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Global Geometry of 3-Body Motions with
Vanishing Angular Momentum I

Wu-Yi HSTANG* Eldar STRAUME**

Abstract Following Jacobi’s geometrization of Lagrange’s least action principle, trajec-
tories of classical mechanics can be characterized as geodesics on the configuration space
M with respect to a suitable metric which is the conformal modification of the kinematic
metric by the factor (U + h), where U and h are the potential function and the total en-
ergy, respectively. In the special case of 3-body motions with zero angular momentum, the
global geometry of such trajectories can be reduced to that of their moduli curves, which
record the change of size and shape, in the moduli space of oriented m-triangles, whose
kinematic metric is, in fact, a Riemannian cone over the shape space M* ~ 5%(1).

In this paper, it is shown that the moduli curve of such a motion is uniquely determined
by its shape curve (which only records the change of shape) in the case of h # 0, while in the
special case of h = 0 it is uniquely determined up to scaling. Thus, the study of the global
geometry of such motions can be further reduced to that of the shape curves, which are
time-parametrized curves on the 2-sphere characterized by a third order ODE. Moreover,
these curves have two remarkable properties, namely the uniqueness of parametrization
and the monotonicity, that constitute a solid foundation for a systematic study of their
global geometry and naturally lead to the formulation of some pertinent problems.
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1 Introduction
1.1 Local and global characterization of 3-body trajectories

The classical 3-body problem of celestial mechanics studies the local and global geometry of
the trajectories of a 3-body system under the influence of the gravitational forces, or equivalently

a conservative system with potential energy —U, where

mgm;
U= 3 1.1
Z Tij ( )
1<J
is the Newtonian potential function. Thus, when the particles have position vectors a; =
(x4, Y4, 2;) with respect to an inertial frame, the trajectories are locally characterized by New-

ton’s equation

oU im; i o
mids = o = T ) —a) + o ay — ), {i, g, k) = {1,2,3}, (1.2)
Oa; T T
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where r;; = |a; — a;| are the mutual distances, and (mi, m2,m3), m; > 0, is the given mass
distribution, assumed to be normalized so that > m; = 1. Since the above equation is of
order two, a trajectory is completely determined by the initial position and velocity of the
particles — often referred to as the deterministic doctrine of classical mechanics.

We use the following notation

I=> ma]’, T= %Zmi|éi|2, Q=> mia; x a) (1.3)
for the (polar) moment of inertia, kinetic energy and angular momentum, respectively. These
are the basic kinematic quantities, and their interactions with the potential function U play
a major role in the dynamics of the 3-body problem. For example, it is easy to deduce the

classical conservation laws from the system (1.2), namely the conservation of total energy
h=T-U, (1.4)

linear momentum »_ m;a; and angular momentum Q. As usual, the invariance of linear mo-
mentum allows us to choose the inertial reference frame with the origin at the center of mass.

Moreover, by differentiation of I twice with respect to time ¢ and using (1.2), we get
f:4T+22a4-8—U:4T—2U:2(U+2h), (1.5)
) 8ai

where we have used the fact that U is homogeneous of degree —1 as a function of the vectors
a;. This is the Lagrange-Jacobi equation.
On the other hand, trajectories can also be determined as solutions of a suitable boundary

value problem, and the simplest and most basic one is, for example,

“For a given pair of points P, @), what are those trajectories y(t), to <t < {1,
with y(tg) = P and v(t1) = Q77

Then solutions are found by applying an appropriate least action principle, which characterizes
solutions as extremals of an action integral J(v) among those virtual motions ~(¢) with the
given pair of end points, together with some additional constraints.

Here we shall focus attention on the two least action principles due to Lagrange and Hamil-

ton, which are quite different but dual to each other:

Lagrange : J1(y) = /Tdt7 fixed energy h, (1.6)
v

Hamilton : Jo(v) = /(T + U)dt, fixed time interval [to,¢1]. (1.7)
2!

The motions ¢t — 7(t) are regarded as parametrized curves in the Euclidean configuration space

M = {(al,ag,ag); Zmiai = O} ~ RS. (1.8)

Our aim, however, is to reduce the study of 3-body trajectories to a study of associated curves

in a lower dimensional space, namely the interior configuration space, i.e., the moduli space

M ~R°/SO(3) ~ R C R®. (1.9)



Global Geometry of 3-Body Motions 3

With the appropriate assumptions, one expects that the least action principles, as well as
Newton’s differential equation, can be pushed down to the level of M. In fact, one of our major
results is that the study of 3-body motions with vanishing angular momentum further reduces
to the analysis of specific curves on the shape space, which is the sphere $2 C R3.

The final step of our program is, of course, the lifting procedure from the moduli curve ()
back to the actual trajectory ~(t). But this is a purely geometric construction which is well
understood (cf. e.g. [5] or the following subsection) and it will not be a topic here. Briefly, the

curve in M determines the trajectory in M uniquely up to a global congruence.

1.2 Riemannian geometrization and reduction

Classical mechanics up to present time is largely based upon developments related to Hamil-
ton’s least action principle, involving Hamiltonian systems and canonical transformations. Ge-
ometrically speaking, the underlying structure is the symplectic geometry of the phase space.
However, in this paper, we shall rather focus on the Riemannian geometric approach, based
upon Jacobi’s reformulation of Lagrange’s least action principle. In his famous lectures (cf.

[6]), Jacobi introduced the concept of a kinematic metric
ds? = 2Tdt’

on the configuration space M, in terms of the kinetic energy T of the mechanical system. For

example, in the case of an n-body system with total mass Y m; =1

ds? = 2Tdt? = Zmi(dx? +dy? 4+ dz?). (1.10)

Now, for a system with kinematic metric ds?, potential function U and a given constant total

energy h, set

Mupy = {p€ M;h+U(p) > 0}, (1.11)
ds? = (h+ U)ds?,

where ds? is the associated dynamical metric. Then by writing

dsp = Vh+Uds =VTds =V2Tdt,

Jacobi transformed Lagrange’s action integral (1.6) into an arc-length integral

Ji(v) = %/ds;ﬁ (1.12)

and hence, in one stroke, the least action principle becomes the following simple geometric

statement:

“Trajectories with total energy h are exactly those geodesic

curves in the space My, ;) with the dynamical metric ds,zl J
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Nowadays, such metric spaces are called Riemannian manifolds, and the global geometric
study of geodesic curves is often referred to as the Morse theory of geodesics. In particular, we
note that the dynamical metric ds,% is a conformal modification of the underlying kinematic
metric ds?.

In this geometric setting, the notion of “congruence class” is defined by the action of the
rotation group SO(3), fixing the center of gravity (= origin). It acts isometrically on the
configuration space (M, ds?) with the kinematic metric, and also on the modified metric space
(My,n),ds3) for any SO(3)-invariant potential function U. The corresponding SO(3)-orbit
spaces inherit the structure of a (stratified) Riemannian manifold with the induced orbital

distance metric, which we denote by
(WL,d5%), (M, ds)), d5; = (h+U)d, (1.13)

and similar to (1.11), for h negative the geodesics must stay inside the Hill’s region, namely the
proper subset
My, =Myp ={p€M;h+U(p) >0}. (1.14)

By definition, the projection map
w: M — M= M/SO(3)

is a (stratified) Riemannian submersion, where the horizontal tangent vectors at p € M are
those perpendicular to the SO(3)-orbit. They are mapped, by the tangent map d, isometrically
to the tangent space of M at p = m(p). Via the map 7 there is a 1-1 correspondence between
curves ¥ in M and their horizontal lifting v in M (resp. M, (U,h)), up to congruence. In fact, for
a (virtual) motion ~y(t), the property of being horizontal is equivalent to the vanishing of the
angular momentum vector €.

On the other hand, the above metric d5% on M also has a kinematic interpretation in analogy
with (1.10), namely

ds? =2Tdt?, T=T-T%, (1.15)

where T is the purely rotational energy and hence the difference T, representing that of the
change of size and shape, is naturally the kinetic energy at the level of M. Therefore, we also
refer to d3% (resp. d37) as the kinematic (resp. dynamical) metric on M. Classical mechanics,
indeed, tells us how the term T can be calculated from € via the so-called inertia operator of
the system; in particular, it follows that 7% = 0 if and only if Q = 0.

Now, assume © = 0 and let U be a nonnegative and SO(3)-invariant function on M. Then
it is not difficult to see that both action principles (1.6), (1.7) can be pushed down to M. In the
first case, using Jacobi’s reformulation (1.12), we arrive immediately at the following geometric

statement similar to the one above:
“Curves in M representing 3-body trajectories with total energy h
(and © = 0) are exactly those geodesic curves in the moduli

space W(M p) with the induced dynamical metric dE%.”
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In the case of (1.7), the Lagrange function L = T + U is also defined at the level of M.
Indeed, when © = 0, we can view M as the configuration space for a simple conservative
classical mechanical system, namely with potential energy —U, kinetic energy 7', and conserved
total energy h = T — U. It is easy to calculate the associated Euler-Lagrange equations with
respect to suitable coordinates in M, as demonstrated in Subsection 3.2. Finally, the reduced
Newton’s differential equation on M can be calculated by the procedure described in [5], but

we leave this topic here.

1.3 A brief survey of the main results

The results in this paper provide the foundations for the above Riemannian geometric ap-
proach to the 3-body problem with zero angular momentum. In Section 2, we present the
kinematic geometric framework for the reduction method which we shall work out, consisting
of the two successive reductions M — M — M*, where M ~ R? is the (congruence) moduli
space and M* ~ S? is the shape space. The second reduction uses the cone structure of M
over M* to eliminate the scaling variable p = VT by radial projection to the sphere.

A trajectory (t) in the configuration space M projects to its moduli curve ¥(¢) in M, and
away from the base point O the curve further projects to the shape curve v*(¢) on the sphere.
Conversely, whereas (t) is determined up to congruence by ¥(t), the real power of the above
reduction method rests upon the knowledge of the subtle relationship which, in fact, generally
exists between ¥(t) and the geometric (i.e. unparametrized) curve ~v*.

In reality, the complete study of the 3-body trajectories is hereby reduced to the study of
the relative geometry between the shape curve 7* and the gradient flow of U™, namely the
Newtonian potential function restricted to the 2-sphere M*. The major results of the paper

are divided into the following four main topics:

(1) The calculation of the reduced Newton’s equations in M in several ways, such as the
geodesic equations of the Riemannian space (M}, d3;), and the reformulation of the geodesic
condition in terms of the curvature of the spherical shape curve. A suitable combination of
these equations also yields a separation of the radial variable p and hence a third order ODE
on the 2-sphere which describes all shape curves for any energy level h. The key step in this

reduction is Lemma 3.1 which relates the intrinsic geometry of (v*,U*) to a kinematic quantity
of ¥(t).

(2) The unique parametrization theorem (cf. Theorem 4.1) asserts that the time parametri-
zed moduli curve F(t) is (essentially) determined by the oriented geometric shape curve ~*.
Furthermore, the curve v* is in fact uniquely determined by the first two curvature coefficients
at a generic point on the curve. The basic technique used here is the local analysis of solution

curves via power series expansion.

(3) The monotonicity theorem (cf. Theorem 5.1), which describes a type of piecewise mono-
tonic behavior of the shape curve v*. Namely, the mass-modified latitude is a strictly monotonic

function along v* between two succeeding local maxima or minima, and they lie on opposite
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hemispheres. In particular, the curve intersects the eclipse circle at a unique point between two

such local extrema.

(4) Some initial applications to the study of triple collisions. In particular, simple geomet-
ric proofs of the fundamental theorems of Sundman and Siegel. Moreover, their asymptotic
formulae for the derivatives of the moment of inertia I up to order two are extended to the

derivatives of any order.

The present exposition is based upon previous works of the authors (cf. [3-5]) on the 3-
body problem, exploring its “sphericality” as it manifests itself in various ways. The differential
equations which describe the moduli curves of the 3-body trajectories, are elaborated in Sections
3 and 4, including a careful power series analysis and comparison of the initial value problems
at the moduli space and the shape space level.

Section 5 is devoted to a geometric study of the gradient field of U*, which also yields a
simple and purely geometric proof of the monotonicity theorem. A similar type of monotonicity
for the shape curves was first proved by R. Montgomery [9] with his “infinitely many syzygies”
theorem, and later by T. Fujiwara et al [2].

In Section 6, we recall the classical results and clarify some issues on the work of Sundman
and Siegel concerning triple collisions. Moreover, with the results obtained so far, many chal-
lenging problems, for example in the study of collisions and periodic motions, naturally present
themselves for an in depth study of the global geometry of shape curves. Some of these open

problems will be briefly discussed in Section 7.

