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Abstract In this note, the authors resolve an evolutionary Wente’s problem associated
to heat equation, where the special integrability of detVu for u € Hl(]R2, RQ) is used.
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1 Introduction

The classical Wente’s problem arises in the study of constant mean curvature immersions
(see [9]), for which the scalar version is just the following problem:

{—Aw =detVv = ag,byy — a3,b5,, in Q, (1.1)

P =0, on 0f),

where o = (x1,23), a, b are functions defined in €, a bounded domain in R%. If Q = R?, we
shall replace the boundary condition by the ground state condition

lim +(z) =0,

|z|—o0

where |z| is the Euclidean norm |z| = y/2? + 22. In both cases, when v = (a,b) € H'(,R?),
it is proved in [10, 3] that 1, the solution of (1.1), exists and lies in C'(Q) and V1 belongs to
L?(Q,R?). More precisely, we have

[Vl Loe ) + IVU L2y < C(Q)||Val L2() |Vl L2 () (1.2)

Many works have been done to estimate the best constants (see for example [1, 8, 6] and some

other generalizations in [2, 4]).
Here, we deal with the following problem: Let u € H} (RT, H'(R? R?)) and consider

0o — App = detVu(t,z), in RT x R?

|m1|iinoo e(t,z) =0, Vi >0, (1.3)
()0(0, x) = 07 on RQ.
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Recall that for an interval I in R and Banach space E, H!(I, E) denotes the standard Sobolev
space of functions in L?(I, E) such that the derivative is also in L?(I, E).

It is not trivial that a solution exists for (1.3), since the second member lies apparently
just in L'(R?). But we know that detVu has a special structure which admits some higher
integrability than L', and it lies indeed in the Hardy space H! (see [5]). Here we will use the
special form of Jacobian determinant to show that a unique global solution ¢ exists. Moreover,
¢l o (r2) is locally bounded (for the time ¢) and we can get nearly the best estimate for its
L°° norm.

First, the linearity of our problem permits us to decompose the solution ¢ as 1 + 2, where

Orpa — Npp =0, in RT x R2,
‘ l‘im wa(t,z) =0, Vit>0, (1.4)

502(07x) = —QD()(:E), on R27
Orp1 — Appr = detVu(t,x), in RT x R2,

‘ 1‘im w1(t,x) =0, Vit >0, (1.5)
$1 (va) = @0(33)7 o1 RQ;

where ¢ is the solution of classical Wente’s problem in R?, associated to u(0, z):

~Apg = detVu(0,z), in R?
lim ¢o(x) =0.

|z|—o0

(1.6)

It is well-known that s (¢, z) exists and is given by po = —E(t, - ) * g, where

z|?

1
E(t,z) = —e*‘T, t>0, reR?
T

denotes the fundamental solution of heat operator in R?, that is, E satisfies 0;F — A, E = d(0,0)-
It is easy to see that ||¢2]leo < ||¢0lleo and by the ground state condition for g,

lim ||p2|leo = 0.
t—o0

Thus our study will concentrate on that of ¢;.
Throughout this note, || - ||, denotes always the LP norm over R?, V and A denote always
the derivation with respect to the variable z. Our main results state

Theorem 1.1 Let u be a function in HL (RT, H'(R* R?)). Then a unique global solution
of (1.5) exists and 1 € C(RT x R?). Furthermore,

t ) —pollee 1
sup sup o1, ) —@ollo _ 1 (1.7)

S(u)#£0 t>0 Gu(t) 2

with
¢
Gu(t) :/0 IV(9sa)(s, -)2[[Vb(s, -)ll2 + [[Va(s, -)ll2l[V(9sb) (s, - )ll2ds,
where a, b are the two companents of u and L(u) = Gy (00).

Remark 1.1 Consequently, we get p € C(RT x R?).
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Theorem 1.2 The solution ¢; belongs to C(RT, HY(R?)) if u € HL (R, HY(R? R?)).
Furthermore, t — 1 (t, - ) is locally Lipschitz with values in L?(R?) and we have the following
estimates: for any t > 0,

lei(t, ) —oll3 < /Gu s, (1.8)

3G (1)?
ar

1
5IVert -) = Veeolls + 191ll7 o, xz2) < (1.9)

2 Proof of Theorem 1.1

If u € D(RT x R?), the space of C* functions with compact support, we know that the
solution of (1.5) is explicitly given by

p1(t,x) = E(t, - ) * po(x / E(s, -)*detVu(t — s, - )(x)ds. (2.1)

