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Three Dimensional Interface Problems
for Elliptic Equations
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Abstract The author studies the structure of solutions to the interface problems for
second order linear elliptic partial differential equations in three space dimension. The set
of singular points consists of some singular lines and some isolated singular points. It is
proved that near a singular line or a singular point, each weak solution can be decomposed
into two parts, a singular part and a regular part. The singular parts are some finite sum
of particular solutions to some simpler equations, and the regular parts are bounded in
some norms, which are slightly weaker than that in the Sobolev space H2.
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1 Introduction

The structure of solutions near singular points for the interface problems of two dimensional
elliptic equations has been studied by a number of works (see [2, 5, 6, 9-14]). The results can be
summarized into a decomposition theorem. Solution near a singular point can be decomposed
into two parts, a singular part and a regular part. The singular part is a finite sum of particular
solutions with the form of r*¢(0), or 7* log™ r¢(6), where r is the distance to the singular point,
and 6 is the polar angle.

The aim of this paper is to study three dimensional problems. The set of singular points,
which is one dimensional, is more complicated than that of two dimensional problems, where
the set of singular points is finite. Therefore we will study the structure of solutions near
singular lines and near singular points, the intersections of singular lines. The results on two
dimensional problems will be applied here.

We consider the equation

N

3
Lu = Z 3—%(%1@)%) + ;bz(x) 81{ F+e(@u=f(z), zeQ, (1.1)

where 2 C R? is a polyhedral domain. We assume that € is decomposed into a finite number
of polyhedral sub-domains Q*), such that UQ®) = Q, and we assume that a;; € C1(Q®) ),
b € L>(Q), ¢ € L*(Q2). The matrix (a;j) is not necessarily symmetric, but the condition of
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ellipticity,

3

Z ;85 > xl€1?, V&L, & ER, (1.2)

ij=1

should be satisfied, where x > 0 is a constant. For simplicity, we impose the Dirichlet boundary
condition,

ulzean = 0, (1.3)

n (1.1), where 99 is the boundary. If 0 is not an eigenvalue of the operator L, then the problem
(1.1), (1.3) admits a weak solution u € Hg () provided f € H=1(Q) (see [3]).

The edges of the sub-domains Q) will be generally known as singular line segments, and
the vertices of them will be known as singular points. In the following the terminology “singular
line” is understood as the open singular line segments.

We will recall some results on the two dimensional problems in the next section. Then we
will study the singular lines in Section 3. Then we will study the singular points in the last
three sections. In what follows we assume that the singular lines and the singular points are
situated in the interior of the domain 2. For those singular lines and singular points on the
boundary the argument is analogous. We denote throughout this paper that C is a generic
constant and the notations of the Sobolev norms || - ||s and semi-norms | - | are applied.

2 Two Dimensional Problems

We recall the results in [11] with some generalization. First of all we consider a homogeneous
equation with piecewise constant coefficients, depending on a parameter x3 € I, I = (o, 3),

2
Lou = Z i(av;j(%)%) =0, z€D(o,m), (2.1)

X X
=1 9% Ozi

where a;; depend on 3 continuously, D(o, ) is a disk with center o and radius 79. The domain
D(o,10) is divided into some sectors Sy,, m = 1,--- ,mg, by some rays starting from the origin.
a;; are constants in each sector for a given x3 and satisfy the same elliptic condition as (1.2).
Let (r,¢) be the polar coordinates with the origin 0. We take a parameter £ € (0,1) and define
Lo = {(r,0);r =1}, and Ty, = {(r,0);7 = *ry}. Denote the set {(r,0);0 < r < ¥ry} by £8Q.
Then we have

Lemma 2.1 Let u € C(I; H(Q)) be a solution to (2.1) for all x3 € I. Then u = uy + us,

N
ur =Y ealas)r (9 log™ (59 () (9), (2.2)
n=1

where a, (x3) > 0, <p$f’3) are continuous and piecewise sufficiently smooth, and

HUQHQ@QQSM < C”UHl, V.]?g (S 7, 1 <m < my. (23)

ug and each term in (2.2) are the solutions to (2.1), and the constants N, C are independent

of x3.
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Proof Let g = ulp, € H'/?(I'y). Then g — ulr, defines a compact operator X in
H = H'/? (see [11]). The eigenvalues are arranged as [A\;| > |[Xo| > ---. Two spectrum sets
{M, AN {AN+1, -+, 0} are defined such that [Ay| > € and [Ayy1] < €& N depends on
x3, so it is denoted by N(z3). The space H is decomposed into two subspaces, H = Hy ® Ha,
accordingly. \,, depends on z3 continuously. For a given xéo) € I,onehas Ny = N (xéo)). There
is a neighborhood of xgo) such that |[An,+1] < € for all x3, so N(z3) < No. We pick up a finite
number of those neighborhoods covering the interval I. Then we get an upper bound of N (x3),
denoted by N. The constant N in (2.2) is thus obtained.