2 Kinematic Geometry of m-Triangles

A 3-body motion with vanishing angular momentum is always confined to a fixed plane
(for purely kinematic reasons), so the motions we shall study are always planary. Therefore,
we choose a plane R? C R?® with normal vectors +n and define an m-triangle to be a triple
§ = (a1, a,,a3) of vectors a; € R? constrained by the center of mass condition in (1.8). Hence,
for our purpose we shall modify the definition (1.8) of the configuration space by taking the
subspace

3
M~R*CR®:) mia; =0 (2.1)

i=1
which consists of the above m-triangles in the fixed plane R?2. M has the natural action of
the rotation group SO(2), and the moduli space, representing the SO(2)-congruence classes of

m-triangles, is the orbit space
M = M/SO(2) ~R*/SO(2) D R%/SO(3). (2.2)

The degenerate (or collinear) m-triangles constitute the eclipse subvariety E of M, and we
say a nondegenerate m-triangle is positively (resp. negatively) oriented if (a1, ay, n) is a positive

(resp. mnegative) frame of R3. Accordingly, we may write M and M as the disjoint union of
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three subsets

M=M;UEUM_, M=M,UEUM_. (2.3)
Moreover, we observe that the moduli space of unoriented m-triangles would be

M/Zy ~R*/O(2) ~ M+ UE ~R%/SO(3) = R%/O(3).

Remark 2.1 For a study of general (non-planary) 3-body motions, the natural configu-
ration space M consists of pairs (§,n), where § is an m-triangle in R® and n is a unit vector
perpendicular to all a;. M is a 6-dimensional manifold (a 4-plane bundle over S?) with the
natural action of SO(3), and now the moduli space coincides with the above one (cf. [5, Section
2]), namely

M/SO(3) ~ M/SO(2) = M.

We shall describe in more detail the topology and induced Riemannian structure of the
above simple orbit spaces. Let § (as above) and ¢’ = (by, by, bs) be m-triangles. The following

SO(2)-invariant, but mass dependent inner product

(6,0") =Y mia; - b; (2.4)

is just the kinematic metric ds? of M defined by (1.10). In particular, the squared norm is
the moment of inertia, |62 = I = p%. Let S® C M be the unit sphere (p = 1) and denote its

spherical metric by du?. Then we can express M as the Riemannian cone over (53, du?)
M =R*=C(S%) : ds? = dp* + p*du?, (2.5)

where p measures the distance from the base point (origin) of the cone.

A description similar to (2.5) applies to the moduli space
(M,d3%) = (M,ds?)/SO(2) (2.6)
whose “unit sphere” M* = (p = 1) is called the shape space, namely it is the image of S* in M
(M*,do?) = (5%, du?)/SO(2), (2.7)

with the induced metric denoted by do?. Thus, M also inherits the structure of a Riemannian

cone over its “unit sphere”
M = C(8%)/S0(2) = C(S*/S0(2)) = C(M*) : 5% = dp? + p*do? (2.8)

with p still measuring the distance from the base point O. The shape space is actually isometric

to the 2-sphere of radius %, as follows from the well-known Hopf fibration construction

1
S8 M* = $%/SO(2) = CP' ~ 52(5). (2.9)
As a cone over S2, M is clearly homeomorphic to R3 with the origin at the base point

O. Away from O they are even diffeomorphic, when M has the induced smooth functional

structure as an orbit space of R*.
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For the convenience of applying vector algebra, we also recall the Euclidean model of M,
where M is identified with R?, with Euclidean coordinates (z,y, z) and associated spherical co-
ordinates (1, ¢, ), and the kinematic metric is expressed as the following conformal modification

of the standard Euclidean metric:

da? + dy? + d2? ’ :
ds® = 4x x2 —|—yy2 + ZZQ =dp® + %(dWQ + sin® ¥ d02)7 (2.10)

12=p4:x2+y2+22, 0<p<m 0<60< 27

Here (p,0) denotes any choice of spherical polar coordinates on the sphere
M*=8%: 22 +y> + 22 =1,
whose induced metric from the Euclidean 3-space is that of the round sphere of radius 1
S%(1) : ds? = dg? + sin? ¢ d6?, (2.11)
whereas its induced (i.e. kinematic) metric as a submanifold of (M, d3?) is
2 1.9
do” = 2ds’. (2.12)

By (1.15) and (2.10) the total kinetic energy can be written as

_ 1 2 .
T=T+7%=3p"+ %@2 + (sin2 )62) + T, (2.13)

where the rotational term 7 vanishes precisely when € = 0. Starting from Section 3 this is

our standing assumption.

Remark 2.2 The radial distance function p = /I is also referred to as the hyper-radius
in the physics literature. For our purpose it is generally more convenient to use p rather than
I as the scaling parameter, and we shall refer to (p, p, ) as a spherical coordinate system of
M. We refer to [5] for the relationships between spherical coordinates, individual moments of

inertia (I, I, I3), or mutual distances (r12,723,731).

In the above Euclidean model of kinematic geometry the decomposition in (2.3) has a
distinguished equator plane, namely the eclipse plane E which divides R3 into the two half-
spaces M+ = RYL. We choose the Euclidean coordinates so that FE is the xy-plane and the
half-space z > 0 represents the congruence classes 0 of the positively oriented m-triangles.
Finally,

E*=EnM*: 22 +4>=1, 2=0

is the distinguished equator or eclipse circle of the sphere M* = S2.

On the other hand, the position of the various shapes §* of m-triangles on the sphere is
uniquely determined by the position of the three binary collision points b;, i = 1,2, 3, along
the circle E*, where by represents the shape of the degenerate m-triangle with a; = ag etc. We

are still free to choose the cyclic ordering by — by — bg either in the eastward or westward
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direction. Moreover, the mass distribution and the relative positions of the three points b;

mutually determine each other. In fact, the angle 3; between bs and bg is given by

mams — 1My

cos B = ete., (2.14)

b
moms + my

and these formulae can be inverted.

Let {N, S} be the north and south pole of S2. It is often convenient to choose the spherical
coordinate system (i, #) centered at N, namely ¢ = 0 at the pole N. Then the poles represent
the m-triangles (congruent, but with opposite orientation) of maximal area for a fixed size p,

and more generally, the area of an m-triangle is given by the formula

2
P
A= —— . 2.15
T sl (2.15)
For a normalized (i.e. p = 1) m-triangle of shape p € S%(1), we also recall the formula for
the mutual distances (cf. (1.2))

1 —mg .

1 — , 2.16
2 mqim; m4m; STk ( )
where |p — by| (resp. 20y) is the Euclidean distance (resp. angle) between p and by. For the
proofs of (2.14)—(2.16), we refer to [4] or [5].

Remark 2.3 In this paper, we use both the kinematic and Euclidean model S?(r), r = %
or 1, of the shape space M*. Their arc-length parameters are ¢ and s = 20, respectively
(cf. (2.12)). Of course, the various geometric quantities, such as velocity, geodesic curvature,

gradient etc., must also be scaled appropriately when passing from one model to the other.

3 Analysis on the Moduli Curves of 3-Body
Motions with Zero Angular Momentum

In this chapter, we shall follow Jacobi’s geometrization idea at the level of the moduli space
M = R3. This enables us to reduce the analysis of 3-body trajectories with zero angular
momentum to that of the corresponding moduli curves. According to Jacobi, for a given energy
level h the moduli curves can be interpreted as the geodesics of a specific Riemannian metric
d3? on M. Now, the standard procedure for the calculation of the geodesic equations amounts
to the calculation of the Christoffel symbols of the metric, with respect to a suitably chosen
coordinate system suggested by the geometry of the space, say. The resulting equations are
ordinary differential equations whose solutions are curves parametrized by the arc-length.

The kinematic geometry describes M with the scaling and rotational symmetry of a Rie-
mannian cone over a sphere, and therefore the spherical coordinates p, ¢, § present themselves
as the most natural choice. In Subsection 3.1, we shall calculate the associated differential
equations. However, the natural parameter for 3-body trajectories is the physical time ¢, and
it is the effective usage of fixed energy that enables us to express the equations in terms of ¢ as
well (cf. (3.3)).
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On the other hand, in the Hamiltonian least action principle the time interval is fixed and
t is the natural parameter from the outset. The Euler-Lagrange equations for the Lagrange
function L on M are calculated in Subsection 3.2, and this approach, in fact, yields the same
system (3.3) in a much simpler way.

However, we also seek a differential equation purely at the shape space level, that is, with
the scaling parameter p eliminated. This demands a deeper understanding of the relationship
between p and the geodesic curvature of the shape curve. To this end we shall introduce an
alternative geometric approach to the study of geodesics in M, which takes the full advantage
of the spherical symmetry and the cone structure of M. This is the topic of Subsection 3.3.

Finally, in Subsection 3.4 we shall synthesize the results obtained in the previous subsections

and, in particular, we explain how the moduli curve can be reconstructed from the shape curve.

3.1 Calculation of the standard geodesic equations in M,

We shall calculate the (standard) geodesic equations of (M}, d33) relative to the spherical
coordinates (p, ,0), where (¢, 0) denotes a choice of spherical polar coordinates on the shape

space M* = S2. The homogeneity of the Newtonian potential function (1.1) allows us to write
.
P

where U* is the shape potential function on S2. By (1.13) and (2.10), the metric with the

arc-length element 5 is

ds}, = (U7 +h)ds* = (U7 + 1) (dp + %2(01@2 +sin?p d6?)), (3.2)

and the standard procedure for the calculation of the geodesic equations via the Christoffel
symbols, but expressed with respect to time ¢ as the independent variable, yields the following
system (cf. [13, (5.11)])

(i) O:ﬁ+p—2—%(%U*+2h),

p
.. P : 4
(i) 0= @+ 2;(,0 ~5 sin(2¢)0% — FUW (3.3)
s P 41

0=0+226 4+ 2 cot(p)p0 — — ——Up,
(iii) ; cot(p)¢ P sinZ o 0

where the equation (3.3)(i) is just the Lagrange-Jacobi equation (1.5).

The calculation of the above system goes as follows. For simplicity, let us write
fP=U+h=T, u=5,,
and % =¢, g—f = £ for any function ¢. Then by (1.15) and (3.2)

du? = Tds? = 27%d ¢ = 2f4d¢?,
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and we deduce the useful identities relating arc-length and time derivatives

/_é ,,_ﬂé—ﬁé @_ i
5 - 1.1,7 5 - 1'1,3 9 U _2f’ (34)
2 = P L ), 2 = i (35)

Now, the first step is to calculate the geodesic equations with u as the independent variable,
following the standard procedure, and the next step is to transform the equations by changing
to t as the independent variable, using the identities in (3.4) and (3.5). With the notation
(x1,29,23) = (p, ¢, 0) the equations in the first step can be stated as

d? xk ok dz; dx;
— = k=1,2 .
du2 Z 1] dU, du 07 9 ;37 (3 6)

where the Christoffel symbols Ffj are defined by

(G G - e

L

Here, (%) is the inverse of the matrix (g;;) representing the metric du?, in the sense that

= f? (dp + 2 (d(p +sin? ¢ d6?) ) = Zgijda:ida:j.
Thus the matrices are diagonal and

1 1 . i -
g =% g»= Zfzxf, 933 = Zfofsmzxg, g :97;1'1~
The first geodesic equation follows from (3.6) with k& = 1, so by calculating the symbols F}j

we obtain

*

U 1 .
37— P) 707+ (n? )f?) ¢

U™ r
/! / * 1 *n/l
o= gt +( 75 Use +U30) =0.

Then, in the second step a straightforward calculation using

3.4) and (3.5) yields
-2 ST T 2 * Tk ;
L P p U [ u U .
PRSP —2i 4 ot (4 2% )0} =0,
p { f2p? p P \fPp O f
where the bracket expression simplifies to —p~(U + 2h). The final result is the first equation
of (3.3).

Next, let us consider the case k = 2 where the first step yields the equation

2U; Us 1
o 2 p 2 2 2 o 2 Lo 2
0=¢" — 72, 3(;) + = 1 (¢ + (sin® )0 )) + prSD 2(sm230)0
1 U 2f? Us 1
+ (= S+ )+ 2y
f2( pPrp )p(p 2p”

The second step leads to the equation

Y I o4 fo.0U0 , Ut Uy
0=¢+250— —sin(20)6? — = U, —2io4 2% 6
¢+ P 5 5in(2p) = wL{ fsa+f2psa f2p2p<p+f2psa }
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where the bracket expression simplifies to

> (U U, d
S U Ay,
fAP\p prt dt

This yields the second equation of (3.3). The last case k = 3 is similar to the previous one, so

we have omitted the calculations.

