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1 Introduction

The classical Wente’s problem arises in the study of constant mean curvature immersions

(see [9]), for which the scalar version is just the following problem:
{

−∆ψ = det∇v = ax1bx2 − ax2bx1 , in Ω,

ψ = 0, on ∂Ω,
(1.1)

where x = (x1, x2), a, b are functions defined in Ω, a bounded domain in R
2. If Ω = R

2, we

shall replace the boundary condition by the ground state condition

lim
|x|→∞

ψ(x) = 0,

where |x| is the Euclidean norm |x| =
√

x2
1 + x2

2. In both cases, when v = (a, b) ∈ H1(Ω,R2),

it is proved in [10, 3] that ψ, the solution of (1.1), exists and lies in C(Ω) and ∇ψ belongs to

L2(Ω,R2). More precisely, we have

‖ψ‖L∞(Ω) + ‖∇ψ‖L2(Ω) ≤ C(Ω)‖∇a‖L2(Ω)‖∇b‖L2(Ω). (1.2)

Many works have been done to estimate the best constants (see for example [1, 8, 6] and some

other generalizations in [2, 4]).

Here, we deal with the following problem: Let u ∈ H1
loc(R

+, H1(R2,R2)) and consider














∂tϕ− ∆xϕ = det∇u(t, x), in R
+ × R

2,

lim
|x|→∞

ϕ(t, x) = 0, ∀ t > 0,

ϕ(0, x) = 0, on R
2.

(1.3)
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Recall that for an interval I in R and Banach space E, H1(I, E) denotes the standard Sobolev

space of functions in L2(I, E) such that the derivative is also in L2(I, E).

It is not trivial that a solution exists for (1.3), since the second member lies apparently

just in L1(R2). But we know that det∇u has a special structure which admits some higher

integrability than L1, and it lies indeed in the Hardy space H1 (see [5]). Here we will use the

special form of Jacobian determinant to show that a unique global solution ϕ exists. Moreover,

‖ϕ‖L∞(R2) is locally bounded (for the time t) and we can get nearly the best estimate for its

L∞ norm.

First, the linearity of our problem permits us to decompose the solution ϕ as ϕ1 +ϕ2, where















∂tϕ2 − ∆xϕ2 = 0, in R
+ × R

2,

lim
|x|→∞

ϕ2(t, x) = 0, ∀ t > 0,

ϕ2(0, x) = −ϕ0(x), on R
2,

(1.4)















∂tϕ1 − ∆xϕ1 = det∇u(t, x), in R
+ × R

2,

lim
|x|→∞

ϕ1(t, x) = 0, ∀ t > 0,

ϕ1(0, x) = ϕ0(x), on R
2,

(1.5)

where ϕ0 is the solution of classical Wente’s problem in R
2, associated to u(0, x):







−∆ϕ0 = det∇u(0, x), in R
2,

lim
|x|→∞

ϕ0(x) = 0. (1.6)

It is well-known that ϕ2(t, x) exists and is given by ϕ2 = −E(t, · ) ∗ ϕ0, where

E(t, x) =
1

4πt
e−

|x|2

4t , t > 0, x ∈ R
2,

denotes the fundamental solution of heat operator in R
2, that is, E satisfies ∂tE−∆xE = δ(0,0).

It is easy to see that ‖ϕ2‖∞ ≤ ‖ϕ0‖∞ and by the ground state condition for ϕ0,

lim
t→∞

‖ϕ2‖∞ = 0.

Thus our study will concentrate on that of ϕ1.

Throughout this note, ‖ · ‖p denotes always the Lp norm over R
2, ∇ and ∆ denote always

the derivation with respect to the variable x. Our main results state

Theorem 1.1 Let u be a function in H1
loc(R

+, H1(R2,R2)). Then a unique global solution

of (1.5) exists and ϕ1 ∈ C(R+ × R
2). Furthermore,

sup
Σ(u) 6=0

sup
t>0

‖ϕ1(t, · ) − ϕ0‖∞
Gu(t)

=
1

2π
(1.7)

with

Gu(t) =

∫ t

0

‖∇(∂sa)(s, · )‖2‖∇b(s, · )‖2 + ‖∇a(s, · )‖2‖∇(∂sb)(s, · )‖2ds,

where a, b are the two companents of u and Σ(u) = Gu(∞).

