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Abstract In the present paper, the author studies the existence of sign-changing solutions
for nonlinear elliptic equations, which have jumping nonlinearities, and may or may not
be resonant with respect to Fucik spectrum, via linking methods under Cerami condition.
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1 Introduction

We consider the following semilinear elliptic boundary value problem

{—Au = f(z,u), inQ, (1.1)

u =0, on 0,

where Q € RY is a bounded domain with smooth boundary 92, and f(x,t) is a Carethéodory
function on © x R such that

t
@Ha, a.e.r €€, ast — —o0,
fla,t) 2

. — b, ae x€, ast— oco.

The existence of solutions of (1.1) is closely related to the equation
—Au=bu" —au”, where ut = max{+u,0}. (1.3)
Conventionally, the set
¥ :={(a,b) € R* : —~Au = but — au™ has nontrivial solutions}

is called the Fucik spectrum of —A.

In[1, 2,4, 5, 8, 9] and so on, the authors studied the above problem and obtained an existence
theory of one solution. Of course, their results are closely related to the Fuc¢ik spectrum and
no information concerning nodal structure of solutions is obtained. The results in [10] allowed
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(a,b) to be independent of the Fucik spectrum and gave a positive answer for the existence of
sign-changing solutions for various resonant elliptic equations; furthermore, there is no need to
involve the Fucik spectrum in dealing with problems with jumping nonlinearities. Suggested
by the results in [10], we extend the new linking theorem, which may provide the location of
the critical point, to such a case that the functional only satisfies Cerami condition, and obtain
the same results under weaker conditions. Furthermore, we will study nonautonomous second
order quasilinear hyperbolic systems as in [11].

Let 0 < A\p < -+ < Ay < -+ denote the distinct Dirichlet eigenvalues of —A on . We
make the following assumptions. The letter ¢ will be indiscriminately used to denote various
constants when the exact values are irrelevant.

(eo) fECIxR),Ie>0and 1 <p < 2* =28 (for N =1,2 we take 2* = 0o) such that
[f(@,t)] < e(1+ [ulf™h), V(z,u) € 2xR.

And 3L > 0 such that f(x,u) 4+ Lu is increasing in w.
(e1) a,b> Ay, for some k > 2.
(e2) 2F (x,t) > A\g—1t%, ¥V (z,u) € Q x R, where F(z,t) fo f(z,s)ds.
(e3) f(x,0) =0 and Yz € Q,|t| < ro,2F (x,t) < Bot? with 7o > 0, By € (Me_1, Ak)-
(e4) Either f(z,t)t — 2F (z,t) > H(z) € L'(Q2) and

flz, )t —2F (x,t) — +o0, a.e.x €1, as |t| — oo,
or f(z,t)t — 2F(z,t) < H(z) € L'(Q) and
flz,t)t —2F (z,t) » —o0, a.e. x €, as [t| — oo.

Remark 1.1 By assumption (e;), the point a or b may be situated across multiple eigen-
values \; (I > k). Particularly, a = b = \; (for any \; > k + 1) is permitted, which means that
resonance case at infinite occurs at \; (for any A\; > k + 1). Assumptions (ez) and (es) contain
the case when hm f(m = = M\;_1, a resonant case at the origin.

Let E; denote the eigenspace corresponding to A; (I > 1) and Ny = E; U --- U Ej. Define

J(u)z%/Q|Vu|2dx—/QF(a:,u)dx7 u € HH D).

Our results are the following.

Theorem 1.1 Assume that (eg)— (e4) hold. Then problem (1.1) has a sign-changing solution
u* with J(u*) > 0.

Next, we consider another case of equation (1.1) which includes double resonant case, oscil-

lating and jumping nonlinearities.

f(z,1)
t

where A\ < by(x) < Apg1 (k> 2).

—bi(z), ae x€, ast— too. (1.4)
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Theorem 1.2 Assume that (eo), (e2), (e3) and (1.4) hold. Suppose
(e5) min{by (2),b_(2)} % M.
(eg) Ja > 0 such that
flx, )t — 2F (x,t)

1um

= f(z), a.e x€,

where [, B(z)|w(x)|*dz # 0 and 0 # w € Hg(Q).
Then problem (1.1) has a sign-changing solution u* with J(u*) > 0.