We construct a closed curve C, such that Ay41,---,0 are situated in the interior of it, and
A1, -, Ay in the exterior of it. Denote by R(\, X) the resolvents of the operators X. In a

neighborhood of mgo), it is analytic near C. The projection operator from H to Hy is

1

P=—-——
21

/C RO\, X) dA.

Therefore P is bounded in this neighborhood. Using the same argument, we can prove that P
is bounded on 1.
The remaining part of the proof is the same as that in [11], and thus is omitted.

Secondly, let us consider the nonhomogeneous equation
2.0 du
Lou = Z %j(aij(x?’)a_xi) =f, x€Q=D(o,10). (2.4)

ij=1
Lemma 2.2 If f € L*(2), then there is a particular solution u to (2.4) such that

lull.g + 77 D*ullo.cans,, < Cllr™ flo, (2.5)

m —

where v € (0,b), b is a positive constant, and C' depends on v, but is independent of xs.

Proof Let ¢ be a positive constant to be determined. For a fixed z3, we define the spectrum
sets like the previous lemma but require that [Ax| > € + ¢ and [An+1]| < € + €. Since

. 1
lim || X, |1+ = [Anl,
k—o00

where || - || stands for the spectrum norm and X, is the operator X restricted on Ha, we have
IX 5,0 < (Avsa] +2)* (2.6)

for sufficiently large k. Let us fix one k, denoted by K. By continuity, there is a neighborhood
of w3 such that (2.6) holds with k = Ko, and [Ay| > £+ 5, [An41| < { +¢. Using the same
argument as the previous lemma, we know that Kj is uniformly bounded on I.

Let Qx = {(r,0);&* > r > ¢¥+11. Following the proof of Lemma 8 in [11], we define

fk:{fv Z‘EQk,

0, otherwise.

Then f = > fr. Let u be the solution to the equation (2.4) on the whole plane, where f
is replaced by fr. Because uy satisfies the homogeneous equation (2.1) on ¢, we have
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the decomposition uj = u,(:) + u( with u(l)|pk+1 € H; and ul(f)|r,c+1 € Hy. We extend u,(:)

analytically to €2 which is still denoted by u( ). Letu = > (ug — uk ) On the sub-domain €,

k=1
u= Z ug + Z u,(f)— Z u,gl). (2.7)
k>l—1 k<i—1 k>l—1

The estimate of the first and the third terms is the same as that in [11]. We study the second
term only. Define a mapping Ty, : © — £*2. Let @ = uy, o T),. Then @ satisfies Lou = £2F fj, o Tj,.
Let | =k + 2+ kKo +I’, where k is a nonnegative integer and 0 <!’ < Ky. We notice that X
is a bounded operator. Then using an estimate in [11], for the solutions of the equation (2.4),
we have

2 —— 2
1l o Te) eyl = 1X 2@ o Ty |l
< C(An1] + )"0l o Ty) |y |l
< C(|An1] + &) k| fillo-

Then by scaling and interior estimation, we get
i fo.cuns,, < CAwa] +2) 061 filo.

Consequently, we have

2

-2
3 ], SO vl + e o < 0 (S52) sl

k<l—1 k=1 =1

Combining the estimates for these three terms, we have

W, < C(EMI Mg+ (3 (6 5 sloa) ).

where b is a sufficiently small positive constant. We multiply the both sides by ¢27! and then
sum the inequality with respect to [. We have the estimate for the second term:

1-2
271 +2€ I—k 2
e () Irloa)
0 -2 g =2
<oy ey (55) X () s,
=1 k=1 k=1
gcifw 12( +2€)3(l_
=1 k=1
3(1—k)
_cznfnmk > e
I=k+2
Let € satisfy 0 < e < 3 (51’* —¢). Then the right hand side is bounded by C/||r7 f||o.