3.2 An alternative derivation of the standard geodesic equations

Another way of deriving the system (3.3) is to calculate the Euler-Lagrange equations for
Hamilton’s least action principle (1.7), at the level of the moduli space M. In fact, the Lagrange
function L = T+ U descends to a function defined on the tangent bundle 7'M since £ = 0, and

TZEEZQZEGEY

21dt 2\dt

is actually the kinetic energy of a curve 7(t) in M. Thus we have a simple classical conservative
mechanical system with potential energy —U, kinetic energy 7', and conserved total energy
h =T — U. Therefore, in terms of the coordinates (p, ¢, #) the associated Lagrange system is

doL 0L doL OL doL dL

—— = ==, —— = — 3.7
dtdp 0p’ dtop Oy’ dtopp 00 (3:7)
where by (2.10)
_ _ (1, P_2 2242 1.
L=T+U-= 5P+ 3 (p* + sin® p 67) +pU (p,0).
Now, the first equation of (3.7) reads
d. poo o o Lo
@Pzz(sﬁ +sin ng)_?U ) (3.8)
and by substituting the expression
Lo o 4o 1 -2 1 -2
Z( +sin? ¢ 0°) = ?(ZT—p ) = ?(2U—|—2h—p )
into (3.8) the equation transforms to the equation (3.3)(i).
Next, the second equation of (3.7) reads
dp*> N _p* . o 1o,
E(ng) = [ sinpcosy 0° + ;Uw
and after differentiation this becomes
2
. 4
P26+ 20pp — Lsin2p 62 — ZU =0,
2 p
which is precisely the equation (3.3)(ii). Similarly, the third equation of (3.7) reads
d : A S
&(PQ sin” ¢ 0) = ;Ue, (3.9)

where the left side becomes
2ppsin? ¢ 0+ 2p? sin ¢ cos @ gbé + p?sin? @ 0.

Then it is easily seen that the equation (3.9) becomes the equation (3.3)(iii).
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3.3 Cone surfaces and geodesics in M},

To take full advantage of the cone structure of M and the scaling property (3.1) of the
potential function U, one naturally seeks to reduce the analysis of the moduli curve to that of
the shape curve. Therefore, in this subsection we shall study the geodesic equations with the

shape curve in the forefront.

Definition 3.1 Let 7 be a curve in M not including the (triple collision) base point O. The
cone surface spanned by 7 consists of all rays emanating from O and intersecting 7. The cone
surface is denoted by C(7) or C(v*).

The intersection of the cone surface with the shape space M* is the associated shape curve
~v*, and conversely, the cone surface is also uniquely determined by ~*, which explains the
notation C'(v*).

Let %(t) be the moduli curve of a 3-body motion with zero angular momentum and ~v*(t)
the associated shape curve with arc-length parameter ¢ in M* ~ SQ(%). Endowed with the

kinematic metric, the cone surface
C(y*):d3® =dp? +p%do?, 0<o <oy (3.10)

is isometric to a (flat) Euclidean sector with polar coordinates (p, o) and angular width o7.
Next, let the function u(o) denote the restriction of U* along v*. There is a pair of con-

formally related metrics on the above sector, namely the flat metric (3.10) and the dynamical

metric ()
-2 u\o _2
as; = (n+ - )ds (3.11)
defined on the subregion
C(v*)h={(p,o);pEO,Oéaéal,th@>0}. (3.12)

On the one hand, 7 is a geodesic curve of the surface C(v*); with the metric (3.11), but
on the other hand, it is also a geodesic of the ambient space (M, dE,QL) and hence the normal
component of the curvature vector of 7 in M), also vanishes. Accordingly, it is natural to
write the geodesic equations of 7 in M}, as a pair of coupled ODEs expressing, respectively, the
vanishing of the tangential and normal component of the curvature vector.

To analyze curvatures, let us fix some convention concerning orientation. We assume ¥ (and
hence also 7*) is oriented; they are curves in M ~ R? and M* ~ S? respectively, and these
spaces have their standard orientation. We choose a positive orthonormal frame (7,7,v) of
(M,ds?) along 7, as follows. Let 7 (resp. 7*) be the positive unit tangent field of 7 (resp.
~*), and choose the unit normal field v* of v* so that (7*,v*) is a positive frame of M*. Then
v= (%)V* is a unit normal field of the cone surface C'(7) and hence orients the surface. Finally,

7 is the normal field of 7 in C(¥). For convenience, we write

T= cosoz2 —l—sinozli = —sinoc2 + cosa—— (3.13)
N Op p oo’ = dp p oo’ '
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where o denotes the angle between the radial and tangential direction, that is, the angle between
a% and 7.

Let n be a vector normal to 7, say n or v as above, and let (n) and Kj(n) denote the
associated geodesic curvatures of ¥ with respect to the metrics d5° and d33, respectively. It
follows from the first variation formula of arc-length that the curvatures of a given curve with

respect to such a pair of conformally related metrics are linked by the following formula

1d
= — ——1In(h . 14
Kn(n) = K(n) = 5 ——In(h+ ) (3.14)
There are two cases to analyze, namely n =7 or v, and for simplicity we write L = K(n),
K+ = K(v) etc., and we assume 7* is not a single point.

First, the geodesic curvatures of 7 in the surface C'(v*) with the two metrics are related by

da n da) 1d
ds ds

I (h+@), (3.15)

1d
Kn=K—5—(h+0)=( T :

2dn

where we recognize (a+ o) as the angle between the tangent line and a fixed reference ray in the
Euclidean sector (3.10). Similarly, let K and ;- be the “surface normal” geodesic curvatures

of 7 with respect to the metrics d5% and dE,QL, consequently

1d U
L _ gL 1
Ky =K 2dyln (h—|— 5 ) (3.16)

To find an expression for K+, it is a key observation that the principal curvatures of C'(7*) in

M at a given point (p, o) are the numbers 0 and %IC*, where K* = K*(o) denotes the geodesic

curvature of v* on the sphere M* ~ 5’2(%) at the point v*(¢). Therefore, by the classical

Euler’s formulas, the normal sectional curvature of C'(y*) in the tangential direction of 7 is
equal to

K+ = %(sin2 a)K* (o). (3.17)

Finally, the geodesic condition for 7 in M, reads
Kn =Ky =0,

which by (3.15)—(3.17) is neatly expressed by two scalar ODEs. In terms of the kinematic
arc-length parameter d3 of 7, regarded either as a curve in C(7*) or M, we can state the final

result as the following theorem.

Theorem 3.1 Let F(t) (resp. v*(t)) be the moduli (resp. shape) curve of a given 3-body
motion with zero angular momentum and total energy h. Set o to be the arc-length parameter
of v* in the shape space M* ~ 5’2(%), (p, o) the polar coordinate system of the associated cone
surface C(v*), and u(o) the restriction of U* along v*. If 7 is not a ray solution, then it is
characterized by the following pair of equations

(i) i—§+j—g—%(—smaa%Jrcoza%)ln(m@):o, (3.18)

U+

N o . Lo ury _
(il) (sin”a)K 5 D In (h—i— 5 ) =0, (3.19)
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where « is the angle between the radial direction and the tangential direction and v* is the

positive unit normal vector field of v* in M*.

Remark 3.1 The exceptional case of ray solutions, that is, v* is a single point, can be
settled directly from (3.14), where K(n) = Kx(n) = 0 and hence for each n

d
d—nln(h+U)—0 or VU -n=0.

This is equivalent to VU* = 0, so v* is one of the five critical points of U* on the 2-sphere,
namely the two minima (called Lagrange points) and the three saddle points (called Euler
points) lying on the equator (or eclipse) circle.

We also deduce the above result from the equations (3.3)(ii), (3.3)(iii), namely U} and Uy
must vanish if ¢ and 0 are set to be constant. Ray solutions yield the simplest type of 3-body
motions, namely the shape invariant or so-called homographic motions, which in the case of
Q = 0 are confined to a line. Then the only variable p(t) is the solution of the 1-dimensional

Kepler problem given by the Lagrange-Jacobi equation (i.e. (3.3)(i)).

Remark 3.2 (i) For a given value of total energy h, the influence of U* on the geometry

of the associated cone surface C(v*), is via the function u = U*|,~, and the equation (3.18) is
exactly the geodesic equation of C'(y*),. Most of the geodesic curves of C(~*);, are, of course,
not geodesics of the ambient space M), since they are not moduli curves of actual 3-body
motions.

(ii) Equation (3.19), on the other hand, is expressed in terms of the relative geometry of the

inclusion v* C M™*, namely the geodesic curvature £* and the normal derivative of U*along v*.

Finally, recall from (3.13) that the scaling variable p and the angular variable «, which
measures the radial inclination of the moduli curve in the cone M, essentially determine each
other via the relations d

cosa = d—;), sina = pd—;, (3.20)
which tell us, for example, how to calculate p from the variation of « along the shape curve
7t C S (3):

o f: cota(o)do
p(o) = p(og)e’oo for p(og) #0. (3.21)

3.4 Synthesis of the analysis of the moduli curve and that of the shape curve

In the previous sections we have used geometric ideas to obtain differential equations in the
moduli space M ~ R? characterizing 3-body trajectories with zero angular momentum. Since
M is a cone over the 2-sphere M* defined by p = 1, it is natural to project the moduli curve 7
down to its image curve v* on the sphere. However, unless one resolves the hidden interlocking
between 7* and the scaling variable p, implicitly described by the differential equations, one
cannot reconstruct the moduli curve from its shape curve and thus fully utilize the reduction
from M to M*.

In order to separate the scaling variable p from the spherical variables (¢, 6), we shall

proceed by combining the two systems of geodesic equations, (3.3) and (3.18)—(3.19), which
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we derived in two different ways. Note that the natural parameter in mechanics is the time ¢,
whereas the arc-length parameter is the natural parameter in metric geometry. This suggests
a transformation of the latter system to equations with ¢ as the independent variable, and as

it turns out, this also provides a remarkable simple solution of the above separation problem.
3.4.1 Basic geometry of curves on the 2-sphere with a potential function

Since spherical curves play a crucial role in the present study, it is convenient to collect some
basic formulae concerning the differential geometry of curves on S%(1), as well as the tangential
and normal derivatives of a given (potential) function U* on the sphere. We shall express them
in terms of a chosen spherical polar coordinate system (¢, 0).

For a given oriented curve v*, let 7 (resp. v*) be the unit tangent vector in the positive
direction (resp. unit normal vector) such that (7%,v*) is a positively oriented frame of the
sphere. We consider a (regular) time parametrized curve v*(t) = (p(t),0(¢t)) and set s = s(t) > 0
to be the arc-length along the curve. As before, differentiation of a function f with respect to
t or s are denoted by f and f’ respectively, and clearly f = f’v where v = 5 is the speed of the

curve. Then

e T A B QL Fal ey
and the velocity vector field of the curve is
dd’yt* =or*, v =1/@?+ (sin? )02 (3.23)
The scalar acceleration
0= Fride %[gbgb + (sin @ cos p)ph? + sin?()64), (3.24)

and its higher time derivatives are needed to express time derivatives of a function in terms of

arc-length derivatives, using operators of increasing order

d d a* ,d? d
L8 & 28 54 e 2
4 'q ae Vae Tlae o (3:25)

To calculate the geodesic curvature function K*, let us first make use of Euclidean coordi-

nates

xr=sinpcosf, y=sinpsind, z=cosy,

and write x(s) = (z(s),y(s), z(s)) and use the formula
K*(s) = x(s) x x'(s) - x"(s),
where x/(s) = 7*. This yields

K*

(cos )0 (1 + %) + sinp('0" — 0'¢")

= L {leos )0 + ¢%) +sin ol — 02)}, (3.26)
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and its intrinsic first derivative is

K = LK = ((sinp)gl0 + (cos@)”)(1 + )

ds
+ (cos ) (¢'0" — 0'¢") +sinp(¢'0" — 0'"). (3.27)

The gradient field of U* is the following vector field on the sphere

o U:s o
Ur=U*—+ —2 — 3.28
v ‘paap+sin2g039’ ( )

which allows us to calculate various derivatives of U*. For example, the tangential and normal

derivatives along the curve are, respectively,

Ur =55 =VU 7" = (U, + 0Up), (3.29)
Up = 5= =VU v —;(—Hblan@—Fﬁme@), (3.30)

and the intrinsic first derivative of U} is

d x *
Uy = U = (.U—G)go" + (= singpUp)" + (- S22t U )¢
ds sin g sin? ¢
+ ( o _ Uz, sin )9'2 + (_Ue*e —sinpU}  — cos U*) "0 (3.31)
sing  woSn® sin ¢ Plop pU, @'t :

Finally, for convenience and later reference let us introduce the following definition.

