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Abstract In “Elements of small orders in K(F')” (Algebraic K-Theory, Lecture Notes
in Math., 966, 1982, 1-6.), the author investigates elements of the form {a, ®,(a)} in the
Milnor group KoF of a field F, where ®,(z) is the n-th cyclotomic polynomial. In this
paper, these elements are generalized. Applying the explicit formulas of Rosset and Tate
for the transfer homomorphism for K», the author proves some new results on elements of
small orders in Ko F.
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1 Introduction

In an earlier paper with the same title (see [1]), we investigated elements of the form ¢, (a) :=
{a, ®,(a)}r € KoF, where F is a field of characteristic prime to n,

ﬁ 1—(x

:1
is the n-th cyclotomic polynomial, and a, ®,(a) € F*. We call such ¢, (a) cyclotomic elements.
In [1], it is proved that for n = 1,2, 3,4 and 6, the set

Gn(F) :={cn(a): a,P,(a) € F*}
is a subgroup of Ky F. Moreover, for F' = Q, every element of order n|12 has the form

Hcd(ad) for some aq € F*.

The proofs in [1] are quite elementary, and the results are obtained by manipulation on symbols
only. We did not use the transfer homomorphism for Ks.

J. Urbanowicz [2] generalized some of our results to arbitrary fields applying the transfer
and his transfer symbols. He proved also that for arbitrary field F' of characteristic # 3 every
element of order 3 in K> F equals c3(a) for some a € F* (see [2, Corollary 3.4]).

In the present, paper we extend some results in [1] and [2] applying the effective formulas
for the transfer given by S. Rosset and J. Tate [3].
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2 The Transfer for K,

We state basic properties of the transfer homomorphism (see [3-5]).
Let E be an extension of degree d of a field F. Then there are homomorphisms

jr/g: KoF — K3FE, jppla, b}r ={a, b}p fora,bec F~,
Trg p: KoFE — K>F, for the definition (see[4, §14]).

Then
(Trg/r o jr/e)(a) = a? for a € KyF,

and if F is a Galois extension of F' with the Galois group G, then

(Jr/poTrg/p)(B) = H o(B) for B € KyF.

ceG

The transfer is transitive: If F' C F C L, then

TrL/F = TrE/F OTI'L/E.

If b € E*, but a € F*, then the transfer of {a, b} is easy to describe

Trg/ria, b} ={a, Ng/rb}r, (2.1)

where Ng/p : E* — F* is the norm.

If both a,b € E* \ F, then the reciprocity law of Rosset and Tate [3] makes it possible to
express Trp p{a, b} as the product of symbols in Ky F.

We give below the details. First, we make some reduction steps. Taking in (2.1) F' = F(a)
we get

Trg/r@ia, bye ={a, Ng/r(a) b} r(a)-

Thus, by the transitivity of transfer, to get Trg/r{a, b} it is sufficient to compute
TI"F((L)/F{G,, bI}F(a), where b/ = NE/F(Q) b.

In other words, we can assume that £ = F'(a), and we have to write the element Trp(,)/r{a,
b} r(a) for b € F(a) as the product of symbols in Ko F.

Since b € Fla], we have b = f(a) for some f € F[z] with 0 < deg f < (F(a) : F). Let
f(z) =cfi(x)- - fr(x), where c € F* and f;(x) € F|z] for 1 < j < r are monic and irreducible,
r > 0.

Then

Trry/ria, 0}r@) = Trr@)/rias ¢ re) - H Treyria, fi(a)}ra)-

j=1
The first factor on the right equals {Np(,)/ra, c}r, by (2.1). Thus it remains to express
Trp()/pia, fij(a)}r(a) as the product of symbols in K> F. The reciprocity law solves this prob-

lem.
We state the reciprocity law of Rosset and Tate in the following form (see [3]).
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Reciprocity Law Let f,g € F|x] be monic, irreducible and relatively prime polynomials,
let g(a) = f(b) =0 and assume that ab # 0. Then

Trry/ria, f(@)}r@ ={9(0), F(0)}r {(=1)%%, (=1)*E}p Trpw) r{b, 9(b)}re)- (2.2)

We leave it as an easy exercise for the reader to deduce this form of the reciprocity law from
its statement in [3].
Since
deg f; < deg f < degg, wherege Flz], g(a) =0,

by applying to Trp(.)/ria, fij(a)}r@) the reciprocity law several times we get eventually the
product of symbols in KsF.
The reciprocity law simplifies if one of the polynomials f, g is of degree 1.