The estimate of the first term is the same as that in [11].

We remark that because we intend to get an estimate independent of x3, the result of Lemma
2.2 is different from that in [11].
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We are now in a position to consider the general equations. Let u € H'(Q) be a solution to
the equation

+ c(x)u = f(z) + Z 8f—(x) (2.8)

2.0 0 2 0
> a—%(aij( ; )65) + ) bi(x) “
i,j=1 v i=1

where f € L2, fi € HY(Sy), m = 1,2,--- ,mg, and a;; € C(I;C(Sy, ), bi € L™=, ¢ € L>=. The
matrix (a;;) satisfies the condition of ellipticity.

Theorem 2.1 u can be decomposed into two parts, u = v+w, and v, w possess the following
properties:

N
v = Z Uy = Z e (23)ron (#3) 1ogmn (@) 1. (@3) (), (2.9)

n=1

where a, (x3) > 0. Each term w, is a particular solution to the homogeneous equation

2
0 ou
aij (0,3) 5 ) =0, 2.10
3 g (a0 20) 5 (2.10)
1,7=1
where a;;(0,z3) is a piecewise constant function, the coefficients a;; frozen at o. v and w satisfy
the estimation

[v]l1 + [Ir D*w]lo < C(H“Hl Fr7 fllo+ > |fz'|1,sm), (2.11)

where the constant C is independent of xs and 7 is given in Lemma 2.2.

Proof The proof follows the same lines as that in [11]. The weak form of (2.8) can be
written as

ou v 2 du v
/ Z a;;(0,z3 au axvj :/Q Z ((aij(O;xB)_aij(xaxB))a +f]) ; x

ij=1 ;
/(Zb +Cu—f)fd$, Yo € Hy(£Q).

Then a function z in H! is defined such that it belongs to H? in each sub-domain S,, and
2 2

0z ou 2
> aij (0, 23) 5 —n; = >~ (ai;(0,z3) — aij (@, @3)) 5 =n; + > fing,
3 (2 J:1

ij=1 ij=1
on the interfaces, where (n1,n2) is the unit exterior normal vector on the boundary of each S,,.
The weak form is thus reduced to

[ 3 w022 B o [ {15050 (= (020 -t 22)

i,j=1 i,j=1 m

U (a0 ) S e

By virtue of Lemma 2.2 a function w is taken to satisfy the above nonhomogeneous equation.
Then u — z — w is a solution to the equation (2.10). Using the results of Lemma 2.1, we have
the desired decomposition of u — z — w. Then we regard z + w + us as the function w, and u,
the function v in the theorem, and the proof is completed.
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3 Singular Lines

Without losing generality, we assume that the singular line of the solution u to the equation
(1.1) is 2y = 3 = 0,23 € I. We consider a cylinder S = D(o,7q) x I, where g is small enough
so that there is no other singular point in S. We study the regularity and decomposition of the

solution u.
The solution u is heterogeneous in S. We introduce some notations. As usual D?u stands for
. . 2, \3 . . . 2
the Hessian matrix ( 8, - ) .. For our convenience, its sub-matrix ( 0%u ) _ . is denoted
Ox;0x; /) i,5=1 ) Oxi0xj /i, j=1

by 0%u. A function f € L?(S) is regarded as a mapping x3(€ I) — LQ(D(O ro)) and it is
expressed by f € L?(I; L*(D(o,70))), or in a simpler form, f € L?(L?). The above spaces L?
can be replaced by other Banach spaces.

Lemma 3.1 (%‘3 € HY(S"), where S’ CC S.

Proof Denote by 7, the shift operator, T,u(x1, x2, x3) = u(x1, x2, 23 + h), and by Ay, the
difference operator Ay, = 7 L (7, — E), where E is the identity operator. Then we have

> o (B i+ s 2) = - Yot -
i=1 )

i,j=1

The H~! norm of the right hand side is bounded, and

3
|5 2 (e,

is also bounded. Using the standard argument (see [3]), we can get the H'-norm estimate for

ou
Oxsz "

Theorem 3.1 The solution u of (1.1) can be decomposed in S into two parts: u=v + w.

