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Value Problem with Bounded Electric Field
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Abstract The aim of this work is to construct weak solutions for the three dimensional
Vlasov-Poisson initial-boundary value problem with bounded electric field. The main in-
gredient consists of estimating the change in momentum along characteristics of regular
electric fields inside bounded spatial domains. As direct consequences, the propagation of
the momentum moments and the existence of weak solution satisfying the balance of total
energy are obtained.
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1 Introduction

The Vlasov equation gives a kinetic description of the motion of charged particles under
the action of the electro-magnetic field in the collisionless case. This equation is coupled to the
Maxwell equations for the electro-magnetic field; we obtain the Vlasov-Maxwell system. When
the magnetic field is neglected, the system obtained is called the Vlasov-Poisson system.

Consider © an open bounded subset of R with regular boundary 9. We introduce the
notations ¥ = 99 x R, ¥ = 9Q x Bg, where Br = {p € R} | [p| < R} and

2E = {(z,p) € 90 x R3| £ (v(p) - n(z)) >0}, TF=3x*N3Tp, (1.1)

where n(z) is the unit outward normal to 9 at x and v(p) is the velocity associated with some

energy function £(p) by v(p) = V,E(p), Vp € R%. The functions to be considered are

Ipl? P
E(p) = - = 1.2
(p)=5 - olp)= (1.2)
for the classical case and
s Ipl> \'/2 p p* 1/
Ep) = m60(<1 + mQCg) 1)’ vlp) = m (1 * mQC%) (13)

for the relativistic case, where m is the mass of particles, cq is the light speed in the vacuum.
We denote by f(t, x, p) the particles distribution depending on the time ¢ €]0, T'[, position z €

and momentum p € ]Rf, and by F(t,x,p) the electro-magnetic force

F(t,z,p) = q(E(t,z) + v(p) A B(t,x)), (t,x,p) €]0,T[x Q x Ri, (1.4)
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where (E, B) is the electro-magnetic field and ¢ is the charge of particles. The Vlasov-Maxwell

system is given by

Of +v(p) - Vof + F(t,z,p)-Vpf =0, (t,z,p) €0, T[x QxR (1.5)
atE—cg-rotB:—gi, OB +rot E =0, divE:gﬁ, div B=0, (t,z) €]0,T[xQ, (1.6)
0 0

where p(t,x) = q [ps f(t,2,p)dp, j(t,2) = q [gs v(p)f(t, 2, p)dp are the charge and current
P P
densities respectively, g¢ is the permittivity of the vacuum, pg is the permeability of the vacuum

(e0 - po - ¢ = 1). The above equations are completed with the initial conditions:
f0,z,p) = folx,p), (x,p) €N x ]Ri, E(0,z) = Ey(x), B(0,2) = Bo(x), x€€Q, (1.7)
and the boundary conditions:

flt,z,p) =g(t,x,p), (t,x)€]0,T[xE, (1.8)
nAE({t,x)+co-nAnABtx)=h(tz), () €]0,T]xo0N. (1.9)

Some other boundary conditions can be analyzed. When we neglect the magnetic field, B = 0,
the electric field derives from a potential E = —V,®, the electric force is given by F(t,2) =

—qV,® and we obtain the Vlasov-Poisson system:

Ohf+v(p) - Vaof +F(t,x)-Vyf =0, (t,z,p) €0, T[x Q2 x R,
AV ﬁ, (t,x) €]0,T[ x £,
€0

f(0,2,p) = folx,p), (x,p) €Q xRS, f(t,z,p) =g(t,x,p), (t,x)€]0,T[x X",
O(t,x) = wolt,z), (t,x) €]0,T[x IN.

This model can be derived from the relativistic Vlasov-Maxwell system by letting ¢y — +oo
(see [1, 2]).

Various results were obtained for the free space Vlasov-Poisson system. Weak solutions
were constructed by Arseneev [3], Horst and Hunze [4]. The existence of classical solutions
has been studied by Ukai and Okabe [5], Horst [6], Batt [7], Pfaffelmoser [8]. The existence of
global classical solutions for the Vlasov-Poisson equations was proved by Bardos and Degond
[9], Schaeffer [10, 11]. The propagation of the moments for the three dimensional Vlasov-Poisson
system was studied by Lions and Perthame in [12]. The existence of global weak solution for the
Vlasov-Maxwell system in three dimension was obtained by Diperna and Lions [13]. Results for
the relativistic case were proved by Glassey and Schaeffer [14, 15], Glassey and Strauss [16, 17],
Klainerman and Staffilani [18], Bouchut, Golse and Pallard [19].

Results for the initial-boundary value problemwere obtained by Ben Abdallah [20] for the
Vlasov-Poisson system in three dimension and Guo [21] for the Vlasov-Maxwell system. The
stationary problem for the Vlasov-Poisson equations was studied by Greengard and Raviart
[22] in one dimension and by Poupaud [23] in three dimension for the Vlasov-Maxwell system.
An asymptotic analysis of the Vlasov-Poisson system was done by Degond and Raviart [24] in
the case of the plane diode. The regularity of the solutions for the Vlasov-Maxwell system has

been studied by Guo [25]. Results for the time periodic case can be found in [26, 27].
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The aim of this paper is to construct weak solutions for the three dimensional Vlasov-Poisson
initial-boundary value problemwith bounded electric field. As usual we start by analyzing a
regularized system for which the existence of solution follows by a fixed point method. Next we
find uniform a priori bounds for these solutions by using the physical conservation laws, under
the natural hypotheses that

[ [ s eonitep aap+ [ 19,00,
Q Rg Q

T
[ 1) n@l1 + Ewg dedodp < +oc

and ¢ is smooth. Finally we construct a weak solution by taking a weak limit of the sequence
of smooth solutions (see Theorem 5.1 for exact statements). Of course, such a construction is
standard (see [20]). The new results of this work consists of establishing L> bounds for the
electric field (see Subsection 4.2) and the derivation of some important consequences. One of
the crucial points is to observe that the change in momentum along characteristics inside a
bounded spatial domain can be estimated in term of the L norm of the electric field. This
idea has been already used in [26]. For example, in the classical case we prove that for all

characteristic
dx P(s) apP

ds  m ds

qE(s, X(s)),

we have
|P(s1) — P(s2)] <2- (2 |g| - | E|| = - m - diam(R2))?

for all s, < 51 < 89 < Sout (here sin, Sout denote the incoming and outgoing times, respectively).
Combining the above result with Sobolev inequalities and standard bounds for the total mass
and energy yields a L™ estimate for the electric field. As direct consequences of the L>° bound
for the electric field we mention the propagation of the momentum moments and also the
existence of weak solutions (f, F) for the Vlasov-Poisson system with particle distribution f
compactly supported in momentum when the initial-boundary conditions have compact support
in momentum. Another consequence is that the weak solution obtained as limit of smooth
solutions exactly verifies the energy conservation law (generally by weak limit only inequalities
are preserved). For example, if the potential vanishes on the boundary we construct a weak
solution (f, F) satisfying

d €
E{/ﬂ RY €(p)f drdp + EO/Q|E|2dx} "'/E(U(P) -n(z))E(p)yfdodp=0, a.e. t€]0,T],

where f is the trace of f on X.

The content of this paper is organized as follows. We recall some standard definitions and
results about the Vlasov problem. We remind the notion of weak/mild solution for this problem
with initial-boundary conditionsor only boundary conditions (the time periodic case). We state
the momentum change lemma for the classical and relativistic cases (the details of proofs can
be found in Appendix) and we apply the above lemma in order to construct weak solutions
uniformly compactly supported in momentum for the Vlasov problem with initial-boundary

conditionsor time periodic boundary conditions. In Section 3 we prove the existence of weak
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solution for a regularized Vlasov-Poisson system by using a fixed point method. In the next
section we establish a priori estimates for the total energy and the L norm of the electric
field, uniformly with respect to the regularization parameters. In the last section we construct
solutions for the Vlasov-Poisson system by weak stability arguments. We end this paper with

some properties of the solutions constructed above. We present also the time periodic case.

2 The Vlasov Equation

In this section we recall the basic definitions and results on the Vlasov equation. For the
completeness of the presentation we consider the case of electro-magnetic forces. Later on the
magnetic field will be neglected in order to study the Vlasov-Poisson system. We assume that
the electro-magnetic field is given and bounded. We introduce the notion of weak solution for

the initial-boundary value problem:

Oif +v(p)-Vaf + F(t,z,p)-Vypf =0, (t,2,p) €]0,+00[xQ2 x R}, (2.1)
f(0,2,p) = fo(z,p), (x,p) €Q x R, (2.2)
f(t,z.p) = g(t,z,p), (t,z,p) €]0,+00[xE". (2.3)

Remark 2.1 Note that in both classical and relativistic case we have V,-v(p) =0, V,-F =

0 and thus (2.1) can be written also:
Ouf + Vo (Wp)f) + V- (F(t,2,p)f) =0, (t,z,p) €]0,+00[xQ x R}.

Definition 2.1 Assume that E,B € L>(]0,T1[xQ), fo € LY(Q x Bg), (v(p) - n(x))g €
L'(J0, Ty [xXR), VT1 >0, VR > 0. We say that f € L'(]0,T1[xQ x Bg), VI1 >0, VR >0 is
a weak solution for the problem (2.1)—(2.3) iff

o /OOO/Q ]R?’f(t, x,p)(Orp 4+ v(p) - Vaot+F(t,z,p) - vp@)dtdﬂidp
' o0
- / fo(z,p)e(0, z, p)dzdp — / / (v(p) - n(x))g(t, x, p)p(t, x, p)dtdodp (2.4)
o Jrs .

for all test function which belongs to T,, = {¢ € C([0, +00[xQ x ]Rg) | ¢lj0,400[xx+ = 0}.