Proposition 2.1 If a polynomial g € Fx] is monic and irreducible with a oot a # 0, and
be F*, g(b) #0, then

Treay rla, b—a}r@ = 1{b, g(b)/9(0)}F. (2.3)

Proof We have

{a, b—a}pw) ={a, —1}r@)-{a, a =0} pe). (2.4)

Since g(0) = (—1)°89 Np(,),r a, by (2.1) we have

Trp(a)/p{a, _1}F(a) = {NF(a)/F a, —1}F = {(_l)deggg(o), —l}F. (25)
Let f(x) =« —b. Then
{9(0), £(0)}r = {g(0), =b}r = {g(0), —1}r-{b, g(0)} 5",
(19959, (1)} = (1), 1.
Therefore, in view of F(b) = F and (2.5), from (2.2) we get
Trpeay/r{a, a—b}r@) = Trr@y/ria f(a)}r
= {b, g0)}r - {(=1)%9g(0), —1}r-{b, 9(0)} 7"
=1{b, 9(0)/9(0)}r - Trp@y/rla, —1}r()-
Then (2.4) implies the result.

Proposition 2.2 Let n > 2 and assume that the cyclotomic polynomial ®,,(x) is irreducible
over F, where F is a field of characteristic prime to n. Then for b € F* satisfying ®,,(b) # 0
we have

Trpc,)/pilns b= Catr,) = 10 ®n(b)}r = cu(b).

Proof In Proposition 2.1, put g(x) = ®,(z) and a = (,. Since ®,(z) is monic for n > 2
and @,,(0) =1, (2.3) gives the result.

From Proposition 2.2, it follows that ¢, (b)” = 1, which was proved directly in [1] without
the assumption that @, (z) € F[z] is irreducible.
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3 Generalized Cyclotomic Elements

We give another example of elements of order n in Ky F.

We assume, as always, that n is prime to the characteristic of the field F. Let C,(q,l) =
Cn, (,(7,2) ey Q(f”) be the maximal set of primitive n-th roots of unity pairwise nonconjugate
over F. Then Q(Lj) = (¥ for some kj, (kj,n) =1. Let oY) () be the minimal monic polynomial
for Q(Lj ) over F.

Obviously, F(Cff) = F((,). Hence

deg ®9) = (F(C1) : F) = (F(Ga) : F) = dn

does not depend on j.
We have

Tn

P (x) = H o) (x). (3.1)

Hence p(n) = deg @, =d,, - .
We define generalized cyclotomic elements in Ko F' as follows:

(a) = {a, @ (a)}r, where1<j<r,, a, Y (a) € F*.

The generalized cyclotomic elements have similar properties as the ordinary ones. If ®,, € F[z]
is irreducible, then there are no generalized cyclotomic elements. It is the case for n < 2.
Therefore in what follows we assume that n > 3.

By (3.1),

j=1 j=1
so every cyclotomic element is the product of generalized ones.
Proposition 3.1 If n > 3 is prime to the characteristic of the field F, then for a € F*
satisfying @Sf)(a) #0 and E = F((,) we have
Trp p{Chs a =G Ye = {a, @7 (a)/@P(0)}r = {2(0), a}r - (a). (3.2)

In particular, if ¢, and ;' are conjugate over F, then

Trp/p{Cl, a— e =i (a).

Proof The formula (3.2) follows immediately from Proposition 2.1. If 0(¢,) = ¢t for some
o € Gal(E/F), then U(Cﬁj ) = C;kj, and it follows that the polynomial @gf)(a:) is symmetric.
Hence &4 (0) =1, since 3y () is monic. Then the second part of the proposition follows from
(3.2).

