1 + 202w, e|loge| 4 o(e]loge|) ifn=4and k =2,

with Ky = (n—2)2 [

1 2 . n— . k42 .
o Tamyedy, s = min(%, 252), A, = (n = 2)*By [o,. qimy=de and M is

29
a positive constant.
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Verification of (3.9)

Casel n>4and k>0, with k#2ifn=4

‘We have
[ @IV e [ PPl
I e e e e A o
oy [ MY )
2 2)/9 et lo—afyrt “

Since ( = 1 on a neighborhood of a, we assume that ¢ = 1 on B(a,l) with [ being a small
positive constant. Therefore we get V|2 =0 on B(a,l) and Vo(z).(x —a) = 0 on B(a,l).

Thus, we obtain
. P()IVE(E)P? e [ PP — aP
JreTuctabas= [ et + (=27 [ R p e

o p(@){(2)V((z)(x —a)
8 2)/9\B<az> C+le—apy (310

Therefore, applying the Dominated Convergence Theorem, (3.10) becomes

/Qp(a:)|Vua7e(a:)|2dx —(n— 2)2/521’(2’)'4(“)' e —al® 4 o).

e+ |z —al?)

Using (1.2), a direct computation gives

n-2 |z —al?

€2 p(x)| Vg, (x 2de = n—22p05n7_2/ ————dx
| p@)Vo (@) do = (0 =2 Ressrer-

k2
+(n—2)%"= /Q—(!i |x(l_|a|2)ndx
I — alFt20(x
+(n—2)%"7 %
I s (R
(e+ |z —al?)"
+0(E" )

Using again the definition of ¢, and applying the Dominated Convergence Theorem, we obtain

n—22 n_2 |x o a|2
‘/Q ’ Q (6 + |33 — a|2)

n—z |z — a|Ft?
+(n—2)2: /—
(=20 B | T le—aPy

n—2 — k+20($) n—2
_gyzpne [z aT0) nzy
+(n—2)% /Q(E—l—|x—a|2)”dx+o(g )

Here we will consider the following three subcases:
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1.1 Ifn—2>Fk,

n—2

gz /Qp(x)|Vua,€(x)|2dx

n—2 |x — a|2 |z — Cl|2
=p,(n—2)%"2 {/ — —dx —/ —dm}
° g (€4 |2 —al?)” g\ (€ + ]z —al?)"

e [ e —aFR(B+0@) [ - al(G +0())
= (-2 {/n C+lz—aP)" /\ EarE

Using a simple change of variable and applying the Dominated Convergence Theorem, we find

noz ly|> ) ly**2(Br + 0(a + e7y))
e 2 [plx Vua,erdx:p/7+n—2 €
[r@IVus @B =p, | 2t =2yt [ MO e

The fact that 6(z) tends to 0 when z tends to a gives that

[SES

dy—i—o(sg).

o5 / (@) Vita o ()P = py K1 + A5 + o(eh),
Q

with
Ky =(n- 2)2/ idy and A = 5k/ ﬂdy
re (L+[y2)" ’ re (L+[y2)"

1.2 Ifn—2<k,

S L o e
€ p(z)|Vug e (z)|“de = p, K1 + (n — L€ ——-dr
Q ’ o (e+[z—al?)"

n—2 — k+20($) n—2
_gyzpne [z aT0) nszy
+(n—2)% /Q(E+|x_a|2)ndx+0(s )

Since € is a bounded domain, there exists some positive constant R such that Q C B(a, R) and
thus

|z — al**2 (B, + 0(x))
(e+ |z —a?)"

n—2

57 / (@) Vit o (@) Pdz = p, Ky + O(e"2) + (n — 2)27 [/
Q B(a,R)

B / |z — al*T2(B, + H(x))dx] .
B(a,R)\Q

(e+ |z —af?)

dx

By a simple change of variable, we get

n

o n—2
5 [ @)V e@) P =, 6+ (n =277 :
/Q o B(0,R) (e +1yl?)

|y|k+2(ﬂk + 0(0“ + y))dy + 0(6"52).

Using the definition of 8 given by (1.2), there exists a positive constant M such that

n—2 |k)+2

n-2 ly
€2 vaua,e$2d$§pf(1+ TL—22€2 ﬁk—f—M/ L
/Q @NVtes @l <p o+ 0= T @) [ e

dy+0(6%).