N N
0= un = Y ealaa)r™ D log™ ) rp(7) 0),

n=1

where (r,0) are the polar coordinates on the (x1,x2) plane at each point x5 € I, ap(z3) > 0,
and N, ap(z3), mn(xs) and the functions go( z3) depend on a;;(0,0,x3) only. Moreover, each

term u, s a particular solution to the homogeneous equation

2

0 ou
- a—xj (azj(oa 07x3)8xi) - 07 (31)
[vll L2y + 177 0%wl| L2 22y < C|lully + 77 flo)- (3:2)

Proof The equation (1.1) can be rewritten as

> 9 o 0 o
) @(aim)a—@ +;a7j(a3j<x>a—;)

2
ou ou
+Za73 - 8x3 +;bz(a¢)8—xl +b3(a:)a—%+c(x)u—f(x).



Three Dimensional Interface Problems 447

By Lemma 3.1 a3j687u3 piecewise belongs to H', and aig%gm and bs3 g;; belong to L2. We
notice that for almost all a3, the solution u(-, -, x3) belongs to H*(D(0,79)). Then by the
results of Theorem 2.1, the conclusion follows.

The number 1 — minRea;(x3) describes the singularity of the solution. We take n >
3

1 —minRea;(x3), n < 1. Then by Theorem 3.1 and Lemma 3.1 we have
T3

Corollary 3.1 The solution u to the equation (1.1) satisfies
[r" D?ullo < C(lul1 + [ fllo)
near a singular line.

The above result does not imply the regularity of the functions v and w with respect to x3.

) are in general discontinuous with respect to x3. As a particular case,

In fact, m,(z3) and @57,303
if a;; are independent of x3, then the spectrum of X is independent of x3, some results for the
regularity can be proved. We take derivatives of (2.1) and (2.4) with respect to x5, and then

follow the proof of Lemma 2.1 and Lemma 2.2 to get

Lemma 3.2 Under the conditions of Lemma 2.1 if u € C*(I; H'(Q)) and a;; is independent
of x3, then uy € CY(I; H'(D(0,1))), and
lenler + [luzllcr a2y < Clluller .
where ¢, is given in (2.2).
Lemma 3.3 There is a particular solution u to the nonhomogeneous equation
: %(aijg—;) = f(z1, 23, 73),

ij—
such that
lullcr ) + 177 0%uller 2y < Cllr? fller -

Then we have the result for the regularity with respect to x3.

Corollary 3.2 If b;,c € CY(I; L*°) and f € CY(I;L?), then the functions v and w in
Theorem 3.1 satisfy

lenler + P 0%wller(zey < Cllluller gy + 17 Fllor g.z2)-

Remark 3.1 It is easy to see that if higher order derivatives of b;, ¢, f exist, the higher
order derivatives of ¢,, and w exist too.

4 Singular Points-Homogeneous Equations

Without losing generality, let the domain be Q = B(o,1), a ball with center o and radius 1.
We assume that o is a singular point, and there are a finite number of singular line segments,
{l;}, starting from o, which are the intersections of interfaces. We consider the homogeneous
equation with piecewise constant coefficients

3

S5 2 (0, 22) —c m

i,j=1



448 L. A. Ying

in this section. Let the boundary of Q, 9Q = I'g. The same notations £ € (0,1), I'x, Qk, Spm,
H = H2(Ty), and X : H — H are defined as in the two dimensional case. The definitions of
them are not repeated here.

Lemma 4.1 X is a compact operator.

Proof Let g € H be the boundary value. Then the equation (4.1) admits a unique solution
u € H'(Q). For a given bounded set {g,,} C H, there is a subsequence of the solutions {uy},
which is still denoted by {u,}, converging to v in H'(Q) weakly. We may assume that & > %
Then we consider the domain {z; % < p < 1}, where p is the distance to o. For each singular line
in it, we construct a cylinder S surrounding it as in the previous section. By Corollary 3.2 and
Remark 3.1, u, = vy, + w, and w, are uniformly bounded in the norm 7762 - || = (12), where s
can be arbitrarily large. Thus there is a subsequence of w,, converging in H' strongly on each
domain S N S,,. There are only a finite number of terms in v,, so converging subsequences
also exist. Then it is easy to see that there is a subsequence of w,, converging in any compact
sub-domain of {x;3 < p < 1} NSy, in the norm of H' strongly, the limit of which is still u.
Restricted on I'y, the subsequence converges in the norm of H z,

By the singularity of solutions near singular lines, we define a weight function on €. Let
t € Ty be a point, t; € 'y be the intersections of the singular lines I; with I'g, and ¢ — ¢; be the
vector from ¢; to t. By Corollary 3.1, there is an exponent 7; corresponding to t;. Let x € ),
and the angle between [; with the ray ox be 6;. Then we set

ema 0)
z!}O(x):{(l)_[ l zio.