Corollary 3.1 We have c;j)(a)Q” =1fora€ E*, 1<j<r, and if (, and ;' are
conjugate over F, then cg)(a)” =1

Proof Since ®4 (0) = £}, for some r, and <I>$Lj)(0) =1, if ¢, and (! are conjugate over

F, then the corollary follows from Proposition 3.1.
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4 Elements in K>F of Order n, Where n|12
We give a direct proof of Corollary 3.4 in [2] based on the similar ideas as the original one.

Theorem 4.1 Let F be a field with char F' # 3. Then every element of order 3 in KoF' has
the form cs(b) for some b € F*.

Proof Let a € KyF be an element of order 3. Then ™! also has order 3. Put E = F((3).
By a theorem of A. Suslin [6, Theorem 1.8] we have jr/p(a™"') = {(3, a}g for some a € E*.

If (3 € F, then E = F. Hence a = jp/p(a) = {¢3, a~'}r, and the result follows from [1,
Theorem 1].

Assume that (5 ¢ F. Then (E : F)) = 2. Hence

(Trg/p o jre) (@) = (@) =
On the other hand

(Tre/r o jr/E) (ofl) =Trg/p{C3, a}p, whereac F((,)" = E".

If a € F, then
Tre/p{¢s, atp = {Ng/r (s, a}r ={1, a}r =1,
i.e., a~! = 1. It is a contradiction, since o has order 3.

Hence a ¢ F, a = u(3 +v, u,v € F, u # 0. Then a = —u(b — (3), where b = —2 ¢ F.
Similarly as above we get Trg/p{(3, —u}p = 1. If b = 0, then a = Trg,/p{(3, —(3}r =1, a
contradiction.

Then b # 0 and

a="Trg/rp{G, a}p = Trg/p{(s, b—CGtE = c3(b),
by Proposition 2.2 with n = 3.
Now we prove an analogous theorem for elements of order 4.
Theorem 4.2 Let F be a field with char F' # 2. Then every element of order 4 in KsF is
of the form ca(a’) ca(a”) for some o', a" € F*.

Proof If (4 =i € F, then the result follows from [6, Theorem 1.8] and [1, Theorem 1].

Assume that i ¢ F and denote E = F(i). Let « € KoF be an element of order 4. Then o?
has order 2. Hence a? = {—1, a}r for some a € F*.

We have

irye(@)® = jrp(a®) = jrp{-1, a}r = {-1, a}p = {i, a}}.

It follows that the element jr/g(a) - {3, a}El has order < 2, so it equals {—1, b} for some
b e E*. Then
jF/E(a) = {iv a}E ’ {_17 b}E = {iv a}E ’ {iv b}QE

Since (E : F) =2, we get Trg/p(jr/p(e)) = o?.

From a € F*, by (2.1), it follows that

TI"E/F{i, a}EZ {NE/Fi, a}FZ{]., CL}F:]..
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If b e F*, we get

o = Trg/r(jr/p(0) = Trg,p{i, b}% = {Ng/pi, b}% = 1.

Hence b ¢ F, b =wui+v, u,v € F, u# 0. Then b = —u(a’ — i), where a’ = —2 € F. Similarly
as above we get Trg/p{i, —u} = 1.

If ¢’ =0, then o? = Trg/p{i, —i}r = 1, a contradiction. Then a’ # 0 and from Proposition
2.2 it follows that Trp, p{i, o’ —i} = ca(a’).

Thus we have proved that

o =Trg/r(jr/p(q) = Trg,p{i, b}E = ci(a’)’.

Consequently the element v c4(a’)~! has order < 2, so it equals ca(a”) for some a”” € F*. Hence
a = cq(a’) ca(a”).

Theorem 4.3 If F' is a field of characteristic # 2,3 and n|12, then every element of KoF
of order n has the form

H cd(aq)  for some aq € F*.

d|

d<4
Proof For n < 4 the theorem follows from [1, Theorem 1] and Theorems 4.1 and 4.2 above.
For n = 6 it is sufficient to observe that every element a of order 6 can be written as the

product a® - a* of elements of orders 2 and 3, respectively. Similarly, every element a of order
12 can be written as the product a* - a® of elements of orders 3 and 4.