Remark 1.1 Consequently, we get ϕ ∈ C(R+ × R
2).
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Theorem 1.2 The solution ϕ1 belongs to C(R+, H1(R2)) if u ∈ H1
loc(R

+, H1(R2, R
2)).

Furthermore, t 7→ ϕ1(t, · ) is locally Lipschitz with values in L2(R2) and we have the following

estimates: for any t > 0,

‖ϕ1(t, · ) − ϕ0‖
2
2 ≤

1

π

∫ t

0

Gu(s)2ds, (1.8)

1

2
‖∇ϕ1(t, · ) −∇ϕ0‖

2
2 + ‖∂tϕ1‖

2
L2([0,t]×R2) ≤

3Gu(t)2

4π
. (1.9)

2 Proof of Theorem 1.1

If u ∈ D(R+ × R
2), the space of C∞ functions with compact support, we know that the

solution of (1.5) is explicitly given by

ϕ1(t, x) = E(t, · ) ∗ ϕ0(x) +

∫ t

0

E(s, · ) ∗ det∇u(t− s, · )(x)ds. (2.1)

We will establish the estimate (1.7) in this case. Then the existence and estimate of ϕ1 in

general case will come from density argument. First, we consider the value of ϕ1 at the point

(t, 0). We have

ϕ1(t, 0) =

∫

R2

e−
|y|2

4t

4πt
ϕ0(y)dy +

∫ t

0

∫

R2

e−
|y|2

4s

4πs
det∇u(t− s, y)dyds = I + J. (2.2)

Using polar coordinates, we have

I =

∫ 2π

0

∫ ∞

0

e−
r2

4t

4πt
ϕ0(r, θ)rdrdθ = −

1

2π

∫ 2π

0

∫ ∞

0

∂r

(

e−
r2

4t

)

ϕ0(r, θ)drdθ

=
1

2π

∫ 2π

0

∫ ∞

0

e−
r2

4t ∂rϕ0drdθ + ϕ0(0).

On the other hand, since

det∇u =
(arb)θ − (aθb)r

r
,

we get

J =

∫ t

0

∫ 2π

0

∫ +∞

0

e−
r2

4s

4πs
[(arb)θ − (aθb)r](t− s, r, θ)drdθds

=

∫ t

0

∫ 2π

0

∫ ∞

0

∂r

(e−
r2

4s

4πs

)

(aθb)(t− s, r, θ)drdθds

= −

∫ t

0

∫ 2π

0

∫ ∞

0

∂s

(e−
r2

4s

2πr

)

(aθb)(t− s, r, θ)drdθds.

Therefore,

ϕ1(t, 0) − ϕ0(0) =
1

2π

∫ 2π

0

∫ ∞

0

e−
r2

4t ∂rϕ0drdθ −

∫ ∞

0

∫ 2π

0

e−
r2

4t

2πr
(aθb)(0, r, θ)drdθ

−

∫ t

0

∫ 2π

0

∫ ∞

0

e−
r2

4s

2πr
∂s(aθb)(t− s, r, θ)drdθds. (2.3)
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Furthermore, −∆ϕ0 = det∇u(0, x) means

−
1

r
∂r(r∂rϕ0) −

1

r2
∂2

θϕ0 =
(arb)θ − (aθb)r

r
,

so

−∂r[r∂rϕ0 − aθb] = ∂θ

(∂θϕ0

r
+ arb

)

.

Consequently

r∂rϕ0(r, θ) − (aθb)(0, r, θ) = −

∫ r

0

∂θ

[ 1

σ
(∂θϕ0)(σ, θ) + (arb)(0, σ, θ)

]

dσ.

