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On Hardy’s Theorem on SU(1, 1)***
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Abstract The classical Hardy theorem asserts that f and its Fourier transform f can
not both be very rapidly decreasing. This theorem was generalized on Lie groups and also
for the Fourier-Jacobi transform. However, on SU(1,1) there are infinitely many “good”
functions in the sense that f and its spherical Fourier transform fboth have good decay.
In this paper, we shall characterize such functions on SU(1,1).
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1 Introduction

The classical Hardy theorem (see [2]) asserts that f and its Fourier transform f can not
both be “very rapidly decreasing”. More precisely, suppose that a measurable function f on R
and its Fourier transform f on R satisfy

If(z)] < Ae™" and |f(\)| < Be ™ (1.1)

1, then f =0, and if ab = %, then f
Recently, an analogue of Hardy’s theorem was established

for some positive constants A, B, a and b. If ab > 1

is a constant multiple of e—ax’

on Lie groups by various people, where the heat kernel on Lie groups plays an essential role
1
1>
to a constant multiplication. We refer to [9] and the references therein for more information.

in controlling the decay of f and, in the case of ab = &, in expressing a unique function up
Moreover, Hardy’s theorem was generalized for the Fourier-Jacobi transform (see [1, 3]) and,
as an application, Andersen pointed out that Hardy’s theorem on SU(1, 1) does not hold unless
the K-type of f is fixed: Let G = SU(1,1), and for g € G let g = kyagzky, 0 <z, 0 < ¢, ¢ < 4,
denote the Cartan decomposition of g. Let h; denote the heat kernel on G and for integrable
functions f on G let fvnm, n,m € %Z, the spherical Fourier transform of f corresponding to
the K-type (n,m) (see (2.10) below). We suppose that a measurable function f on G and its

spherical Fourier transform f, ,, on R satisfy

~ 2 1
|frnm(9)] < Ah1juay(g) and  |fnm(N)] < Be ™ for all n,m € §Z (1.2)
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for some positive constants A, B, a and b. Then, f =0 if ab > i. However, there are infinitely
many linearly independent functions on G satisfying the above condition if ab = i (see Corollary
4.1).

In this paper, we restrict our attention to functions on G with K-types (n,m), n,m =
0,1,2,---, and we show that the condition (1.2) under ab = i determines a function on G
uniquely in the following sense: In the classical case the condition (1.1) under ab = % guarantees
the limit

lim e‘”gf(x) =c

r—00

and then f is uniquely determined as f(z) = ce="". On SU(1,1), similarly, the condition (1.2)
under ab = % guarantees the limit

wlggo h1/aa) (ff)ilf(/%%) = F(¢)

and then f is uniquely determined by using the Fourier coefficients of F. Here F € H?(T) is
real analytic. Moreover, the L?-norm of F on T coincides with the L?-norm of the principal
part of f on G and the Fourier coefficients {d,;;n =0,1,2,---} of F satisfy

e’} n—1
Z |dn|? (1 + Z keQb(QkH)Z) < 0.
n=0 k=0

In Theorem 5.1 we shall give a characterization of F.

2 Notations

Let G = SU(1,1) and A, K the subgroups of G of the matrices

r ..

cosh 5 sinh 5 i0/2 0

Ay = g x| reR and k‘¢=(0 ei¢/2>7 0<¢<drm
sinh 5 cosh 5

respectively. According to the Cartan decomposition of G, each g € G can be written uniquely
as g = kgagky where 0 < z, 0 < ¢,¢ < 4m. Let ;5 (j =0, %,)\ € R) denote the principal
series representation of G. Then the (vector-valued) spherical Fourier transform 7 x(f) of f on
G is defined as m; z(f) = fG f(f)mjr(g)dg, where dg a Haar measure on G. In the following,

we shall consider functions f on G satisfying

flaz) = fla—z), x€R

and we identify f with an even function on R, which is denoted by the same symbol f. Under
this restriction, we may suppose that 7, »(f) is supported on j = 0 and A > 0 and the K-types
(m,n) of f is supported on m,n € Z (cf. [6] and [8, §8]).