It is not true in general that every element of order 4 in K5F has the form c4(a) for some
a € F*, as the following example shows.

Example 4.1 For F = Q and a € Q* we have ®,(a) = a®> + 1 > 0. Consequently the real
Hilbert symbol  : K>Q — u(R) satisfies n(cs(a)) = n{a, a® + 1}g = 1. On the other hand, if
¢4(a) has order 4, then {—1, —1}g - c4(a) has also order 4, but n({—1, —1}g - ca(a)) = —1.

We can take e.g. @ = 2. Then ¢4(2) = {2, 5} has order 4, and the element {—1, —1}q -
{2, b}g cannot be expressed as c4(a) for some a € QF, as the real Hilbert symbol shows.

5 Transfer from Quadratic and Cubic Extensions

First we prove a formula for Trp ) p{a, b}p(), where b € F(a)* has a simple form b =
ua + v, u,v € F. Next we apply it to fields F(a) quadratic or cubic over F.

Proposition 5.1 If E = F(a) is an extension of F of degree d prime to the characteristic
of F, and g € Flx] is the monic and irreducible polynomial with a root a, then for b € E* of
the form b = ua + v, where u,v € F, we have

{(—=1)%9(0), v}r, if u=0,
TrE/F{a“’ b}E = {(_1)d9(0)7 _U}F’ if v=0,
{(=1)¢, —u}r-{g(0), v}r-{w, g(w)}r, if uw#0,

where w = — .

Proof We have Np(,)/ra = (=1)7%9(0).
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If u=0, then b =v € F* and, by (2.1), we get
Trp/r{a, bte = {Ng/ra, vir ={(-1)%(0), v}p.

If v =0, then b = ua. Hence {a, b} = {a, va}r = {a, —u} g, and we get similarly

TI'E/F{CL, b}E = TI'E/F{G, —U}E = {(—1)dg(0), —U}F.

Finally, let uv # 0. Then b = —u(w — a), where w = —% € I'*. Hence, by Proposition 2.1

Trg pla, b}p = Trg,pla, —u}p-Trg/pla, w—alp

g(w)
={(-=1)%9(0), —u}p- {w W}F

={(-1)% —u}r-{9(0), —uw}r-{w, g(w)}r
= {(—1)d7 —u}r-{9(0), v}r - {w, g(w)}r,

Corollary 5.1 If E = F(a) is a quadratic extension of F, char F # 2, and g € F[z] is the
monic irreducible polynomial with a root a, then for b = ua+ v € E*, where u,v € F, we have

{9(0), v}ir, if u=0,
Trg r{a, be = { {g(0), —u}p, if v=20,
{g(O), U}F ) {wa g('LU)}F, Zf uv 7é 0,

where w = —2 € F™.

Proof Since d = (E : F) = 2, the corollary follows from Proposition 5.1.

To prove an analogous result for cubic extensions we need the following well-known lemma
(see [7, p. 93]).

Lemma 5.1 If E = F(a) is a cubic extension of the field F, then every element b € E can

be written in the form
b= ua—i—v, where u,v,t,z € F. (5.1)
ta+ z

We can assume that t =0 or —1, and z = 1 if t = 0. Then the representation (5.1) is unique.

Proof Every b € E can be written in the standard form b = by + bia + bya?, where
bo, b1, by € F. Let g(x) = go + g1z + g22 + 2> € F[x] be the minimal polynomial for a.
Then we have to find u,v,t, 2z € F satisfying (ta + 2)(bo + b1a+ baa?) = ua + v. Equivalently

zbg — batgo = v, zby +tbg — batgr = u, zba + bit — bagat = 0.

To satisfy the last equation we take t =0, z=1,if by =0, and t = -1, z = %, if bg # 0.
Then u and v are determined by the first two equations.

The uniqueness is obvious.