Applying the Dominated Convergence Theorem we deduce that

n—2

° / P(0)| Vitge (@) Pde < p, Ky + O(e"7")
Q
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and this completes the proof of (3.9) in this case.
1.3 Ifk=n—2

_ x—al|”

% [ Vel =y 1+ (0= 220,00 [

sz [ |o—a"0(x) -

dx

Since € is a bounded domain, there exists some positive constant R such that Q C B(a, R) and
thus

n—2

72 / p(x)|Vua,6(x)|2dx _ poKl + 0(8”772) + (n o 2)28“7’2 [/ |5E - a|”(ﬂn72 + e(x))dx
Q B(a,R)

Ctle—ap)r
& — " (Bus + 0(x))

— dx|.

/Bm,R)\Q E T

Hence

n—2

n—2 |x — a|n(ﬂn72 + 9(%)) n—2
€z ()| Vg (x)Pde = p, K1 + (n — 2)%¢ 2 / dr 4+ O(e 2
J R R e e At (

Using the definition of 6 given by (1.2), there exists a positive constant M such that

252 / (@) Vit . ()2
Q

poK1+(n—2)2(ﬁn_2+M)a"T‘2/ ( e ) (3.11)
B(a,R)

e+ |z —al?)

On the other hand, an easy computation gives

_ Aln e R 2n—1
n=2 / |fE a| S e I FOR wnETz / %d’f’
B(a,r) (€ + |z —al?)" o (e+r2)"

) R 2\n\/ -
= ﬁ5%/ 7((6+r )") dr+0( ),
0

2n (e+r2)n
no2 |z —al|® =
ez ———dx=—¢" 7 |10g£| +o(e" T |10g£|) (3.12)
/B(a r) (€ + |z —al?)" 2
Inserting (3.12) into (3.11) we obtain
(n —2)*(Bn—2 + M)

_/ P(@)|Vita.c (@)Pde < p, Ky + “e7* | loge| + o(e " | log ).
Q

2
Case2 n=4and k=2

As we have announced in the introduction, we assume in this case the following additional
) dx < co. We have

_0(z)
To—alt

[ p@)|V¢(x)? p(@)[¢(x)]*|z — af?
Ap(x)|vu“75|2dx_/Q—(g—i—|x—a|2)2dx+4/9 Ctlo—aPy? dz

[ P@X@ V@)@ —a)
+f dz.

(e + |z —al?)?

condition on 6: fB(a 1y
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Using (1.2) and the fact that ¢ = 1 near a, it follows that
[¢(2)P|z — af? / (@) |z — al*
)|V, |?de = 4 / = dx+4 = dz
fpnven o =an, | T s +ain |
—ale
+ 4/ de +0(1)
Q

e+ |z —al?)t
[ WP [ el 0)

e Jre (L+[y?)* o (et+]r—af)?

dr 4+ O(1).

Since fB(a,l) %dm < 00, we obtain

a0 [ @)
/Q da:—/Q dz +o(1) = O(1).

(e+ |z —af?)* |z —al!

Consequently

4 l? =
Vi . [2de = / gy +4p, [ ——U_dz 1 0(1).
JypTacln =22 | o 0 s+ 00)

Let R; > 0, ¢ = 1,2 such that

[ NI g S | ot
z < T < x
o—al<R, (€ + ]z —af?)? o (e+ |z —al)! o—al <R, (€ + ]z —af?)?

We see that

|z — al* /R 7
—dr = w - dr
/lm—a|§R (e + |z —al?)* o (e+r2)t

1 R 2\4\/ R 3 332 3 4
:—w4/ ((e—i—r))dr_ 4/ red + 3roe? + 3er dr
8 o (e+1r2)* o (e +1r2)*

R
1 L4363+ 385
:§w4|log5|—w4/0 Wdt+0(1)

1
= §w4| loge| + O(1).

Hence, we have

K
/Qp(x)|Vua,€|2dx = ]% + 2fsw,|loge| + O(1),

where K1 = |, Jul?

- Wdy. This completes the proof of (3.9).

Let us come back to the proof of Lemma 3.2.

It is convenient to rewrite (3.9) as

p, K1+ o(e) ifn>5and k > 2,
po K1+ Aze + o(e) ifn>5and k=2,
ez / p(2)|Vugc|?de <  p, K1 + Ak_sg +o(e*?) ifn>4and k<2, (3.13)
. P I1 + o(e) ifn=4andk > 2,
Py K1+ 2w, Bae|loge| 4+ o(e]loge|) if n=4and k = 2.
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Combining (3.13), (2.3) and (2.4), we obtain

pOS—)\%E—I—O(E) if n>5and k > 2,
pDS—()\—C)%e—FO(e) ifn>5and k=2,
Sa(p) < Qa(uae) < S p, S+ A, e% +o0(e%) ifn>4and k<2, (3.14)
Dy (e|logel) ifn=4and k > 2,
Py & [)\ 4ps)e|loge| + o(e|loge|) if n =4 and k = 2,
with C = 42 = 752“4(?”1(;”2)

