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On Hilbert Coefficients of Filtrations**
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Abstract Let F be a Hilbert filtration with respect to a Cohen-Macaulay module M.
When G(F,M) and Fg(F,M) have almost maximal depths, the Hilbert coefficients
gi(F, M) is calculated. In the general case, an upper bound for g2(F, M) is also given.
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1 Introduction

Let (R, m) be a Noetherian local ring with infinite residue field, M a finitely generated R-
module of dimension d > 0 and F = {I,, },,>0 a Hilbert filtration with respect to M. Let K be an
m-primary ideal of R such that I,,+; C KT, for alln > 0. Let Hx (F, M,n) = A(M/KI,M) be
the Hilbert-Samuel function of F with respect to M and K, and Pk (F, M, n) the corresponding
polynomial. Then

Py (F, M,n) = go(F, M) (”J’Z_ 1) — g1(F, M) (n ;f | 2) Fo (<) ga(F, M.

In this paper, we are interested in the properties of these Hilbert coefficients g;(F, M).

Generalizing Huneke’s fundamental lemma in [8], Huckaba [6] gave a d-dimensional extension
where an integer w,, (J, I) was introduced. When (R, m) is Cohen-Macaulay of dimension d and
depth G(I) > d — 1, it is proved in [6] (cf. [5]) that

o0

al)= Y (if1>A(I"+1/ﬂ"), i=1,-,d,

n=i—1

hold for any m-primary ideal I and any minimal reduction J of I. Motivated by [6], we define a
similar integer w,, (J, K, F, M) for a filtration. Then, the difference between P (F, M, n) and
Hyg (F,M,n) can be presented by w, (J, K, F, M). The main result in Section 3 states that if
M is Cohen-Macaulay, depth G(F, M) > d — 1 and depth Fx(F,M) > d — 1, then

9i(F, M) = i (if1>A(KIn+1M/JKInM)+(_1)71A(M/KM), i=1,---.d.

n=t¢—
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For the second Hilbert coefficient e2(I) of an m-primary ideal of a Cohen-Macaulay local
ring (R, m), it is shown in [3] that ea(I) < > nA(I"T1/JI™) where J is a minimal reduction

n=1
of I. In Section 4, we give a similar upper bound for go(F, M):

g2(F, M) <> nA(K I M/JKI,M)+ NM/KM).
n=1

2 Preliminaries

Let (R, m) be a Noetherian local ring with infinite residue field. We say that F = {I,,} >0
is a filtration if Iy = R O I O Is D --- is a chain of ideals of R such that Iy # R and
I I, C Ly for all m,n. For any filtration F = {I,, }»>0, let

RF) =@ and GF) =@ L/l
n>0 n>0
be the Rees ring and associated graded ring of F. F is said to be a Hilbert filtration if I; is m-
primary and R(F) is a finitely generated module over the Rees algebra R(I1), i.e., I1I,, = I 41
for large n. Further, let M be a finitely generated R-module. We say that F is a Hilbert
filtration with respect to M if A(M/I1M) < oo and I1 I, M = 1,11 M for large n.

Throughout the paper, let (R, m) be a Noetherian local ring with infinite residue field, M a
finitely generated R-module of dimension d > 0 and F a Hilbert filtration with respect to M.
Let K be an m-primary ideal of R such that I,,4; C K1, for all n > 0.

Let

FK(}—) = @In/KIn
n>0
be the fiber cone of F with respect to K. Set

G(F.M) =P 1M/, 2M and Fg(F,M) = I,M/KIL,M.
n>0 n>0
Then G(F,M) is a finitely generated G(F)-module and Fx(F,M) is a finitely generated
Fg (F)-module.
Let H(F,M,n) = N(M/I,M) be the Hilbert-Samuel function of F with respect to M and
P(F,M,n) the corresponding polynomial. We have

P(F, M,n) = eo(F, M) ("*Z‘ 1> — ey (F, M) (" ;f; 2> Yoo (=) eq(F, M).