Before introducing the explicit form of the spherical Fourier transform of f on G, we shall
recall the theory of the Jacobi transform on Ry (see [4, 5]). Let o, 3, A € C and z € R and
consider the differential equation

(Las + X+ p*) f(z) =0, (2.1)
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where p = a + (§+ 1 and
2
dz?

Then, for & ¢ —N, the Jacobi function of the first kind with order («, 3)

Log= + ((2a+ 1) cothz + (268 + 1) tanhx)di.
x

pHIN p—iX
2 727

qﬁ”@(x) _ F( a + 1; — sinh? x) (2.2)

(0) = 0. For A ¢ —iN, the Jacobi

a,B
is a unique solution of (2.1) satisfying qSi"’G(O) =1 and d‘z;

function of the second kind with order (¢, ()
p— 20—\ p—1iA
2 T2

(1) = (et — e’t)i’\”’F( :1— iX; — sinh 2 t) (2.3)
is another solution of (2.1). Then I'(av + 1)*1¢§f’5 is entire of «, 8, and for A ¢ ¢Z, we have the
identity

\/7_T o, 3

Tlat)™ (Cas NN (1) + Ca s (=N)22{ (1)), (2.4)

(t) =

N =

where Cy 5(A) is the C-function given by

20T ()T(52)
A

_ 2
Caﬁ()\) - p+i )F(p72ﬁ+i)\)

rE 2 (2.5)

(see [4, (2.5), (2.6)]). For convenience we assume « > —1 and § € R in the following. Then
Co.5(=A)~! has only simple poles for S\ > 0 which lie in the finite set D, 5 = {i(|] —a—1—
2m);m=0,1,2,--- |8 —a—1—2m > 0}. We denote the residue of (Co 5(N\)Ca g(—\))~"! at
Y € Da,s by

do.p(7) = —iResx=y(Ca,s(N)Ca,s(=A)) .
Let f be a compactly supported C* even function on R. We define the Jacobi transform
fa,8(A) by

fa.s() = P(T“fl) /0 T @) @) B sla)i (2.6)

where A, g(z) = (2sinh )2+ (2 cosh 2)2#+1 (see [4, (3.2)] and [5, (2.12)]). Then the inversion
formula and the Plancherel formula are respectively given as follows:

f(x)=%( / T s @ICas N2+ Y Fas (69 @), 2.7

'YeDaﬂ
/ 1P @) 2 A s ()de = / s OPICas WA+ Y Fas()Pdas(y)  (28)

YEDu, 3

(see [4, Theorem 4.2, (5.1)] and [5, Theorems 2.3 and 2.4]).
Let hy # denote the heat kernel for the Jacobi transform, that is, an even function on R
satisfying

(570,50 = e, LA R (2.9
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We return to harmonic analysis on SU(1,1). Let n,m € Z and )" (g9) (A € R, g € G)
denote the matrix coefficient of mo x(g) with K-type (n,m). Let f be a compactly supported
C* function on G. We define the scalar-valued spherical Fourier transform fi, ,,,(\) by

Fam) = [ £@00 @ng(o)is (2.10)

We recall that the explicit form of ¥\ (g) is given by using the Jacobi function (2.2) (cf. [5,
(4.17)] and [6, (3.4.10)]): for g = kpazky € G,

3™ (9) = (coshz)" ™ (sinh ) "I Qu (N B) T (@) 0,

where @, m(\) can be expressed by binomial coefficient as

LT P
Q=2 27", (2.11)
[n —m|
and Fm is equal to —m if m > n and m if m < n. Hence from (2.6) and (2.9) it follows that

ﬁlm()\) _ 2—2(n,+m)—2\n—m\Qmm(A)
< () (simh )" (cosh a:)—<"+m>)A ). (2.12)

[n—m|,n+m

We shall consider the case of n = m. Let F' be a compactly supported C*° even function on R.
We put

f(9) = F(z)(coshz)?"e™+¥) g = kya,ky € G. (2.13)