Assertions (a), (b) and (c) of Lemma 3.2 follow directly for ¢ small enough.
Now we prove (d) of Lemma 3.2 (case n =3 and k > 2). We will estimate the ratio

Jo P(@)|Vuldz — Nul3
[l

Qa(u) =

with

¢(r)
(e +12)2’
where ( is a fixed smooth function satisfying 0 < (<1, =11in {z, |z —a| < %} and ( =0 in
{z, | — a] > R}, where R is a positive constant such that B(a, R) C Q.

We claim that, as ¢ — 0,

u(x) = ug o(r) = r=lz|, e >0,

R
/ (@) Vit o () Pz = P 3 /0 (po + Bur®)| ¢ () 2dr

R
+w3k/ IC|2rF=2dr + o(1). (3.15)
0
And from [4], we already have
2 IO r 1
IVacllz = — +ws ; [¢'(r)[*dr + O(e?), (3.16)
K 1
luaclls = —5 +O(*), (3.17)
R 1

ol =, [ C)dr+ 02, (3.18)

0

where K and K3 are positive constants such that % = S and w, is the area of S2.

Verification of (3.15) Using (1.2), (3.16) and the fact that ( =0 in {x, |z — a| > R}, we
write

/mmwmqu— 3%/|unmr

COE 200 () | 20 ] 4 ,
s / €+7“2 (e412)2 +(£+r2)3}r Pdr +0(e?).
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The fact that ¢ = 1 in {z, |z —a| < £}, ¢’(0) = 0 and ((R) = 0 gives

k+3 R 2k+2 R r 2rk+4
_2/ TP L Y (s

47 4P
Consequently
R / 2 k+2
[ rNTc@Pde =25 s, [0 v [ O
K |2 k+4 K |2 k+2 %
3wﬁ/ e dr (k—|—3wﬁ/ REETEIEE dr 4+ O(e?).

Applying the Dominated Convergence Theorem, we get the desired result.
Combining (3.15), (3.17) and (3.18), we obtain

R R
Qu(tta,e) = p,S +w, | /0 (py + Ber®)[C(r)]Pdr + K3 /0 ¢ (r)[2r+2ar
R ) 6%
YA (r)dr}z +0()
Thus,
w, [ C)dr [ [y + B () Pdr + k[T 1C(r) 2R 2dr .
ae) = OS 0 0 0 —Alez
Qx(Ua,c) = P, S + e [ f0R|§(r)|2dr }e
+0(e). (3.19)

Set

S + B (r) P + k6 Prt=dr

D(k,() = fOR |C(7”)|2d7”

and (k) = inf D(k. ).
where H is defined by

— R
Z{CECSO(Q), 0<(¢<1,¢(=1in {x, |z — al <§} and ¢ =0 in {z, |m—a|ZR}}.
This finishes the proof of Lemma 3.2.

Now, we go back to proof of assertion (3) in Theorem 1.1 (case 0 < k < 2).

First of all, let us emphasize that if the domain ) is starshaped about a, the assertion (3)
is more interesting. Indeed, it gives a better estimate of the least value of the parameter A over
which there is a solution to problem (1.1).

In the case of a non-starshaped domain, combining the fact that Sy(p) = p,S with the
properties of Sy(p) (see the proof of Lemma 3.4), we have that there exists A* € [0, \{1Y]
such that for all A €]A\*, \8iV[, the problem (1.1) has a solution. Note that we have no other
information on \*.

Therefore, throughout the rest of this proof, we assume that the domain € is starshaped
about a.

We need two lemmas. Let us start by the following
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Lemma 3.3 Assume 0 < k < 2. Then there exists a constant B, = fy, min|[(diam Q)2 1]
such that
2

Sx(p) =p, S for every A € } — 00, Bk%} (3.20)

n2

and the infimum of Sx(p) is not achieved for every \ €] — oo, B |

Proof We know from (3.14) that
Sa(p) < Qx(uge) <p,S+ Ak_sg + O(E-I%) with A, being a positive constant.

Thus
Sx(p) < p,S.

On the other hand, we know from Lemma 2.2 and Proposition 2.1 that for 0 < k < 2, for
every A < &3, (%E=2)2 (diam Q)72 problem (1.1) has no solution. So we exclude the case
Sx(p) < p,S; otherwise, Lemma 3.1 will yield a contradiction.

