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Homogenization of Reynolds Equation
by Two-Scale Convergence

Peter WALL*

Abstract To increase the hydrodynamic performance in different machine elements, as
e.g. journal bearings and thrust bearings, during lubrication it is important to understand
the influence of surface roughness. In this connection one encounters homogenization of
the incompressible Reynolds equation, where the roughness of the lubricated surface is
assumed to be periodic. This problem has recently been studied in more engineering-
oriented papers by using the formal method of multiple scale expansion. In this paper, we
rigorously prove both homogenization and corrector results by using two-scale convergence,
which may be regarded as a justification of the formal multiple scale expansion method
described above. Moreover, some numerical illustrations and results are presented.

Keywords Homogenization, Two-scale convergence, Reynolds equation, Lubrication
2000 MR Subject Classification 35B27, 74Q99, 76D08

1 Introduction

An important problem in the theory of lubrication for thin films is to describe the flow
behavior between two surfaces in relative motion. In this connection one encounter the incom-
pressible Reynolds equation. If p is the viscosity of the lubricant and the relative motion only
takes place in the x; direction at the speed V, then the equation is

div(h®(x)Vp(z)) = Aaah—a(:x) on Q C R?

where p is the pressure, h the film thickness and A = 6uV.
In this paper, we focus on the effects of a periodical surface roughness. The film thickness
is assumed to be described by

he(z) = ho(z) + hl(g), e>0,

where hy is the global film thickness and h; is a periodic function which represents the roughness
contribution. Thus ¢ is a parameter which describes the roughness wavelength. This together
with the Reynolds equation leads to the differential equation

Ohe(x)
8.231

For small values of ¢ the coefficient h? includes rapidly oscillating functions. Therefore it is

div(h3(x)Vpe(x)) = A on 2 C R%, (1.1)

natural to apply some type of asymptotic analysis in the study of this equation. The mathe-
matical theory which has been developed for this purpose is known as homogenization. We will
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see that the solutions p. converges (in a sense which will be specified below) to the solution of a
homogenized problem. We remark that the homogenization of (1.1) is not that of the classical
problem (see e.g. [1, 6] or [9]) due to the fact that the right hand side does not converge in
wW=12(Q).

In the more engineering-oriented papers [3, 8] the formal method of multiple scale expansion
was applied to study the homogenization of (1.1). Indeed it was assumed that p. has the form

x x
pe(x) = po(z) +ep1 (x g) +%ps (w, g) +o
The result of this analysis is that pg is the solution of a homogenized problem of the type
div(B(z)Vpo(x)) = div(c(z)) on Q C R? (1.2)

where B and ¢ do not involve any rapid oscillations.

In 1989, Nguetseng introduced a new method for analyzing homogenization problems (see
[9]). This method was later developed by Allaire in [1] and called two-scale convergence. The
method of two scale convergence is now frequently used among mathematicians in the study of
different homogenization problems. In this paper, we use this two-scale convergence technique
to rigorously homogenize (1.1). This together with a so-called corrector result, which we also
prove, may be regarded as justification of the formal multiple scale expansion method described
above.

We want to mention that the compressible Reynolds equation has been studied by two scale
convergence in [7] and the incompressible Reynolds equation has been analyzed by the theory
of G-convergence in [2, 5]. The solution of the homogenized equation (1.2) is fairly complex
since it for each x € ) involves the solutions of three periodic problems. The numerical aspects
in this connection are considered in [4]. The stochastic Reynolds equation for hydrodynamic
lubrication with random homogeneous roughness of the lubricated surface has been studied
in [12] by using series expansions. We remark that the homogenization of (1.1) may also be
done by moving the right hand side to the left hand side and then applying Tartar’s method of
oscillating test functions. However, the focus of this work is two-scale convergence.

2 Preliminaries and Notation

Let © be an open bounded subset of R? and Y the unit cube. The set of infinitely differ-

entiable Y-periodic functions is denoted by C5¢,(Y'). Let us recall some basic facts concerning

two-scale convergence. For details the reader is referred to [1, 9, 10] or [11].