Then letting o = 0,5 = 2n in (2.8) and (2.11), we see that
In|—1

o0 o0 ~ B 1 ~ )
| @R s0s@ = [ 1 WRIC W+ D (ki 5)lFanl2h DR 210

0

(see [6, (4.21)] and [8, Theorem 8.2]). This is nothing but the Plancherel formula for central
compactly supported C*° functions on G. We denote by fp and °f respectively the principal
part and discrete part of f on G;

f=tfo+°F.
Then (2.14) corresponds to the relation ||f||%2(G) = ||fp||2L2(G) + ||°f||2L2(G).

3 Asymptotic Behavior of Heat Kernels

When a > 8 > —3, the asymptotic behavior of heP () is well-known (see [1] and [3,
Theorem 3.1]). In particular,

RO0(z) ~ tlem P temPrem /U0 (1 4 ¢ 4 2)"V/2(1 + 2). (3.1)

In this section we shall treat the case of a, 3 = 0,1,2,---, and we shall investigate a leading
term of hf’ﬁ (z) when z — oo. In the following, we fix ¢ > 0 and we denote a = % for simplicity.
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For an even function f on R let W7 (f), p € C, o > 0, denote the Weyl type fractional
integral of f, which is defined by

Wi (f)(y) = NS /DO f(z)(cosh oz — coshoy)*~d(cosh o) (3.2)

for R®p > 0 and is extended to an entire function in p (see [4, (3,10), (3.11)]). Then it is known
that
JapN) = FRIT2Wo_ g 0 Wi, o),

where F denotes the Euclidean Fourier transform (see [4, (3.7), (3.12)]). Therefore, letting
a = (=0, it follows from (2.9) that

1
e
22/t

and moreover, letting o = m, 8 = n, 23m+3/2tmAn+1’ L o 3+1/2 (hy"™) does not depend

2

“tema® (3.3)

Wi (h) (@) =

on m,n. Hence, it follows that

hit" = 273m€7t((m+n+1)271)Wzl/z—n oW,y 0 W12/2(h?’0)- (3.4)
Lemma 3.1 Forn=20,1,2,---,
n—1
W2, oW, (f)(@) = ) ¢ (coshz) "W (f)(x), (3.5)

l

Il
o

where 4¢f' = ¢ ' — (n+ 1 —2)c} M. In particular, cff = 272", |et_;| = 272"(2n — 3)!, ¢ > 0

if 1 is even and ¢ <0 if | is odd, and

(2n —3)N

lei!

Proof Since
9 1 d 1 1

17 9cinh2zrdr  4coshz @~V

(3.5) and the recursive relation 4c' = ¢/~ — (n 4+ 1 — 2)¢}'"} follows from the induction on

n. In particular, 4c§ = ¢! and 4¢?_; = —(2n — 3)c!"3, and thus, ¢§ = 272" > 0 and
len_i| = 272"(2n — 3)!l. The sign of general ¢' follows from the recursive relation. Since
4120 — 3)|e] | < 47|}, it follows that 4|cl'| < |cf ™t + Mkﬂ and thus, 4[c}'| <

2n—3
2n—3 Cnfl

—t—|c;”7|. This means that

(2n —3)N L1 (2n — 3)N

< —_.
A 7 ey ey B TGRSR 92n(n — 1 — 1)

Lemma 3.2. Let p,q > 0 and suppose ¢ =0 if p = 0. Then there ezists a positive constant
¢ such that for alll =0,1,2,---, and x > max(1, %),

Wll(efaa:zfpa:xq) < C2fl(2a)lel2/(4a)efaa:zf(pfl)qufl.
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Here, if 1 > 1, then (2a)'z=" can be replaced by T'(1)~'(2a)"*x~'. Moreover, if 2-lel*/(4a) g
replaced by 2=2', then the lower bound follows.