The following semi-norm with a weight 1 is denoted by
1
2
fulo = (3 IwD%ulds,) "

By Corollary 3.1, if u € H'() is a solution to (4.1), then |uls,p,0r < 0o in any compact
sub-domain . Applying Corollary 3.2 to v and w, we find that the derivatives along singular
lines can be any order, so it also holds that |v|2 4,0 < 00 and |w]2,y,,0/ < 00 in any compact
sub-domain .

Let (A, g) be an eigenpair of the operator X. Different from the two dimensional case the
eigenfunction g is singular, and the singular points are ¢;. We study the property of g.

Lemma 4.2 Near a singular point t; the eigenfunction g can be decomposed into two parts:
g =gy + gw- Go 1S a finite summation of some particular functions,

N

-t
b= ealt = il log™ |t — tilipn (=), 4.2
g =D ot =l dog™ = il (1 (1.2

n=1

where an > 0, ¢n are continuous and piecewise sufficiently smooth, and |gu|lz s < oo in
Sm N To, where 6 > 0.

Proof We consider the solution u of the equation (4.1) with boundary data g. Then
ulpr, = A\g. We apply Theorem 3.1 in the domain ©; to get u = v + w. The traces of v and w
on I'; possess the desired property.
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Corollary 4.1 If the elementary divisor is quadratic for an eigenvalue A of X, h € N((X —
AE)?), and (X — AE)h = g, then the conclusion in Lemma 4.2 keeps true for h.

By the Riesz-Schauder Theorem, the spectrum of X consists of isolated eigenvalues and the
point 0. The eigenvalues are arranged as |[A1| > |A2| > ---. Two spectrum sets {A1, -+, An},
{ANi1,---,0} are defined such that [Ay| > €2 and [Ax;1| < £2. The space H is decomposed
into two subspaces, H = H; @& Hs, accordingly, such that the spectrum of Xy, in H; is just
{A\1, -+ ,An} and the spectrum of Xp, in Hy is {An41,---,0}. For any g € H, we have a
unique decomposition g = g1 + g2, g1 € Hi, g2 € Hs. Let uj, us be the solutions corresponding
to g1, g2 respectively.

Theorem 4.1 u; is a finite summation in the form of
N
ur =Y cnp™™ log™" ppon(t),
n=1

where o, > —%, ¢, can be decomposed into two parts, as stated in Lemma 4.2, |c,| < Cllull1,0,
and |uzla,po.60 < Cluli,0-

Proof The proof follows the same lines as for two dimensional problems. We only need
to check the regularity of us. By Corollary 3.1 we have

[eoD%usl3 0, s, = € oD (uz 0 Teet) I3 0y 5, < &z © Temaly gy
We consider the boundary value problem on Q\&3Q and obtain
luz 0 Tu-1lly gygmm < CUX* gallfy + 11X 2ga]|7).-
Let € > 0 and |An41] +e < 5%. Then for k large enough, we have

loD?uzl§ o, s, < CEHH (ANl +€)* Y + (M| + )22 a1y

(o]
Therefore Y [[voD?usl[3 ¢, ns,. converges, which proves the assertion.
k:l bl m
5 Singular Points-Nonhomogeneous Equations
We consider the equation

AR o

i,7=1
in this section. We make one hypothesis:
(H) The exponents a,, in (4.2) satisfy Re(a,,) > £ for all n.

Then we prove an existence result for the problems on the entire space R3. Let the closure
of C§°(R?) with respect the norm |- |; be Z(R3), which is a Hilbert space with this norm (see

[70)-

Lemma 5.1 We assume that (H) holds, vof € L*(R3) and supp f € B(o,1). Then the
equation (5.1) admits a unique solution u € Z1(R?).
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Proof Let v e Z1(R3). It is proved in [7] that the norm
2

</|Vv|2dx+/#dx)%

is equivalent to |v|; in Z1(R?). It is also equivalent to the norm ||v||; if the domain is the unit
ball. We show that the inner product in L2, (f,v), defines a bounded operator on Z!(R?). In
fact by the Holder inequality

ol =| [ roasl < ([ wdirpa)’ ([ pira)(

By the embedding theorem H! — L° and by the hypothesis (H), we can take 7; < %, which
implies [ vy® dz < oo. Therefore

1

¢a3dx)§.

r<l

|[(f;0)l < Clivofllolvlr-

Then by the Lax-Milgram Theorem the existence and uniqueness follows.