Suppose now that E, B € L2 (]0, +ool; WH*(Q))3 and introduce the characteristic equa-

loc
tions:
dX dP
E = U(P(S;tvxvp))a E = F(S,X(S;t,x,p),P(s;t,x,p)), Sin(thvp) <s< SOIIE(taxap)7

with the conditions X (s = t;¢,x,p) = x, P(s = t;t,x,p) = p. Here siy(t,z,p), Sout(t,z,p)

denote the incoming, respectively outgoing time, given by

Sin(t, ,p) = max{0,sup{s < t| X (s;t,z,p) € ON}},
Sout(t,x,p) = inf{s > ¢| X (s;t,z,p) € 00}.

The mild formulation follows now formally by solving

—Op —v(p) - Ve — F(t,z,p) - Ve =1, (t,2,p) €]0,4+00[xQ x Rg,
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with the boundary condition ¢|jy oc[xs+ = 0, which gives, after integration along the charac-
teristic curves,

SOut(t wyp)
ultsz,p) = / W(s, X (s:t,2,p), Ps: 1,2, p))ds.
t

Definition 2.2 Assume that E,B € L2 (]0,4o00[; WH>(Q))3, fo € LY(Q x Bg), (v(p) -
n(z))g € L*(J0,T1[xXR), VI1 > 0, VR > 0. We say that f € L*(J0,T1[xQ x Bg), VI1 >
0, VR >0 is a mild solution for (2.1)~(2.3) iff

/*O"/ Asf(tyxvp)¢(tyw,p)dtdxdp

/ / fol, p)u (0, z, p)dadp — / +°°/_ Jo(t, 2, p)put, 7, p)dtdodp  (2.5)

Jor all test function which belongs to T, = {1 € C2([0, +00[x 2 x R)}.

Note that for all ¢ € 7,, the function ¢, has compact support in [0, +00[x x R?’ and
is bounded. Thus the above definition makes sense. Indeed suppose that ¢ = ¢ - 1io<i<py} -
1{p/<R}- Therefore when ¢ > T we have ¢, = 0 and for ¢t <77,

min{7T4,sout (t,z,p)}
pultnp) = [ (s, X(s5:,2,p), P(s:t, 2, p))ds.
t

By writing for ¢t < s < min{77, Sout (¢, z,p)}

1 1 s 1 s
§|P(S;t,ar,p)l2 = §|p|2 +/ qE(t, X (7)) - P(7)dr > §|p|2 —/ lq| - || E|| Lo - | P(7)]dr,
t t

we deduce by using Bellman’s lemma that |P(s;t,z,p)| > |p| — (s —t) - |q| - | E|l~ > |p| —
lg| - | E||n~ and thus we have @y (t,z,p) = 0if [p| > R+ T - |q| - || E|| . Moreover, we have
also that ||@y|lre < T1 - ||| e

Remark 2.2 It is well known that the mild solution is unique and is given by

f(t,x,p) = fo(X(O;t,x,p),P(O;t,x,p)), if Sin(t’xvp) =0,
f(taxap) = g(Sin,X(Sin;t,x,p),P(Sin;t,x,p)), if Sin(t;xap) > 0.

Remark 2.3 We check easily that the mild solution is also a weak solution. Moreover, the

mild solution verifies the following Green formula:

/ / f (t,z,p)(Orp +v(p) - Vap + F(t,z,p) - Vpp)dtdedp
/ /Vf Ty, z,p)e(T1,z,p dﬂcdp—i—/ / Wtz p)o(t, , p)dtdodp
R3 S+

/ RSfo(x ,0)p(0, 2, p)dxdp — / /7 )g(t,z, p)e(t, z, p)dtdodp, (2.6)

Vo € CH[0,+00[xQ x R3), VT1 > 0, where the traces 7 f(Ty, -, ),y f are defined as in
Remark 2.2 and belong to L' (Q x Bpg), respectively L'(]0,T1[xX%), VR >0, VT > 0.
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Remark 2.4 By using the Remark 2.2 we check easily that the mild solution f verifies

min{ inf fo, inf g} <f< max{ sup fo, sup g},

QxRS ]0,+o0[xX~ QxRS ]0,+00[x T~

with the same inequalities for the traces vf(T1, -, -), ¥7 f. In particular, if fo > 0, g > 0 then
f207 7+.f205 fY.f(Tla " )ZO, vz—vl > 0.

2.1 The momentum change in the classical case

In this section we set E(p) = %, v(p) = £, Vp € R3. In this case, the characteristic
system is given by

dX P(s) dP _

ds  m = ds

where the electro-magnetic field is regular E, B € L (Ry; W°°(2))3. We state the momentum

change lemma for the classical case. The details of the proof can be found in Appendix.

P(s)

q(E(s, X (s)) + A B(s5,X(5))), Sin <8< Sout, (2.7)

Lemma 2.1 Assume that E, B € L®(Ry;; W1>°(Q))3 and consider (X (s), P(s)), s < s <
Sout an arbitrary solution for (2.7). Denote by Dea the quantity

Deto = (gl - [ Elloe - m - diam(@))12 + 2 Jg| - | B - diam(©).
Then
(1) if there is t € [Sin, Sout] such that |P(t)] > Dela, then we have
diam(Q) <4 'diam(Q)

Sout - Sln — 4 YR NN

@) =" Daa

(2) for all sin < $1 < 82 < Sous we have |P(s1) — P(s2)| < 2Dcla-

, and |P(s) — P(t)] < Deta, Vsin <5 < Sout;

The Lemma 2.1 holds true in two dimensional spatial domain © C R2 for orthogonal electric
and magnetic fields E = (E1, E»,0), B = (0,0, B3). In this case, the system of characteristics

is given by

= T T (B X0 Xa(e) + By, Xa(0). Xa(a).
% _ Pgms) % = q(EQ(s,Xl(s),XQ(S)) _ Pln(j) .33(57)(1(5)7)(2(8))).

Remark also that in the purely electric case (B = 0) Lemma 2.1 is valid in any dimension.

2.2 The momentum change lemma in the relativistic case

1
, (1
We analyze also the relativistic case. In this section we set £(p) = mcg((l + L) - 1)

mco)?

—1/2
with the corresponding velocity v(p) = £ - (1 + B |§)2) . We start with the purely electric

system of characteristics which is given by

X _ P(s) (1 N |P(s)|2)—1/27 dp

—_ = E X 5 in S é out- 28
ds m m2c3 as 7 (5, X(s), s 5= Sout (2:8)
We will analyze (2.8) for any dimension N > 1. We state the momentum change lemma for the

relativistic case (see Appendix for the details of the proof).
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Lemma 2.2 Assume that E € L>®(Ry; WH°(Q)N and consider (X (s), P(s)), sin < s <
Sout an arbitrary solution for (2.8). Denote by D the quantity

rel

Dy = meoy/B(1 + B), withﬁ:4\/N'dlam(m'|q|'”E”°°.

2
meg

Then
(1) if there is t € [Sin, Sout) such that |P(t)| > DS, then

rel”
. diam(Q)
lo(P())]

(2) for all sy, < 51 < 59 < Sous we have |P(s1) — P(so)| < 2DC

rel *

and |P(s) — P(t)] < D, Vsin <5 < Sout;

Sout — Sin S 4 rel»

Consider now the relativistic characteristic system with NV = 3:

% = v(P(s)), % =q(E(s,X(s)) +v(P(s)) AB(s,X(s))), Sin <5< Sout- (2.9)

By observing that |¢(E + v(p) A B)| < |q| - (|| E|ls + co - || Bllsc) we deduce also
Lemma 2.3 Assume that E, B € L= (Ry; Wh>(Q))? and consider (X (s), P(s)), sin < 8 <

Sout an arbitrary solution for (2.9). Then the conclusions of Lemma 2.2 hold true with

Do — meo /BTG, with 5y — AV3-lal - diam(@) - (1Fll + coll Blloc)

2
meg

2.3 Estimate of the momentum support for the initial-boundary value problem

Generally we will assume that the electro-magnetic field is bounded (E, B) € L*°(]0, 00|
xQ)® and that the initial-boundary conditionsare compactly supported in momentum, uni-
formly in ¢,2: 3R > 0 such that fo(z,p) = 0, V(x,p) € Q X Rf,, lp| > R and g(t,z,p) =
0, V(t,x,p) €]0,+c0[xX", |p| > R. In this case, at least for regular electro-magnetic field it
is easy to see that f has compact support in momentum, uniformly with respect to (¢,z) €
10, T1[x €2, VT1 > 0. Indeed, by using the characteristic equations

dX dP
S —u(P(s), S = Fls, X(9), P(9)),

we deduce that 1 d

§£IP(8)I2 =q-E(s,X(s)) - P(s),

and by Bellman’s lemma we obtain that the change of the momentum norm along any charac-
teristic included in ]0, 71 [x€ x R is bounded by T - [g| - || E|| > and thus we have

f=F Yp<ry, Gap) €)0,Ti[xQx R VT >0, (2.10)

where Ry = R+T4-|q|- || E||z==. The situation is very different for boundary value problems (for
example stationary or time periodic problems). In this case we do not know if the solution of
the Vlasov equation remains compactly supported in momentum (think that the life time of the
characteristics inside the bounded domain € can be arbitrarily large). The natural question

arising from the above observations is: can we deduce that f = f - 1¢,<g,} with R; not
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depending on (¢, z) €]0, +oo[xQ respectively (¢, z) € Ry xQ? The motivation for finding globally
in time estimate for the momentum support comes for numerical considerations. Clearly, if a
bound R; of the momentum support is available, the computation domain can be restricted to
Q) x BR1 .