We conclude that for 0 < k& < 2, we have

k E—2\2
Sx(p) =p,S for every A < Eﬁk (%) (diam Q)*~2. (3.21)
Now, we consider p defined by
p(z) = p(z), Vo e\ Ba,r),
P(x) = p, + Bulz —af?, Vae B(a,g), (3.22)
p(x) > pla), VxeB(a,r)\B(a, g),

where r < 1 is a positive constant.
Since 0 < k < 2, we have |z — a|* > |z — a|? for every x € B(a,r) and p(z) > p(x) in Q.
Let u € H}(Q) with ||ul|, = 1. Then

plx Vu(z de — u\x 2 i plx Vu(z de — u\x de.
Thus

| r@vu@Ps = [ ju@Pde = [ (p+ 50~ p,) Vala) s

2 L[ - 2
—/\/Q|u(x)| da + 5/9(;9(3:) ) V(@) 2de. (3.23)

Set p(x) = p, + 5(Px) = py)-
From (1.3) we deduce that

p(x) —p, > Pelr —alf  ae. in Q. (3.24)

Using (3.22) and (3.24), a simple computation gives p(z) — p, > Bl — al? ae. in ©Q, with
B = B min[(diam Q)%~2,1].
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Applying Lemma 2.1, we find

6@ =)Vt Pds > B [ jute)d.

Inequality (3.23) becomes for every u € H}(Q),

. . 2
/p(x)|Vu|2dx—)\/ |u|2dz 2/ﬁ(x)|Vu|2dx— (A—ﬁkn—)/ lu|2dz.
Q Q Q 8 Q
Thus, we find

S\p) > it [/Q;%(xwuﬁdx— (A—B,%Q) /Q jufde].

2

On the other hand A — §k§ < %Bk% since A < Bk”{, so by (3.21), we conclude that

||ui|\rif:1 {/Q]%(a:)|Vu|2dx — (/\ — Bk%z) /Q |u|2dx} =p,S.

Hence, (3.20) follows.
Now, we are able to prove that the infimum in (3.20) is not achieved. Suppose by contra-
diction that it is achieved by some ug. Let d be such that ﬂk%z > > A. Using ug as a test

function for S5, we obtain

|Vuo|*dz — 6 [, |uo|*dx _ Jo p(@)|VugPde — X [, Juo|*dx

Jop(z)
Ss(p) <
®) e e

and thus S5(p) < Sa(p) = p,S. This is a contradiction since Ss(p) = p,S for § < Bk%z
The second lemma on which the proof of assertion (3) in Theorem 1.1 is based is the following

Lemma 3.4 There exists \* € [ﬁk%z, V[, such that for all X\ €JN*, AV we have
Sx(p) < pyS.

Proof The proof is based on a study of some properties of the function A — Sy(p). We
have lenv (p) = 0. Indeed, letting ¢; be the eigenfunction of div(pV.) corresponding to A{iV,

we have
[ p(@)|Vr|2dz — AP [ |1 |2da
(f |1 |ada) s

Moreover, A — Sy(p) is continuous and Sakﬁ (p) = p,S. Then according to the Mean Value
4

SXIHV <

=0.

Theorem, there exists (3 E]ﬁk%z, A$V[ such that 0 < Sg(p) < p,S. But the function A — Sy (p)
is decreasing hence VA € [3, \{V] we have Sy(p) < p,S, and the lemma follows at once.

Now we have all the necessary ingredients for the proof of Theorem 1.1.
Proof of Theorem 1.1 Concluded Concerning the proof of (1)—(4) of Theorem 1.1, let
u € H}(Q) be given by Lemma 3.1, that is,

llullq =1 and /Qp(x)|Vu(x)|2dx—)\/Q|u(x)|2dx=S>\(p).
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We may as well assume that v > 0. Since w is a minimizer for (3.2) there exists a Lagrange

multiplier ;¢ € R such that
—div(pVu) — du = pu?™"  on Q.

In fact, p = Si\(p), and Sx\(p) > 0 since /\ < A{V. Tt follows that yu satisfies (1.1) for some
appropriate constant v > 0 (v = (Sx(p )) Z). Note that u > 0 on Q by the strong maximum
principle.

Now we prove the assertion (5) of Theorem 1.1. From (3.14) and since A < 0 we have

PoS < Sa(p) < Qa(ta,e) < poS+o(1).

Hence Sx(p) = p,S and the infimum is not achieved. Indeed we suppose that Sy(p) is achieved
by some function u € H} (), in that case

S\(p) :/Qp(a:)|Vu(x)|2dx—/\/Q|u(a:)|2dx, with [[ufl, = 1.