Definition 3.2 For a given curve v* and function U* on S2, the associated Siegel function

along the curve is defined to be

Uy
K*’
We regard the function as undefined along geodesic arcs. Moreover, the function may have a

S = (3.32)

singularity at isolated points where K* vanishes. Note that & is independent of the orientation
of v*. Observe the following formula for the logarithmic derivative of &, as a function of s (and

similarly for ¢ as parameter)
S U K+

Remark 3.3 We have named the above function after C. L. Siegel for the following reason.

(3.33)

In his study (cf. [11]) of triple collisions in the 3-body problem, Siegel investigated the asymp-
totic behavior of the time derivatives I, I of the moment of inertia I = p?. The major step in
his proof was, indeed, to show that the expression v/1(27 — %) tends to zero. It turns out that
this expression equals & whenever the latter is defined (see Lemma 3.1, where p3v? equals the
above expression). In particular, it is an intrinsic quantity at the shape space level. We shall

return to triple collisions and Siegel’s approach in Section 6.

3.4.2 Reformulation of the geodesic equations in terms of the shape curve

For convenience, let us write Vi = % and V5 = % for the basic coordinate vector fields

of the spherical coordinate system on the unit sphere. By definition, the acceleration of the
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spherical curve v*(t) = (p(t),0(t)) is the expression

V=0 = VI + VeV + 0V + 0V Vs

= Vi + OVa + G2V, Vi + 62V, Va + @0(Vy, Va + Vi, V1),

which is the covariant derivative of the velocity along the curve, with respect to the metric
(2.11). By definition,
Vv, V; =TLVi+ T3 Vs

and the only nonzero Christoffel symbols of the metric are
2, =T3 =coty, Tsy=—sinpcose.

Consequently,

. 9 . . 9
vk (o A2 o . o
A = (¢ — 0°sinpcosp) a0 + (0 + 240 cot p) 50" (3.34)

Now, take the above sphere and curve to be the shape space M* and a shape curve v*(t),
respectively. Then it follows immediately from (3.28) and (3.34) that the equations (3.3)(ii)
and (3.3)(iii) can be expressed neatly as the following coordinate-free vector equation on the

2-sphere,

P

5y (2;)1* - pi;VU* =0. (3.35)

Here the scaling variable p = VT of the cone M plays the role of an auxiliary function which
couples the equation (3.35) to the equation (3.3)(i). The latter is the Lagrange-Jacobi equation
(1.5), which for a given shape curve v*(t) is a second order differential equation purely for p(t).
Another interpretation of the coefficient of the velocity in (3.35) follows from (3.20), namely we
have )

2% = vcota. (3.36)

Remark 3.4 In fact, the differential equation (3.35) can be completely decoupled from the
function p(t) and hence it really becomes a differential equation on the 2-sphere, as summarized

in Theorem 3.2 below.
3.4.3 Separation of the scaling function p(t) from the shape space coordinates

The system (3.18)—(3.19) characterizes the moduli curves of 3-body trajectories with zero
angular momentum, expressed in the language of kinematic geometry and, in particular, for
that reason the natural parameter is the arc-length 5 of the moduli curve or the arc-length o
of its image shape curve on the sphere of radius % Although the original mechanical system
(1.2) naturally involves the physical parameter of time ¢, the latter is infinitesimally related to
5 by the identity

= VAT = V3V + T, (3.37)

and this enables us to express the system (3.18)—(3.19) in terms of ¢ and hence combine it
directly with the other system (3.3).
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To this end, let us consider a shape curve v*(t) on the sphere 52(%). By (3.20),

do * *

- a P Ur\~1/2/dy
sina = pgr = —=(h+ ) —, (3.38)

< \/5( P di

and then the equation (3.19) becomes
2 * 9

”—‘M k=L g 3.39
2 | dt C 2pdvr (8:39)

The latter is not only considerably simpler than equation (3.19), but it also provides a simple

formula to compute p(t) = p(F(¢)) in terms of the geometry of the shape curve, namely

pP= (3.40)

In view of the integral formula (3.21) this is, indeed, a pleasant surprise which, in one stroke,
shows how to reconstruct the moduli curve 7(¢) from the shape curve v*(¢) by the simple
formula (3.40).

The expression on the right-hand side of (3.40) refers to the kinematic geometry with M* =
S 2(%), and the whole product on this side would change by the factor 472 if we had worked in
the sphere S?(r). Henceforth, we shall return to the unit sphere S?(1), and with the notation
for speed, curvature and normal derivative from Subsection 3.4.1 we can restate (3.40) in the

following way.

Lemma 3.1 Let & be the Siegel function (3.32) of (v*,U*), which relates the intrinsic
geometry of v* with the gradient field VU* on the unit 2-sphere. If 7(t) = (p(t),v*(t)) is the
time-parametrized moduli curve of a 3-body motion with zero angular momentum, then the speed
v(t) of v*(t) is related to p(t) and &S(v*(t)) by the identity

4 1
3 _ _ 3,2
P’ = 026 or 6= VI (3.41)

In particular, & is always nonnegative!

Now, returning to the equation (3.35), we set
p .
p=9of_Z22_Z=~ 3.42
5 (3.42)
Q=—-——=—— (3.43)
where the rightmost identity in (3.42) follows from (logarithmic) differentiation of the identity

(3.41). Then we can state the following result.

Theorem 3.2 For 3-body motions with zero angular momentum and fized total energy, the
associated shape curves y*(t) on the unit 2-sphere are characterized by the ODE
d2

* d * *
@’Y +PE’Y +QVU* =0, (3.44)
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where the first term is the (covariant) acceleration and the coefficients are the functions P, Q
defined by (3.42), (3.43), which can be expressed purely in terms of ¢, 0 and their derivatives

up to order 3.
Remark 3.5 The formula (3.41), or equivalently

AU
= 028

K* (3.45)
expresses the geodesic curvature of the shape curve in terms of p, ¢, 0, ¢, 6. Therefore, since
it only involves first order derivatives in the moduli space, it is not surprising to find that the
same formula can, indeed, be derived more directly from the general spherical curvature formula

(3.26) by elimination of the second order derivatives using the equations (3.3)(ii), (3.3)(iii).
3.4.4 Regular and irregular points and exceptional shape curves

The formula for p* in (3.41) involves the three quantities v, U} and K* and the product

may become indefinite when some of them vanish, namely we note the following implications

[v=0]=[U] = 0] < [K" = 0],

(3.46)
[U;=0=[v=0] or [K"=0].

It is worthwhile having a closer look at the geometric interpretation and behavior of the shape
curve due to the vanishing of any of these numbers, and accordingly we shall make some
definitions to distinguish the various cases.

Formula (3.41) expresses the Siegel function & of v* in two different ways, namely at a point

Py = ~v*(to) its value is

1 *
lim Zp%Q =&p = lim U, (3.47)

tto =ty K+’

whenever any of the limits are defined, including +o00 as a limiting value.
Definition 3.3 Py is a regular point if 0 < &g < 0o, and otherwise it is irreqular.

The irregular points consist of the cusps, the collision points (binary or triple), and for

completeness we also include escape points:

cusp at Py: S =0, vg =0, VU*(Fy) # 0,
triple collision at Py : &g =0, po =0, VU*(Fp) =0, (3.48)
binary collision at Py : &g = o0, vy = o0, Fy = by, .

escape at Py: S =7, pp=o00, vg=0.

In Section 6, we shall return to triple collisions, but binary collisions and escape to infinity
behavior will not be a topic in this paper.

The simplest curves on the 2-sphere are the geodesic circles, characterized by K* = 0 at
each point. If such a curve is the shape curve of a 3-body motion, then it follows from (3.47)
that U also vanishes. In fact, v* coincides with a gradient line segment if and only if it is a

geodesic.
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Definition 3.4 The shape curve v* is called exceptional if it is confined to a gradient line

(or a geodesic circle), or it consists of a single point.

Clearly, a single point shape curve must be a fixpoint of the gradient flow, see Remark 3.1.
Thus, apart from the exceptional shape curves, being a regular or irregular point is an intrinsic

property, that is, it depends only on the geometric curve.

Remark 3.6 We omit the proof here, so we rather claim that the only exceptional shape
curves (of length > 0) are those representing collinear motions or isosceles triangle motions.
Their crucial property is that the shape curve lies on a circle fixed by an isometry (reflection)
of the sphere which leaves U* invariant. It also follows that a non-exceptional shape curve v*
can only intersect an exceptional curve transversely, that is, neither tangentially nor with zero

speed.

The equator circle E* represents the collinear motions, of course, but isosceles motions exist
only for special mass distributions, as follows. An isosceles m-triangle has (at least) two equal
masses, say mi; = ms, and the mass ms lies on the symmetry axis of the triangle. Their
shapes constitute the meridian through the north pole, the Euler point e; and its antipodal
point —e3 = bs. The latter point represents the collision of the two symmetric mass points
somewhere on the symmetry axis. Thus, an isosceles triangle motion arises when the initial
position and velocity have the above isosceles symmetry.

Henceforth, we shall assume the shape curve v* is not of exceptional type, unless otherwise

stated. Consider the power series expansions

o o0
K* = E K;s', U, = g w; s
i=0 i=0

at a regular point Py = v*(to), where s is the arc-length measured from Py. The value &g of

G at s = 0 can be calculated in two ways, possibly by the aid of 'Hospitals rule,

. 1 . dk

1
—pavd = &y = lim >0, (3.49)

1 =0 K lm K lm ke Kk
where k& > 0 is the smallest integer such that Kj # 0. Then K; = w; = 0 for i < k, w, # 0,
and we say Py is a regular point of order k. It is a finite number since otherwise U, and K*
vanishes identically and v* would be exceptional. In particular, we see that wy # 0 means v*(t)
is transversal to the gradient flow at ¢ = tg.

The order k of a cusp at Py = (¢o,6p) can be defined similarly by considering the limits
in (3.49). The only difference is that wy = 0 and K}, # 0 at the last step. Cusps arise when
the moduli curve () in M is tangent to the ray at the point (pg, Py) and hence the projected
curve v*(t) on the 2-sphere “halts” at ¢t = to. Geometrically, the curve v* near Py is a cusp
consisting of two diverging branches which emanate from Py, both with the initial direction of
VU*(Fy) and the initial curvature

d
Ko= 3 |[VU*(R)]. (3.50)

W =
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In Remark 3.8 we further describe the totality of cusps at Py, at a fixed energy level h, as a
specific family of curves v* parametrized by a number ¢ > 0 (resp. ¢ > 0) for & > 0 (resp.
h < 0). In the case ¢ = 0 the two branches coincide completely and F(to) = (po, Po) lies on the
Hill’s surface OM), (cf. (1.14)).

3.4.5 On the initial value problem for the moduli curve and the shape curve

In the spherical coordinates (p,¢,6) on M ~ R3, the time parametrized moduli curve and

its associated shape curve are simply related by

and conversely, formula (3.41) is the key to the lifting procedure, namely the reconstruction of
J(t) from its projection on the 2-sphere.

We choose an initial point Py = (¢o,60p) on the shape curve, and assume (for simplicity)
it is regular in the sense of Definition 3.3. In particular, the (local) lifting procedure is well
defined, and the corresponding initial value problems for the ODEs (3.3) and (3.44) respectively
are equivalent. Thus, on the one hand, the solution 7(¢) is uniquely determined by its initial

position and velocity

W(to) = (p07 ®o, 90)’ %_(tO) = (Pl, ®1, 91), (351)

but on the other hand it is also determined by the corresponding initial data

1. 1.
(©0,60), (¢1,01), (¢2,62), where @y = §<ﬂ|tm 0y = §9|t07 (3.52)

at the shape space level.

However, the above chosen initial data determine an energy level h, and conversely, if h is
already given, the initial data (3.51) or (3.52) are acceptable only if the resulting energy level
is h. To make this more transparent, let us rather state the initial value problem in the moduli

space as a system with 4 equations

(i) O:,6+p;—%(%U*+2h),

;o1 L4
(i) 0= ¢+2§¢—§sm(2¢)02—FU;,

) (3.53)
i 0Py gL L
(iii) 0=0+ 2;0 + 2 cot(p)pl — FSiHQ QDU%
1 p? ; 1
(iv) 0= 50"+ T (¢ +sin’ 0 6%) — ;U*(%@) —h,

where the first order equation (iv) is the energy integral (1.4) for the fixed value h. In fact, any
one of the four equations is redundant and can be deduced from the other three. For example,
with h calculated from the initial data (3.51), the solution of (i)—(iii) also satisfies (iv).