Corollary 5.2 If E = F(a) is a cubic extension of a field F, char F # 3, and g € F[z] is
the monic irreducible polynomial with a root a, then for b € E* we have
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(i) If b=wua+v, orb = %‘Z“, where u,v € F (ie., t =0, z=1o0rt=—-1, z=0in
(5.1)), then
{_9(0)7 U}F’ if u=0,
TrE/F{av b}E = {_9(0)7 _U}Fy Zf v = Oa
{_15 _U'}F ' {g(0)7 U}F ' {wa g(UJ)}F, Zf uv 7& 0;

where w = — 2.
u

(i) If b="22 w v,z € F, z#0, (ie, t =—1, 2% 0 in (5.1)), then
Trp/r{a, b}e = Trg/r{a, ua+v}e - {z, 9(2)/9(0)} 5",

where the first factor is given in (i).

Proof (i) Since d = (E : F) = 3 is odd, we have (—1)? = —1 and the corollary in the case
b = ua + v follows from Proposition 3.1.

If 2 =0, then {a, 2 —a}p = {a, —a}p = 1. Hence for b = “*£% the element Trp, p{a, b}p
= Trg/p{a, va+v}g is given in (i).

(ii) If z # 0, then by the formula for b, we have
Trg pla, by = Trg,p{a, uva+v}ig - Trg/pia, 2 — a}El.

The first factor is given in (i); to the second one we apply Proposition 2.1. We get Trg/p{a, z—

alg = {z, %}F. Hence the result follows.

6 Elements of Order 5 in Ky F
For the convenience, we include the following well-known result.

Lemma 6.1 Let n be prime to the characteristic of the field F. Let E = F((,) and
d=(E:F).
If (n,d) = 1, then every element of order n in KoF has the form

TI"E/F{Cm alg for somea € E*.

Proof Let o € K> F be an element of order n. Then

(Trg/pojr/e) (@) = a’.

Since (n,d) = 1, we have dd’ = 1 (mod n) for some d'. From o™ = 1 it follows that jp, ()" =
1. Hence by the Suslin theorem (see [6, Theorem 1.8]) we get

Jr/e(a) ={Cy,b}p for some b€ E*.
Then a := b? satisfies
Trg p{Cnate = (Trg/p{n, byp)d = (Trg/pojr/k) (@) =at = a.

Let F be a field of characteristic # 5. We shall determine all elements of order 5 in Ko F.
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By Suslin’s theorem, it is sufficient to consider the case (5 ¢ F. Let F = F((5) and denote
by o the automorphism of E satisfying o((s) = ¢; " and o|F =id. Then the subfield of E fixed
by o is F(t), where t = (5 + (5 '

From o2 =id it follows that E is a quadratic extension of F'(t) generated by (5. The minimal
polynomial for (5 over F(t) is

oM (1) = (x — )@ — ) = a? —tr + 1.
Lemma 6.2 (See [2, Corollary 3.3]) Every element oo € KoF of order 5 has the form
a = Trpy)r{w, @él)(w)}p(t) for some w € F(t)*.
In particular, if t € F, then a = {w, @él)(w)}p = cél)(w) for some w € F*, and if t ¢ F and
w € F*, then a = ¢5(w).

Proof By Lemma 6.1, every element o« € K5I of order 5 has the form
a=Trg/p{Cs, a}p for some a € E*.
From the transitivity of transfer we get

a=Trpwr(Trg/re{s, ate).

Thus it is sufficient to find Trg/p){(s, a}p.

Every a € E can be written in the form a = u(s + v for some u,v € F(t). We apply Corol-
lary 3.1 to the quadratic extension E of F'(t) with a,b, F, g(z) replaced by (5, a, F(t), @él)(x)
respectively. Since @él)(O) =1, the corollary gives

- 1, if uv =0,
vp/rw{G ake = {w, @él)(w)}p(t), if wv # 0, where w = e F(t)*.
u

Hence the first part of the lemma follows.

If t € F, then the claim is obvious.

Assume that ¢t ¢ F. Then the automorphism 7 € Gal(F((5)/F) satisfying 7(¢5) = (2 has
order 4, and hence it induces the nontrivial automorphism of F(t) over F.