Using the fact that S is not attained and since A < 0, we deduce

DS < P, /Q |Vu(x)|2dx < Sx(p) =p,S-

Then we obtain a contradiction.
Finally we prove assertion (6) in Theorem 1.1. Let ¢1 be the eigenfunction corresponding
to A1V with 1 > 0 on Q. Suppose that u is a solution of (1.1). We have

- / div(p(z) Vu(z))pr (x)dx = A / u(z)pr (z)de
Q Q

N /Quq_l(x)%(x)dx + /\/Qu(x)sal(x)da:.

Thus
AV / u(z) 1 (z)dz > A / x)dr and AT >\

This completes the proof of Theorem 1.1.

4 The Effect of the Geometry of the Domain
Let Q C R™, n > 3, be a bounded domain. We study the equation

—div(p(z)Vu) =u?! in Q,

u>0 in Q, (4.1)
u =0 on 012,
where ¢ = 2% and p: Q — R is a positive weight belonging to C(Q) N H}(Q).

We assume in this section that p is such that Vp(x).(x — a) > 0 a.e. x € Q and we set

P, = pla).
Let us start by the following non-existence result.
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Lemma 4.1 There is no solution of (4.1) if  is a starshaped domain about a.
Proof This follows from Pohozaev’s identity.
Suppose that w is a solution of (4.1). We have (see Proposition 2.2 for A = 0)

Ou |2
/QVp(x).(x —a)|Vu(z)*dx + /8 p(x)[(z — a).V] 5’ dx = 0. (4.2)

Q

Note that (z —a).v > 0 a.e. on 0 since €2 is starshaped about a.
Since Vp(x).(x —a) > 0 a.e. z € Q, we deduce from (4.2) that % = 0 on 09, and then by

(4.1) we have
[ @ = [ aivip@va@yis = [ Fhas=o.
Q Q 90 ov
Thus

u=0.

Suppose that €2 is starshaped about a. In view of Lemma 4.1, we will modify the geometry of
2 in order to find a solution of problem 4.1. For an ¢ > 0 small enough, we set Q. = Q\ B(a,¢).

We investigate the problem (4.1) in the new domain 2., and, throughout the rest of this
paper, we shall denote this new problem by (I.).

Since p is a continuous function, it follows that V0 > 0, 3ry > 0 such that Vo € 3, where
_0_
28%
Throughout the rest of this section, 6 > 0 is fixed, small enough, and rq > 0 is given as the

Y designates the unit sphere of R™, we have |p(a + ro0) — p,| <

previous definition.
We recall the main result of this section which we have already stated by Theorem 1.2 in
the introduction.

Theorem 4.1 There exists eg = €o(2,p) < 1o such that for every 0 < & < g, the problem
(I.) has at least one solution in H ().

In order to prove Theorem 4.1, we need to apply the following result (see [1]).

Theorem Al Let E be a C' function defined on a Banach space X, and let K a compact
metric space. We denote by K* a nonempty subset of K, closed, different from K and we fiz
ffeC(K*,X).

We define P={f € C(K,X)/f = [f* on K*} and ¢ = }n%supE(f(t)).
€Ptek
Suppose that for every f of P, we have

max E(f(t)) > max E(f(t)).

Then there exists a sequence (u;) C X such that E(u;) — ¢ and E'(uj) — 0 in X*.

We consider the functional

1

Blu)= 4 / p(a)|Vu(z) Pz — % / ().

€ €

In addition to Theorem A1, the proof of Theorem 4.1 requires the following result (see [3] and
[16, Proposition 2.1]).
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Theorem A2 Suppose that for some sequence (u;) C Hi(Q.) we have E(uj) — ¢ €

11(p,9)%,2(p,S) 2| and dE(u;) — 0 in H='(Q:). Then (u;) contains a strongly convergent

subsequence.

Now, we return to the proof of Theorem 4.1.

We shall need the following functions:

I HNQL) — R, F(u):/ p(a:)|Vu(x)|2dx—/ ()| 2da.

€ €

FHLQ.) — R, F(u) = (p,5)"# / p()| V() P

Qe
We have the following result.

Lemma 4.2 For every neighborhood V of Q. there exists n > 0 such that if u # 0, T'(u) = 0
and E(u) < 2(p,S)?% + 2n, then F(u) € V.

Proof We proceed by contradiction. We assume that there exists V' a compact neighbor-
hood of €. not containing a, such that Vj € N*, we have
1 no 1
uy£0. () =0, E(w)< ~0,8)F +5. Flu) V.