Definition 2.1 Let (p.) be a bounded sequence in L*(Q) and py € L?>(Q2 xY). Then we say

that (pe) two-scale converges weakly to py (we write p. EN Do) if

/Qpe(x)qb(x, g) dx — /Q/Ypo(x, y)o(x,y) dydz, ase —0 (2.1)

for every test function ¢ of the form ¢(x,y) = (x)o(y), where 1 € C§°(Q) and o € Cpg,. (V)
(infinitely differentiable Y -periodic functions).

Weak two-scale convergence implies weak convergence in L2(£2). This is seen by choosing
test functions ¢ in (2.1), which are independent of y. One of the crucial results concerning
two-scale convergence is the following compactness theorem.

Theorem 2.1 If (p.) is a bounded sequence in L?(Q), then there exists a subsequence which
two-scale converges weakly.
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In addition to weak two-scale convergence we also define strong two-scale convergence.

Definition 2.2 Let (p.) be a bounded sequence in L*(2) and po € L*(2 x Y). Then we

say that (pe) two-scale converges strongly to py (we write pe 2 po) if for any bounded sequence
(ve) in L?(Q) which two-scale converges weakly to v € L?(Q x Y'), we have that

/Qpe(ff)ve(w)d-’rﬁA/Ypo(x,y)v(x,y) dydz.

Theorem 2.2 Weak two-scale convergence of the sequence (pe) in L*(Q) topo € L>(Q2xY)

together with
lim [ |p|* dw:// pol” dyda
=0 Jq QJy

is equivalent to strong two-scale convergence of (pz) to po.

In applications of weak two-scale convergence it is often important to enlarge the class of
test functions ¢ for which the convergence (2.1) holds true. Let A be the class of Y-periodic
extensions of functions ¢ in L?(Q x Y') for which it holds that ¢(z, 2) 2 ¢. The functions in
A will be referred to as admissible test functions. A corollary of Theorem 2.2 is

Corollary 2.1 If a sequence (p.) in L*(Q) two-scale converges weakly to py € L*(2 x Y),
then

/st(x)¢(ar,§)da:—>LLpo(x,y)¢(x,y)dydx, Vo € A.

2

2+(Y;C(9)), more precisely the class of functions ¢ : € x

One important subset of A is L
R? — R which satisfies:

(1) The function 2 — ¢(x,y) is continuous for p-almost every y.
(2) The function y — ¢(z,y) is p-measurable and Y-periodic for every = € Q.

(3) The function y — sup [¢(z, y)| is in L2, (V).
TEQ

An other subset of A is the set of functions ¢ on the form ¢(x,y) = é1(x)p2(y), ¢1 € L>*(Q),
¢o € L2 (V) with 1 < s,¢ < oo and such that £ + + = 1.
Denote by W12(Y) the completion of the set of functions in C°°.(Y") which have mean value

per per
zero with respect to the usual norm on W12(Y). The next fundamental result concerns weak

two-scale convergence in Sobolev spaces.

Theorem 2.3 If (p.) is a sequence in Wy >() such that p.(z) N po(x,y) and Vp.(x) N
z(x,y). Then the weak two-scale limit py is independent of y and belongs to Wol’2(Q), ie.,
po(z,y) = po(z) € Wy(Q). Moreover, z(z,y) = Vpo(z) + Vypi(z,y), where p1 € L*($;
Woa (V).

3 Homogenization of Reynolds Equation

Let © be an open bounded subset of R% and Y the unit cube. Let h : Q x R? — R be of the
form h(x,y) = ho(x) + hi(y), where hg € C(Q), hy € L>®(RY) and h; is a Y-periodic function.
We also assume that there exists a constant a > 0 such that h(z,y) > a. Define

he(a) = h(x, g) = ho(z) + hl(g).
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Consider Reynolds equation: Find p. € WO1 2(Q) such that

Oh.
83?1

div(h2Vp.) = A on €. (3.1)

By definition p. is a solution of (3.1) if the following integral identity holds:
3 ¢ 1,2
hiVpe -Vodr =N [ he=—dz, Yo € Wy~ (). (3.2)
Q Q 8331

Consider the three periodic problems: Find v, v, vs € L*(Q; Wj2(Y)) such that

/ Wler + Vyui] - Vwdy =0, Yuw e CX(Y), (3.3)