Then
go(F, M) = eo(F, M).
Note that
Hy(F,M,n)=H(F,M,n)+ \XI,M/KI,M).
As, for large n, A(I,, M/K1I,M) is a polynomial in n of degree d — 1, we can write, for large n,
that

d—2 d—3
n+ n+ )+ -'—l—(—l)dilfdfl(fyM)

A(InM/KInM):fO(}',M)< g1 )_fl(}—’M)< d—9
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Then
gi(}',M):ei(}',M)—fi,l(}',M), izl,'-',d.
An ideal J C I is said to be a reduction of F with respect to M if there exists an integer

r > 0 such that JI,M = I,,,1 M for all n > r. By the following lemma, minimal reductions
exist,.
Lemma 2.1 (See [11, Lemma 1]) There exist x1,--- ,xq € I such that (z1, - ,xq) is a

minimal reduction of F with respect to M and eo(F, M) = eo((z1,- - ,zq), M).

Therefore, if M is Cohen-Macaulay, then eo(F, M) = MM /(x1,--- ,xq)M).

Let z € I; \ Iz and «* the initial form of z in G(F). z* is said to be superficial for G(F, M)
if there exists an integer ¢ > 0 such that (I, 1M : ) NI.M = I, M for all n > ¢. Similarly,
for any # € I; \ KIy, let 2% the initial form of x in Fx (F), 2° is said to be superficial for
Fr(F, M) if there exists an integer ¢ > 0 such that (KI,.1M : )N I.M = KI,M for all
n > c. Superficial sequences are defined inductively.

Suppose that 20 is superficial for F (F, M). Let “—” denote modulo (x). Thus,

F=F/(@)={ln + (@)/(@)}nz0, T=J/(x), K=K/(x), M=M/zM.
Since
He(F, M n+1) = Hi(F, M,n + 1) — Hg(F, M,n) + N(KI, 1M : 2)/KI,M),

it follows that
g7(?,ﬁ)=g7(f,M), iZO,l,-'-,d—l.

The following proposition can be shown by similar arguments as in [9] (see [2]), we omit its

proof.
Proposition 2.1 There exist x1,--- ,xq € 1 \ K11 such that J = (x1,--- ,xq) is a minimal
reduction of F with respect to M, and x%,--- x5 (29,---,29) is a superficial sequence for

Furthermore, if depth G(F,M) > k and depth Fr (F,M) > k for an integer k > 0, then

one may choose the above x1,--- ,xq such that x3,--- ,x% is a reqular G(F, M)-sequence and
29, 2% is a reqular Fr(F, M)-sequence. In this case, for all n > 0,

(KInya M+ (x1,- - yxi-1)M) :x; = KI,M + (21, xi-1)M, i=1,2,--- k.

3 Formulas for Hilbert Coefficients

In this section, we present some formulas for the Hilbert coefficients g;(F, M).

If f:Z — Z is a function, let A denote the first difference function defined by A[f(n)]
f(n)— f(n—1), and let A’ be defined by A’[f(n)] = A*"L[A[f(n)]]. By convention, A°[f(n)]
fn).

Definition 3.1 Let J = (21, ,xq) be a minimal reduction of F with respect to M where

x1,--+ ,xq are chosen as in Proposition 2.1, J; = (x1,- -+ ,2;),1=0,--- ,d with Jo = 0. For any
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integer n > 0, an integer wy,(J, K, F, M) is defined as follows. If d =1, put w,(J,K,F, M) =
0. Whend > 1, set

wn(J, K, F, M) = AHNM)} _A(M)

KI, M TKI,M : 2,
o (KT M+ L M) - o (KTnsr M+ JiM) : 25
Ad 2 ( +1 Y
a2y KI,M + .M )] ((JKInM+ Ti0) - x2)

(KIn+1M + Jd_QM) L Tgd—1 (KIn+1M + Jd_QM) L Td—1
- A
+aly( KI,M + Jg_oM )] = (JKI,M + Jg_oM) : 241 )

where I, = R for n < 0.
Remark 3.1 Let “—” denote modulo (z1). Then, it is easy to see that (see [6]),

w, (J, K, F, M) = wn(j,F,?,M)+Ad‘1{)\(7KI"+1M i xl)} - (7KI”'+1M i xl).