Since I'(u;) = 0, we see that

)| Vu;|2dx\ 2
/ p(2) Vg 2 = / g 9dz, / p<x>|wj|2dx:(f“€p( NV ) .
Q. (IQE |ujladx)a

€ €

Consequently

Blw) =5 [ p(@)|Vu(o)Pda.

€

Using the definition of u;, the fact that p, = ming p(z) and the definition of S, we write

1 (po Jo. |Vuslde

n 1
2 (p 5)5 + =
(Jo, lujl7dz) ’ J

S|

L(p,5)% < ) < B(uy) <

n n
and we deduce

/ p(2)| V()P = (p,5)% + o(1).

€

Applying [6, Theorem 2] (see also [12, Lemmas 1.1 and 1.4]), for a subsequence of (u;); still
denoted by (u;);, there exists xg € Q. such that

p(@) Vi |* — (9, 8) Ebay,  J — 00,

where the above convergence is understood for the weak topology of bounded measures on Q.
and where §,, is the Dirac measure at xg.

As a consequence, F(u;) € Q. C V, and this contradicts the hypothesis.

Let Ry > 0 such that B(a,2Ry) C Q.
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For k € N, let ¢, € C*°(R™,[0,1]) such that
or(x) =0, if|z—a| < 4}1€ and if |z — a|] > 2Ry,
or(z) =1, if 2—]12 < |z —a|] < Ry.

We consider the family of functions

2 (2) [ 1—t }"7_2
uf (x) = ,
K (I1—-t)2+4 |z —a—to|?
where ¢t € [0,1], o € ¥ and ¥ denotes the unit sphere of R™.
We see easily that [, |Vuf|*dz and [, [uf|9dz are independent of ¢ € [0,1[ and of o € X.

We also have )
/ |vug(x)|2dx:s(/ [uf (@) |dar)”
]Rn n

o (L= k™ pu(a)
vi () = )
(1 =t)2+ |k(z — a—troo)|?) =2
We remark that v, € Hj(Q:). For r > 0, let g(r) = E(rvy,). Then rg'(r) = T'(rvf,),
g(r) — —oo, when r — +00, g(0) = 0 and g(r) > 0 for » > 0 small enough.

We set

We conclude, from the above, that g reaches its maximum at

fQ |Vvt k|2d33 2

> 0.
fQE |Ut,k|qu
We set wy, = rvy,. We have
Lemma 4.3 The following two statements are true:
(a) V6 >0, Fko > 1 such that Vk > ko then
]. n
VoeX and Vt€[0,1], E(wy) < E(pOS)f +9);

(b) Vao >0, I > 0 such that p <t <1 then

1 n
Voe¥ and Vk>1, E(w) < (pOS)5 +a and |F(w]y) — (a+reo)| < .

Proof Before proving this lemma, let us remark that the function vy, corresponds to the
function uq,. defined in the beginning of this paper, so for more details of calculus we refer to
Section 2.

We start by proving the assertion (a). Let ¢t € [0,1[. We have

L1 1
Pt =5 [ piuifas -3 [ uisie = [ poiigas - [ iy

Using the definition of r, the definition of ¢ and applying the Dominated Convergence Theo-

rem, we obtain, as k — oo,

n n k(z—a—troo)|?
r (n—22(1 -2 P(o) (=it e ety

2
{—2-<\:r al|<Rgy}

E(wfy) = +o(1).

2
q

S

[k (n = 2201 = )" [

— dx}
{

1
k2<‘1 al<Ro} ((1=t)2+|k(x—a—troo)|?)
2
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k(z—a—troo)

T , we see that

By the following change of variable y =

n
2
1 trg kRg m

{ora—p " T-fslvIST—¢+1-¢)

+ o(1).

-~ 2
[(n—2)2f p(w-i-a—i—troa)%dy

BN

| )

1 _ trg . kRg trg
logamp ~ToeSWvIs T +1=¢}

1
e %Y

Applying again the Dominated Convergence Theorem, we deduce, as k — oo, that
2 n
1 [ (n = 2)%p(a+ tro0) fon s dy

E(wfk) = l 5
1 q
[ e T

n

+o(l) = %(p(a +troo)) 2 S% + (1),

Now, using the definition of r¢, a simple computation shows that V4 > 0, kg > 1 such that

Vk > ko, we have

1 n
E(wf;) < E(POS)Z +4,

which finishes the proof of (a).
Now we return to the proof of (b). Let k € N*. We have