Theorem 2.1 Assume that E,B € L>(]0,400[; W'>(Q))3, fo € L'(Q x R?), (v(p) -
n(z))ge L'(J0,Ty[xX7), VT1>0 with fo=fo- 1{p<r}> 9=9 - Lijp<r}. for some R>0. Then
the mild solution for (2.1)—(2.3) is compactly supported in momentum uniformly in (t,z) €
10, +00[xQ and we have

F=F i<y V=9 Lpi<nys (T )= (T 2) - ppi<ry, YT>0,
where Ry = R+ 2D, /rel-

Proof Take p € R? with |p| > R;. By Lemmas 2.1 and 2.3 we deduce that |P(s;t,,p)
—p| < 2Dgja/rel, Vsin < s < t and therefore |P(s;t,z,p)| > [p| — |P(s;t,2,p) —p| > R1 —
2Dclajrel = R, Vsin < s < t. By Remark 2.2 we deduce that f(t,7,p) = 0. The same
arguments apply for the traces v© f,~vf(T1, -, - ), V11 > 0.

We can construct also weak solutions for (2.1)—(2.3) with compact support in momentum.

Theorem 2.2 Assume that E, B € L>(]0,T1[;2)*, |fo|” € L'(Q x R2), (v(p) - n(x))|g|" €
LY(J0, T1[xX7), for some Ty >0, 1 <r < +oo with fo = fo - pi<r}s 9 = 9 Yfpj<ry- Then
there is a weak solution for (2.1)~(2.3) on ]0,T1[xQ x R? such that

F=1FYp<ry, Y= Lpicry, AT ) =9f (T o) Lpi<ray,
where Ry = R+ 2D, /re1-

Proof Regularize the electro-magnetic field by convolution in respect to = (extend E, B
by 0 outside 2). Denote by f. the mild solution for (2.1)—(2.3) corresponding to the regularized
field E., B.. As in [28] we obtain

| fe" +v(p) - Valfe|” + Fe - Vp|f€|r =0

where F. = q(E.(t,x) + v(p) A B<(t,z)). After integration on J0,T;[xQ x R? we find

//h/fs Tlaﬂ?pdxdp—f—// o))yt el (t, z, p)dtdodp

//|fo z, p)dedp — //7 z))|g|"(t, z, p)dtdodp,

which gives uniform estimates in L" for € > 0:

Ty
sup //Ivfe (t,z,p) dwdp+/ / o))y £l (L, p)dtdodp
0<t<Ty E+

< 2 / / | fol" (z, p)dxdp — /Tl/ x)|g|" (¢, x p)dtdadp)
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We can extract subsequences fz, — f weakly in L"(]0, Ty [xQxR3), v fo, (T%, -, - ) = ~vf (T4, -, )
weakly in L™ (Q2xR3), yF fo,, — 4T f weakly in L"(]0, Ty [xXF, (v(p)-n(x))dtdodp). By standard
arguments we deduce that f is a weak solution for (2.1)—(2.3) associated to the electro-magnetic
field (E, B) with traces 4" f, f(T1, -,-). On the other hand, for |p| > R1 = R+ 2Dja/re1 >
R+ 2D°k

cla
that [y fo, fus fedtdedp = lim Jo o Jis Fentbdtdadp = 0, Vo € C2([0, T3] x Ux (B~ Bp, )
which implies that f = 0 a.e. in ]0,71[xQ x (R? — Bg,) or supp f C]0,T1[xQ x Bg,. Similarly
we deduce that suppy™ f C]O,Tl[xﬁgl and suppyf (71, -, -) C Q x Bg,. Note that if £, B €
L*(]0, +00[xQ)3, then Ry = R+ 2D /rel does not depend on T and therefore the solution is

compactly supported in momentum uniformly with respect to 77 > 0.

Jrel — R7* we have f., =0, vf.,.(T1) =0, v" f., = 0 and by weak limit we deduce

Remark 2.5 By using the Remark 2.4 we can prove that the conclusion of the above

theorem holds also in the case r = +o0.

2.4 Estimate of the momentum support for the time periodic problem

An application of the momentum change lemma could be the estimate of the momentum
support for time periodic solutions of the Vlasov problem. First we introduce the perturbed

time periodic Vlasov problem
af +0ef +v(p) - Vef + F(t,z,p)-Vpf =0, (t,z,p) € Ry x Qx R;’,, (2.11)

with the boundary condition
flt,z,p) =g(t,x,p), (t,z,p) € Ry x X7, (2.12)

where this time g, F/, B are supposed T periodic in time, 7' > 0, « > 0 fixed. The definition of

T periodic weak solution is given by

Definition 2.3 Assume that E, B € L™= (R, x Q)* and g are T periodic with (v(p)-n(z))g €
L'(J0,T[xXR), VR > 0. We say that f € L'(]0,T[xQ x Bg), VR > 0 is a T periodic weak
solution for the problem (2.11), (2.12) iff

T
L[ [ rtanow - — o) Voo = Flt.o.0) - Vyp)itdady
0JaJrg

-/ ) [ ) n(a)gedidady
for all test function which belongs to
TP ={p e C'Ry x Ax R} |TR > 0: ¢ = ¢ - L{p<r}, Plr,xs+ =0, ¢(- +T) = ¢}
Note also that in the periodic case the definition for s;, is
sin(t, x,p) = sup{s < t| X(s;t,x,p) € 9Q}.

It may happen that s;; = —oco. Let us give now the definition for time periodic mild solution.
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Definition 2.4 Assume that E, B € L>®(Ry;; Wh>(Q))3 and g are T periodic with (v(p) -
n(z))g € L' (0, T[xXy), VR > 0. We say that f € L'(J0,T[xQ x Bg), VR >0 is a T periodic
mild solution for (2.11), (2.12) iff

// ft,xz,p)(t, z, p)dtdedp = / / )9(t, z,p)ey (t, , p)dtdodp
RS -

for all test function which belongs to

TR ={p e CO Ry x QX R})[FR>0: ¢ = ¢ - Lypi<py, ¥(- +T) = ¢},
where
Sout (t,2,p)
ditap) = [0 X (st p), Plsitzp)ds
t

Remark 2.6 Observe that by Lemmas 2.1 and 2.3, the function ©5 has also compact
support in momentum (if 1) = v - 1<} then o = ¢y 1{\p\SR+2Dc1a/re1}) and that for a > 0
the function g is bounded: [¢f|loc < % Therefore the above definition makes sense.

Remark 2.7 In this case, the mild solution is given by f(¢,z,p) = 0 if s;, = —o0 and
ft,a,p) = e g(sin, X (sin; t, 2, p), P(sin; t,x,p)) if sin > —00.

Remark 2.8 The mild T periodic solution is also a T' periodic weak solution and verifies

the following Green formula

T
I Rsf(t, £,9)(@p=0up — v(p) - Vasp = F(t,,p) - Vy)dedndp

/ / vt fodtdodp — / / x))gpdtdodp
s+ -

for all ¢ € C'(R; x Q x }Rg), compactly supported in momentum and 7 periodic, where the
trace function yT f is defined as in Remark 2.7.

Remark 2.9 Suppose that g is bounded. Then the T periodic mild solution of problem
(2.11), (2.12) verifies

max{ || flloc: 7 flloc} < [lglloo-
In particular, if g > 0 then f, v+ f > 0.

Theorem 2.3 Assume that « > 0, E,B € L®(R;;W1>(Q))3, g € L®(R; x ¥7) are
T periodic with g = g - 1{p<ry for some R > 0. Then the T periodic mild solution f for
(2.11), (2.12) verifies

max{[|fllso, V" fllsc} < llgllos, f = F Lgpi<riy, v F =7"F Lpi<ray,
with R1 =R + 2Dcla/rel'

Proof Take ¢ € CO(R; x Q x Rg), T periodic, with compact support in momentum in
R?) — Bpr,. By the mild formulation, we have

T T
/ / F(t 2, ) (t, v, p)dtdadp — — / / (v(p) - n())g ¢, ., P (¢, . p)didodp.
0Ja Jr3 0Js-
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If [p| > R, then g = 0 and g - ¢j) = 0. If [p| < R, then by Lemmas 2.1 and 2.3 we deduce that
|P(5)] < |p[+2Dc1ajrer < Ri and thus ¢ = 0 or g-¢ = 0. We deduce that fOTfQ Jgs fodtdzdp =
0, or supp f C Ry x Q x Bg,. Now, by using the Green formula we have

// f(t,z,p)(ap—0rp — v(p) - Vo — F(t,x,p) - Vyp)dtdedp
]RS

-/ / (wlo)-n(e)* fotdodp — | / I )gpdtdodp

for any function ¢ € CY(R; x Q x Rf,), T periodic, with compact support in momentum in
R%—BRI. Therefore we have fOTfE+(v(p) n(z))yT fedtdodp = 0 which implies that suppy™* f C
+
Rt X ZRl .
By regularization we can prove the existence of T periodic weak solution with compact

support in momentum.