K1, M JKI,M : z1

Theorem 3.1 Suppose that M is Cohen-Macaulay. Let J be as in Proposition 2.1. Then
for allm >0,

MK L1 M) JKIL,M) 4w, (J, K, F, M) = A Pg(F, M,n+1) — Hg(F, M,n +1)].
Proof Since M is Cohen-Macaulay, we see that x1,--- , x4 is an M-sequence. Then the
same argument as in the proof of [6, Theorem 2.4] can be applied. We omit the details.

When M = R, the following result is the Lemma 3.1 of [9] which is the fiber cone version
of Huneke’s fundamental lemma (see [8]).

Corollary 3.1 Suppose that M is Cohen-Macaulay of dimension 2. Let J be as in
Proposition 2.1. Then, for alln > 1,

A2[Pr(F, M,n+ 1) — Hi(F, M,n +1)] = A(Kln+1M) - )\(KInM : J).

JKI, M K, 1M

Proof Let n > 1. Note that

w (J, K, F, M) = A[A(M)] _ A(M)

KI, M JKI, M : xq
- )\(JKIHM : a:l) (KInM : xl)
o KI,M KI, 1M /°

Then, by Theorem 3.1, it is enough to show that
KI,M x| JKI,M : 2,

KI,M:J  KI,M

Let f be the homomorphism from KI,M : x; to % which is induced by the multiplica-
tion by x3. Then Ker(f) = KI,M : J, hence, it remains to show that

JKI,M : 21 = 25(KI,M : 21) + K1, M.
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Let y € JKI,M : x1. Then xz1y = z1y1 + z2ys for some yi,y2 € KI,M. As x1,x5 is an
M-sequence, there is 4y’ € M such that y —y; = x2y" and yo = x1y’. Then ¢y’ € KI,M : 21 and
y € xo(KI,M : x1)+ KI,M. The result follows.

Theorem 3.2  Assume that M is Cohen-Macaulay, depth G(F,M) > d — 1 and depth
Fr(F,M) >d—1. Let J be as in Proposition 2.1. Then w,(J, K,F,M) =0 forn >d—1,
and, forn < d-—2,

d—1

wp (J, K, F,M) = (=1)"*! (n . 1> MNM/KM).

Proof 1If d =1, it is trivial. Let d > 2. By Proposition 2.1,
(KIn+1M—|— Ji_lM) Xy = KInM—F Ji_lM, 1= 1, s ,d— 1, n Z 0.

As KI,M + J,_1M C (JKInM + JiflM) cx; C (KIn+1M+ JiflM) . x;, we have also
(JKInM + JiflM) LIy = (KIn+1M + JiflM) L. It follows that

S ()
KIn M+ Jg—oM):2q—1
KI, M+ Jq—oM )}

wn(J, K, F, M) = A4~ [A(

+~~+A[/\((

Let f(n) = )\(%) Then f(n) =0forn >0 and f(n) = A\(M/KM) for all n < 0. Thus

KIn+1M X

At [A( KI,M

)] = a2 (s

It follows that, if n > d — 1 then
Ad-1 [A(KInHM : xl)} —0,
and if n < d — 2 then

Ad-1 [A(%)} = (—1)"* (d - 2) AM/EKM).

Similarly, we have that, if n > d — 2, then

e S |

and if n < d — 3, then

AT (KL}?}%T}?Q =] = o (d " 3) A(M/K M),
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and so on. It turns out that w, (J, K,F, M) =0 forn >d—1, and, for n < d — 2,
d—2 j
wn(J, K, F, M) = (—1)”’+1)\(M/KM);” (n)
But it can be shown by using induction on d that
(-0
= n+1
the result follows.
We will need the following lemma whose proof is easy (see [6]).

Lemma 3.1 Let f : Z — Z be a function such that f(n) = 0 for all n > 0. Then the
following statements hold:

(1) For0 <k <dand0<j<d,

i(:)Aj[fn—i—l i ( 1>Aj‘1[f(n+1)].

n=k n=k—1

(2) If f(n) =c for alln <0, then

—C, ]: )
Af(n+1)] =
Z {0, 1<j<d

(3) Suppose that f(n) has the form

n+d—1 n+d—2
fn) =ao d +a; d_1 + -+ aq.

Then AY[f(0)] = a;.