1 1 2 q
Bin) = [ p@Vugfdo - [ jugtde =" [ p@ Voo - T [ o
’ 2 Ja. ' qJo. 2 Ja. ’ qa Ja.
Looking at the definition of p; and r, we easily see, as t — 1, that
n n |k(a: a— tTOU)|2 bl
1 k(n_2) (1_t QI]R” 1—t)2+|k(z—a—troo "d _
E(“’Zk) _ E [ (( —1)2+[k( tro )2| ) + O((]. N t)n 2).
n 1
{k Q=8 Jon (TG —atroaTT" dm}

k(z—a—troo)

By the change of variable y = T

, we get

n
2

+O((1 —t)"?),

(—=t)y ly[?
1[(n=2)? [ p(F2 + a+ troo) qrtmmdy
E(wg,k) _ = [ 2 (1+]y[?)
1 q
[ o Ty

n
Applying the Dominated Convergence Theorem, we obtain

n
2

+0((1 -1,

ly®
. 1 (n — 2)2p(a + roo f]R” 1+ = dy
[fw T dy}

= %(p(a +790)) 28T +O((1 —t)"2).

Using the definition of ry, a simple computation shows that Va > 0, 3u > 0 such that Vu <
t < 1, we have

On the other hand

F(ufy) = 0,8)F [ apl@)Vugu(o)Pde = (0,8)F* [ ap(a)|Tof(o)Pde
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By the definition of vy, and r, we write
|k(z—a—troo)|? d{E‘| qf—g

((1 t)>+|k(z—a—troo)[?)"

(1-1) 'fR” ((1_t)2+|k(m—a—”0”)|2)nd
|k(z —a —tryo)

x (1 —1)""2k"(n — 2)? / zp(x) (1 =1)2 4+ |k(x — a—troo)|?)

[(1—t)" 2(n—2)? [o. p(

2
| —dz +o(1 — ).

k(z—a—troo) giVQS

The change of variable y = T
2 2
. —2)2 f]R"p((li]gt)y + a—H?‘oJ) 1erl —dx]
F(wf,k) = (p,S)" 2 [ f — (A+[y»
R (TP 42

(1-t)y (1—t)y 2
R t 2 t
% (TL 2)2/ ( k —|—Cl+ roa)p( k +a+ TOO.) |y| d$+0(1—t)

(1 +y?)™

Applying the Dominated Convergence Theorem, we deduce that

q

) n—2)? n 1‘y7‘22nd 2
F(wzm:(po&?<p<a+roa>>’z‘[( S e "N (a4 r00) +o(1 — 1),
[ i iy

= (p,S) "2 (pla+100))2S8% (a4 roo) +o(1 —1t).

Using the definition of ry we get the desired result
Consequences Let V be a compact neighborhood of €. not containing a. Let 0 < n < 1
small enough, which corresponds to V' as in Lemma 4.2, verifying roo + £ # a for |o| = 1 and

la — & <.
By Lemma 4.3, there exists ky > 1 such that
(4.3)

VoeXx, Vie|0,1].

Remark 4.1 We choose g9 = £0(€2,p) < R small enough and such that V0 < e < gg we
have {z ||z —a| <e} ¢ V.

We fix A > 1, large enough such that E(Awy, ) < 0, Vo € ¥, Vt € [0,1[. In order to
apply Theorem Al, we define the sets K, K* and the function f* as K = [0,1] x B(a,ro),
K* = 0K =[0,1] x 9B(a,r0) U{0,1} x B(a,r) and f*: K — Hj(Q), f*(s,troo) = Aswy,,

The conclusion of Theorem 4.1 follows from the next

Lemma 4.4 We have
1

sup E(f) > —(p,5)* +2n, VfeP.
K

3

We postpone the proof of Lemma 4.4 and we complete the proof of Theorem 4.1. From

(4.3) we have

o o 2 K
r?zac})(E(mt’ko) = BE(wy,) < E(pOSV -n, YoeXx, Vtelol]
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From assertion (b) of Lemma 4.3 there exists p > 0, we fix to €]u, 1] such that

1 n
max E(rvy, x,) = E(wg k,) < ﬁ(pOS)Z +n, Voel.
Then .
max E(f*) < —(p,5)2 +n and supE(f") < (pOS)%
oK n K

So, by Lemma 4.4,

(p,S)2 +2n > 5(2905)2 +n>supE(f")

S|

sup E(f) =
K

and

_ 1 ) 2
C—;g;g;E(f)G —(pa5)%, —(py5) [

Applying Theorems Al and A2, we obtain the conclusion of Theorem 4.1.
Proof of Lemma 4.4 We argue by contradiction. Suppose that there exists f € C(K,

H}(Q.)) with f = f* on K, and E(f(s,£)) < 2(p,S)% +2n, V(s,¢) € K.
We consider the function G : K — R"*!, defined by

G(s,6) = (s, F(f(5,6)))-
We will prove that

deg(G, K,(A\"1a)) = 1. (4.4)
The map H : [0,1] x K — R"*! defined by

H{(t,s,6) = tG(s,§) + (1 = 1)(s,€) = (s, tF(f(5,8)) + (1 = 1)E)

is a homotopy between G and Idg, where Idk is the identity application of K.