Proof The case of [ = 0 is obvious, so we may suppose that [ > 1. Since 2sinhx < €7,
s+ <(1+s)(1+z)<2x(1+s)forz>1, s>0,and e P*(1+ )7 <, it follows from (3.2)
that

TOW (e rar)
= / 67“52’pssq(cosh s — coshz)!~! sinh sds

2

00 -1
=T P / 67“52*”5*2““(;5 + s)q(2 sinh (% + x) sinh (%)) sinh(s + x)ds
0

< ce—am2—(p—l)qu / e—as2+(l/2+1/2)s—2ams (Sil’lh (%))lilds
0

)
<2 le az®—(p l)qu/ e—as +ls Qamsds
0

= c2*lel2/(4“)67”2*(”4”%1(2ax)*1, (3.6)

where we used the fact that —as? + s = —a(s — 2—2)2 + i—i. Since sinhx < ze”®, the integral in

(3.6) is also estimated as

< 027l6l2/(4“)c/ e 2awsgl=lgg — c2*lcel2/(4“)I‘(l)(2ax)*l.
0
Therefore, we can deduce the first estimate.
We note that sinh z > % for0 <z < % Since 0 < ﬁ <
follows that

%ands—l—xzxfors,xZO, it

1/(2bx)
P(l)VVll (e—amz—pqu‘) > C2—2le—am2—(p—l)qu / e—asz—(p—l)s—QamsSl—ldS
0

1
Z0272167”2’@’”@(2(1@4/ e s ds.
0

1

Since T'(1)~* / e~*s'"1ds is bounded below, the lower estimate follows.
0

Lemma 3.3 Let p,q > 0 and suppose ¢ =0 if p=0. Then there exist a positive constants
¢ such that for all l,n =0,1,2,---, and x > max(1, %),
W2, 5((cosha) W (=" P*a)|
< C2n(2a)—l612/(4(1)6—(1372_(n+1+p)qu—l((n + l)il'_l/Q + fEl/Q).

Here, if 1> 1, then (2a)~'2=" can be replaced by T'(1)~*(2a)"'z~'. Moreover, if onel’/(4a) g
replaced by 277!, then the lower bound follows.

Proof Since W2, , = W}, 0o W2, it follows that

—1/2
W2, 5 0 ((coshar)” W)

1
= ZWE/Q o (—(n + )(cosh )~ FFDWL 4 (coshz)~(HHDWL ). (3.7)
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Therefore, we need to estimate
W12/2((coshx)*(”“”)wfl1 (e*mtqu)), l=-1,0,1,2,---.
Substituting the estimate obtained in Lemma 3.2, we see that for [ > 0,
Wi ((cosha)~ DT (e )

< cco/ e_“SQ_(""’Q"’p)SSq_l(cosh 25 — cosh 22)~*/22 sinh 2sds
2 > 2 2 l 1/2
< ccpe” ™ _("J””)'”/ e~as —(ndpH2a2)s (g 4 097! (cosh 2(s 4 2) — cosh 2) ™Y/ 2ds,
0

where cg = 02"(2a)lelz/(4“). We note that, if I > ¢, then (s + 2)?7! < 297! and if [ < ¢, then
(s+2)77t < (22(1+5))97 " and e P*(1+5)97! < e7P$(1+5)? < ¢. Therefore, applying [3, (3.1)]
to (cosh2(s 4 x) — cosh 22)~1/2, we have that the above formula could be estimated as

< CCoe_“‘T2_("+1+;D)rxq_l /Oo e_amz—(”'+1+2m?)8 (71 + 2(33 ™ S) ) l/zds
0 s(z + s)

1/2 [0
< Ccoefaa:Q—(nJrler)a:xqfl (l + ]_) / 672amsid8
x 0 \/g

< ccoe_’wz_("+1+p)‘rxq_l_1/2. (3.8)

When [ = —1, we note that [W1,(e=92"~P2g9)| < ¢(1 + z)7T =" =P (sinh ). Hence, (3.8)
is replaced by

< Qne—an’—(n+p)z / e*“527(”+p+2”)5(8 + 2)7 (cosh(s + ) — coshz) ™ /2ds
0

e 1
< 2" e—ax’ = (n+1+p)z q / e 205 (x4 s)(1+2(x + 5))1/2ds.
0 Vs

The last integral is dominated by /2. Substituting these estimates to (3.7), we can deduce
the desired upper estimate. Other desired estimates follow from Lemma 3.2 and the arguments
used in [3, Theorem 3.1].