Remark 1.2 In Theorems 1.1 and 1.2, for a special case, we may get a more precise position
of u*. That is, if
J(u*) = inf J  for some pg > 0,
UEN,j;l,”uH:po

then u* € {u € H}(Q) :ue N |, [Jull = po}-

Remark 1.3 Obviously, the results of Theorems 1.1 and 1.2 are independent of the Fucik
spectrum. Under our assumptions, it is not necessary to involve the idea of Fucik spectrum in
dealing with problems with jumping nonlinearities.

2 A Linking Type Theorem with Cerami Condition

Define a class of contractions of a Hilbert space E as follows:

O :={I'(-,-)eC([0,1]xE,E) :I'(0, -) =id; for each ¢t € [0,1), I'(¢, - ) is a homeomorphism
of E onto itself and T'"!(-, -) is continuous on [0,1) x E; there exists a z9 € E such that
I'(1,2) = z for each € F and that I'(¢t,z) — x¢ as t — 1 uniformly on bounded subsets of
E}.

Obviously, T'(t,u) = (1 — t)u € P.

Definition 2.1 A subset A of E links a closed subset B of E if AN B =0 and, for every
I' € @, there is a t € [0,1] such that T'(t, A) N B # (.

There are some typical examples as those in papers [9, 10]; we only write out one of them
for our own sake.

Example 2.1 Let E = M ©& N, where M, N are closed subspaces with dim N < oo. If
yo € M\{0} and 0 < p < R, then the sets

AI:{UZU—FSZ./OZ’UEN,SZO,”U”:R}U{NQER},
B:=MnNJB,

link each other in the sense of Definition 2.1.

Let E be a Hilbert space and X C E be a Banach space densely embedded in E. Assume
that F has a closed convex cone Pg and P := Pr N X has interior points in X, i.e., P :]% UoP
in X. We use || - || to denote the norm in E. We also use distg( -, -) and distx(-, -) to denote
the distances in E¥ and X, respectively.
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Let J € C'(E,R). We use the following notations: for a,b,c € R, K = K(J) ={z € E :
J(x) =0}, JP={rcE:Jx)<b}, Kc.={x € E:J(x)=cJ(x) =0}, K(a,b]) ={x €
E: J(z) € [a,b], J(x)=0}.

In [5], a pseudo-gradient vector field W for functional J € C'(E,R) is constructed. Since

% < 1, the following normalized negative flow o for J is well defined for (¢,u) € R x E:
d W (u)

We shall assume that
(J) K(J)c X and for all u € E, J'(u) =u— A(u), A: X — X is continuous.

Under this assumption, we have o(t,z) € X for x € X and is continuous in (¢,u) € R x X.
With the flow o, we call a subset A C F an invariant set if o(t, M) C M for t > 0.
We use the following concept given in [3].

Definition 2.2 Let M C X be an wnvariant set under o. M is said to be an admissible
invariant set for J, if (a) M is the closure of an open set in X, i.e., M :]\c}[ UoM; (b) if
Up = 0(tn,v) = u in E as t, — oo for some v & M and u € K, then u, — u in X; (c) if
un, € KN M is such that u, — u in E, then u, — u in X; (d) for any v € OM\K, we have
o(t,u) €M fort>0.

Now, let A C X be a compact set in the X-topology such that AN S # (), where S =
X\W, W =PU(—P). Let BC E\S be closed, and define

o :={l'e ®:T(¢,x):[0,1] x X — X is continuous in the
X_ topology and T'(t,W) C W}.
Then I'(t,u) = (1 — t)u € P*.

Definition 2.3 We say that J satisfies Cerami condition, if for any sequence {u,} such
that J(uy) is bounded and J'(u,) — 0, we have either {u,} is bounded and has a convergent
subsequence or || J' (un)||||un] — oco.

The following theorem is our main result in this section, where A and B are given as above.

Theorem 2.1 Let A link B, and let J satisfy the Cerami condition. Assume that W is an
admissible invariant set of J and that

ag :=sup J < by :=inf J.
A B

Then a* defined below is a critical value of J:

a* = inf sup  J(u).

Fe®* r([0,1],4)ns
Furthermore, assume 0 & Kq«. Then Ko« NS # 0 if a* > by, and Ky« N B # 0 if a* = by.