We get finally

ϕ1(t, 0) − ϕ0(0) =

∫ ∞

0

∫ 2π

0

e−
r2

4t

2πr
[r∂rϕ0(r, θ) − aθb(0, r, θ)]drdθ

−

∫ t

0

∫ ∞

0

∫ 2π

0

e−
r2

4s

2πr
∂s(aθb)(t− s, r, θ)drdθds

= −

∫ t

0

∫ ∞

0

∫ 2π

0

e
− r2

4(t−s)

2πr
∂s(aθb)(s, r, θ)drdθds. (2.4)

If we denote

b(s, r) =
1

2π

∫ 2π

0

b(s, r, θ)dθ,

we have
∫ 2π

0

|b− b|2dθ ≤

∫ 2π

0

b2θdθ, ∀ b ∈ H1(0, 2π).

Thus

|ϕ1(t, 0) − ϕ0(0)| ≤
1

2π

∫ t

0

∫ ∞

0

1

r

∫ 2π

0

|[b− b(s, r)]∂saθ| + |aθ∂s[b− b(s, r)]|dθdrds

≤
1

2π

∫ t

0

‖∇(∂sa)(s, · )‖2‖∇b(s, · )‖2 + ‖∇a(s, · )‖2‖∇(∂sb)(s, · )‖2ds

=
Gu(t)

2π
.

The last inequality comes from

∫ t

0

1

r

∫ 2π

0

|∂saθ[b − b(s, r)]|drdθ ≤

∫ t

0

1

r
‖∂saθ‖L2(0,2π)‖b− b(s, r)‖L2(0,2π)dr

≤
[

∫ t

0

∫ 2π

0

(∂saθ)
2

r
dθdr

]
1
2
[

∫ t

0

∫ 2π

0

(∂θb)
2

r
dθdr

]
1
2

≤ ‖∇∂sa(s, · )‖2‖∇b(s, · )‖2.

As the equation (1.1) is invariant under translation for the variable x, we obtain the same

estimate for all x by considering ϕ1(x+ · ), hence

|ϕ1(t, x) − ϕ0(x)| ≤
Gu(t)

2π
, ∀ t ∈ R

+, x ∈ R
2. (2.5)
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For the inverse inequality, let h : R
+ → R

+ be a smooth, decreasing, compactly supported

function such that h(0) = 1. Take now u(s, x) = h(s)u0(x) where u0 will be determined later,

and let ϕ0 be the solution of classical Wente’s problem corresponding to u0. So the solution of

heat equation (1.5) is explicitly given by (2.2). We will look at the value of ϕ1(t, 0).

If we take u0 = (a0, b0) = g(r)x where g is a smooth radial function with compact support

in R
2, then u0 ∈ H1(R2,R2) and det∇u(s, x) = h2(s)det∇u0(x) = h2(s)

2r
[r2g2(r)]′. According

to (2.4), we obtain

ϕ1(t, 0) − ϕ0(0) =
1

2π

∫ ∞

0

∫ t

0

∫ 2π

0

[h2(s)]′e−
r2

4(t−s) rg2(r) cos2 θdθdsdr

=
1

2

∫ ∞

0

∫ t

0

[h2(s)]′e−
r2

4(t−s) rg2(r)dsdr.

Clearly,

lim
t→∞

|ϕ1(t, 0) − ϕ0(0)| = −
1

2

∫ ∞

0

[h2(s)]′ds×

∫ ∞

0

rg2dr =
1

2

∫ ∞

0

rg2dr = ϕ0(0).

Moreover, a direct calculus shows

Gu(t) =

∫ t

0

‖∇∂sa‖2‖∇b‖2 + ‖∇a‖2‖∇∂sb‖2ds = −2π

∫ t

0

h(s)h′(s)ds ×

∫ ∞

0

σ3g′2dσ.

Thus for t large enough, we get

Gu(t) = π

∫ ∞

0

σ3g′2dσ = ‖∇a0‖2 = ‖∇b0‖2.