More geometrically, if the initial data set (3.51) is a point on a specific level surface of type
(iv) in the tangent bundle of M, then the solution F(t) of (3.53)(i)—(iii) must lie on the surface
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(iv) for all ¢. But we can also determine the same solution 7(¢) from (ii)—(iv). All this amounts
to saying that for a given value of h the whole system (3.53) is of total order 5.

On the other hand, the ODE (3.44) on the 2-sphere is independent of h and its total order
is 6. Its solutions are the projections v* of all solutions of the system (3.53) for any value of h.
In general, they are divided into three disjoint classes, distinguished by the sign of h (positive,
zero or negative). The exceptions to this subdivision are precisely the exceptional shape curves
(cf. Definition 3.4), which can represent 3-body motions at any energy level (cf. Subsection
4.2).

Now, let us consider the problem of how to translate the initial data (3.51), at a given energy
level h, into a set of suitable initial data consisting of five numbers depending only on the shape

curve. A natural first choice would be

(w0,00),  (Yo,v0), Go, (3.54)

where the angle 1y € [0, 27) specifies the initial direction of 4*, vy > 0 is the inital speed, and
So = (U;/K*)o > 0 is the initial value of the Siegel function.

Remark 3.7 The generic points of 7* are the regular points of order £ = 0, and hence ~* is
transversal to the gradient flow almost everywhere. For such points it is, perhaps, more natural
to replace G by Ky in (3.54). In fact, the two choices— either Ky or &9 — are equivalent since

the direction 1y determines wy when k = 0.

The pairs (g, v9) and (¢1,601) evidently determine each other, namely they specify the
initial velocity of v*. Clearly, the 5-tuple (3.54) is merely the data (3.51) with the pair (pg, p1)
replaced by the single number &, which is a second order quantity at the shape space level.
Indeed, we recover pg immediately from (3.54) by making use of (3.49).

Thus, it is clear that the initial data information given by (3.51) or (3.54) would be equivalent
if we could also recover the radial speed p; from (3.54). However, the energy integral (3.53)(iv)

determines only p?; in fact, there is no solution at all if h is below the critical value

1 1 460\ 3
I gpgvg — —U"(v0,b6p), where py = (—20) ’ (3.55)
Po Yo

There is a unique solution if A = Ay, with p; = 0, and for A > hpyi, there are two solutions
which are distinguished by the sign of p;.

A slightly different approach is to combine the identities (3.36) and (3.38), which yields a
value of sina, where 0 < a < 7. In fact, a < § means p; < 0 and a > 7 means p; > 0. But,
we are still left with the problem of how to determine the sign of p; from the initial data (3.54).
Anyhow, up to now we have the following result as a summary of the above local analysis at a

regular point.

Proposition 3.1 Consider the 3-body motions with zero angular momentum and a given
total energy h, whose oriented shape curves at a given regular point have the same initial
direction, speed, and curvature (or Siegel number &g, if the curvature Ko vanishes). Then the

number of solutions is, up to congruence, equal to 0,1 or 2 depending on whether h < hpin
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(resp. h = hmin 07 b > humin), where hyin is calculated from the given initial data by the
formula (3.55).

A 3-body motion is said to be expanding when p(t) > 0, and it is contracting when p(t) < 0.
Accordingly, we say the expansion index at time ¢¢ is the sign e(tg) = 0,41 of p(tg) = p1.

Corollary 3.1 A 3-body motion ~y(t) with zero angular momentum and a given total energy
h is uniquely determined up to congruence by the oriented shape curve v* C S? as a subset (i.e.
non-parametrized ), together with the initial speed vy and expansion index e(ty) at a regular

point v*(to).

Remark 3.8 The above corollary is, in fact, also true when the point Py = v*(t¢) is a cusp.
Indeed, for each fixed h, the family of possible cusps at Py is parametrized by the nonnegative
numbers

c=p? :2(% +h), (3.56)

as follows from the energy integral (3.53)(iv).

For ¢ = 0 there is a unique moduli curve ¥(¢) starting out from the “rest point” (po, Pp)
on the Hill's boundary dMp,, and the corresponding shape curve v* is the simple cusp (i.e.,
with one branch) emanating from Py. In general, the local geometry of v* at Py determines
the number c. In fact, one can determine c¢ from the first curvature coeflicients K;, i > 0, but
note that K is independent of ¢, by (3.50). Finally, one solves the initial value problem in M
at (po, Py), with the velocity component p; = ++/c selected according to our choice of e(ty).

For a given non-parametrized curve v* in M*, the geodesic curves of the associated cone
surface C(v*);, are characterized by the ODE of (3.18). The squared speed of such a curve is,
of course, given by 27" = 2(U + h) and hence it is determined by the position. A geodesic 7
is therefore uniquely determined by the initial position and direction at ¢ = ¢, namely p(to),
a(to) and the point v*(#9). By (3.40) or (3.41), and elimination of the speed in the shape space
using (3.38), it follows that the validity of the identity

sin? or = i
ph +U*

along the entire curve 7, where & is the Siegel function of v* in S2%(1), is a necessary and

(3.57)

sufficient condition for a geodesic of the cone surface to be a geodesic curve of M, as well. This

proves the following statement.

Corollary 3.2 A non-parametrized (i.e. geometric) curve v* C S?(1) can be suitably
parametrized as the shape curve of a 3-body motion with zero angular momentum and total
energy h if and only if its cone surface C(v*)n has a geodesic curve satisfying (3.57) along the

entire curve.

Problem 3.1 As indicated by the condition (3.57), only a very special kind of geometric
curves on the 2-sphere S? can be suitably parametrized as the shape curve of a 3-body motion
as above. How can they be characterized in a neat way? Can such a curve have different time

parametrizations as the shape curve of 3-body motions?
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Problem 3.2 Is the initial speed and expansion index also determined by the geometric

shape curve in Corollary 3.17 (The case h = 0 turns out to be special.)

4 On the Analysis of Moduli and Shape Curves via Power Series

We continue to use the notation and terminology from Section 3. Consider a time parametri-
zed moduli curve t — () in M ~ R? which represents a 3-body motion with vanishing angular
momentum, and let ¢ — v*(¢) be the associated shape curve, namely its projection in the 2-
sphere S2. In this section we shall investigate the possibility of reconstructing the parametrized
curve ¥(t) solely from the oriented geometric shape curve. Moreover, there is the question of how
much geometric information about the curve v* is really needed for such a lifting procedure. At

the end we shall also answer the question concerning the uniqueness of the time parametrization.

4.1 Generation of recursive relations and intrinsic geometric invariants

In the local analysis of the moduli and the shape curve, and their interaction with the
potential function U*, we shall distinguish between two types of variables or quantities. Namely,
on the one hand there are the intrinsic quantities which depend only on v* as an oriented
geometric (i.e. unparametrized) curve and U* as a function on S2, and on the other hand
there are the variable quantities, defined along the curve 7 or 4*, which depend on the scaling
function p in the moduli space M or the time parametrization of the curves. The basic intrinsic
quantities are the gradient field VU™ (or the tangential and normal derivatives U, U}}), the unit
tangent field of v*, and the geodesic curvature function K* of v*. Moreover, we shall assume
that v* is not exceptional and hence the linkage between v* and U™ is also neatly encoded into
the intrinsic Siegel function & = U}S/K* (cf. (3.32) and Subsection 3.4.4).

Let s be the arc-length parameter of v* measured in the positive direction from a given
regular point Py of order k > 0. Then the coefficients of the power series expansions of the

above functions, such as
K* =Ko+ Kis+Kos* + -,
U*:uO+ﬂ18+EQS2+"'7 (41)
Ul =wo+wis+wes? +---,
6260+618+6282—|—"- s

yield intrinsic quantities localized at the point FPy. Note that the expansion of the tangential

derivative of U* is
* * d * — — — 2
Ur=vVU 'T=£U =y + 2Uas + 3uzs” + -+, (4.2)

and the coefficients &,, are expressible as rational functions of K; and w;, k <i <n+ k. Let
us say that the order of a coefficient is the highest order of derivatives of local coordinates in
its expression. Thus, the pair (¢, 0) and ug are the intrinsic (geometric) data of order 0 at
Py. Next, the triple u;, wp, and the unit tangent vector at Py represent the intrinsic data of

order 1 at Py, and w,, and U,y (resp. K,, and &,,) has order n + 1 (resp. n + 2).
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We choose a spherical polar coordinate system (p,0), with Py different from any of the
“poles” ¢ = 0 or 7, and for a given moduli curve F(¢t) = (p(t), p(t),0(t)) we shall expand the
coordinate functions, as well as U* and its partial derivatives, as power series with respect to
t:

p=po+pit+pat® +pst® + -,

© =0+ @it + at® + p3t® + -+,

0 = 0o + Ot + Oot® + 03t + - - - |

v =0y + U1 + vat + vat® + -+ -, (4.3)
e
Uy = pio + punt + pot® + pst® + -+,
Uj =m0 +mt +mat® + st + -

UO+U1t+UQt2+U3t3+-'-,

For convenience, we also write
sin(2p) = fo+ fit+ fot> + -+,

sin2(ga) =go+ it + got> + -,

and list some of the initial coefficiens:

up = U (¢0,00), u1 = popr +mobr, etc.,
Jo = sin(2¢p9), J1=2cos(2¢0)p1, etc.,

i 4.4
sin®(¢o), g1 = fop1, etc., (4.4)

g0

1 . .
o 21402 + sin(pg) cos(o) 167 + 2sin’ ()61 62),

v =
where the expression for vy follows from (3.24). We shall regard pg, no as intrinsic data, but
they depend on the coordinate system, of course.

Below we shall investigate dependence relations among the coefficients p;, ¢;, 0 of the
coordinate functions in (4.3) and various other coefficients. Some of them are directly expressible
in terms of the intrinsic data and hence regarded as constants, whereas the others are the

variables.

Definition 4.1 The following list of coefficients from (4.3)

£0,V0; P1, 91,015 p2,p2, 02 (4.5)

will be referred to as the variables of order < 2. The variables of order n are py, Yn, 0, when

n >0, and po,vy are the only variables of order zero.

Henceforth, assume that the above moduli curve F(t) is a solution of the ODE system
(3.53). By inserting the power series into the equations (3.53)(i)—(iv) and applying the method

of undetermined coefficients, we arrive at the following scheme of recursive relations for the
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variables of increasing order 0,1,2,---:

E1g: 0= 2p3p2 + popi — 2hpo — o,

Ea 1 0 = 2pipa + 2050101 — %pgfoﬁf — 4p0,

3 2 3 (4.6)
E30 : 0 = 2g0pp02 + 2g0p5p1601 + pofop101 — 4no,

Ey0: 0 = popi + iﬂg@% + 9007) — 2uo — 2hpo,
En 00 =6p3ps + 8pop1p2 + pi — 2hpy — uy,
Ey1 00 = 6pps + 10p5p102 + 4(pgp2 + popi)er — 2fopo6162
- %(flp?) + 3 fopgp1)07 — 4pa, (4.7)
Es1 : 0 = 6g0pgfs + (10gopgp1 + 29100 + 2fopie1)02 + 2fopi0rp2
+ (f15 + 3fopgpr)e10r + (4g0p3p2 + 4g90p0pT + 291p501)00 — 4,

and in general

Eip:0=(n+2)(n+ 1)/)(2)pn+2 +oy
Eap 0= (n+2)(n+ 1)pdpnpa+ -, (4.8)
Ezp: 0= (n+2)(n+1)pgbnia + -,

where the remaining terms are of less order since they involve p;, ¢;,6; for ¢ < n + 2. For
example, the coefficients uy, iy, n, occur in (4.8) and their order is n. The equations FEy, for
n > 0 are omitted since they do not lead to additional (algebraic independent) relations.