Proposition 3.1

Z ( " )AdPK(J-"Mn+1) Hy (F,M,n +1)]
n=i—1
1<i<d
1) INM/KM), i=d.
Proof Let f(n) = Px(F,M,n) — Hx(F,M,n). Then f(n) =0 for all n > 0. Let ¢ be an
integer such that 1 < i < d. Then, by Lemma 3.1(1),

> ( ! )Ad[f(n+1)] = (—UHZ::Ad’i“[f(nﬂLl)]

1—1
— (—1)i71A l[iA (n+1)]]

n=0

= (=1)'AT[£(0)]

n=i—1

= (_1)iAd7i[PK(~7:7 Mv O)] - (_1)iAd7i[HK(}—’ M’ 0)]
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But A [Py (F, M,0)] = (—1)'g;(F, M) by Lemma 3.1(3), A [H(F, M,0)] = 0 for i < d,
and Hi (F,M,0) = AM(M/KM). Then the result follows.

Corollary 3.2 Suppose that M is Cohen-Macaulay. Let J be as in Proposition 2.1. Then

91(F, M) < i ANK L1 M/ JK I, M) — N(M/KM).

n=0

Proof Let d=1. Then, by Proposition 3.1,

g1(F, M) = —\(M/KM) + i A[Pg(F,M,n+1) — Hi(F, M,n+1)].

n=0

In virtue of Theorem 3.1, we have
APk (F,M,n+1)— Hg(F,M,n+1)] = N(KI,;1M/JKI,M).

Hence, in this case,

g (F,M) = i MKy M/JKI,M)— XM/KDM).

n=0

Now let d > 2. Then, by Proposition 3.1 and Theorem 3.1,

g1 (F. M) => " AYPg(F,M,n+1) — Hg(F, M,n+1)]
n=0

= MEIL, 1 M/JKI,M)+ Y wy(J, K, F,M).

n=0 n=0

Thus it is enough to show that

iwn(J, K,F,M) < —X\M/KM).

n=0
By the definition of w, (J, K,F, M), it is easy to see that
- N e KI, 1M :x;
WK, F M) < S Al 1{ (7”“ )}
Z w :(J, 7f, ) —_— T;O A KInM

n=0

# S ar (CR )

5 A (e

According to Lemma 3.1(2), we have

> o y(Ha oo <o
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for j < d—2, and

iA[)‘ (KLypa M+ Jg—oM) : x4 1)]

KI, M+ Jg—oM ~MM/EM).

The result follows.

Now, we can prove the main result of this section.

Theorem 3.3 Assume that M is Cohen-Macaulay, depth G(F,M) > d — 1 and depth
Fr(F,M)>d—1. Let J be as in Proposition 2.1. Then

gi(F, M) = i (ifl)A(KInHM/JKInM)JF(—1)iA(M/KM), 1<i<d.

n=i—1

Proof Firstly, notice that

i <if1)A(KIn+1M/JKInM)+ i (Z.7_11>wn(J,K,f,M)

n=i—1

_{gi(f,M), 1<i<d,

n=i—1

gi(F, M) + (=1)'\N(M/KM), i=d

by Theorem 3.1 and Proposition 3.1. Then it is enough to show that

50 (,1 ) F D = (1) A )

n=i—1

for i < d, and
3 < " )wn(J,K,]-',M) —0.
d—1
n=d—1
From Theorem 3.2, we have that w,(J, K,F, M) =0 for n > d—1, and w,(J, K,F, M) =
(— 1)"“( DANM/KM) for n < d — 2. It follows that

3 < " )wn(J,K,]-',M):O,
d—1
n=d—1
and for 7 < d,
n=i—1 n=i— 1

A df ”“( )

n=i—1
But it can be shown by using induction on d that
d—2

> (M) =

n=
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The theorem follows.
From Theorem 3.3, we have the following

Corollary 3.3 Assume that M is Cohen-Macaulay, depth G(F,M) > d — 1 and depth
Fr(F,M)>d—1. Then the following two statements are true:

(2) If gi(F, M) = (=1)'N(M/KM) for some i > 1, then g;j(F, M) = (—1)I\(M/KM) for
j=i,-.d

4 The Second Hilbert Coefficient

In this section, we will give an upper bound for go(F,M). As is done in [3], we need to
reduce the dimension of the module.