We will establish the estimate (1.7) in this case. Then the existence and estimate of ¢; in
general case will come from density argument. First, we consider the value of (1 at the point
(t,0). We have

w2 Lyl

o
£.0) = y)d detVu(t — s,y)dyds =1 2.2
¢1(t,0) /R2 4tsﬂo y+//RQ T etVu(t — s,y)dyds =1+ J. (2.2)

Using polar coordinates, we have

2m 2T
I:/ / g <p0 r,0)rdrdd = ——/ / (e” <p0(r 0)drdd
27

/ e_% -odrdd + o (0).
0

On the other hand, since

detVu = M’
r
we get
t 27 ptoo 672_3»
= / / / < [(arb)o — (agd),|(t — s, 7, 0)drdfds
27 6 4§
/ / / aeb)(t — s,7,0)drdfds
27 67@

_/0 /o /0 85( omr )(aeb)(t — 5,7,0)drdods.

Therefore,

27 2 _L
©1(t,0) — ¢o(0 =5 / / et argaodrdﬁ / / (agb)(0,r,0)drdo
s

//27

0s(agh)(t — s,r,0)drddds. (2.3)
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Furthermore, —Aypy = detVu(0, z) means

1 1 (arb)g — (aeb)r
—0r(rdrp0) = 50300 = =

SO

. (a0
—647”(%300 — aeb] = (99( , + arb).
Consequently
" 1
r0,0(00) — (@h)0,7,6) = ~ [ 00[ 2 (@0g0)(2.0) + (a,8)(0,.0) o
0

We get finally

2

oo 271 -z
o160 =00 = [ [ S r0r0(r,6) — anb(0,r,0))drdt
0 0 271’7‘
t 0o 21 efz—i
- ——0s(aph)(t — s,r,0)drdlds
L[] Seomtem )
t poo p27 6—4({7;
= —// / 0s(agb)(s,r,0)drdods. (2.4)
o Jo 0 27'('7"
If we denote
_ 1 271'
b(s,r)Z% ; b(s,r,6)d0,
we have
27 _ 27
/ |b—b|2d9§/ b3do, Ybe H'(0,2n).
0 0
Thus

1 t 001 27 _ _
l01(£,0) — o(0)] < / / ! / |[b— (s, 7)]@uao| + [aods[b — B(s, r)]|dbdrds
271— 0 0 'S 0

<5 [ 19 @.a)(s, Vb5, )z + [ Vals, el V(O8)(s, ) ads
0
Gu()

2r

The last inequality comes from
t 1 27 _ t 1 _
|5 [ osaols = bs.ridrdd < [ Z0uaol oo on 16 = 55,0 2m dr
o T"Jo o T

<[ [ O )
< [[VOsa(s, -)ll2[[Vb(s, -)l|2.

As the equation (1.1) is invariant under translation for the variable x, we obtain the same
estimate for all « by considering @1 (z + - ), hence

G, (t)

or

lo1(t, ) — @o(x)] < Vt e RT, z € R (2.5)
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For the inverse inequality, let h : Rt — RT be a smooth, decreasing, compactly supported
function such that h(0) = 1. Take now u(s,x) = h(s)ug(z) where ug will be determined later,
and let ¢ be the solution of classical Wente’s problem corresponding to ug. So the solution of
heat equation (1.5) is explicitly given by (2.2). We will look at the value of ¢4 (¢,0).

If we take ug = (ap,bo) = g(r)xz where g is a smooth radial function with compact support
in R?, then ug € H'(R?%,R?) and detVu(s,z) = h?(s)detVuo(z) = @[TQQQ(T)]/. According
to (2.4), we obtain

oo pt 2w 5
©1(t,0) — o (0) % / / / [h2(s)) e 7= rg?(r) cos? Odfdsdr
o Jo Jo

1 oo ot 2
5/ / [R2(s)) e” 1= rg?(r)dsdr.
0 Jo

Clearly,

/ rg?dr = ©0(0).
0

N | =

Jim 1(4.0) = o(0) = 5 [ (s)ds x [ gt =
Moreover, a direct calculus shows
Gult) = /Ot IV 0sall2]| Vb2 + [|Valls]| VOsb2ds = —27r/0th(s)h’(s)ds y /OOO o342 do.
Thus for t large enough, we get
Gu) = [ %o = |Vaoll: = Vbl