Now, let us select some independent and recursive relations from the above ones, but first
we take the basic identity (3.41) and the expression (3.23) for the speed in the spherical metric,
whose zero order terms yield the two identities:

wo

E() : pgvg = 460, 6() = ?0, (49)

Bl :vo = /62 + go?. (4.10)

We shall use the symbols Jp, Jo etc. to denote various expressions which are of intrinsic type.
By using (4.9) the identities E19 and E49 can be restated as
E1: po(p? —2h) = J1, Ji = 2ug — &,
) 1 (4.11)
FEy: PopP2 = Jy,  Jy = 5(—U0 + 60)
Next, the direction ¢y of v* at the point (g, 0y) is intrinsic; it is also conveniently represented
by the unit tangent vector
1 0 0 0 0
= — (1 — 9—):J— Jo—.
T vo((pl&p—’— '98) = eap T 50
The coefficients J,, Jp are intrinsic functions, depending on the coordinate system, and they
are related by the identity
JZ+g0di = 1. (4.12)
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Therefore, we adjoin to our list (4.11) the two identities
Es o1 = Jpvo, Es:01 = Jyuo. (4.13)

Still, we have not used all zero order relations, namely Fsg and Fs3g, and now we state them
as
Es : pyo2 + popror = Js,  Js =20 + foJ§So,
2 (4.14)
Es: p20s + 021ty = Jg,  Jo = % - 2§J¢J960.
0 0

By continuing this way, we obtain for each n > 0 three new relations

Esny1:0=pipnsa+--,
E3pi2: 0= p(3)90n+2 Ty (4.15)
Esnys:0=p3fpio+ -,

involving at each step the new triple p,12, Ynt2,0nt2o of variables of order n + 2.

Claim 4.1 It is possible to solve the above recursive relations for the variables (4.5) com-

pletely in terms of the intrinsic local geometric data in the shape space.

This will be finally settled at the end of the subsection. At this point, we have altogether
3n + 8 variables

P0s0; P1, 01,015 p2,92,02; <+ pata, Pnt2, Ongo;

involved in 3n + 8 recursive relations, and the first eight involve only the variables up to order
2. However, E{, E5 and E5 are obviously algebraic dependent due to the identity (4.12), so let
us search for one more independent relation among the variables of order < 2. Since we expect
such a relation to involve local intrinsic quantities of order (at least) 3, a natural approach is
to differentiate the basic identity (3.41) involving the Siegel function. Thus evaluation of the
resulting identity (3.42) at t = t¢ yields

p1 vy G (Wk+1 Kk+1)
3— 425 =J7, Jr=—= -—). 4.16
PoVo + v} 7 A W, Ky (4.16)
Using the expression in (4.4) for v; we can restate the above identity as
P1 4 1 2
3 + = [901802 + + foprb7 + 909192} =J7. (4.17)
povo U 4

By simple calculation and substitution using some of the previous relations F;,
3 1 2
Po [smsoz + ot + 909192}
1
= ¢1(Js = pgpr1) + o1 (ZfngﬂgvS) + 61(90Js — gopgp161)
= —%PS(SD% + 9087) + ¢1(Js + foJ57S0) + 0190T
0

= —4%60 + ’Uo[.](p.]5 + f0J¢J9260 + gngJg]
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and by substitution into (4.17), using the identity p3v3 = 46, and the expressions for Js, Js in
(4.14), this leads to our new identity

_ 1
Bl g T =265 (Japo + Jono) — Jr = = (21 - &), (4.18)

PovVo 0

where @; is the tangential derivative of U* at Py (cf. (4.2)).

From the system of algebraic equations
EO) E(I)a E17 E{a EQ; E37 E47 Tt
we can now solve recursively and thus determine the variables

Po; 0,P1, 01,01, p2, P2, 02, - - -

successively in terms of the intrinsic data. In fact, this is obvious from the structure of the

equations, once we have determined pg, vg, p1, namely using the three equations Ey, F1, F1:

pBud =460, polp? —2h) =g, L= (4.19)
Povo
It follows that
2hpo = —J1 + JEpgug = —J1 +4J36¢ (4.20)
and consequently, for h #£ 0,
1716 2 S
po= 1 70(4.182 F1) - uo}, v = —5V80, o =252 (4.21)
Po ro
In the case h = 0, the identity (4.20) merely tells us that
L
ug = 5(4J8 + 1)6, (4.22)

and we can freely choose any initial size py of p and then calculate vy and p; from (4.21). In
particular, we calculate the pair (¢1,61) using (4.13), where the pair (J,, Jy) represents the
initial direction and hence is intrinsic. Now, we are able to calculate successively each new

triple (pn, ©n,0n), n =2,3,4,---, expressed in terms of the intrinsic data, as claimed above.

Remark 4.1 The initial direction, (Jy, Jg), is the only basic intrinsic data with no invariant
description, that is, independent of the coordinate frame. However, from the recursive procedure
it follows that wu,, v,, pn,n > 0, come out with coordinate free expressions involving only the
coefficients in (4.1). In fact, we can calculate v,,—1 in terms of p; (i <n) and v; (j <n—1), by
repeated differentiation of (3.41), next we calculate u,, by applying differential operators such

as (3.25) to U*, and finally p,,42 is calculated using equation Fj,,. The beginning terms are

_ 461 — 3pgvop1

— 2 —
up = volly, Uz = VU2 + puitL, U 208
0
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4.2 Some basic results on the shape curves of 3-body
motions with vanishing angular momentum

Let us first review some of the above facts from the local analysis and draw a few immediate
but important consequences. The above power series developments amount to the explicit
calculation of the solution ¢t — F(t) of the system (3.53) in the moduli space with the initial
data (3.51). In doing so we started from the following 5-tuple

(¢0,00), (0,0, 61), (4.23)

where 6, &1 may be replaced by Ky, K1 (or Ky, Ki11, for the smallest k& with K # 0), which
consists of three specific intrinsic local geometric invariants at the point (¢, 60p) on the shape
curve. In particular, we also recover the time parametrized shape curve *(t) by projecting 7(t)
to the 2-sphere.

Actually, since F(t) is uniquely determined by the initial value problem, (3.51) and (3.53),
it suffices to recover (3.51) from (4.23), namely the missing information in (3.51) is pg and p;.
This turns out to be possible when h # 0, but for a “good” reason (see below) it is impossible
when h = 0 since in this case the shape curve only controls the product pjvd = 4&¢. In any
case, with the quantity &; we can actually determine p; and, in particular, the question in
Problem 3.2 concerning the expansion index is settled.

The general 3-body problem has the 10 classical conservation laws (linear and angular
momentum, and energy) due to its invariance under the Galilean symmetry group. All of
them have been used and, in particular, the set of solutions is invariant under time translation,
t — t + to, as well as reversal of time (¢ — —t) which reverses the direction of the trajectory.
However, there is also an additional 1-parameter size/time scaling symmetry group, whose

induced action on parametrized moduli curves sends J(t) = (p(t),7*(¢)) to

Ty (1) = () (1), 75y (1) = (rp(r™28), " (r™31)), V7 >0, (4.24)

and changes the energy from h to h() = r~'h. In particular, although scaling and time
translation leaves the oriented shape curve geometrically unchanged, its time parametrization

is subject to an affine transformation

t—at+ty, a=r"2>0. (4.25)

Since the energy level h = 0 is scaling invariant, this also explains why the reconstruction of a

unique initial size po fails when h = 0.

Remark 4.2 For any n > 1, the Newtonian n-body problem has the above 1-parameter
symmetry group {®,}, acting on size and time but leaves the shape invariant. For example,
for a periodic motion with period F;) and average (or initial) size p(1), the group sweeps out
a periodic motion with the same shape, and the ratio P(QT ) / p?r) is independent of r. The case
n = 1 means the restricted case n = 2 with one of the masses (e.g. a planet) infinitesimal small,

in which case there is only one shape (a point) and the above ratio depends only on the large
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mass (the sun). This gives Kepler’s third law, so the above symmetry group is essentially the
generalization of this law.

On the other hand, for 3-body motions with vanishing angular momentum, the identity
pv? = 46 of (3.41) gives another quantity, p3v?, which is invariant under the above symmetry

group.

Definition 4.2 A time reparametrization of F(t) or v*(t) by an affine transformation

(4.25), for any a # 0, is called canonical, otherwise it is called exceptional.

Of course, in order to stay at a given nonzero energy level a canonical reparametrization
must have a = +1, and moreover, the orientation of the curve is reversed if a < 0. Now we can

state the following basic unique parametrization theorem.

Theorem 4.1 A 3-body motion with zero angular momentum is, up to congruence and
canonical reparametrization, uniquely determined by its oriented shape curve on the 2-sphere.
In fact, it suffices to know the direction and the first two Siegel numbers Sy, &1 at any reqular

point on the shape curve. In particular, there are no exceptional reparametrizations.

As shown before, the theorem still holds with (&g, 1) replaced by the curvature numbers
(Ko, K1) if the point is regular of order 0, and this is, indeed, the generic type of points.

A curve on the 2-sphere which is the shape curve of a motion with total energy h can also
be the shape curve for some motion with any other energy h’ of the same sign as h. Indeed,
we find the other motions by suitable canonical reparametrizations of the given motion, and by
(4.21) it also follows that the sign of h (viewed as a number 0,£1) is an intrinsic invariant at

the shape space level. More precisely, we have the following quantitative measurement of the

energy type.
Theorem 4.2 Let v* be a geometric curve on the 2-sphere, with the Siegel function & (with
respect to U*, as usual), and consider the function

A= %(4[%;—7(2U* —6)]2+1) U
d

along the curve, where 1— denotes the tangential derivative. If ~* can be realized as the shape
curve of a 3-body motion with vanishing angular momentum, then the sign of A is constant
along the curve (whenever A is defined), namely equal to the sign of the total energy h of the

motion.

Corollary 4.1 A given oriented (geometric) curve on the 2-sphere can be time parametrized
in at most one way, up to canonical reparametrization, as the shape curve t — v*(t) of a 3-body
motion with zero angular momentum. Moreover, the sign of the total energy of such a motion

is determined by the local relative geometry of (v*,U*) at a (regular) point.

The above uniqueness property of time parametrization of geometric shape curves, the mini-
mal amount of geometric information needed to determine the shape curve, and the monotonic-
ity theorem which we shall discuss in Section 5, are our basic tools for the understanding of both

the local and global picture of shape curves representing 3-body motions with vanishing angular
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momentum. The monotonicity property tells us the m-latitude function is monotonic increasing
or decreasing until the curve turns back somewhere in the opposite hemisphere. Thus the curve
resembles an “oscillating motion” between the upper and lower hemisphere which never stops,
unless it ends at a triple collision or escapes to infinity. The curve crosses the equator circle
transversely, or it goes to a binary collision and bounces back (via regularization) to the same
hemisphere. In Subsection 7.5 we describe the problem of how to construct such a curve by

linking together its maximal monotonic segments.

5 The Monotonicity Theorem for Shape Curves

5.1 A closer look at the gradient vector field of U*

The analysis of trajectories, moduli curves or shape curves describing 3-body motions de-
pends, of course, ultimately on the function U*, whose behavior is largely reflected by the
geometry of its gradient field. In this subsection, some useful facts are established which are
beyond those simpler statements concerning the critical or singular points of U*.

We shall apply vector algebra in the Fuclidean model for the moduli space, namely with
M = R3 as the Euclidean space (cf. Section 2) and vectors denoted by boldface letters. Thus
the shape space M* = S%(1) consists of unit vectors p = (z,v, 2), |p|? = 22 +y?+ 2%, and p- q

denotes the usual inner product. Set

m = m;, T =mimams, M =moms3 etc., and E m; =1,
/‘\§ o~ (—
m; _q My —my .1 2Vm

ki =2——"~—, [3; = cos ———— ) =sin _—), (5.1)
I—m; mi +m; m; +m;

b; = (1,0,0), bg = (cosfs,sinfs,0), bs = (cosFa,—sins,0),

where 0 < 8; < 7 is the angle between the binary collision points b; and by, {i, 7, k} = {1, 2, 3}.

The Newtonian shape potential function is the restriction of U to the above 2-sphere,

3 3
m; ki
Ur=Y — =% —— (cf. (2.16)), (5.2)

ST
where the mutual distances s; = rj;, are normalized to I = 1, and hence by a formula of
Lagrange

I=> ms;=1. (5.3)

The basic behavior of U* is, of course, given by the 8 special points on the 2-sphere, namely
bl;e3;b27e17b3562; vap{)a (54)

where the first six are cyclically ordered (eastward) along the equator circle E* representing
degenerate m-triangles. The b; are poles where U* tends to co, and the Euler points e; are
the saddle points. Finally, the remaining two are the minima, say pg lies on the northern

hemisphere and pj, is the symmetric (mirror) image with respect to the equator plane.
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We can also use the points b; to describe the gradient field, as follows. Let dx be an

arbitrary infinitesimal vector perpendicular to p (i.e. dx € Tp5?). Then, on the one hand
VU*(p)-dx =U*(p +dx) — U*(p) (mod |dx/|?) (5.5)

and on the other hand,

3

U*(p+dx) = U*(p) = > ki((2—2(p+dx)-b,) "2 — (2~ 2p-b;)"7)
i=1
L kb )
Set
° kb,

Then it follows from (5.5) and (5.6) that the gradient of the function U* is the orthogonal

projection of the vector B to the tangent plane of the sphere at p, namely
VU* =B - (B:-p)p. (5.8)

The characterization of the critical points of U* is, of course, well known. However, with

the following lemma we also like to establish the identity (5.9).