Let us generalize the definition of g;(F, M) to the case i > d by using the same arguments
as in [5].

Write

P ) = g0 (")~ st an (") e g

Then
9o(F, M) = go(F,M) and gi(F,M)=gi(F,M)+gi1(F,M), i=1,---,d.

Let Pr(M,z) = > Hg(F,M,n)z" be the Hilbert series of F with respect to M and K.

n=0

Then there exists a unique polynomial fz(M, z) € Z|[z] such that
_ fr(M, =)
It turns out that ‘
A* M, 1
g:(]:,M):M, Z:05177d
For any ¢ > d, set
Al fr(M,1
() = SHZILLL
Let
fr(M,z) = Z anz".
n=0
Then
NF,M) = " ny =01,
dtF ) =3 ([Jon i=0.1
(see [5]).

An argument similar to that of Proposition 1.5 of [5] can be used to get the following
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Proposition 4.1 Let J be as in Proposition 2.1 with x, being regular. Let “—7 denote
modulo (z1). Then

Go(F, M) = g4(F, M) =Y (=1 N(K L1 M : 21)/ K1, M).
n=0

When M has dimension one, we can calculate gh(F, M).

Lemma 4.1 Suppose that M is Cohen-Macaulay of dimension one. Then

o0

Gy(F. M) =" (n+ VXK Lp1 M/ JKL,M).
n=0
Proof From
00 S apz"
n f]:(M,Z) n=0
ANM/KIL,M)z" = = ,
nz::o ( / )Z (1 — 2)2 (1 — 2)2

we get that
apg = AN(M/KM),
ay =N M/KLM)—2X\X(M/KM),
ap, =N M/KL,M)—=2X(M/KI,_1M)+ AXM/KI,_sM), n=2---,s,
and for n > s+ 1,
AMM/KI,M)—=2\M/KIL,_ M)+ NM/KI,_2M) = 0.

Let n > 2. Note that

AM/KL,M) — 2\(M/K Iy M) + N(M/KI,_osM) = A(Kln_lM) B (KIH_QM).

KI,M KI, 1M
Thus
ap = NKI,_1M/KI,M)— NKI, oM/KI,_1M), n=2---,s,
and for n > s+ 1,
MKI,_1M/KI,M)=XNKI,_oM/KI,_1M).
Set
pn = NKInaM/JKI,M)=NKI,1M/x1KI,M).

Then

ANK I, M/K I, M)
= MM /2 M) + MNay M /21 KL, M) — XK Ly M/ K I, M) — N(M/KI,M)
= MM /21 M) — MK L1 M /21 KT, M)
= go(F, M) = pn.
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It follows that
p = pPp—2 —Pn-1, N=2,---,5 and py,_2=py_1, N>

Hence

Go(F, M) =Y an=ao+a1+ Y (pn—2— pn-1) = ao + a1 + po — ps_1.

n=0 n=2
But
M)z KM) — \(M/KM)
KMz KM)
M/KM) — Nay M /21 KM) + AEK M)z, K M)

ap +ai+po=A

~ A~~~ A~

- i(n + ONK Ly M/ JK L, M).

Now we show the main theorem of this section.

Theorem 4.1 Suppose that d > 2 and M is Cohen-Macaulay. Let J be as in Proposition
2.1. Then

92(F, M) <> nA(K I M/JKI,M)+ N(M/KM).
n=1

Proof Let “—” denote modulo (z1,---,24_2) and “ 7 denote modulo (z1,--- ,24_1).
Then go(F, M) = go(F, M), gi(F, M) = g1(F, M), and by Proposition 4.1, g4(F, M) <
¢4(F, M). In virtue of Theorem 3.3 and Lemma 4.1, we have

0 (FBD) = S MR T, 31/ TRT,NT) — A(N/RID)
n=0

= Zx\(f?fn.t,.lﬂ/jj%fnﬁ) - /\(M/KM)v
n=0

Gy(F. M) =" (n+ V)A(K L4 M/ TKI,M).

n=0



554

Y. Gu, G. J. Zhu and Z. M. Tang

Therefore,
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