Theorem 2.4 Assume that o« =0, E,B € L(R; x Q)°, g € L®(Ry x X7) are T periodic
with g = g - 1¢p|<ry for some R > 0. Then there is a T periodic weak solution f for (2.11),
(2.12) which verifies

max{|| flloo, [V fllsc} < Nglloos f=F Lpi<riys v F =77 L{pi<ni}s
with R1 =R+ 2Dcla/rel'

Proof Regularize the electro-magnetic field and take f. the T periodic mild solutions
constructed in the previous theorem with o = ¢ and the electro-magnetic field (E., B:). We

have

max{|| felloos [V felloo} < llglloes  fo = fe - Lgpicray, v fe =1 fe - Lpi<ray

since

R = R+2D%, v < R+ 2Dt jrel = R

cla/rel =

We can extract sequences such that f., — f weakly * in L>®(R; x © x Rg), Y fe, = TS
weakly * in L>®(R; x ¥*). By passing to the limit for k& — oo in the weak formulation, we
deduce that f is the periodic weak solution corresponding to the electro-magnetic field (E, B)
and € = 0. Also by passing to the limit in the Green formula for k — +oo we deduce that y* f

is the trace of f. By weak * limit we have
max{|| flloc, |[7* flloc} < lim inf max{|| fe, |0, I ferlloo} < llglloo
and also f = f - 1ypi<p,y and y7f =7 f - Lypi<ny-

3 The Regularized Vlasov-Poisson System

We consider  C RY an open, regular bounded set. We denote by Ey = —V,®, the exterior
electric field

=N, Do(t,x) =0, (tx)€]0,T[xQ, Po(t,z) =polt,x), (t z)€]0,T[xN.
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In this section, we construct solutions for the following regularized Vlasov-Poisson system (clas-

sical or relativistic case)

Of +v(p) - Vaf +qB--Vpf =0, (t,z,p)€]0,T[xQ2xR),

f(0,2,p) = fo(z,p), (z,p) € Q@ x RY, f(t,x,p)=g(t,z,p), (t,x,p)€]0,T[xT",
(1 - al,)? AL = g_z, (t,z) €]0, T[x,

P=A,P=-=AMD=0, (tx)€|0,T[x09Q,

(3.1)

where E. = E x (., E is the extension by 0 outside 10, T[xQ of E = =V, ® — V, Py and
C(t,x) = —m=r¢(L,2) is a mollifier, i.e., ¢ € CR X RY), ¢ >0, [oni C(s,y) dsdy = 1 and

el e

a,e > 0 are small parameters. Regularized systems of this type have been used in previous

works (see [20]). We recall here the following result

Lemma 3.1 Let p € LP(Q)) for some 1 < p < 400 and suppose that 02 is smooth. Then

the solution ® of the regularized Poisson problem

C(l—ad)?N =L e,
€0
P=A,b=---=A"P=0, xcI

verifies

[l wam+zp) < Cp, o, Q) - [Ipllze),  [®llw2r) < C.Q) - ol Lr(o)-

We prove the existence of solution for the regularized Vlasov-Poisson system. For the sake
of the presentation we give a sketch of the proof. For more details the reader can refer to [20].
We consider the set xy = L%(]0, T[; H'(2)) and define the application F : x — x by

Ry

where

e f is the mild solution of the Vlasov problem associated with the regularized field

T
&@w%=—A Aauwaw+VAwammw—ax—wdw%

e p. is the regularized charge density

T
po= [ [ st = s,z = sy
0 JQ
e @, is the solution of the regularized Poisson problem associated with the charge density
pe.
Proposition 3.1 Under the hypotheses fo >0, g >0, Mo+ M~ := [, [on fo(z,p) dedp+
P
Jo Js- @) - n(@))lg(t, x,p) didodp < +o0, @o € L0, T[; H (9)) we have
Fx) < {® € L2(0, T[ H'(Q)) | @]l 2o, 7m0 (0)) < M},

N+1

where M. = C(Q) - % (Mo + M™) - |[¢]l2mn+ry e 72
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Proof As usual we have

/ ft,z,p) dxdp—i—/ / Wt f(s,x,p) dsdodp
RY =+

/ . fo(z,p) dedp+ / / x))|g dsdodp,
- B

and therefore ||f||L1(]O’T[XQ><]RII)\7) <T-(My+ M~). We have the inequalities

Pe ()
[0)) < ’ < . . -
[Pl 2o, 711 (02)) < C(2) eoll2qorixey = Teg lollL1go,rx) - ICell 2

T _ _Nt1
<C)- . (Mo +M7) - [[Cllpz@n+1y e 2.
It is easily seen that F is continuous with respect to the weak topology of L2(]0,T'[; H*(Q)).

Proposition 3.2 Assume that
0< foe L®(QxR)), 0<geL®RyxXE7),
// (1+E&(p))folz,p) dmdp—F/ / )1+ E(p))g(t,x,p) dtdodp < o,
RY -
o € L*(10,T[; H?(09)).

Then the application F is continuous with respect to the weak topology of L*(]0,T[; HX(2)).

Eventually the Schauder fixed point theorem implies the existence of a weak solution (f, @)
for
hf+v(p) -Vaof +q(E+)-Vpf =0, (t,2,p) €0, T[x QX R},
f(0,2,p) = folx,p), (z,p) € AxRY, f(t,2,p)=g(t,z,p), (t,x,p) €0, T[x1",
—(1 = al,)?™mA, P, = gOC’ (t,x) €]0,T[xQ, FE=-V,0,—V,Dq, (t,z)€]0,T[xS,

Dy = A, == A2D, =0, (t,2) €0, T[N

I
*

Following the idea of [20] we can pass to the limit for £ \, 0 when a > 0 is fixed. We obtain

Proposition 3.3 Assume that  C RY is open and bounded, with OQ smooth. Consider
po = 522, pj = 2N, (pi0 + % = 1) and m such that W4Po(Q) — L>(Q) is continuous
(pi0 — % < 0). We suppose also that the initial-boundary conditionsverify 0 < fo € L™ (2 x
R;)V), 0<geL>®]0,T[xX7), IR > 0 such that fo = fo - lipi<ry, 9 = 9 1{p<r}, Yo €

(10, T; W4m+2_%’p°(89)), Orpo € L™(]0,T7; W4m+1_%’p°(89)). Then there is at least
one solution for the Vlasov problem (classical or relativistic case) coupled to the regularized

Poisson problem
Of +v(p) - Vof +q(=Vo®s = Vu®o) -V f =0, (t,2,p) €]0,T[x 2 xRY,
f(0,2,p) = folz,p), (x,p) € XxXRY, f(t,,p)=g(t,z,p), (t,2,p)€]0,T[xE",
—(1— a2 AL D, = é, (t,z) €]0, T[x,
Py =Ay®, == AP, =0, (tz)€]0,T[xIN.

(3.2)
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The particle densities f, ¥y f have compact support in momentum and the self consistent po-
tential @5 verifies 0;®5 € L>(]0, T[; Wh(Q)), V.®s € L>=(|0, T[; W ()N, In particular,
the electric field E = —V,®, — V,®q belongs to W1>(]0, T[x Q)N

Proof The proof follows by standard arguments (see [20]). The main idea is to estimate
the L norm of the electric field uniformly with respect to € > 0, when a > 0 is fixed.
Denote by (f., ®s.) the solutions of (3.1) constructed above. First, since the initial-boundary
conditions have momentum support contained in B(0, R), we deduce that f. has momentum
support contained in B(0, R1), with R1 = R+ |q| - T - (|| V2 ®olle + [|VaPs.c||z2). We deduce
that ||pe|lne~ < C-(1+|Vo®s.||V). By elliptic regularity result (see Lemma 3.1) we can write

[Ve@sellre < C - || PsellLoeqo,rpwiam+2ro@)) < C - llpell oo, 1270 (92))

1

L 7
< Oz go,rpr )  1Pell Lo go,rppoe o)
1
<O (14 ||V @, .|| Fc) 70, (3.3)

which gives the desired estimate for the L> norm of the electric field E. = =V, ®, . — V..
The existence of solution follows by passing to the limit for € \, 0 in (3.1). For the other state-
ments use the inclusion W4™Po(Q) — L>(Q), the elliptic regularity result and the continuity

equation Jyp + div ,j = 0.

4 A Priori Estimates

In this section we establish uniform estimates with respect to a > 0 for the solutions of
(3.2). Firstly we recall the classical estimates for the total mass and energy. Secondly we
deduce also an estimate for the L norm of the electric field. We assume that the hypotheses
of Proposition 3.3 are verified and we denote by (f, ®,) the solution of (3.2). We recall that
0;®q, 0;®, € L=(0,T[;WH>(Q)), Vo®g, V, &, € L>=(]0,T[; WH->(Q))™ and f,7*f have

compact support in momentum.

4.1 The mass and energy estimates

We introduce the notations

MO = /Q Ré\l ,f()(xvp) dl‘dp, M(t) = / RN f(t,l',p) dxdp’

+ . v + T o j: j:
M) = [ 100) @) ) dodp. M /M 0 d,

Ky = / E(p) folx,p) dzdp, / E(p)f(t,z,p) dxdp,
Q ]Rév ]RN

T
K*(t) = / (0(p) - n(@))|E@N* f(t 2, p) dodp,  K* = / K1) dt,
»+ 0

=
—~
~
~—
Il
N —

1
/Qp(t,x)fbs(t,x) dz, Vo(t) == 5‘/Qp(t,x)<1>0(t,x) dx.
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The estimate for the total mass follows by using the weak formulation of the Vlasov problem
with the test function 0 =1
d

dtM()—i—M*(t):M’(t), t €0, 7. (4.1)
We deduce that
t +/0tM+(s) ds=M0+/0tM_(s) ds, t€]0,T], (4.2)
which implies
sup {M(t)} + Mt <2(Mg+ M™). (4.3)
0<t<T

The estimate for the total energy follows by using the test functions £(p) and ¢®,. We have

d
dt

‘We deduce that

t —l—/OIK+(s) ds:Ko—f—/OlK_(s) ds—i—/o /QE(s,x)-j(S,x) dsdz, t€]0,T[. (4.5)

By using as test function the potential &4 one gets

—K(t)+ K*(t) /Et z) - j(t,z) dz, t€]0,T]. (4.4)

d
dt/p(t )Py (t, x) dx—/{p t,x)0Ps + j(t,x) - Vo) dx, t€]0,T]. (4.6)
By using the regularized Poisson equation, after multiplication by ®4 and integration by parts
we obtain
1
Vi) =3 [ et d=F [ 0-as)"v.0, P de (4.7)
Q

and we deduce that

jt / 1p(t )P4 (t, x) de=eq /Q(l —alA,)" VP - (1 — alA,)"V,0,P, dx
= /Qp(t, )8, P, da. (4.8)
Now, by combining (4.6) and (4.8) we have
%Vs(t) - /Qj(t,x) Vb, dr, te[0,T]. (4.9)