/ h¥les + Vo] - Vwdy =0, Yw € Coar(Y), (3.4)

/ h*V v - Vu dy = / h8 dy, Vwe Cr.(Y), (3.5)
Y1

where {e1,es} is the canonical basis in R?. We remark that the periodic problems (3.3)—(3.5)
have a unique solution. Define the matrix function B(z) = (b;;(x)) in terms of v; and v,

bir) _ 3 biz _ 3
(b21) = /Yh [er + V1] dy, (1?22) = /Yh [e2 + Vyvo] dy. (3.6)
Moreover, let the vector function ¢(x) = (¢1(z), ca(z)) be defined via v
Ovs ov
— 3 30U3
¢ = /Y (Ah h i )dy and c¢g = / —h B dy. (3.7)

The homogenization problem corresponding to (3.1) considers the asymptotic behavior of p. as
e — 0. We have the following homogenization result.

Theorem 3.1 The sequence of solutions p. of (3.1) converges weakly in Wol’Q(Q) to the
solution py € Wol’Q(Q) of the homogenized equation

/B(x)Vpo-V(bdx:/c(x)-ngdm, 6 € C(Q), (3.8)
Q Q

where B and ¢ are defined as in (3.6) and (3.7). Moreover, Vp, N Vpo(x) + Vypi(z,y), where
p1 € L2(Q; WL2(Y)) and may be expressed in the solutions of the periodic problems (3.3)—(3.5):

per
0 0
Pr(,y) = i@, 9) 5 + vale,y) 577 4 vs(ay). (3.9)
Proof Choose ¢ = p, as a test function in (3.2)
3 2 Ipe
h|Vpe|” de=A [ he dr <A [ h.|Vp.| dz.
Q o On Q

By the assumptions on kg and h; it follows that there exists a constant ¢ such that

/ Vpe|? dz < c.
Q
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This together with the Poincare inequality implies that the sequences (p.) and (Vp.) are
bounded in L?(2) and L?(2)?2, respectively. By Theorem 2.1 there exists a subsequence (still
denoted by ¢) such that p.(x) N po(z,y) and Vp.(x) N z(x,y). By Theorem 2.3 it follows that
poz,y) = po(x) € Wy (Q) and z(z,y) = Vpo(x) + Vypi(z,y), where pi € LA Wl (Y).
Moreover, Corollary 2.1 implies that

W (2, 2) Tpee) 2 13 (e,) [Vpo(a) + Vypa (. 9)]. (3.10)

Since weak two-scale convergence implies weak convergence in L?(§2) we have that
R? (w, g)VpE — / h*(x,y)[Vpo(x) + Vypi(z,y)]dy weakly in L*(Q).
Y
We can now pass to the limit in (3.2) and obtain

_ 90
| [ aivme + vmaldy- Voo =4 [ [ nea)ghape @

for every ¢ € C5°(92).
Let we(x) def ep(x)w(Z), where ¢ € C§°(Q2) and w € C22.(Y). Then w. € C§°(2) and can

€ per
thus be used as a test function in (3.2) which gives

/h3<x —)Vpg ww( )dx+€/h3<x —)Vpg ( )wdx

x 850
= A/ 83:1 dx + EA/ (%1 dx. (3.12)

Let us now consider what will happen if ¢ — 0 in (3.12). First we note that both the second
term in the left hand side and the second term in the right hand side of (3.12) tends to 0 as
€ — 0. From these two observations we conclude that

lim Qh3(x, E)VpE-QQVw(g) x—hmA (x x) Ow (—) dz

e—0 83?1

—A// (z,y)p ( ) dydz. (3.13)

This together with (3.10) gives

/ / h3<x,y>[wo<x>+vyp1<x,y>1so<x>-Vw<y>dydx

—A// (z,y)p ( ) dydzx. (3.14)

Since ¢ € C§°(Q) is arbitrary we have that (for a.e. x) p1(z,y) is the solution of the periodic
problem: Find p; € L*(Q; W,2(Y)) such that

ow

3 1( y) dy (3.15)