Lemma 5.1 Let pg and p|, represent the pair of equilateral m-triangles with I =1 and with
opposite orientations. Then po and p{, are the minima of U*, and moreover

2mjimy,

b; - (b —po) = b; - (b; —py) = (5.9)

(1 —my)m’

Proof The determination of the critical points away from the equator follows readily by
Lagrange’s multiplier method in M with the constraint I = 1. As coordinates we can, for
example, use the individual moments of inertia I;, but the calculations are simplest in terms of
the mutual distances r;; = sj, using (5.2) and (5.3). This shows that the minimum (s?, s9, s3)

of U* (on any of the hemispheres) satisfies the following set of equations with a multiplier A
o3 = A =123, (5.10)

and hence, by (5.3), all the sides s are equal to \/—% Moreover, by (5.2)

k i 4mimy,
: =— = i Vin =2 -2 -b; = —bi2=7j
[T po Po=bil = T m
2mimyg

and this gives (5.9).
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Remark 5.1 It is also straightforward to check the identities

ki mympVm 1

~ 3
po— b [po—bi? " (1 =m) (5:12)
3
> (1= my)b; =0. (5.13)
=1

To simplify the notation below, let us write

vt = (1- ci)_ - % (cf. (5.9)). (5.14)
Wi(t) = gt (1= mo)u(r). (5.15)

where 1); is defined for t < ¢;,7 = 1,2, 3, and observe that the derivative of 1); is strictly positive.

The following two lemmas will be useful.

Lemma 5.2 The expression (5.7) of B can be restated as

3
B(p) = Z W;(&i)bi, (5.16)
where
§i=b;- (P—Dpg)- (5.17)

Proof By (5.12),

v
I

3
i [po — bi[\3
le b|3 Z|p0_b|3(|p_bi|)b7

<.

w |l
[V

m

=1 4
IARN b, - (p—po) \ %
== ;(1—%)(1—7@'@_%)) b
~3 3 3
= T (1= ma)i(&)bs = > Wi(&)bs, (5.18)
1=1 i=1

Lemma 5.3 Let p be a unit vector different from po and py. Then B - (p — p,) is strictly

positive.

Proof By the mean value theorem, there exists 0 < g; < 1,
Wi(&) = U(&) — Wi(0) = Wi(ei&)&i, 1 <4 <3,

and we recall that the derivative of U; is strictly positive. By (5.16) and (5.17)

B(p) - (p — py) (Z‘If (§)b:) - (P = py) Z\I’ (&) v—z Wi(eiki)é} > 0.
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Note that B is, by definition, a linear combination of {b, by, by}, hence B lies in the

zy-plane and consequently
B'(p—po) :B'(ﬁ_ﬁo)a

where P (resp. Py) is the orthogonal projection of p (resp. po) in the zy-plane. Clearly, the

geometric meaning of the positivity of the inner product in the lemma is that the angle between

s

B and the vector from p to p is strictly less than 7.

5.2 The relative geometry between VU™* and the conjugate pair of
co-axial families of circles associated to {po,pj}

In spherical geometry, circles are the simplest kind of curves and they are characterized by
the constancy of their geodesic curvature. Associated to a given pair of points, such as the
minima {po, pj} of U*, there are two co-axial families of circles, namely the family of circles
passing through the two given points and its dual family consisting of those circles which are
orthogonal to all circles of the former family. We shall denote the conjugate pair of coaxial
families of circles associated to {po, py} by F and F'.

To a given p € S?(1) other than pg,pf, let us denote the unique circle of F (resp. F’)
passing through p by T, (resp. T7). In fact, I', is simply the intersection of S2(1) and the
plane spanned by the triple {po, p(, p}. Therefore, the tangent line of I', at p is the intersection
of the tangent plane T, S?(1) and the above plane. In fact, the following pair of vectors

T=px[P-py) x(P—-pPpy), T=pxT (5.19)

constitutes a positively oriented orthogonal basis {T, T’} for the tangent plane at p such that
T (resp. T') is tangent to I', (resp. I'}). The vector T defines the southward direction, that
is, away from pg, whereas T’ defines the eastward direction along F;.

For example, in the case of uniform mass distribution, {pg,py} = {V, S} are the north
and south pole of the sphere, whose conjugate pair of coaxial families of circles are the usual

longitude circles (or meridians) and latitude circles. In this case
T=2[p-k)p-k|, T =-2pxk

and these are positive multiples of the coordinate vectors % and % associated with spherical

polar coordinates (i, #) centered at the pole N.

Proposition 5.1 The inner product between the “southward” vector T and the gradient

vector VU™ at a point p on the sphere is
T-VU* =T B = [p-(po—pp)][B - (P — py)]- (5.20)

In particular, on the northern (resp. southern) hemisphere the angle B between T and VU™ is
in the range 0 < 3 < § (resp. 5 < B < ).



36 W. Y. Hsiang and E. Straume

Proof By (5.8), T-VU* =T - B, and clearly B - p, = B - p{,, consequently

T-B=B-{px[px(p,— Py +P x (P xPp)}
B-p 1 ‘B'Po P Do
B-(p,—py) P (Po—Py)| |B-Py P-P)
=B p)(p- (P, —Py) + (B-py)(P- (Py—Po))
=[P (Py — Po)][B - (P~ Py)l- (5.21)

Finally, by Lemma 5.3 the second factor in (5.20) is always positive, whereas the first factor

is positive on the northern hemisphere and vanishes precisely on the equator circle.

5.3 The monotone m-latitude theorem

Spherical polar coordinates (¢, ) centered at the north pole N parametrize, of course, the
latitude and longitude (meridian) circles, which constitute the pair of coaxial families of circles
associated to the pair {N, S} of geometric centers of the two hemispheres. However, instead of
using the colatitude ¢ let us rather parametrize the latitude circles by the latitude in radians,
—5 <A< g, namely A = 3 — ¢ and hence A is positive on the northern hemisphere.

For equal masses the pair of minima {pg,py} of U* happens to coincide with the pair
{N, S}, but this does not hold for non-equal masses. However, there exists a unique M&bius
transformation which maps pg to N, pj to S and the equator circle E* to itself. Such a Mébius

transformation maps F (resp. F') to the family of meridians (resp. latitude circles).

Definition 5.1 For a given mass distribution {my,ma, ms}, the m-modified latitude of
pE 52(1) is defined to be the latitude in radians of the image of p under the above Mébius

transformation, and it is denoted by A\(p).

For example, A(po) = 5, A(py) = —%, and A(p) = 0 if and only if p € E*. Moreover,
A(p) = —A(p’) for any pair {p, p’} representing similar m-triangles of opposite orientations.

For a given (smooth) curve v*(¢) on the sphere we shall consider the associated function

Ays (1) = MY (1)), (5.22)

which records the m-modified latitude along the curve. It turns out that for shape curves
representing 3-body motions with zero angular momentum this function has a remarkable
monotonicity property. Namely, it oscillates between local maxima where it is positive and
local minima where it is negative, and between two such extremals it is monotonic. The only

exceptions arise when the function is a constant, as described by the following lemma.

Lemma 5.4 If the m-latitude function Ay« is constant along v*, then v* is an exceptional
shape curve which is either a single point or is confined to the equator circle (cf. Definition
3.4).

Proof Assume ~* is not a single point and is confined to an m-modified latitude circle T
different from the equator. We choose a spherical polar coordinate system (¢, 8) centered at the

geometric center of I'; hence ¢ is also constant along v*. By the equation (3.3)(ii), U must
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be negative along I", that is, the gradient VU* is pointing inward along the circle. However,
I encloses po (or p() and Proposition 5.1 tells us that VU* is pointing outward, so this is a

contradiction.

Now, let us assume v* is not exceptional as in the above lemma. We shall state and prove

the Monotone m-latitude theorem.

Theorem 5.1 Let v*(t), a < t < b, be a segment of the associated shape curve of a 3-
body trajectory with vanishing angular momentum, and let Ay« as in (5.22) be the function
recording the m-modified latitude along v*[a,b]. Suppose that a < to < b is a critical point of
Aye (ice. No(to) = 0) or is possibly a singularity. Then \y-(to) must be a local mazimum

(resp. minimum) when v*(ty) lies on the northern (resp. southern) hemisphere.

Proof We may assume that the point qg = v*(tg) on the m-modified latitude circle TV =
I‘;O is strictly inside either the northern or southern hemisphere, since v* crosses the equator
transversely or it hits a binary collision point and bounces back into the same hemisphere (by
regularization). Moreover, by using the reflectional symmetry which reverses orientation we
may reduce the proof to the case that qg lies on the northern hemisphere.

There are two cases to consider; either qq is a cusp, that is, the speed vy of v* vanishes, or
qo is a regular point (vp # 0) and hence the curvature function of v*(t) is smooth at ¢g.

If a cusp is encountered at qg, it cannot be the critical point py of U*. In general, the
nonzero vector VU*(qg) actually gives the outgoing direction of the cusp, which by Proposition
5.1 is directed “southward” and hence A,« is strictly increasing (resp. decreasing) when ~*
approaches (resp. leaves) qp.

In the other case, v* and I'V are tangent to each other at qg. By reversal of time if necessary,
we may assume that the velocity vector of v* at qg points in the “eastward” direction of I",
that is, the positive direction of I as the oriented boundary of the circular cap containing
po. Geometrically speaking, a local maximum of Ay~ at ¢y means exactly that the geodesic
curvature Ky of v* at qq is strictly less than that of IV, which is a positive constant kg. Thus,
it suffices to show Ky < kg, and we claim, in fact, that Ky < 0.

Suppose to the contrary that K is at least positive, and recall Theorem 3.1 and its identity
(3.19), but scaled with M* as the unit sphere. Then, on the one hand

(sin? a) Ko > 0,

and on the other hand, the positive normal vector to v* is

'T(qo)|
and, by Proposition 5.1, evaluation at qg yields
1 1 T
— In(U+h)=———VU" - vV'=—VU"— > 0.
pr U A0 = =g VU v = 1y VU gy >

This implies that

2(sin? o) K¢ — % In(U 4 h) >0
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and hence contradicts the identity (3.19). Consequently, K cannot be positive and, in partic-

ular, we conclude that A+ (o) is a local maximum.

Corollary 5.1 Suppose that v*(t) is the associated shape curve of a 3-body motion with
vanishing angular momentum, without ever encountering a triple collision or escape to infinity.
Then it contains infinitely many eclipse points (resp. local mazima and local minima for Ay« ),

and they occur at alternating sequences of times.

6 The Asymptotic Behavior at a Triple Collision

3-Body motions leading to a triple collision have vanishing angular momenum, and their
moduli curves J(t) are exactly those geodesic curves in (M}, ds?) leading to the base point O
= (p = 0) as the limit. Therefore, it is also natural to review and study their basic asymtotic
properties at the triple collision.

The classical works of Sundman and Siegel tell us that the triple collision is the only essential
singularity of 3-body motions, and their asymptotic theorem, briefly stated as Theorem 6.1
below, gives a qualitative description of the behavior at the singularity. We mention here some
major works in the classical literature which have contributed to the understanding of the
collision motions, namely Sundman [14, 15], Levi-Civita [8], Siegel [10, 11], Siegel-Moser [12]
and Wintner [16]. Unfortunately, the proofs one finds in the above literature are rather long
and difficult, and thus it is worthwhile to provide simpler proofs, as well as improvements of
their results, in the setting of kinematic geometry.

The asymptotic theorem is, in fact, a direct consequence of the asymptotic estimates of I and
its lowest derivatives I and I, and since p = /T is the kinematic distance to the triple collision
(base) point, these lower order asymptotic estimates are needed somehow for any proof of the
above theorem. On the other hand, the theorem can actually be regarded as the geometric
interpretation of such estimates.

Along the way, we shall also give remarks on the works of Sundman and Siegel, and in the
final subsection we shall apply Wintner’s idea of using a logarithmic time scale to deduce the

asymptotic formulae for the time derivatives of I of any order (cf. Theorem 6.2).