Finally, by using (4.4), (4.9) one gets

d

E{K(t) Vi(t)} + KT (t) /v g - j(t,z) dz, t€]0,T], (4.10)
which implies

K(t) + Vi(t /K+ ) ds = Ko+ Vi( )—l—/OtK_(s)ds

—/ /Vm@o(s,x)-j(s,x) dsdz, t€]0,T]. (4.11)
0 Jo
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By interpolation inequalities we have

] /Q Va®o - j(5,2) do|< [VaPo ()| - 17 ()] i) < C - IVa®o(s)|l L - 5(5)l Loy
< C-||Va®o(s)| 1 - (M(s) + K(s))7,

where g = %—ﬁ in the classical case and 3 = 2 in the relativistic case. From (4.2), (4.11)

we obtain
M) + K() + Va(t) + /t{M+(s) +K+(s)} ds
0
< Mo+ Ko+ Va0) + [ {M~(s) + K~(s)} ds
0

+ O [[Va®o| 1 / (M(s) + K(s))? ds, (4.12)
0
which implies easily that there is a constant depending on the initial-boundary conditionsand

T but not on the size of the momentum support R and « such that

sup {M(t) + K(t) + Va(t)} + M+ + K+ <C(Mo, Ko, Vo(0), M~ K=, ||Va®ol|poe, T). (4.13)
0<t<T

4.2 The L°° estimate for the electric field

We want to estimate uniformly with respect to a > 0 the L* norm of the electric field
E = -V,d, — V., Dy, where (f, ®,) is solution of (3.2). In the one dimensional case such
a bound follows immediately from the estimate (4.13). Consider now the cases N > 2. We

assume that there are non-increasing functions Fy, G : [0, +oo[— R™ such that

fO(xap) < F0(|p|)v V(m,p) €0 x Ré}va g(t7xvp) < G(|p|)a V(t,x,p) G]OaT[Xzi’ (414)

Soi= [ el dp+ [ Glol) dp < +oc. (4.15)
RY RY

Roughly speaking, the above hypotheses say that the initial-boundary conditionshave charge
densities in L>:

ple) = [ o) dp< [ Fllnh do req,
p(t,2) = / olt,0,p) dp < / G(lpl) dp, (¢, z) €)0, T[x.
(v(p)-n(x))<0 RY

Note that F is smooth and therefore f can be calculated by using characteristics. The idea is
to separate the charge density into two parts corresponding to small and large momentum and
to use the momentum change lemma which says that |P(s1) — P(s2)| < 2Dcai/rel, ¥ 8in < 81 <

1
s9 < Sout, where Dejy ~ ||E||} o and Dyel ~ || E||oo. Let us decompose

plta) =t =a [ St plpcmy dota | fE ol db
RP RP
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with D = D¢ja/rel and estimate separately p1, p2. For n > 0 we can write
-1 R . —1 o
q pl(t,a;‘): fN+n . |p|N+n . f(N-H?) . |p| N+n dp
|p|<4D

1 1
~N+n _ (N4’ w7
<([ st b d) 7 ([ gt T )T
|p|<4D

lp|<4D

where ﬁ + (NTln)’ = 1, 7 = 2 in the classical case and 7 = 1 in the relativistic case. We

deduce that

N+ﬂ, _r(N+ )/ N
/ (gl pr(t, )N+ dw < C - | f| 757 - DN F= / / (1+EP)) f(t, z,p) dxdp,
Q Q ]Rg’

which implies, by the estimate (4.13),

r-(N+77)’] 1

1 -
lor(®)len < CHIFIES™ - DNTTNET s (M) + K (8) 7 < € plintr T

Notice that the above estimate is valid for n > 0 such that (NTNn)’ — NL_H? > 0. For ps it is
possible to find a L bound. We have

qflpz(tyw)=/ f(t,z,p) dp
[p|>4D
- / Fo(X(0:t,2.p), PO0: 1,2, 9)) - 1 (o100} I
[p|>4D
+/ g(sin(thvp)aX(Sin;thvp)ap(sin;t;x;p)) : 1{sm(t,x,p)>0}dp-
|p|>4D

By using the momentum change lemma we have |P(s;t,z,p)| > |p| — 2D, Vsin(t,z,p) < s <t

and therefore we have the inequalities
a2 [ Rollol-2D)p+ [ Gllpl - 2D)dp
|p|>4D |p|>4D
“+o0
<C- / {Fo(u—2D) - uN "1 + G(u —2D) - uN"1}du
4D
+oo
ves / {Fo(w) + G(w)} - (2D +w)Ndw
2D
“+o0
< C-/ {Fo(w) + G(w)} - (2-w)N " tdw
2D
<c- [ ARp) + G} dp = C - My < +oc.
P
The L bound for E follows by Sobolev inequalities and Lemma 3.1

[Va®@s(t) L) < IVa@s(®)llwivn) < 1) lwzvn@y < C - o) Lr+nq)
< C-llpr®)llpxnge) + C - o2l v+n(e)

[L_;]
< C-D'W+n’ Nl (O
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1
In the classical case we have D ~ [|E||?, 7 = 2 and thus we deduce that

1[ N ,,i]
Bl go,rix0) < [[Va®ollL=qo,rx0) + C(T) - (1 B Lo o ey ),
which gives an L*° bound for E as soon as there is > 0 such that 0 < %[(N—]J\r]n), — NLM] <1,
or N(N4+n)>N+2and N—-2< %—ii This is possible for N € {2,3}. In the relativistic

case we have D ~ ||E||p~, r = 1 and

[ N 1 ]
(N+n)!  N+n )
)

Bl Lo qo,rixe) < [[VaPoll L o,rix0) + C(T) - (1 HIE Lo, rix 0

N 1

which gives an L* bound for E if there is n > 0 such that 0 < Wy — N < 1, or
N(N+mn) > N+1land N -1 < %—Ll? This is possible for N = 2. Note that once we

have a bound for the L> norm of F we can estimate the L°° norm of the charge density

ol < |lp1llnee + ||p2l|Le- It is sufficient to estimate p;. We have

1 (t,2)] = |dl / F(ta,p) dp < C- DN - |[f]le < C,
|p|<4D

1
since D ~ ||E||}« in the classical case, D ~ || E|| in the relativistic case and E is bounded.
Similar computations show that 9,®, belongs to L>(]0,7[x). For this we need to assume

that the current densities of the initial-boundary conditions belong to L>

M, = /RN Fo(lpl)|v(p)| dp + /R;y G(lp)v(p)| dp < +o0. (4.16)

p

Note also that in the relativistic case (4.15) implies (4.16). Indeed, by using elliptic regularity

results and the continuity equation d;p + div,j = 0 we have

[0:@s(t)[| Lo () < C - [|0:@s () lwrvtniq) < C - [[0ep(t) |l w1540
=C - ||divej () lw—nvn) < C- |7l Lrn)- (4.17)

As before we decompose

j(t,x>:j1+j2=q/

RP RP

For the first current density we can write

(&, 2)| < lal - [I.fllze / [v(p)1qjp<apy dp < C. (4.19)
RN

P

For the second current density we have

q”jz(t,x):/ v(p)f(t,z,p) dp
|p|>4D
- / o) fo (X (0;1,0,p), P(0: £,2,p)) - Ly (tmmy—0y
|p|>4D

+/ Dv(p)g(sin(t,fc,p),X(sin;t,x,P),P(Sin;t,w,p))-l{sm(t,m,p»o} dp. (4.20)
p|>4
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‘We deduce that
gL ot 3)|< /

lv(p)| - Fo(|p| —2D) dp+/ lv(p)| - G(|p| —2D) dp.  (4.21)
[p|>4D

|p|>4D

In the classical case v(p) = £ and therefore we have

lg~t - jo(t,x)| < C 4;00{Fo(u —2D) + G(u—2D)} - u™ du
=C 2:0{Fo(u) + G(u)} - (u+2D)N du
<C- [ ARl + GUp} - ol dp = O 3. (1.22)
In the relativistic case we write p
" dalt,2)|< co - /p>4D{F0(|P| ~2D) + G(lp| - 2D)} - dp < C - M, (4.23)

We deduce from (4.18), (4.19), (4.22), (4.23) that j € L>°(]0,T[x). By using now (4.17) we
obtain that 9,®, € L>(]0, T[x).
5 The Vlasov-Poisson System

We can prove now the existence of weak solution for the Vlasov-Poisson system.