We have ®5(z) = @él)(x) . T(@él)(a:)). Consequently Npy/r @él)(w) = ®5(w). If w € F*,
then by the first part of the lemma we get

a = Trpe)riw, (I)él)(w)}F(t) ={w, Npwyr o (w)}r = {w, P5(w)}r = c5(w),
which proves the last part of the lemma.

In what follows we can assume that ¢t ¢ F and w € F(¢)* \ F. Hence F(t) = F(w), and
@él)(w) is an F-linear combination of 1 and w.

More precisely, we have

Lemma 6.3 Lett ¢ F, w=rt+ s, wherer,s € F, r #0. Then

(1) @él)(w) = Aw + B, where

1
A:1+2s—r—f, le—(l——)C, C=—r*—rs+s°
r r
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(ii) The minimal polynomial for w over F is
gu(z) =2°+ (r —2s)z+ C, hence Npgyrw = C.
Equivalently, g, (z) = r?- \115(%), where Vs(x) = 2% +x — 1 € F[x] is the minimal polynomial
for t over F.

Proof (i) Substituting w = rt + s into @él)(w) = w? —tw + 1 and applying t> + ¢t —1 = 0,
we get @él)(w) = o(r, ) t+(r, s) with ¢, 9 € F[z,y]. Then put t = ¥=3; this gives the explicit

T

formulas for A and B.
(ii) Since t + 7(t) =t - 7(t) = —1, we get w+ 7(w) = —r +2s and w - 7(w) = (rt + s)(r7(t)
+s) = —r2 —rs + 52 = C. Hence the minimal polynomial for w over F is

guw(x) = (z —w)(z — 7(w)) = 2% + (r — 28)x + C.

r—s
T

Evidently both polynomials g, (x) and 72 - \115( ) are quadratic, monic, irreducible and

have a common root x = w = rt + s. Hence they are equal.
From the above lemmas we get immediately

Theorem 6.1 Let F be a field of characteristic # 5, and assume that (5 ¢ F. Then every
element o of order 5 in KoF can be written in the form

a=a(w) = Trpe r{w, @él)(w)}p(t) for some w € F(t)*,

where t := (5 + (5" and @él)(aﬁ) =2% —tx + 1.
More precisely,
(1) If t € F, then a(w) = {w, @él)(w)}p = cél)(w) for some w € F*.
(2) If t¢ F and w € F*, then a(w) = {w, ®5(w)}r = cs5(w).
(3) If t,w ¢ F, then, in the notation of Lemma 6.3,

{C, B}r, if A=0,
a(w) = { {C; —A}r, 5 5 if B=0,
€ B {=Foo(-5)}, vaB2O

Here w = rt + s with r,s € F, r # 0, gu(x) = 2% + (r — 28)x + C € F[z] is the minimal
polynomial for w over F, and A, B,C are defined in Lemma 6.3.
Conwversely, every such a(w) satisfies a(w)® = 1.

Proof The first part of the theorem follows from Lemma 6.2. The case (1) is then obvious
and the case (2) follows from the last part of Lemma 6.2.
To prove the case (3) we observe that, by Lemma 6.3,

a(w) = Trpyy/r{w, @él)(w)}p(t) = Trpuy r{w, Aw+ B} pq.

Now we can apply Corollary 5.1 with a,u, v, E replaced by w, A, B, F(t), respectively, and we
get the result.

Thus Theorem 6.1 gives a parametric description of all elements « of order 5 in Ko F with
two parameters 7, s. Namely o« = a(w) = a(rt + s) is the product of at most two symbols in
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K5 F with entries being rational functions of r and s. The formulas obtained are complicated,
but in some particular cases, as shown in the corollaries below, they can be simplified.

Corollary 6.1 In the notation of Theorem 6.1 (with s replaced by —s for convenience), we
have: If w =t — s for some s € F*, then a(w) = c5(s) L.

Proof Wehaver =1, A=-s, B=1, C=s>+5s—1, gu(r) = U5(x + s). Hence

gw( - g) =Us5(s+ 871) = 872<I>5(s).