Proof Evidently a* > by since A links B. In fact, for any I' € ®* we have that I'([0,1], A)N
B #0, I'([0,1],4) ¢ X, BNX C S and I'([0,1],A) NS # 0. Then I'([0,1],A)Nn BN S # 0.
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Therefore

sup J > sup J > inf J > inf J >inf J = byg.
r'([0,1],4)nS r'([0,1],A)nSNB r([0,1],A)nsSnB r(0,1],A)nB B

We first consider the case of a* > bg. By a contradiction, we assume that K, NS = (.
Note that for any u € W\{0}, the vector —J'(u) points toward the interior of W. If .J has no
critical point in the boundary of W\{0}, then K,- cw. By the Cerami condition, there are
go > 0,99 > 0 such that

1" ()] 6eo 5
—— > —— forueJ [0 —eg,a" + o)\ (Kar)s,,
T 217/ (@] = Do [ 0 o\ (Ka)s,
where (Ky+)5, == {u € E :distg(u, Kq+) < 0o}. By decreasing g9, we may assume that
g0 < a*—bg, and K [a*—¢eq, a*+£0]NS = 0 (otherwise, we are done). Let Y (u) = #ﬁ&)“ Then
(J'(u), W(u)) > 0 for all w and (J'(u), W (u)) > % for any u € J71[a* — eg,a* + €0)\(Ka+)s, -
Let Xo={u€ E:|J(u) —a*| <3ep}, X1 ={u€ E:|J(u)—a*| <2} and consider

- diStE(u,Xg)
 distg(u, X1) + distg(u, X2)’

n(u)

where Xy = E\Xy. Then n(u)Y (u) is a locally Lipschitz vector field on both F and X, since
X is embedded continuously in E. We consider the following Cauchy initial value problem:

do(t,u)

7R —n(o(t,uw)Y(o(t,u), o(0,u)=uecX,

which has a unique continuous solution o(¢,u) in both X and E. Evidently, w < 0.
By the definition of a*, there exists a I' € ®*, such that I'([0,1], A) NS C J* 20, Therefore
I'([0,1], A) is a subset of J* *%0 UTW. Denote A* = I'([0,1], A). We claim that there exists a
Ty > 0 such o(Tp, A*) € J* T UW. This follows from the deformation lemma with Cerami
condition obtained in [7].

Next, for the case of a* = by, please see the second part of Theorem 2.1 in [10], where we

2
€i€3

M2 We omit its proof here.

may assume that eo <

3 Proofs of Theorems 1.1 and 1.2

Let E := HJ () be the usual Sobolev space endowed with the inner product
(u,v) = / (VuVv + Luv)dz, wu,v € E,
Q

and the associated norm |lu|| = (u,u)?, which is equivalent to the usual norm lullz1 ) =
(Jo |Vu|2dz)z. Here L is the constant given in condition (ep). Let X := CA(Q) be the usual
Banach space which is densely embedded in E. The solution of (1.1) is associated with the
critical points of the following functional

1
J(u):§/Q|Vu|2dx—/QF(x,u)dx, u € Hy(Q).
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By the theory of elliptic equations, K = K(J) C X. The positive cones in E and X are given,
respectively, by

Pp:={u€ FE:u(x) >0 for ae. z € Q},
P:={ue X :u(x)>0forae zec}.

Clearly, Pp has an empty interior in £ and P has a nonempty interior }g in X. Therefore,
P =p UoOP.

We rewrite the functional J as following:
I ST Loy
Tu) = gl - /Q (3207 + Fla,w)do.
It is known that J € C'(E,R) and that the gradient of J at u is given by
J(u) =u— (=N + L) (f(w,u) + Lu) == u — Au,

where the operator A : E — FE is continuous and compact, and A(X) C X. Particularly, by the
strong maximum principle, A|x, the restriction of A to X, is strongly order preserving, that is
u>v= A(u) > A(v). Therefore, condition (J) is satisfied.

In papers [6, 7], we have proved that W = P U (—P) is an admissible invariant set of the
pseudo gradient flow o, by assumption (ep) and the (PS) or Cerami condition.
To prove Theorem 1.1, we need some lemmas.

Lemma 3.1 Assume that (eo), (e4) and (1.3) hold. Then J satisfies the Cerami condition.

Proof The proofis standard. Assume that {u,} is a sequence such that J(u,)—¢, J' (u,) —
0. Without loss of generality, we suppose that {||.J'(uy)|||un|} is bounded (otherwise, we are
done by the definition of Cerami condition). It suffices to prove that {u,} is bounded.