We find, in this special case,

lim
t→∞

|ϕ1(t, 0) − ϕ0(0)|

Gu(t)
=

ϕ0(0)

‖∇a0‖2‖∇b0‖2
,

where the right-hand side is the expression of L∞ norm estimate for the stationary situation.

Following [1], if we take gε(r) = rε−1e−
r
2 with ε > 0, then the right-hand side tends to (2π)−1,

as ε tends to zero. We conclude then

sup
Σ(u) 6=0

sup
t>0

‖ϕ1(t, · )−ϕ0‖∞
Gu(t)

≥ sup
Σ(u) 6=0

lim
t→∞

|ϕ1(t, 0)−ϕ0(0)|

Gu(t)
≥ sup

u0=g(r)x

ϕ0(0)

‖∇a0‖2‖∇b0‖2
≥

1

2π
. (2.6)

Combining (2.6) and (2.5), we complete the proof.

3 Proof of Theorem 1.2

We prove first (1.8). Using again the density argument, we can just consider the case where

u ∈ D(R+ × R
2). By equations (1.5) and (1.6), if we define ξ(t, x) = ϕ1(t, x) − ϕ0(x), we have

∂tξ − ∆ξ = det∇u(t, x) − det∇u(0, x) =

∫ t

0

∂σ[det∇u](σ, x)dσ. (3.1)

Multiplying (3.1) by ξ and integrating with respect to t, we have

1

2
ξ(t, x)2 −

∫ t

0

ξ(s, x)∆ξ(s, x)ds =

∫ t

0

ξ(s, x)

∫ s

0

∂σ[det∇u](σ, x)dσds. (3.2)
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Now we integrate (3.2) over R
2. Then

1

2

∫

R2

ξ(t, x)2dx+

∫ t

0

∫

R2

|∇ξ(s, x)|2dxds =

∫

R2

∫ t

0

ξ(s, x)

∫ s

0

∂σ[det∇u](σ, x)dσdsdx.

Hence, by (2.5)

1

2
‖ξ(t, · )‖2

2 +

∫ t

0

‖∇ξ(s, · )‖2
2ds ≤

∫ t

0

∫ s

0

‖ξ(s, · )‖∞

∫

R2

|∂σ[det∇u](σ, x)|dxdσds

≤
1

2π

∫ t

0

∫ s

0

Gu(s)

∫

R2

|∂σ[det∇u](σ, x)|dsdσdx. (3.3)

Otherwise, we have ∂t(det∇u) = det[∇(∂ta),∇b] + det[∇a,∇(∂tb)], which yields
∫

R2

|∂t[det∇u](σ, x)|dx≤‖∇(∂ta)(σ, ·)‖2‖∇b(σ, ·)‖2+‖∇a(σ, ·)‖2‖∇(∂tb)(σ, ·)‖2= G′
u(σ). (3.4)

Combining (3.3) and (3.4), we have

1

2
‖ξ(t, · )‖2

2 +

∫ t

0

‖∇ξ(s, · )‖2
2ds ≤

1

2π

∫ t

0

∫ s

0

Gu(s)G′
u(σ)dσds =

1

2π

∫ t

0

Gu(s)2ds,

and (1.8) follows. For proving (1.9), multiplying (3.1) by ∂tξ and integrating with respect to t

and x, we get easily

‖∂tξ‖
2
L2([0,t]×R2) +

1

2
‖∇ξ(t, · )‖2

2

= −

∫

R2

∫ t

0

ξ(s, x)∂s[det∇u](s, x)dsdx +

∫

R2

ξ(t, x)

∫ t

0

∂s[det∇u](s, x)dsdx = I1 + J1.

Using (2.5) and (3.4), we have

|I1| ≤
1

2π

∫ t

0

Gu(s)G′
u(s)ds =

Gu(t)2

4π
, |J1| ≤

Gu(t)

2π

∫ t

0

G′
u(s)ds =

Gu(t)2

2π
,

which imply immediately (1.9).
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