Then, by the case (3) of Theorem 6.1, we get

atw)={ -2, gu(~ D)} =157 s @)} e = {57, Bs()}e = esls)

Corollary 6.2 In the notation of Theorem 6.1 (with r replaced by —r for convenience), we
have: If w = —rt for some r € F*, then
P5(r)
afw) = (-1, @s(}r-{ - 2 ws(@sr)},
Proof We have s =0,s0 A=1+7, B=7r2+r+1, C = —r?. We claim that AB # 0.
In fact, if A =0, i.e.,r=—1,then B=1, C = —1 and, by the case (3) of Theorem 6.1, we
get « = {C, B}r =1, a contradiction.
If B=0,ie,r>+r+1=0,then A=1+7r=—r?=C and, by the case (3) of Theorem
6.1, a ={C, —A}r = {A,—A}r = 1, a contradiction.
Thus we have AB # 0, and we can apply the case (3) of Theorem 6.1 once more.

1
{C, By ={~r% r®+7+1}bp = {-1, ®()}r - {@s(r), 5} . (6.1)
From
B r?+r+1  ®3(r) 5 x
A~ r+1 41 gelw) =7 \115(_?)
and the identity
\115(.234—1):1‘2\1/5(14-1‘71),
it follows that
B 5 B 9 1 1
w\ — & | — Us(— ) = Us(1 = Vs (P . 2
g ( A) " 5(Ar) g 5( +r(r+1)) (r+1)2 5(®a(r)) (62)

In view of {r+1, (r+1)?}r =1, {r+1, r?}p =1 and {®3(r), r*(r + 1)*}r = {®3(r), (1 —
®3(r))?}r = 1 from (6.1) and (6.2) we get, by the case (3) of Theorem 6.1,

a={C, B}F'{‘%? 9w<_§)}F

= {1, @3()}r - {@s(), %}F{ N 1GM— s (@(r)) }
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r+17 (r+1)2 F
= (1, @b { T ws@sr)} (1, W (@) e
= {1, ®s()}r - { - (fi(’"l), Ws(®5(r))}

and the corollary follows.

Remark 6.1 The last corollary implies that

{20 sy} =1

for every r € F* such that r # —1, ®3(r) # 0, ¥s(P3(r)) # 0.

Corollary 6.3 In the notation of Theorem 6.1, we have: If A = 0, i.c., s = 7’2(::1), and

w-rt—l—s-r(t—k L 1) then

7,.2
o ={ - G~ 1) ri (a0t =1 4502 =) 1 D)}

Proof It is sufficient to substitute s = % in the formulas for B and C' given in Lemma

6.3, and to apply case (1) of Theorem 6.1.

Remark 6.2 Let us note that 1 Ws5(5(x + 2)) = 52% 4 5z + 1, so the formula for o in the
last corollary can be rewritten in the form

o= {- 51" £ U5(5(—r + 2)), ﬁ G -+ 2)}

Example 6.1 Put F = Q, r = 2in Corollary 6.3. Then s = % and w = 2t—|—§. Consequently
the corollary gives

oz:oz(w):{—%-ll, %-31}}7.

Now the corresponding tame symbols satisfy

Teo() =1,

3(a) = (— % 11)2 (9 31) ” (mod 3) = (%)2 (mod 3) =1 (mod 3),
11() = (%) (mod 11) =1 (mod 11),

T31(0) = —% -11 (mod 31) = % 11 (mod 31) =2 (mod 31).

Hence 731(c”) = 2° (mod 31) = 1 (mod 31). Therefore, in fact, « is an element of order 5 in
K>Q.
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7 Elements of Order 7 in Ky F

We give a short description of an argument leading to explicit formulas for all elements of
order 7 in K»F, where char F' # 7. We assume that ®7(x) € Flx] is irreducible. In the other
case we have (F'((7) : F') < 3, and the argument is much easier.

There are two subfields of E = F((7) containing F, namely F; = F(y/—7) quadratic over
F, and Fy = F(t), where t = (7 + C{l, cubic over F.