When p=¢g =0 and [ = 0, we have the following refinement.
Lemma 3.4 Foralln=0,1,2,---,
Wzl/Q((cosh x)*”e*‘“ﬁ) = ¢o(cosh )" hY0(x) + 0(2"716*”2*("“)””‘%*1/2),

where ¢y = 22\/tet. Here f = O(g) means that |%| < C when © — oo. If C depends on
some parameters vy, then we use the symbol f = O((g).

Proof Since e~ = COW12/2(h?’O) (see (3.3)), the case of n = 0 is obvious and moreover,
for n > 1, it follows that

051W31/2((c0sh x)_"e_“'TZ)
= —/ ﬁ(((cosh )~ " —(cosh s)_")Wf/z(hg’o)(s))(cosh 2s — cosh 22)"*/2d cosh 2s
+ (coshz) "0 ()

T / ((cosh )~ — (cosh s) ~™)e %" (cosh 25 —cosh 22) ~3/22 sinh 2sds + (cosh ) " h%°(x).
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We note that for 0 <z < s,

(cosha) ™™ — (coshs)™" < n(cosh s — coshz)

cosh z(cosh z)™

Therefore, the similar argument in the proof of Lemma 3.3 (or [3, Theorem 3.1]) yields that

the last integral is dominated by onpe—ae’ —(n+)zp—1/2,

Now we shall obtain the asymptotic behavior of """ (z) as @ — co. It follows from (3.3),
(3.4) and (3.5) that

n—1
R = c512_3me_t((m+"+1)2_1) Z cf’WElQ((coshx)_("“)ﬂfll,m(e_“mz)). (3.9)
1=0

Since

Wim(efaaf) ~(m) (QCM/,)mefaaffmac7

here f ~ g means that there exist positive constants ¢, co such that ¢; f(z) < g(z) < caf ().
If c1, co depend on some parameters 7, then we use the symbol f ~(,) g. Lemmas 3.4 implies

that, when x — oo, the term corresponding to [ = 0 contributes to the asymptotic behavior of
i (x):

Proposition 3.1 We firt >0 and m,n=0,1,2,---. Then for x,ax > 1,

h;ﬂ,n(x) N(t7m17n) 67p2t67pwe—a:2/(4t)(1 + x)m+1/2' (310)

Next we shall consider the behavior of (coshz)™h{™(z). Let ¢ > 0 and we suppose that

L) = (o).

2¢ -1
that is, coshz < 271F¢e® if 2 > z(e) and x — oo if € — 0. Then it follows from (3.9), Lemmas
3.3 and 3.4 that

>11<
a:_2og

n—1
(coshz)" k)" (@) = 27e~ V"D (n (@) + O Y fef!jel*/UD(1) e = na1/2) ),
=1

We note that el”/(4a) < ¢(n=1)*/(4a) 44

— 1 s n — 1 ' _4
; e~ < ; 2n+2(£ —; —)1)!P(l) =27%(n - 1).

Hence, it follows that

(COSh Z‘)nhgn(ﬂi) _ 2nee—t((n+1)2—1) (Cgth(x) + O(e(n—1)2/(4a)€—am2—mn2x—l/2))
_ 2n6272n67t((n+1)271)h?,0 ({E)(]. + O(TL222n€(n71)2/(4a)$71)). (311)
Letting x — oo, we have the following

Proposition 3.2 We firt >0 and n=0,1,2,---. Then

n1.0,n
lim (coshz)"h," (z) — 9—2n,—t((n+1)°~1)

3.12
—00 h?vo(x) ( )
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4 Hardy’s Theorem

We keep the notations in the previous section. We recall the proof of Hardy’s theorem for
the Jacobi transform of (o, 3), @ > 8 > —1 (see [1, 3]). Then it is easy to see that Hardy’s

theorem for the Jacobi transform of (m,n), m,n =0,1,2,---, also holds:

Theorem 4.1 Let m,n=20,1,2,---, and f be a measurable function on Ry satisfying
(1) 9(&) = Oy (B2 ()

(i) G (X) = Oy (e70X).
If ab> 1, then g =0, and if ab= 1, then g is a constant multiple of hy"" (z).