/h%y (Vpo(2) + Vypi ()] - Vuo(y) dy = A /hxy

for any w € C2.(Y); or

per

dpo 3 0w apo/ 3
/hvypl dey—A/hayld 8x1/h ayld D0 Yh 8y2dy
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for any w € C$2.(Y). By linearity it is clear that p; is of the form

per

0 0
Pr(,y) = i, 9) 5 + vale,y) 577 4 vs(a, ), (3.16)

where v, € L*(;W22(Y)), n = 1,2,3, and solves a corresponding periodic problem (see
(3.3)-(3.5))

/h3vyv1~dey=—/ 12 gy, Vuw e CRe(Y),
Y y  On

/ h3V g - Vw dy = —/ hgé)_w dy, Vw e CR(Y),
Y y Oy

/hgvyvg-dey:A/ ha—wdy, Vw e C(Y).
Y y Oy

Substitution of (3.16) into the equation (3.11) gives the desired result

/QB(SC)VPO -Vodr = / c(x)-Vodz.

Q

Thus the theorem is proved for a subsequence. As we will see in Section 4, B(z) is symmetric
and there exists a constant k£ > 0 such that

ke < Bla)g-€ < kg2

From this it follows by the Lax-Milgram lemma that the homogenized equation (3.8) has a
unique solution and thus that the theorem holds for the whole sequence.

We remark that from the point of homogenization it is nothing special with the boundary
condition p. = 0, which is implicitly embedded in (3.1). Moreover, the continuity assumption
on the global film thickness hy may be relaxed.

4 Properties of the Homogenized Matrix B

By linearity the homogenized matrix B(x) satisfies
B(z)¢ = / R (z,y)(& + Ve(y))dy, VEeR?,
Y

where ve € WL2(Y) is the solution of the periodic problem:

per

/Y W (@, y)(€ + Voe(y)) - Vuly)dy =0, Yw € WI2(Y), (4.1)

We observe that the periodic problem (4.1) actually is the Euler equation to the minimization
problem:

min / 13 (x, y)|€ + Voly)2dy.
UGW;}é?(Y) Y

Thus it follows by periodicity that
B¢ = [ B p)le+ Vo) Py

—  min / 13 (x,y) |€ + Vo(y)|* dy. (4.2)
(Y) Y

1,2
veEWpir
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The assumptions on h implies that there exist two constants co > ¢; > 0 such that

min / a |6+ VolPdy < B(z)€-€ < min / ¢ €+ Vol dy. (4.3)
veWE (V) Jy veWRE (V) Jy

By choosing v = 0 as a test function in the right hand side we obtain that

B(x)€ - € < ealé]*.
By (4.3) and homogeneity we get that
B(z)¢-£> min / alé+ Vol’dy = e1[¢]*  min / 0+ Vol*dy,
vEWE(Y) JY vEWRE(Y) JY
where n = [£]71¢. The set {n : n = [£|71¢} is compact in R%. Hence the strictly positive

continuous function m defined as

mn) ™ iy o ol dy
vEWRE (V) JY
attains its minimum, denoted by mg. Hence

B(x)¢ - & > ermolé]*.
The homogenized matrix is symmetric. Indeed, if v¢ and v, are the solutions of the periodic
problems

per

/ RE[€ + Vyve] - Vwdy =0, Ywe WLAY),
Y

/ R34 Vv, - Vwdy =0, Ywe Wi2(Y),
Y

per

then
B(a)¢ -1 = /Y B (0, ) (€ + Voe(y)) - (0 + Vo (4))dy

- /Y (€ + Vee(y)) - (e 9)(n + Vo (y))dy = € - B(a)n.

5 Corrector Results

By Theorem 3.1 the sequence of solutions (p.) of the Reynolds equations (3.1) converges
weakly to pg in WO1 2(Q) and the sequence Vi, two-scale converges weakly to Vi (z)+Vypi (2, ),
where pg is the solution of the homogenized equation (3.8) and p; is given by the relation (3.9).
Since the imbedding of Wy*?(€2) in L2() is compact we have that p. converges to py strongly in
L?(Q). For the gradients we only have weak convergence of Vp. to Vpg in L?(2)2. To improve
this convergence we have to add an extra term, a so called corrector, which take care of the
oscillations. We will now see that such corrector results can be obtained by using two-scale
convergence.