From Lemma 6.1, it follows that every element o« € KsF of order 7 has the form o =
Trp p{Cr, a}r for some a € E*. We assume that E' = F(a), and the other cases are easier.

By the transitivity of transfer, we can write the element « in two ways

a="Trp /p(Trg r,{C¢7, a}r), wherej =1 or 2. (7.1)

We give more details in both cases.

Case 1 The minimal polynomial for (7 over F} is
o)(@) = (¢ = G)(a = ) — ¢f) =2® —&a” — (L + a1,

where £ = (7 + (2 + (F = _1%‘/_77 is a root of f(z) = 2% + 2 + 2.
We can apply Corollary 5.2 with a, F, b, g(x) replaced by (7, F1,a, @(71)(x), respectively, and
we get a formula for Trg,p, {(7, a} .

For example, if a = u;‘)’,,i?? with u,w’,w” € Fy, then

T/ p G ate = {—1, ww'n"} g - {w', 8 (@)} g - {0, &8 (W)} 5]

={-1, vw'w"}p -cgl)(w’) . cgl)(w"). (7.2)

Now, in view of (7.1), we have to apply Trz, /r to all factors on the r.h.s. of (7.2).
The case of the first factor is easy:

Trp r{—1, uww'w”}p = {1, Np, /r(uw'w”)}p.

To investigate the next factors we need a lemma similar to Lemma 6.3.

Lemma 7.1 If w = uf + v, where u,v € F, u # 0 and & is a root of f(x) = 2% + x + 2,
then <I>(71)(w) = Aw + B, where

2
A:—u2+(—30+1)u+(3v2+2v)—v ;_v,

34 02
B:2u3—(5U+2)u2+(3v2+3v+2)u—(21}3—1—21)2—1—1)—1—1)—1—U tv .
u

Proof We have
L) (w) = B (ug +v) = p(u,v) + € (u, v),

for some polynomials ¢, 1) € F[z,y], which can be written explicitly. Then substituting £ = “=*
we get the result.

Now we can apply Lemma 7.1 and Corollary 5.1 to the last two factors of (7.2) to get
effective but complicated formulas for «.
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Case 2 is similar. The minimal polynomial for (7 over Fy is g(z) = 2? — tx + 1, where
t = (7 + ¢t and the minimal polynomial for ¢ over F' is Wr(z) = 2% + 22 — 22 — 1.

If @ = ul7 + v, where u,v € F(t)*, then a = —u(b — (7) with b= —2 € F(t)*. We omit the
easier case where uv = 0.

Then

Tre p ¢ ate = Trg/p ¢, —ute Trg/p{Cr, b—C(ile ={b, g(b)}r,

by Corollary 5.1, since Ng/p, (7 = 1.
It remains to determine Trp, ,p{b, g(b)}r,. Since F» = F(t) = F(b) is a cubic extension of
F, by Lemma 5.1, g(b) can be written in the form
pb+gq
b)=—
(®) rb+ s
and we can apply Corollary 5.2. We leave the details to the reader.

,  where p,q,r,s € F,

There is the following simple particular case similar to that given in Corollary 6.1.

Corollary 7.1 In the above notation, if a = ut + v, where u,v € F(t)* and b = —2 has
the simple form b =t + r, for some r € F, then

a="Trg/p{¢r, a}p = 07(— %)

Proof By the above, we have a = Trg,,p{b, g(b)}r,. From b = t+r and g(x) = * —tx+1
we get g(b) = br + 1.

The minimal polynomial for b over F is U7(x — r) =: gp(z). By Corollary 5.2, with
a,b,u,v, B, g(x) replaced by b, br + 1,v, 1, Fy, gy(x), respectively, we get

a=Trp, p{b, br +1}p, = {1, —r}p-{—%, gb(—%)}F.

(-2 =(-r-2) = coron( -]

in view of the identity
Ur(x+ a7 t) =230 (2).

Now,

Hence

(=5 oDk {5 5l {-h oD e (=5),

Consequently a = 67( — %)
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