Theorem 5.1 Assume that Q C RY is open and bounded, with 0Q smooth. We suppose

that the initial-boundary conditions verify

(1) 0< fo e L¥(QxRY), 0<geL®(0,T[x%);

(i) Mo+ Ko+ M~ + K-+ Vo = [ [ (1+€)fo deco
T
] 1) n@) 0+ g dedody
+%/Q RNfo(I’s,o(x) dxdp < 400

(here @ () is the solution for —A, P = poe((;r)’ z€Q, Pyo(x) =0, x € 0N);
(iii) V,®q belongs to L>(]0, T[xQ)N (here ®¢ is the solution of —A,®o(t,z) =0, (t,x) €
]Oa T[XQ; (I)O(ta Z‘) - QOO(tvx)v (ta Z‘) E]Oa T[x&Q)

Then there is at least one weak solution (f,® = &, + D) for the Viasov-Poisson system

verifying

0< f < max{[follses lglle=}, 0<77f < ma{llfollzes lgllo=}, (1)
esssup{ [ [ (14 E@)f(tap) dedp+ S [ V.0 (0,2)7 do)
o<t<r \Jo Jry 2 Ja

T
i /0 /w (v(p) - n(2))(1 + Ep)" f dtdodp

SC(M07K07‘/5(0)aM77K7a||V$CI)0||L°°7T)' (52)
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Moreover, in the classical case with N € {2,3} or in the relativistic case with N = 2 if there

are non-increasing functions Fy, G : [0, +o00[— [0, +00[ such that
(iv) fo(z,p) < Fo(lpl), ¥ (z,p) € @ x RY, g(t,x,p) < G(Ipl), ¥ (¢, z,p) €0, T[xX,
(v) My = Jey Fo(lpl) dp + Jpy G(Ip]) dp < +o0,
then E € L>=(]0, T[xQ)N, p € L>(]0,T[xQ). If
(vi) 0:®g € L™(]0, T[x2),
(vid) M, = Jey 10@)| - Fo(lpl) dp + Jgx [0(p)] - G(Ipl) dp < +o0,
then 0;® € L>(]0,T[xQ), j € L>(]0, T[xQ)N.
Proof We truncate the initial-boundary conditions by taking fo.r = fo - 1{jp<r}, 9r =
g+ 1{p/<r) and regularize the potential on the boundary so that

0.0 €L(|0, T[; W25 70(9Q),  Byp0.0 € L0, T[; W57 (9Q))

(here po = 53%7, ph = 2N, - = T < 0), [[Va®oalre <[[VaPollr=, VioPoa—ViPo weakly
x in LOO(]O,T[XQ)N as a \, 0, V@0, — V,®q strongly in LP(]0,T[xQ)N, 1 < p < +o0 as
a\, 0. We denote by (fo,Po = @50 + Po,o) the solution of (3.2) constructed at Proposition
3.3. We have for all a > 0

Mo (t) + Ka(t) + Vs,a(t)+ /t{Mi(S) + K (s)}ds
0

t
SMM+KM+%AM+/MG@+KJM%
0

t
O Vo / (Ma(s) + Kofs))¥ ds, 0<t<T, (5.3)
0
with g = %—ﬁ in the classical case and 8 = % in the relativistic case. Consider (o), a
sequence such that lim o, = 0 and keep R > 0 fixed. Obviously we have Mg, < Mo,

k—-+o0

Ko, < Ko, Mg, (s) <M~ (s), K5, (s) < K~ (s), V0 <5 <T. Observe that

1

Vior©) = 5 | pon()®Zy(a)de = V.

where —A,®%, = p(’%o(x), z€Q, ®f(z) =0, z € 0. Note also that 0 < ¢ *po,r < ¢~ 'po
and by the maximum principle we have 0 < q’1<I>§70 < q 1P, x € Q, where —A, Py = 2

607
z €Q, ®s0(z) =0, x € Q. Finally one gets

Veor 0= [ mor@@fy(o)de < 5 [ ola)oo(a)ds

1
5/ folz,p)Ps () dedp = Vs 9 < 400, VR >0. (5.4)
o Jry

From the inequality (5.3) written for o = oy, we deduce that

limsup { sup {Mo, (t) + Koy (8) + Voo, (0} + M, + K5 |
k—4oco ~0<t<T

< C(M()vKOvVS,OvMivKivHVI(I)OHL‘XHT)' (55)
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Observe also that we have the following estimates: (pq,)r is bounded in L*°(]0,7[; L7(Q2)),
(Jeou )& is bounded in L>(]0, T'[; L?(£2)), (®s.a, )& is bounded in L>(]0, T'[; W27(Q)), (0:®Ps.a, )k

is bounded in L>(]0,T[; WhA(2)), with v = &2 > L2 — 3 in the classical case and v =

N+1
% = [ in the relativistic case. After extraction of subsequences if necessary we deduce that

for — [ weakly * in L°(]0,T[xQ x RY),
Y far =T f, weakly x in L>(]0,T[xXT).

By using also a result due to Aubin [29] we can assume that
VP 0, — Va®s, strongly in L2(]0, T[; L7(2)). (5.6)

By using the above convergence we can pass easily to the limit for & — 400 in the Vlasov

equation and we deduce that f is a weak solution for

8tf + U(p) : vwf + Q(_vmq)s - Vm‘I)o) ' vpf = 07 (t7xvp) G]Oa T[XQ X R;)Va

f(0,2,p) = for(z,p), (z.,p) €QxRY, f(t,,p)=gr(t,z,p), (t,2,p)€]0,T[xE".
Moreover, the trace of f on |0, T[xXT is v f. The passing to the limit for k& — +o0 in the reg-

ularized Poisson equation follows immediately by observing that p,, — p =¢ f]RN flt,z,p) dp
I3
weakly in L'(]0, T[x2). Indeed, for R; > 0, k > 1 we have

T 1 T
L] gaattps o [ [ ol oy
0 JoJ|p|>R, Ry Jo Jo Jry

c [’ C
< 1+ E(p)) fa, dtdzdp < —,
7 ) 0 e st <

and the weak L' convergence of (pa, ) follows from the weak * L> convergence of (f;)x. The
estimates (5.1), (5.2) follow by standard arguments. Note that these estimates are uniform
with respect to R > 0 and thus it is possible to pass to the limit for R — +oco in order to solve
the Vlasov-Poisson equations with the initial-boundary conditions fy and g. The L bounds
for V,®,0;P, p and j follow by using the L°° estimates proved in Subsection 4.2 for smooth
solutions (fa,P,) and by passing to the limit for o N\, 0, R — +o00 weakly * in L.

In the following let us give some immediate properties of the solution constructed above.

Proposition 5.1 Under the hypotheses (1)—(v) of Theorem 5.1, the weak solution con-

structed before satisfies

(1) the application t — fQ f]RN f dxdp is absolutely continuous for t € [0,T] and
P

d
E/Q Rgfdxder/w(v(p) n(x))y* f dodp

= /_ |(v(p) - n(x))|g dodp, a.e. t €]0,T]; (5.7)
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(2) the application t — [, [on E(p)f dudp + % [ [V2®s|? da is absolutely continuous for
P
t€1[0,7] and

il /Q [ EW)] dzdp+ 5 /QWw‘I’s'? e} + /E () - n()E@)*S dodp
== /Q V2®o - jdr + /7 |(v(p) - n(z))|E(p)g dodp, a.e. t €]0,T]. (5.8)

Proof Indeed, recall that the weak solution (f, E') was obtained as (f, E) =
with (fr, Egr) = (fr, — V@8 — V,0¢) = 1%
(3.2) with the initial-boundary conditions fo r,gr, o, (observe that (fr, Er) is the solution

vaER)

(fa.r, Ea.r), where (fa.r, Eq.r) is a solution of

lim (
R—+o00

of the Vlasov-Poisson system with the initial-boundary conditions fo r,gr, o). For the mo-
ment we keep R > 0 fixed and write the analogous of (5.7), (5.8) for the smooth solutions
(fa,rs Ea,r) = (fa, Eq) which are uniformly compactly supported in momentum with respect
toa >0

d
— /7 |(v(p) - n(x))|gr dodp, a.e. t €]0,T]. (5.9)

Similarly the application t — [, [ox E(P)fa dzdp + 2 [, [on fa(t,2,p)Pso(t, ) dxdp is abso-
lutely continuous for ¢ € [0, 7] and

%{ /Q /RN (E0) + @0 (t,2)) fu dwdp} + /2 (WD) - n(@)E@)* fo dodp

= —/ Ve®o.q - jo dx +/ [(v(p) - n(x))|E(p)gr dodp, a.e. t €]0,T]. (5.10)
9 _
By passing to the limit for o\ 0 in (5.9) we deduce that
d +
— frdzdp+ | (v(p)-n(x))y" fr dodp
dt Jo Jry s+
= /_ [(v(p) - n(x))|gr dodp, a.e. t €]0,T7. (5.11)

The passing to the limit for a N\, 0 in (5.10) is a little more complicated. For 6 € D([0,T[) we

have
—0(0) /Q /R . (E0)+ 30%0(@)) fo.n dodp /OT /Q /R 0'(1) () + 30a(t,) ) fudtdadp
+ /OT - 0(t)(v(p) - n(x))E )T fa dtdodp

T T
= [ [ 00l n@)le@n didodn— [ [007.20-alt. ) did (5.12)
0 - 0 Q
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Since (fa)a>0 are uniformly compactly supported in momentum we deduce also that

lim// o' (t fadtdxdp—// 0’ (t)€(p) frdtdzdp,
a0 ]RN ]RN

T
ti [ [ 00)w) ()@ fo didodp = / 6(t)(0(p) - n(2)E W)y fr dtdodp.
@ >+ 0 >+

In order to pass to the limit in the term fo Jo f]RN 1)V P o jadtdrdp we can combine the weak
convergence j, — jr weakly in L(]0, T[XQ)N the uniform bound of j, in L>(]0,T'[; L# ()N
and the strong convergence V,®q o — V. ®q strongly in L"(]0, T[xQ)V, V1 < r < +oo (for

example r=/0"). In order to pass to the limit in the term

T T
// 9’(t)@s7aqfadtdxdp:/ /9’(t)<I>S,apadtdx,
o JoJry 0 Ja

combine the weak convergence p, — pgr in L'(]0,T[x(), the uniform bounds of p,,®, in
L>(]0, T[xQ) and the strong convergence ®5 , — ®& in L2(J0, T[; W17 (Q)). After passing to
the limit in (5.12) we deduce that

//RN ()fORda:dp ///RN +2(I)R(t$))f3dtdxdp

/ Eﬁ n(x))E ()" fr dtdodp

T
/ 0()|(v(p) - n(x))|E(p)gr dtdodp —/ /e(t)vm% - Jr(t,x) dtdx. (5.13)
- 0o Jo

In order to prove (5.7), (5.8) we need to pass to the limit for R — 400 in (5.11), (5.13). The
proof is similar and is left to the reader. Note that (fr)r>0 is not anymore uniformly compactly

supported in momentum but we can prove that

sup / / (14+&@)fr-1{p|>r,} drdp — 0, as Ry — o0, (5.14)
0<t<T RY
/ / )L+ EP)V fr- Lip|>r,} dtdodp — 0, as Ry — 400 (5.15)
>+

uniformly with respect to the solution fr. For this take x € C°(]0, +o0]), 0 < x <1, x(u) =
1,0 <u < 3, x(u) = 0,u > 1 and multiply the Vlasov equation by (1 — xg, (|p|)) - (1 +&(p)),
where xg,(-) = x(-/R1). After easy computations (involving the L* bound for the electric
field Er) we find (5.14), (5.15) which implies that

Llm (1+EP)fr=0+EP)T, weakly in  L'(]0, T[xQ x R)Y),

Rim  (v(p) - n(2))(L+EP)fr = (v(p) (=)L +E(p))f, weakly in L'(J0, T[xx7).