If {u,} is unbounded, we note that, as n is large enough,

1
Sl < et [ Flw) <ere [ ful.
Q Q

Then for a renamed subsequence

. |, |P
1 <c¢ lim 2dx.
n—o0 Jo ||un |

It follows that lim |u,[’ = oo, and lim |u,| = oo in turn, on a subset of Q with positive
n—oo n—oo

measure. Combing this with (e4), we have

’/Q (%f(x,un)un - F(ﬂf,un))da:‘ N

However,

[ ) = 50 () )

= ’/Q (%f(x,un)un - F(x,un))dx’ <c,

a contradiction. Thus, we see that {u, } is bounded.
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We rewrite J as
1 1 _ 1
I = 3l = gelul = 5ol B— [ Ple.wds, ue (@),

where P(z,u) = [ p(a,t)dt; p(z,t) = f(z,t) — (btT — at™), and t* = max{+t,0}.
Let E; denote the eigenspace corresponding to A; (I > 1) and Ny = E; U --U Ejy. Then we
have

Lemma 3.2 Assume (e1). Then J(u) — —o0 as ||u]| — oo, u € N.
Lemma 3.3 Assume (e2). Then J(u) <0 for allu € Ni_;.
Proof This is an immediate consequence of condition (eg).

Lemma 3.4 Assume (1.2) or (1.4) and (e3). Then there exist po > 0, co > 0 such that
J(w) > co for lull = po > 0, u € Ni,.

Proof of Theorem 1.1 By Lemmas 3.1-3.4, there exists Ry > pp > 0 such that

ag :=supJ(u) <0< ¢y <by:= irBl)fJ(u),
A

where A:={u=v+syp:v € Ny_1,5 >0, ||ul| = Ro} U{Ny_1 N Bg,}, with yo € E}, satisfying
lyoll = 15 B == {u € Ny « [Jull = po}-

Theorem 2.1 and Example 2.1 imply that there is a critical point u* satisfying J'(u*) =
0, J(u*) = a* > by > 0. Obviously, u* # 0 and either u* € S or u* € B. The second alternative
occurs when J(u*) = by (see Remark 1.2). Both cases imply that u* is sign-changing.

Remark 3.1 Our condition (e4) is weaker than that of [10], where that is applied to prove
the (PS) condition. Under our condition (e4) here, J only satisfies Carami condition.

To prove Theorem 1.2, we need the following lemmas.
Lemma 3.5 Under assumptions (eg) and (e5), J(u) — —oo for u € Ni as |Jul]| — oo.
Please see [10] for the proofs of above Lemmas 3.2, 3.4 and 3.5.

Lemma 3.6 Assume condition (ep), (es) and (1.4) hold. Then J satisfies the Cearmi
condition.

Proof Assume that {u,} is a sequence such that J(u,)—e¢, J' (u,)— 0 and {||J' (w,)|[||wn |}
is bounded. We are going to prove that {u,} is bounded. By a contradiction, we assume that
lun]| — oo as n — oco. Let w, = Tury- Then ||w,|l = 1 and, up to a subsequence, w, — w
weakly in E, strongly in L?(£2) and a.e. in 2. Moreover,

(J' (un), v) = (un,v / f(x,up)vde — 0,

fxun

d — 0.
[[unll

wn7

By (1.4), we see that
—Aw=bywt —b_w".
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Since

J(up) 1 Jo F(x,uy)de 0

funll® 2 [|un? ’
we see that

It implies that w # 0. By the Lebesgue Theorem, we have

‘](un) - %<J/(Un); Un>

0= 1 n
n—o0 [[unl|
. Jo(f (z,un)upn — 2F (2, uy,))dx
— lim / J@,unlun =28z, u)  Junl”
n—oo [ |un|a ||Un||a
~ [ Bl ds £o,
Q

a contradiction.

Proof of Theorem 1.2 By Lemmas 3.3-3.5, there exist Ry > pg > 0 such that

ag :=sup J(u) <0< ¢y < b= i%fJ(u),
A

where A and B are defined as in the proof of Theorem 1.1. By Lemma 3.6, we get the conclusions

of Theorem 1.2 and Remark 1.2 as in the proof of Theorem 1.1.

Remark 3.2 Our condition (eg) here is different from that of [10], which is used to prove

the Cerami condition; furthermore, it is more intuitive.
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