Theorem 5.1 If Vypi(z,y) is an admissible test function, then

Vpe — Vpo — Vp1 ('7 g) —0 in [LQ(Q)]2.
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Proof By the condition h(z,y) > « > 0 and the Hélder inequality it follows
N (2
a/ ’VpE — Vpo — Vyp1 (a:, —)’ dx
Q 9

< [ 2) (990 9 Samn(22)) - (9= 0= V()
N /Q " (x E)fo + Ve d =2 /Q Vpe - 1P (x g) (Vpo + Vypi (x, g))dx

(o) (O S o 2)) (552 o

Let us now study the convergence as e — 0 for the three terms in the right hand side of (5.1)
separately.

Term 1 Choose p. as a test function in (3.2). Since h is an admissible test function and
Vpe EN Vpo + Vyp1 it follows

/52h3<x,§)Vpg'VpedfrzA/Qh(x,g)g—ijdxﬁA/ﬂ/Yh(g—Z?+g—§2)dydx- (5-2)

Term 2 By assumption V,p; is an admissible test function. Hence

13 (e E z

/QVPE h (x, 5) (vPO +Vyn (x, 5))dm

— / / (VPO + vyp1) . h3(VP0 + Vyp1)dydx. (5.3)
QJY

Term 3 Again we use that Vyp; is an admissible test function and obtain

[ 5 (32) (T 5o (e 5
. /Q /Y 13 (Vpo + V1) - (Voo + Vyp1)dyda. (5.4)

From (5.1)—(5.4) it follows

|2
limsupa/ ‘Vpg _VPO_vypl(xa_)‘ dx
Q €

e—0

0, 0
<A / / n(Z2 4 2y / / B (Vpo + Vyp1) - (Vpo + Vypr)dyde.  (5.5)
oly \011 oy QJy

We have that L?(Q; WL2(Y)) is the closure in L?(Q2x Y) of the linear span of vectors ¢(2)w(y),

where p € C§°(22) and w € C3¢,(Y). Thus p; may be chosen as a test function in (3.14). This

fact together with (3.11) implies that the right hand side of (5.5) is equal to zero. Hence

2
lim/ ‘Vpe—Vpo—Vypl(x,f)‘ dr =20
Q 3

e—0
and the proof is completed.

We remark that if p;, V,p1 and Vyp; are admissible, then

pe(x) — po(x) —em (x g) — 0 in Wh2(Q).
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We also recall the relation (3.16), i.e., that p; is of the form

0 0
Pr(,y) = i, 9) 5 + vale,y) 577 4 vs(a ),

where vy, vo and v are the solutions of the respective periodic problem (3.3)—(3.5). Hence
Vyp1 is an admissible test function if e.g. Vpo € L*(Q)?, Vyv1,Vy vy € L2 (V;C(Q))? and
v3(z,y) is admissible, with 1 < s,¢ < 0o and such that % + % =1.

6 Transversal and Longitudinal Roughness

Generally, one has to solve the periodic problems (3.3)—(3.5) by some numerical method to
find the homogenized matrix B in (3.6) and the homogenized vector ¢ in (3.7). However, for h
of the form h(z,y) = ho(z) + h1(y1) (i-e. the roughness h; is independent of y9) it is possible
to find explicit formulas for the homogenized matrix B(z) and the homogenized vector c(x)
without solving the periodic problems.

Consider the first local problem (3.3):

0
/ R (2, y1)Vyv1 - Vo dy = —/ hg(x,yl)a—w dy, Vwe Cr(Y).
Y Y 1

Clearly v1 = vi(x,y1). This means that

c%l ow
R (x,y) (14— ) 2—dy =0, YweCZ,
/Y (@ yl)( Oy )8y1 v per(V),

which implies that

h3(x,y1)(1 + g—:i) = ki(x) (6.1)

This together with periodicity gives

o_/ 8v1dy—k1 )/Yh_g(x,yl)dy—l. (6.2)

From (6.1) and (6.2) together with the fact that v1 = vi(x, y1) gives

bii () dzef/yh3(1+g—“1)dy= (/Y B3 dy)ildy,

by () d:ef/ h3gz;d = 0.