Applying this theorem, we have Hardy’s theorem on SU(1,1) for a fixed K-type (see the
example in [7]).

Theorem 4.2 Let f be a measurable function on G of K-type (n,m), n,m =0,1,2,---,
satisfying

(i) f(z)= O(n,m)(h‘f;as)"wrm (z)(sinh )" =™l (cosh z)* ™),

(i) Faam(X) = Otnm) (@unam (V™).

If ab > i, then f = 0, and if ab = i, then f is a constant multiple of

-(sinh )"~ (cosh )"+,

hl}n—m|,n+m (if)

Proof Let g(z) = f(z)(sinhz)~"=™l(coshz)~(»+™), Then

h|n7m|,n+m

g(.]?) = O(n,m)( 1/(4a) (.23)),
g\nfm\,ner(/\) = 22(n+m)+2m_m‘ﬁv,,m()‘)Qr_z,lm(/\) = O(n,m) (e_b/\2)
see (2.12)). Then Theorem 4.1 implies that, if ab > 1, then g = 0, and if ab = 1, then g is a
1 1
constant multiple of h,‘)"_m"""rm(x) and thus, f is the desired form.
Let L3, (G) denote the subspace of L?(G) consisting of all f of the form

f= Z fn,mv

n,m=0
where f, p, is of K-type (n,m).
Corollary 4.1 Let [ be in L8+(G) and satisfy for alln,m =0,1,2,---,
(1) Fnm(®) = Oy (H 10, (@),
(i) Frm(N) = Opnmy (™).
If ab> i, then f =0, and if ab = i, then f is of the form

flg) = Z anhg’zn(x)(cosh x)2mein(9+Y) (4.1)
n=0

where g = kgazky and a, € C.
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Proof Proposition 3.1 implies that
h]‘f"_m"""rm(x)(sinh )" (cosh )™+ ~(mn) Oz + )™l for zax > 1. (4.2)

Hence fnm(z) = On,m (h‘f;(ﬂ)"wrm(a:) (sinh z)/"=™l (cosh )"+ (14 2)~I"=™1) and f, m(X) =

O(n,m) (e’b)‘2) = O@n,m) (Qnm(Ne —bx? ) (see (2.11)). Hence Theorem 4.2 implies that, if ab > 1,
then f, ,, =0, for all n,m € Z, and thus f = 0. If ab = % then f, , is a constant multiple
of hl‘)n'_m"n'+m(a:)(sinh )" (cosh )"+, Since f,.m(z) = O (h(;/()(4a)( ), it follows that
[n —m]| =0 (see (4.2)). Thereby, f must be of the desired form.

5 Main Theorem

We retain the notations and suppose that
o0
= Z anhy?" (z)(cosh )2 e™OH¥) ¢ 12 (@),

‘We recall that
}Tn,n(A) _ an274n67b((2n+1)2+)\2) (51)

(see (2.9) and (2.12)). Then letting ¢ = b = - in (2.14), we obtain the L?-norm of f on G as
follows.