The passing to the limit for R — +o0 in (5.11), (5.13) follows now easily by using the above

weak convergence. Observe also that by passing to the L> weak * limit f = Rlim fr we have
— 400

lim ess sup/ / (1 +EWP)f - 1{p|>r,} drdp = 0. (5.16)
Ri—teo gct<T RY
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Another direct consequence of Theorem 5.1 is the propagation of the moments.

Proposition 5.2 Under the hypotheses (i)—(v) of Theorem 5.1 with 1 < N < 3 in the
classical case and 1 < N < 2 in the relativistic case denote by (f, E = =V, P, — V,Pq) the
solution constructed previously. Suppose also that for some m such that m > 2 in the classical

case and m > 1 in the relativistic case the initial-boundary conditions verify

// ™. folx,p) dmdp+/ /7 )| - Ip|™ - g(t, x,p) dtdodp < +o00.  (5.17)

Then we have

M f (- x,p) ded, H
H/ /RN pI™ - Gy p) dadpll, o
/ / ) |p|™ AT f(t, , p) dtdodp < +oc. (5.18)
E+

Proof It is sufficient to prove (5.18) for smooth solutions. The conclusion follows easily

by observing that for r =m,m — 1,--- we have

d
G [ attap) dadp+ [ @) n@) - ol -2 fo dodp
Q ]RZZ)V )
- /Q / g faltozp) 7 |2 (Ealt, z) - p) ddp
RY
< gl 7 || Bl / / DI fult, 2, p) dudp.
o Jry

Proposition 5.3 Under the hypotheses (i)—(v) of Theorem 5.1 with 1 < N < 3 in the
classical case and 1 < N < 2 in the relativistic case we suppose also that for some m > 0 we
have

My = / pI™ - Fo(lpl) dp + / Ip™ - G(lpl) dp < +oc. (5.19)
RY RY

Then we have

e fC ) dp H/ " ) d < 400, (5.20
H/Rglpl f( p)pr(]O)T[XQ)Jr R;y|p| vf(-, pr(omm) +00. (5.20)

Proof Write

/RN lp|™ - f(t,z.p) dp=/|p|§4D{--- dp}+/|p|>4D{--- dp}

and continue as it was done for the cases m =0, m = 1.

5.1 The time periodic case

We end this paper by considering permanent regimes. We assume that the boundary data
g, o are T periodic and under natural hypotheses we construct weak solutions for the Vlasov-

Poisson system with bounded electric field. We consider the classical case. First of all let us
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deduce bounds for the total mass and energy by performing formal computations (for more
details see [27]). We assume that the boundary conditions verify

0<ge LR x ) // (1 +EP))g(t, z, p) didodp < +oo,
wo € L*(J0,T[; H(09)), V.o € L=(R; x Q),
where @ is the exterior potential (—A,®o =0, (t,2) € Ry x Q, ®g = po, (t,x) € Ry x 9Q).

Consider (f,® = &, + ®¢) a T periodic smooth solution with compact support in momentum.
The conservations of the mass and kinetic energy give

i Jo L S0 deto s [ 00) na)ns6.2.p) dodp =0, € R (5.21)

%/ RY Ep)f(t,x,p) drdp+ /(U(p) -n(x))E(p)yf(t,z,p) dodp

b

/ / (p))f dxdp = — / Jt,x) - (Va®s + Vy®o) dz, t€Ry. (5.22)
RY Q

After multiplying the Vlasov equation by ¢®s and by using the Poisson equation we find as
before

%{/ﬂ . Ep)f(t,z,p) dxdp—l—%/ﬂp(t,x)@s(t,x) dm}
+ [ ) nle)E@hst.a.p) dodp
¥
= —/j(t,x)-VmCI)o dz. (5.23)
Q

After integration on ]0, T we deduce that

/ /E ) W f(t 2, p) didodp — / / ) gl p) didodp,  (5.24)
/ / JE@)" £ didodp = / / ] ©))|E(p)g dtdodp
—/OLJ(t,x)-vm@O dtdz. (5.25)

We multiply the Vlasov equation by (p-x) and we suppose that 952 is strictly star-shaped with
respect to 0 € , i.e., 3r > 0 such that r < (n(z) - z), Va € 0£2. We obtain

%/ /RN(p-x)f d:r,dp—f—/ (v(p) - n(x)) (p-x)vf dodp

//]RN fdxdp—i—// q(E - 2)f dxdp
//RN fdxdp—i—/ o(E - ) da. (5.26)
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We use the identity

AN 1
EdivE=S 2 (EE;) -
;div ;8%( i) 55

V1<i<N, (5.27)

if 9B — %f,', V1l < 4,5 < N. After integration by parts and by using the decomposition

E:'.(E-n)n—FET, (t,x) € Ry x 00 we find
N N
. i = . _ 2
/Q(E x)div E dz /Q;xl 2::8 }dx

= —N— FE xZ 2 {E—l——l nax)-x E-TL2 o
(2 1)/Q| (o) d 2/@52(() ) ) d
X)) snlx J——l naox)-x)- 2 o
+ /aQ(ET ) (E-n(zx)) d 2/89( (x) - z) - |E|* do. (5.28)

By using (5.26), (5.28) we deduce that

T T
// E(p)fdtda:dp—i—so(ﬁ—1)//|E|2 dtda +@/ (E -n(z))? dtdo
RY o0
// Y(p - )y f dtdodp + — // )| B ? dtdo
o0

- 60/ / (E; - z)- (E-n(z)) dtdo. (5.29)
0 JoQ
Observe that || E-|[z2q0,7(xa0) < C - ll¢ollL2o,rm1 (90)) and from (5.24), (5.25) note that
‘// )p- mfdtdadp‘<c //| (1 + EP))yf dtdodp
<c. / / D)1+ E(p))g didodp
4O (VDo / /|j(t,x)| dtde. (5.30)
0JQ

By using interpolation inequalities and (5.29), (5.30) we obtain bounds for

T €0 T
/ / 5(p)fdtda:dp+—//|E|2 dtdz
RY 2 JoJa
c T
// N+ E(p))y Jrfdtdodp—i——o/ (E -n)? dtdo < C
2+ 2 Jo Jaa

for the case N > 2. In the case N = 2 we obtain bounds only for

T €0 T
W= / / E(p) fdtdxdp + — / (E -n)? dtdo
]RN 2 0 JoQ

/ /m N+ EP)T f dtdadp.
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By interpolation inequalities we have ||p|| .20, 7(x0) < C and therefore

T T
//|Vm<1>s|2 dtdeC-//pQ dtdz < C.
0JQ 0JQ

In fact the total energy is uniformly bounded in time. Indeed, since fOT{K(t) +Vs(t)} dt < C,
there is tg such that K (to)+Vs(to) < % and we can propagate the total energy for ¢ € [to, to+7].

Suppose also that there is non-increasing G : [0, +00[— [0, +o00[ such that
g(taxap)SG(|p|)7 V(t,x,p)ERth_,

M- ::/ G(lp]) dp < +oo.
By

By using the method presented at Subsection 4.2 we deduce a bound for the L* norm of the
electric field and the charge density in the cases N € {2,3}. The one dimensional case was

studied in [26]. In this case, we write
[Es@)]|lz < C - [lp@)]lzr < C - [lp1(B)llLr + C - [lp2(8)ll 1, (5.31)

where p1 (¢, x) = g- pl<aD f(t,x,p) dp and p2(t,z) = q- p|>4D f(t,x,p) dp. For the first charge
density we have

1@l < C - llp1 ()l < C-[[fllLe - D < C - ||E| e, (5.32)

and for the second charge density we have as usual

o2l < C - llpa ()] < C-/]R G(|pl) dp- (5.33)

From (5.31)—(5.33) we obtain a bound for the L norm of E and p.

A direct consequence of the L°° bound for the electric field is the existence of weak solution
for the time periodic Vlasov-Poisson system with particle distribution compactly supported in
momentum, when the boundary condition has compact support in momentum, i.e., 3R > 0

such that g = g - 1{jp<r} (cf. Theorem 2.4).

6 Appendix

We give here the proof of momentum change lemmas for the classical and relativistic cases.

6.1 The classical case

We will need the following easy lemma.

Lemma 6.1 Consider the quadratic function F : R — R given by F(s) = La(s — s1)? —
2

b(s — s1) + ¢, with a,b,c >0, A =b?> —2ac > 0 and 51 < so such that F(s) >0, Vs; < 5 < s9.