01‘, )
1 (z) = {gl zig

We define another weight

Theorem 5.1 If (H) holds and 1o f € L?, there is a particular solution u in Q = B(o,1)
to the equation (5.1) such that

[[ul

Lea + [ul2,p5.60 < Cllvbo fllo,
where

__ (@)
Y2l = og pl + 177

the integer M depends on the equation (4.1). Moreover, there is another solution u such that
lullge + [ul2,;.c0 < Cllvo(| log p| + 1) flo,
provided the right hand side is bounded.

Proof We prove a weighted norm estimate in ;. Let u be a weak solution to (5.1). Let
Q C QN Sy, and the distance dist(Q,1;) > d > 0, Vi, and let Q' = {z € Sy,;dist (z,Q) < £}.
Then by the interior estimate
lul, 5 < Cd  uli o + [ fllo.0r)-
Let d be small enough, then Q' C Q\ £3Q. Consequently,

|U'|271/11791 < C(|u|17Q\§3_Q + ||¢1f|\09\53—9) (5'2)
Analogous to Lemma 2.2, we define

fk:{fv xeﬂkv

0, otherwise.

Then applying Lemma 5.1, we construct the solution wuy to (5.1) with the right hand side fj.
The solution u is given by (2.7). Applying (5.2), we see that the estimate for u is the same as
in [11] except that |uls0, s,, is replaced by [[¢1D?ullo.0, 0 s, -



Three Dimensional Interface Problems 451
6 Singular Points-General Linear Equations

We consider the equation (1.1) in this section. We consider one singular point and denote
Q = B(o,1).

Theorem 6.1 Under the hypothesis (H) let uw € H*(Q) be a solution to the equation (1.1).
Then w can be decomposed into uw = v + w. v is a solution to the equation (4.1), where the
coefficients are a;j(x) frozen at o, and v is a finite summation in the form of

N
0= cnp®log™ pen(t),
n=1

1
where ap, > —5, and

|en] + lwll1e0 + wl2,ps.60 < CllullLo + (£

0,0)-

Moreover, we have

leal + lwll.go + ]2, 60 < C(llullio + [[(|log ol + 1) £]

O,Q)7

provided the right hand side is bounded.

Proof Analogous to the proof in [11], we obtain

|ul2,p5.60 < C[ullio + [[ofllo.0),

where ¥3(z) = pipo(z). The weak form for the boundary value problem of (1.1) can be written
as

2 ou v 2 du\ Ov

ij=1
2. du

—|—/ bi— +cu— f)odx, Vve HEQ).

m(; - ) G

We consider the open sets, Gy = {x € Q; €51 > p > ¢Fl ser > [t—ti| > 55 b k=1,2,- -1,
1=0,1,---,e>0,and Gog = {x € Q; |t —t;| > e, Vi}. They cover the domain 2. Let {x}
be a partition of unity. Restricted to one sub-domain S,,, by the inverse trace theorem (see

[8]), there exist Zyx € H?(Gr N Syy,) such that

~ 8Em _ ;4 0 — Qjj B—Zn
Zmkl = 0, M gk 1{X z( i(© 1) on";

on nT An } 0 Tie—1

on 95,,, and
(ai5(0) — ai;) §en;
nT An

where n = (n1,n2,n3) is the unit exterior normal vector on 9S,,, and the matrix A = (a;;(0)).

IZmktll2 < Cka_l{sz } o Tk—l’

’
1

Let zpmp = Zmri © Ti—k and 2 = E Zmkl- Then
mkl

9z (ai;(0) — ai;)5%n;

on nT An
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on the boundary provided that ¢ is small enough. Moreover, z satisfies

12l2,0,60 < C([[ull1,0 + pfllo.0)-

Integrating by parts we get

O(u—z) Ov
/gQ Z Qij (0)78% %jdx

s i o (060 - 52 + 32 52 (w03 Y

m Jj=1 i,5=1

3
+/§Q (;big—; + cu — f)mzx, Vo e H(£Q).

=1

Then applying the results of Theorem 4.1 and Theorem 5.1, we complete the proof. For details,

see [11].
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