/G 1F(g)dg = f_oj lan? / 7 |RO21 () (cosh )" 2 Mo o () da

S

_ _ 2

:§ |an|22 Sne 2b(2n+1)
n=0

00 n—1
< ( / e (CooW)| 2N+ Y (k+ %)e%@“m). (5.2)
k=0

0

We define the partial sum fny, N =0,1,2,---, of f as
N .
= Z anhg’%(x) (cosh z)?m (@),

Then Proposition 3.2 implies that

lim lim h O(x) " fin( (kgag) = Za 9= Ane=b((2n+1)*~1) giné _ Zd em? = F(¢), (5.3)

N—o00 x—00

where d,, = 2~ 4ne—b((n+1)*~1) ¢ Obviously, (5.2) implies that

n—1

1Pl = el el and 3014 (1+ 3 k@) L f . (5.4)
n=0 k=0

Since E |dn|? < oo and E |dn|2(n—1)e2(@n=1)" < oo there exists a positive constant C' such
that |d |(1 +n)1/2eb(2n= 1)2 < Cforalln=0,1,2,---. This means that F is real analytic and

|an|274"(1 + n)l/ze_b(2"+1)26b(2"_1) <C foralln=0,1,2,---
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Hence (5.1) implies
FamA) = O((1 4 n)~1/2e=b@n=1)% =bX%

We introduce a subspace A?(T) of H%(T) as follows:

[e%S) e’} n—1
AT = {F(@) = 3 dne™ € HX(T); |F|3aimy = Y duf2(1+ D ke®@HD7) < oo},
n=0 n=0 k=0

For F(¢)= Y. dne™® € A2(T), we define a function f on G as (4.1) with a,, = 247b((2n+1)* =1 g,
n=0

Then (5.2) and (5.4) imply || f|| r2(c) < c|\F||?42(T). Clearly, | fn.n ()| = |an|hy*" () (cosh z)?" =
~ b
O(n)(hg’o(x)) and (5.1) implies fr n(A) = Oy (e—bA2), Moreover,

lim lim hg’o(a:)_lfzv(/%ax) = F(¢).

N —00 £—00
Finally, we have the following theorem.
Theorem 5.1 Let ab = i, Let f be in L3, (G) and satisfy for alln,m =0,1,2,---,
(1) fam(@) = On.m) (h) )40 (),
(i1) Fam(X) = Onmy(e™).
Then, as an L2-function on T,
(iii) Jim lim ()" v (kgas) = F(0)
exists and F € AZ(T). Here |[F| 2y = c| fpllr2c) and [Nl azery ~ [ fllr2)- Let F(¢) =

S} .
S dne™® denote the Fourier series of F. Then f is uniquely determined as a central function
n=0

f(g) _ Z dn24neb((2n+1)2—1)hg,Qn(x) (COSh x)277,61'77,(q5—i-7,l;)7

n=0
where g = kgazky, and each fnn()\) satisfies

ﬁzn(A) _ O((l + n)—l/Qe—b(Qn—1)2e_b,\2).
Conversely, if F € A}(T), then there exists a function f € L§, (G) such that f satisfies (i), (ii)
and (iii).

Remark 5.1 (1) We note that, if f € L, (G) is of the form in (4.1) and F is given by

Theorem 5.1(iii), then |f(g) — hg’o(x)F((b)L g = kgayky, is dominated as

(Z |an|2nee—t((n+1)2_1)n2€(n—1)2/(4a))hg,O(x)x—l

n=0
(see (3.11)). Therefore, if this sum is finite, then we can replace Theorem 5.1(iii) by
(i) lim hy*(@) 7" f(kgas) = F(9),
and deduce that f € L}(G) and f(z) = O(hg’o(x)).

(2) In Corollary 4.1 we can replace the condition (i) by
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() F(x) = O(hD3,0 (@),

because (i)’ implies (i). Also, in Theorem 5.1, it is true if we ignore the last statement of the

existence of f for F' € Aj(T). As remarked in (1), in order to construct f € L3, (G) from
F € A}(T), which satisfies (i), (ii) and (iii), it is necessary to control the series in (1).

(3) In Corollary 4.1 and Theorem 5.1, if we replace the condition (i) by

W (F2)mn(@) = Ot (B 40y (2));

then a,, = 0 for n # 0, that is, f is K-biinvariant. Actually, since fmm = (fP)m.n> (i)’ and (ii)
imply that fp is of the form in (4.1). Since fp has no discrete part, (5.2) implies that a,, must
be 0 if n # 0.
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