Then we have so — s1 < % < %

Proof Without loss of generality, we can suppose that s; = 0. The equation F'(s) = 0 has
two positive real roots 11 2 = %, 0 <71 < rg. Since a > 0 we have F(s) <0, Vr < s < ra.
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Suppose that ss > r; and consider sg € [0, s2]N]ry,72[# 0. Thus, since 0 < so < s9 by the

hypothesis we have F'(so) > 0. On the other hand, since m < sg < 72 we have F(so) < 0.
— b=VA ~ 2

Therefore so > 11 is not possible and we get that s < 7
Remark 6.1 If a = 0, we still have the inequalities s — 51 < % < %

Corollary 6.1 Consider the function Fy : R — R given by Fy(s) = 2a(s —t)2 —bls —t| + ¢
with a > 0,b,¢c > 0, A = b% —2ac > 0 and 51 < t < s9 such that Fy(s) >0, Vs; < s < sg.

Then we have max{t — s1,s2 —t} < 2¢ and sy — 51 < 3¢,

Proof Consider F(r) = $ar?—br+c. Observe that F(r) >0, V0 < r < max{t—s1, s —t}.
The conclusion follows by applying Lemma 6.1.

Proof of Lemma 2.1 (1) Let us consider for s, < s < sout

0 Bs(s, X(s)) —Ba(s,X(s))
M(s) = % —Bs(s, X(s)) 0 Bi(s, X(s))
Bs(s,X(s)) —Bi(s,X(s)) 0
We have
)] = sup P2 g PABO Wy v, <
pE]R3 m peER? p| m

Denote by R(s;t) the resolvent for a—R(s t) = M(s)R(s;t) with R(s = t;t) = I. Since M (s)
is antisymmetric we have ||R(s;t)|| = 1, Vsin < s < sout (in fact R(s;t) is orthogonal) and
therefore we have

- |Q|

[1B(s;t) = 1] < |s — ] - [[M ()]l <[s - |1 Blloo-

By (2.7) we have P(s) = R(s;t)P(t)+q [, R(s;7)E(r, X (7))dr, Vsin <'s < Sout, and therefore
we obtain

lq|

|P(s) = P(t)] < [s —t] E A Blloe - [P@)] 4 la| - [s = £ - [ El|oo- (6.1)
We use now the equation % = Pr(ns) nd (6.1) to obtain
diam(Q) > ‘(X(s)—X( WA \/ )d \
°|P() ) P(t)
> | / o] -] / dT\
IP(L‘)I)
> s 1] [P(O)] ~ 5| — 7 ('q' 1Bl PO+l [1E]).  (62)
- 2m
Denote by F; : R — R the function given by
1

Fis) = 2s — t2(10 Bl [P +1al - 1Ell) — Js — 1] [P(O)] + m - diam ().

2
The discriminant is
q .
a=1POP ~ 2 (B PO+ lal- 1E]l) -m- diam(0)
= (1P(®)] ~ la]- | Bl - diam(€2))
~ (gl B2, - diam(@)? + 2lg] - | Elloc - m - diam(®) > 0,
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since |P(t)| > Deia. By (6.2) we have that Fi(s) > 0, Vsin < s < sout and thus by applying
Corollary 6.1 we deduce that max{t—si,, Sout—t} < 2-m- di?)?t()glz) and Sout — Sin < 4-m- d‘lir?f)?) <

4-m - %. Using one more time (6.1), we deduce that for all si, < s < sout

|P(s) — P(t)|

IN

5=t (19 Bl 1P+ 1al- 121

2 -m - diam(Q) /|q|
L Bl - | P N E| o
< 2t (i 1P+ 1ol 1)
: 2 .
< 2lg| - | Blloc - diam(§2) + 5= - |q| - [ Elloo - m - diam(©2)

< Dcla~

We deduce that |P(s1) — P(s2)| < 2D¢1a, Vsin < $1 < 82 < Sout-

(2) If |P(s1)| < Dela and |P(s2)| < Dela we have |P(s1) — P(s2)| < 2Dcla. If |P(s1)| > Dqla,
by applying the previous point for t = s; we deduce that |P(s3) — P(s1)] < Deja < 2Dcla, V So.
If |P(s2)| > Dcia we apply the previous point with ¢ = ss.

6.2 The relativistic case

Let us establish some preliminary properties concerning the function v(p), p € RI])’ .

—1/2

Lemma 6.2 Consider v: RY — RN given by v(p) = £ - (1 + (n‘fc‘j)z) . Then we have
(1) [v(p)] < co, Vp € RY;

(2) (v(p1) — v(p2),p1 — p2) >0, Yp1 # p2;

N ! |tpr + (1 = O)pa|*\ !
3 _ 2 2/ (1 ) dt, v RY.
(3) |v(p1) —v(p2)|* < — Ip1 — p2| ; + (meo)? , Vpi,p2 €R;

2\/N P 2 \—-1/2 D1
@) o)~ @) < 22 ol (14 ALYyl < Ly e RY

(meo)?
Proof (1) is obvious. For the point (2) consider the function ¢ : R — R given by
o(u) = mco(l + W — 1) and check that ¢ is strictly convex on R and strictly increasing
on [0, +oo[. We deduce that £(p) is strictly convex on Rg. Indeed, for A €]0, 1] we have

E(Ap1 + (1 = A)p2) = ¢(|Ap1 + (1 = N)p2|)
< o(Alp1|+ (1 = Npz2]) < Ae(p1]) + (1 = N)e(|p2])
< AE(p1) + (1 = N)E(p2),

with equality iff [Ap; + (1 — N)p2| = A|p1]| + (1 — A)|p2| and |p1]| = |p2|, which means iff p; = ps.
Therefore we have for p; # po that

(Vp€(p1) — Vp&(p2),p1 —p2) >0 or (v(p1) —v(p2),p1 — p2) > 0.

The point (3) follows by direct computation by writing

o(p1) — v(pa) = /0 V,o(tpy + (1— t)pa) - (pr — pa)dt.
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For (4) we write

|p1|
[tpr + (1 —t)p2| > |p1| — (1 = t)[p1 — p2| = |p1| — 1 — p2| > 5 Vi€ [0, 1],

and the conclusion follows by (3).

Proof of Lemma 2.2 We have P(s) = P(t) + ¢ [ E(r, X(7))dr and we deduce that

P(t
1)~ PO <Jal s — 1) 1Bl < T sy < 6 < e, I

P(t
—t| < i
2 lql - 1l

Note that if || E||c = 0 the above inequality holds Vs € [Sin, Sout]. By Lemma 6.2 we have

(o) — o)) < 22 2y - pro - (14 200
< @ gl 11 E|oo - 15—t - (1+| (0)12)1/2, Vi <s<rs, (6.3)
where
= max { Sj — 7|P(t)| r9 = min< s 7|P(t)|
o= mas (st = gy e = i (s £ T
if [[Ellec > 0 and 71 = Sin, T2 = Sout if ||E|lcc = 0. By using the equation d—f = v(P(s)) and
(6.3) we find for r1 < s < ry that
. v(P( L‘) v(P(1))
diam(©) > |(X(s) —X(t),W - ‘/ (P(t))|)d7"
o(P( t)) o(P@) \
\/ T~ ‘/ ~ (PO Ty )]
> st fo(P)] = | [ o (p(tde\
. . 2\ -1/2
S |s— ] - [o(P(®)] - VN |q7|n ||E||oo|s_t|2<1+ Ii(% ) r

We consider also the function

P(t)]2\—1/2 2, —1/2
Fils) = gls—t?2VN Jal |2l (1628 ot o) (14 2O i),
< a3

By the above computations we have Fj(s) > 0, Vr; < s < ro. Moreover, the condition A > 0
is equivalent to a® > 3v/1+ a2 where o = PO The previous inequality can be written

mco

also as (aQ—;)Q > (2 + —4 and thus A > 0if o® > 84 3% > ’8 —|—\/52—|—6 . But
= [PO] (B + B%)'/? is satisfied by hypothesis. By Corollary 6.1 we deduce that

mco

max{t —ry,rg — t} <

2m - diam(Q) ( |P(t)” ) 1/2. (6.4)

1P(t)]
0]

Suppose that ¢t + Tl TETS < Sout; OF T2 =t + % We have by (6.4) that

2.2
m2cg

|P(t)] < 2m - diam(Q)( |P(t )|2)1/2

2-lql-1Elle = [P(D)] m2cg
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which is equival;ent to Tirar < i with the previous notations. Since N > 1 we would
deduce that | \/%? < B or A < 0 but we have ‘pr(o;f‘ed that A > 0. Finally we deduce that
P(t P(t

Sout <+ TR and similarly we have ¢ — STl TR < Sin. It follows that

2diam(€2) R 4diam(Q2)
ST TS @)

1 = Sin, T2 = Sout, max{t — Sin, Sout — t}

We check easily that if | P(t)| > D, then

rel»

|P(t)]2\ 1/ B+ 5)
(].+ 2) > Co 1+ﬂ(1+6)

o(Pe)] = o (1+ 00

mco

and thus we obtain that

2diam(Q) /14 B8(1+ 5)

max{t — Sin, Sout — ¢} < .

co B +5)

Finally we find for si, < s < Sous

P(s) = PO)] < lq]- | Bl - |5 — t] < LBl diam(@) T+ 50+ )
>~ Co 5(1_’_5)

= 6mco ' \/m mc — pele
B 2\/N \/m < O\/m Drel' (65)

(2) If max{|P(s1)|,|P(s2)|} < D¢, then we have |P(s1)— P(s2)| < 2D¢%. 1f |P(sy)| > D¢

rel» rel” rel?

by the point (1) with t = s; we deduce that |P(s2) — P(s1)| < D¢ < 2D¢$ and the same if
|P(s2)| > DCI$ by taking t = so.

rel
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