To get (4.4), we start by checking that (A%, a) &€ H(t,0K).

If not, there exists (s,&) € K such that H(t,s,£) = (A\71,a), as a consequence s = \7!
and @ = tP(f(A"1,)) + (1 — )€ = t(F(uf, ) — ) + &

Since s = A™! €]0, 1[, we have § € dB(a,rq). But, since |F(w , )~ (a+7r90)] <n, Vo €%
(see Lemma 4.3), the fact that ¢(F(wg, ;) —§)+§=a, € 0B(a,r0) leads to a contradiction.
Then, we deduce that (A\™1,a) € H(t, 0K ) and consequently Vt € [0, 1], deg(H (¢, - ), K, (A™1,a))
is well defined.

We consider the following sets:
Kt ={(s,€) € K|T(f(s5,€) > 01U (0,§), K~ ={(s,6) € K|T(f(s,€)) <0},
K° ={(s,€) € K | T(f(s,€)) = 0}.

If (s,&) € OK then we have f(s,§) = f*(s,§) = Aswy, ; and

T(f(5.€)) = (s))? /

[ @IVt 4, (2)d = (52" / ], (2)|0d,

T(f(5.€)) = [(s1)? — (s\)7] / p()| Vg, 5, (@) .

€
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Since er p(@)|Vwg ;. (z)]?dx > 0, we see that

If (5,€) € OK and if 0 < s < A7, then (s,£) € K™; (4.5)
If (5,&) € 0K and if \™' < s <1, then (s,&) € K~; (4.6)
AL eKY, VYeEedB(a,r). (4.7)

Let (s,£) € K°, we have I'(f(s,&)) = 0. Moreover, since E(f(s,€)) < =(p,5) % + 2n, looking at
Lemma 4.2, we deduce that

F(f(s,8)) e V.

Consequently V(s, &) € KY, F(f(s,£)) # a since a € V.
Hence (A\71,a) ¢ G(K°) = G(K \ (Kt UK™)). Then

deg(G, K™, ()\*1, a)) + deg(G, K™, ()\*1, a)) = deg(G, K, ()\*1, a)). (4.8)
On the other hand, since (A\~%,a) ¢ H(t,0K), Vt € [0,1] we have
deg(H(1, -), K, (A"t a)) = deg(H(0, - ), K, (A", a)).

Using the fact that H(0, -) = G, H(1, -) = Idg and deg(Id, K, (A\™1,a)) = 1, we deduce (4.4).
Now, we will prove that

deg(G, K", (A7, a))

deg(G, K=, (A1, a))

0, (4.9)
0. (4.10)

Fix R > A~! and let y € R"*! such that |y| > R. Then y ¢ G(K).

We define the path r(t) = (tR+ (1 — t)A~1,a), for t € [0,1].

We claim that r(t) € G(OK™), Vt € [0,1].

If not, there exists (s,£) € KT with (Rt + (1 — t)A"1,a) = (s, F(f(s,£))). Hence s =
tR+ (1 —t)A"1 > AL and a = F(f(s,£)). But V(s,&) € K, we have F(f(s,£)) # a. Then
(5,6) ¢ K°. Hence (s,£) € 0K N K*. (4.5) implies that s < A~! and this contradicts the fact
that s > A=%. Thus r(t) € G(OK™), Vt € [0,1]. Hence deg(G, KT, r(t)) is well defined and is
independent of ¢.

Since (R,a) ¢ G(K), we obtain

deg(G, KT, (R,a)) = 0.
Using the fact that
deg(G, KT, r(t)) = deg(G, KT, (R,a)), Vtel0,1],

we deduce (4.9).

Similarly, we prove (4.10) by using the path ¢(t) = (=tR+ (1 —t)A"!,a), t € [0,1]. We have
that deg(G, K~ ,q(t)) is independent of ¢. Using the fact that (—R,a) ¢ G(K), we conclude
that

deg(G, K~, (A", a)) = deg(G, K™, (~R,a)) = 0.

From (4.4), (4.8)—(4.10) we obtain a contradiction, and Lemma 4.4 is proved.
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