We find, in this special case,

lim lo1(t,0) — o (0)] _ ©0(0)
t—00 Gu(t) [Vao |2l Vboll2’

where the right-hand side is the expression of L> norm estimate for the stationary situation.
Following [1], if we take g.(r) = 7°"'e™% with € > 0, then the right-hand side tends to (27)~!,
as € tends to zero. We conclude then

t, ) =0l oo . t,0)—¢o(0 0
s s Lot ) plloe S e 0) =] (o)

1
> > S 01 R B
$(u)#0 t>0 Gu(t) S(u)#0 1% Gu(t) wo=g(r)z IVaol[2l|[Vboll2 — 27

Combining (2.6) and (2.5), we complete the proof.

3 Proof of Theorem 1.2

We prove first (1.8). Using again the density argument, we can just consider the case where
u € D(RT x R?). By equations (1.5) and (1.6), if we define £(¢,2) = o1 (t,x) — po(x), we have

t
€ — A& = detVu(t,x) — detVu(0,z) = / Oy [detVu)(o, z)do. (3.1)
0
Multiplying (3.1) by £ and integrating with respect to ¢, we have

1 ) t B t s
§§(t,x) —/0 f(s,x)Af(s,x)ds-/O f(s,x)/o Oy [detVu](o, z)dods. (3.2)
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Now we integrate (3.2) over R%. Then

&(t, o) dx—|—// |V§sx|dmds—//fsx/8 [detVu] (o, x)dodsdz.
R2 R2
Hence, by (2.5)

e, )13 + /nw mw<//Wm Hm/KMwNWmMWW%

< 2 / / / Oy [detVu)(o, z)|dsdodx. (3.3)
T
Otherwise, we have 9,(detVu) = det[V(9a), Vb] 4+ det[Va, V(9;b)], which yields

/2|8t[detVu](a, z)|dz <[|V(9ea)(o, )2 VE(o, )[4 [ Va(e, ) |2V (0:b) (o, ) 2= Gu(0).  (3.4)
Combining (3.3) and (3.4), we have

et I3 + /Wf m8<—//aLa Jdods — - /@ ;.

and (1.8) follows. For proving (1.9), multiplying (3.1) by 9;£ and integrating with respect to ¢
and z, we get easily

101122 10,0xm2) + 5 Hvﬁ( D3
t
—/ / &(s,x)0s[detVu](s, z)dsdx + f(t,x)/ 0s[detVu|(s, z)dsdx =Ty + J;.
R2 R2 0

Using (2.5) and (3.4), we have

2 t 9
|Il| < —/ G Gl )d Gu(t) , |J1| S Gu(t) / G;(S)ds _ Gu(t) :
A 2m Jo 2m

which imply immediately (1.9).

References

[1] Baraket, S., Estimations of the best constant involving the L>° norm in Wente’s inequality, Ann. Fac.
Sci. Toulouse, 3, 1996, 373—-386.

[2] Bethuel, F. and Ghidaglia, J. M., Improved regularity of solutions to elliptic equations involving Jacobians
and applications, J. Math. Pures Appl., 72, 1993, 441-474.

[3] Brezis, H. and Coron, J. M., Multiple solutions of H-system and Rellich’s conjecture, Comm. Pure Appl.
Math., 37, 1984, 149-187.

[4] Chanillo, S. and Li, Y. Y., Continuity of solutions of uniformly elliptic equations in R2, Manuscripta
Math., 77, 1992, 415-433.

[5] Coifman, R., Lions, P. L., Meyer, Y. and Semmes, S., Compensated compacteness and Hardy spaces, J.
Math. Pures Appl., 72, 1993, 247—-286.

[6] Ge, Y., Estimations of the best constant involving the L? norm in Wente’s inequality, Contr. Optim.
Cale. Var., 3, 1998, 263-300.

[7] Hélein, F., Applications Harmoniques, Lois de Conservation et Repére Mobile, Diderot, Paris, 1996.

[8] Topping, P., The optimal constant in the Wente’s L estimate, Comment. Math. Helev., 72, 1997,
316-328.

[9] Wente, H. C., An existence theorem for surfaces of constant mean curvature, J. Math. Anal. Appl., 26
1969, 318-344.

[10] Wente, H. C., Large solutions to the volume constrained Plateau problem, Arch. Rat. Mech. Anal., 75
1980, 59-77.