Let us now consider the second periodic problem (3.4):

0
/ R (2, y1)Vyv2 - Vo dy = —/ hg(x,yl)a—w dy, Vwe Cr.(Y).
Y Y Y2

The right hand side is equal to 0, which implies that vo = 0. Hence, by (3.6)

def 3002 def / 3 vy / 3
bia(x) = h>—=dy =0, b = h°(1+ dy = h” dy.
12(2) /Y oy @) & [ (1 G2 dy= | ndy

Finally, consider the third periodic problem (3.5):

0
/ h3(x,y1)Vyvg Vwdy = A/ h(x,yl)—w dy, Ywe C.(Y).
Y Y o P
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Clearly v3 only depends on y;. Thus for any w € C2.(Y') such that w only depends on y;

per

(91)3 /
h — d =A
/Y (m, yl)ay 8y1 (@, 91) 75— dy.
Hence
81}3
Ah(@, 1) = h2(@, 1) 5= = ka(2) (6.3)
Y1
By periodicity
- (9’()3 -3 —2
0= a—dy = —ka(z) [ R (z,y1)dy +A | b (x,y1) dy. (6.4)
Y1 Y Y

From (6.3) and (6.4) it follows that the homogenized vector ¢ (3.7) is

c1 () def/y(Ah h3gz3)d _A/h dy /h tdy) |

cz(x)déf/y— g—zzd =0.

The one dimensional analogue is obvious. In the same way we may consider longitudinal
roughness, i.e., h of the form h(z,y) = ho(z) + hi(y2). Then we obtain that the elements in
the homogenized matrix B are

-1
bu(w)Z/Ythy, bao(z) = (/Y h‘gdy) dy, b1z =bg =0,

and the elements in the homogenized vector ¢ are

:A/hdy and co(z) = 0.
v

7 Numerical Results and Illustrations

Below we give two numerical examples one in one dimension and one in two dimensions,
which illustrates the convergence in the homogenization process.

R =1, hmin =2

Homogenized
e =0.02

e=0.1

Without roughness

-1 -0.8 -06 -0.4 -02 0 0.2 04 06 08 1

Figure 1 Illustration of the homogenization process
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Example 7.1 Consider the homogenization of the 1-dimensional Reynolds equation (3.1).
Assume that Q = (—1,1), the pressure on the boundary is 1 and h(z,y) = ho(x) + hi(y), where
ho = hmin + 32 and hy(y) = sin(27y). In Figure 1 the convergence in the homogenization
process is illustrated. In Figure 2, B'/? and hg are plotted for 4 different values of hpi,. We
observe that for small values of hy,;, the influence of the surface roughness is more significant.

56 hmin =5
‘—ho
54
’
p s I
.‘ ;
LN 4
~ S~ s
94 . — R 18 . B, .
-1 0.5 o 03 -1 0.3 ] 3
x x
Rmin = 2 hmin = 1.1
1.6
14 0
-5/
12
BN ’
p om} ™ s
5 )
\ ’
06 5 ¢
1.4 \'\\ ol
2 t=pel
= 03 0 ik}
x

Figure 2 The pressure with and without roughness for 4 different hpyi,

step bearing epsilon=0.05 x10°
12

=)

)

=

N

-0.2¢

0 0.2 0.4 0.6 0.8 1 12 14 1.6 18 2

Figure 3 Pressure distribution of a step bearing, £ = 0.05

homogenized step bearing

0.008
0.006

0.004

0.002

-0.2

i i L i i i
0
[ 0.2 0.4 0.6 0.8 1 1.2 14 16 1.8 2

Figure 4 Pressure distribution of a homogenized step bearing
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Example 7.2 (Step Bearing) Let Q= (0,2) x (0,1), A =1 and

4, x1 <1, .
ho(z) = 5 wi _, ond hi(y) = sin(m(y1 + y2)).

Then a numerical computation gives that homogenized matrix B(x) is equal to By for x; <1
and Bs for z1 > 1, where

61.14 —1.30 6.77 —0.53
Bl_<—1.3o 61.14) and BQ‘<—0.53 6.77)

and the homogenized vector ¢(z) is equal to ¢; for 1 < 1 and ¢ for 21 > 1, where

[ 3.82 4 e (167
“a=\_p18) M4 2={_p33)/"
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