6.1 Ray solutions as a model for the asymptotic behavior at a triple collision

We begin with some vector algebra in the Euclidean space R?D@ ]R?Q)@ ]R?B) = R? of all
triples § = (a1, a4, a3), or rather in the subspace of m-triangles defined by > m,a; = 0, equipped

with the Jacobi metric (2.4), cross product and exterior product
dx 4§ = Zmiai x b; GRB, SAS =Zai/\bj S /\QRQ,

where the standard basis vectors e, Aeg € ]R?i) A R?j) has length ,/m;m;. Some useful relation-

ships between these operations are expressed by

6-6 00

5.5 5.5 = 16]216'17 = (6-6")* > |6 x &'|?,

|6 A 6|2 = det ‘
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|5/\5'|2=Zm?|ai ><bi|2+Zmimjuij, pij > 0.
1<j
In particular, for a motion () with velocity §(t) and individual angular momenta €2;, we

deduce the relations

SAOP =) |+ |Quix|? = 21T — =17 > |Q)2. 6.1
16 A= 1 + [ Qo] 2L 219 (6.1)
These can also be interpreted in tems of the splitting of kinetic energy
112 |6A6
T=T4+(T°+T%)=-—
+(I7+T) 8 1 21
where T?, T? or T is due to radial motion, change of shape, or (rigid) rotational motion,
2
respectively. In the case of planary motions, equality holds in (6.1) since T% = % In

particular, equality holds if €2 = 0 since in that case the motion is planary, e.g., by a simple
geometric argument.

Ray solutions provide, of course, the simplest examples of triple collision motions. Here
each particle moves along a fixed line through the center of gravity (origin) and hence €; =0
for each i, and also 79 = T“ = 0. By Remark 3.1, the shape of the ray is a critical point
of U* on the 2-sphere M*, namely a Lagrange point or an Euler point. In other words, the
motion is either a homothetic deformation of an equilateral triangle or a degenerate triangle
which is an Euler configuration. Let 1 be the value of U* at the above critical point. Then the
Lagrange-Jacobi equation (1.5) reads

. 1
i= 2“% +4h (6.2)

and hence the only variable of the problem, I(t¢), is the solution of a 1-dimensional Kepler
problem.
The equation (6.2) can be solved explicitly, but we seek the solutions with the (singular)
initial condition I(0) = 0. In the special case of h = 0,
4 I 3
10 =K%, K=(3)" (6.3)
and for general h there is a formula ¢ = F},(I) which can be inverted and, for example, this

yields a series development of type

I(t) =t3 (K+ ikt%)
1=1

To facilitate our study of asymptotic estimates in general, let us introduce the commonly
used notation
f~g<lim f/g=1, ast—0. (6.4)

Then all ray solutions have the same asymptotic behavior at ¢ = 0, in the sense that their time

derivatives of I(t) at t = 0 yield the same asymptotic formulae, beginning with

: 4 .4
I(t) ~ Kts, 1(t) ~ gKt%, I~ §Kt*%, (6.5)



40 W. Y. Hsiang and E. Straume

and clearly the higher order asymtotic formulae follow the same pattern, namely

d” d* s

For a general triple collision motion, it was first realized that €2 must vanish, and hence
also T vanishes. On the other hand, although 77 was found to be the dominating kinetic
energy, 179 cannot vanish for a non-radial motion and may perhaps tend to infinity at some
lower order of magnitude. However, although the general asymptotic behavior is certainly more
involved due to the change of shape, it turns out that the estimates (6.6) still hold, by Theorem
6.2. Moreover, a general triple collision motion has one of the above simple ray solutions as its
asymptotic limit, according to Theorem 6.1.

Exact information on the limiting behavior of the shape is not really needed to derive the
asymptotic formulae (6.6) for the motion in the radial direction. The theory of Sundman and
Siegel establishes the formulae only up to k& = 2, namely the asymptotic estimates (6.5). To
proceed from k = 0,1 to k = 2 Siegel introduced the following function ¢(¢) and proved its

crucial property
g(t) = BIT — [*)t3 -0, ast—0 (cf. [11, Chapter III, §1]),

which in our setting can be reformulated as

5 A |2 1

JoAdlF =2pT° = 1p3v2 — 0, ast—0, (6.7)
where v is the speed of the shape curve. From our viewpoint, we recognize the expression in
(6.7) as the Siegel function & of the associated shape curve §*(¢) on the 2-sphere (cf. (3.41)).

6.2 The results of Sundman and Siegel

The following basic fact on the vanishing of the angular momentum of 3-body motions
leading to triple collision had already been stated by Weierstrass when Sundman first proved

the following classical statement at the beginning of the 20th century.

Lemma 6.1 (Sundman) The angular momentum €2 is necessarily zero for a triple collision

motion.

Proof First, by translation and (possibly) reversal of time, we shall rather assume (in all
Section 6) there is a triple explosion at ¢ = 0. Using the Lagrange-Jacobi equation (1.5), it
follows from I — 0 that I — oo and hence I > 0 for ¢ € (0,%) and o suitably small. Sundman
discovered and made use of the rightmost inequality in (6.1). Namely, for a given value || > 0
it is not so difficult to see that I(¢) has a positive lower bound.

However, we shall proceed with a slightly different proof since (6.1) also involves the in-
dividual momenta €2;, and this will enable us to prove a stronger version of the lemma (see

Corollary 6.1). For that purpose, we set

Ct)=[0A6? Co=infC forte (0,t).
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Now, multiplying the Lagrange-Jacobi equation by I gives the inequality
IT=1(2T +2h) = Lovoniv LissLoy 2hI,
1 47 1
which by integration yields

to to j
/ Hdtz/ 7Cdt 4 2h(Iy — 1),
t t

1oy 1., . I
5182 503 = 1) = Com () +2h1o ~ 1),
OhI — 2hIy+ 112
Co < 1(100) 20 0, ast—0.
(ko
I

Hence, Cy = 0 and the constant sum Q =5 Q; is zero.

Remark 6.1 Clearly, the above proof also gives inf |Q;| = 0 for each ¢, but one cannot yet

conclude that ©Q; — 0. See Corollary 6.1 for this last step.

The major results of Sundman and Siegel concerning a general triple collision motion §(t)

can be summarized as follows.

(1) (Sundman) ¢ 36(t) tends to a limit whose shape is that of an equilateral triangle or an
Euler configuration.
(2) (Siegel) The magnified or “big triangle” t=368 (t) approaches a fixed m-triangle 5o in the

Euclidean configuration space M.

Standard references for proofs of these statements are [11, 12]. One finds that results proved
by Sundman are, typically, seen to express properties at the moduli space level, that is, state-
ments about the moduli curve §(¢). Siegel improved his results by lifting them up to the
configuration space level, where he studied the motion of the “big triangle” in the Hamiltonian
setting and performed a series of successive canonical transformations to simplify the analysis.

A major step was to establish the validity of the above asymptotic estimates (6.5), and with
the following proposition we shall provide a proof of this—in the spirit of Sundman and Siegel.
Moreover, for the sake of completeness, in the last subsection we shall extend the proof to the

higher order asymptotic estimates, k > 2 in (6.6), using ideas due to Wintner.

Proposition 6.1 For a 3-body motion §(t) with I(t) — 0 ast — 0, the asymptotic estimates
in (6.5) hold, where K is the expression in (6.3) with p = lim U*(6*(¢)).

Proof For a ray solution, I = p? ~ Kt3 and pp> ~ %K%. This suggests a study of the
asymptotic behavior of pp? for triple collisions in general, using equation (1.5) and kinematic
geometry. Now, € = 0 and the kinetic energy has the splitting

1
T —

3\2 1, 1
= 5(9) =TP 4T = 22+ =p2?  (cf. (2.10)), (6.8)

dt 2 8

and we set .
R(t) = pI*,  S(t) = 56(t) = pI°, (6.9)
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where & is the Siegel function (see (3.32), (3.41)). By the energy integral U* = pT — ph, we

can also write

U* ~R(t) +6(t), ast— 0. (6.10)
Our first claim is that
R(t)—p>0 and &(t) — 0, (6.11)
as t — 0. Let us differentiate 9 and substitute for I using (1.5), or equivalently (3.3)(i), to
obtain
d P .o 1 .3 . .
= — | — = —— 2 = T{T
dt(2p) 50" + AU +2h) = p(T7 + h),
to . to
/ Rdt =R(tg) — R() = / pTdt + h(p(to) — p(t)). (6.12)
t t

Since R > 0 and the integral on the right side is > 0, limR(¢) = p > 0 must exist, that is,
R = u+ o(1) for small ¢.
Suppose p = 0. Since min U* > 0, the equation (3.3)(i) implies

pp =U"4+2hp—2R=U"+0(1) > C >0

and consequently

pp=—(pp") = 5 (U" +0(1)) = C-,
p? p? p?

() — ey =2 [ ¥ _—

plto)? — plt :2/ pﬁdt220/ —dtzQC(—— )—>oo

t ¢ P? p(t)  plto)
This is clearly impossible, so we conclude p > 0.
Next, we deduce successively

1., ) 1 ) _1 _1
5P = nto(l) = p* = S@uto(l)) = p= /2 p72 Hop7?), (6.13)

2§— ’ = iy = t o = 0
3ot = [ vedo= [ovpdt= [(Varomar= Vameo)  (614)

and hence by (6.13) and (6.14)
[=p*~Kts, K= (QM)% (6.15)
’ 2 9 .
: o4 1, Iz
I=2pp~-Kts, TP =—p*~". 6.16
pp~ Kt 2~ (6.16)

Next we show &(t) — 0. The integral on the right side of (6.12) exists, but the integrand is

and the integral of 1 is divergent, hence lim inf S(t) = 0.
It is, however, more difficult to show limsup é(t) = 0, but let us apply an idea of Siegel
>

[11]. Namely, suppose to the contrary, that lim sup é(t) 0. Then, for a given € > 0 there is
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an infinite decreasing sequence of numbers in (0,tg), € > t1 >t > -+ >t > 0, lim¢; = 0, so
that

e < é(t) <3e forte Jy=[tog,tar—1],
S(tar) =€, S(tar_1) = 3, (6.17)
[R(tar) — R(tar—1)| <e.

By (6.10), in each interval Ji, U* and hence also the norm of VU* are bounded by the same

constant C7, and then it is not difficult to show
T=U= O(t*g) for t € Jy.

But for small ¢ we also have

1 C
T=U+h=-(U*+hp) <=2 (6.18)
P P
for a suitable constant C5, consequently
d . C
}a(pT)‘ = |pf +pT| < =2 fort € Jy. (6.19)
By (6.17) and (6.19),
~ ~ tok—1 dt
2e = G(tQkfl) - G(tQk) = (pT - m)t:t%—l - (pT - m)t:t% < CQ/ T + ¢
tok
which implies
tok—1 é t tok—1 dt 2
/ Ldt > e/ — > < for each k, (6.20)
tok t tak t CQ

and hence the sum of the integrals is infinite. On the other hand,

S(t) pI° 3.

- = ~epL,

t t 2
and the integral of pT'7 on [0, to] exists by (6.12), so this is a contradiction.

Having proved that é(t) — 0, it follows from (6.10) that U* — p, and now the Lagrange-
Jacobi equation yields
.. 4
I ~2T ~2TP = % ~ §Kt—%, (6.21)
where K is the expression from (6.15). This completes the proof.
Corollary 6.1 The quantity |6 A 5|2 in (6.1) tends to zero at the triple collision. In partic-

ular, the individual angular momenta 2; as well as the “mized” momentum term Qunix tend to

zero.
Since &(t) — 0, the above statement follows immediately from
. 1. -
|6 AO|)? =2IT — Z1’2 =2IT° =2p& — 0 (cf. (6.1)). (6.22)

By “infinite magnification” at the triple collision the solution §(¢) coincides with one of the
ray solutions in Subsection 6.1. This is the idea behind the classical asymptotic theorem, and

now we give a simple proof of this in the setting of kinematic geometry.
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Theorem 6.1 (Sundman-Siegel) Any triple collision orbit is asymptotic to one of the ray

solutions.

Proof By (3.20) and (6.21),

oT = (E)Q ~ ks o (%)2 = T,

dp\?2
2
cos a—(d) —1, ast—0, (6.23)

which simply means that the moduli curve 6(¢) of the given triple collision motion §(¢) is tangent
to a ray or, equivalently, the limit of its infinite magnification exists. It also follows that the
limit ray must itself be a geodesic in M}, namely one of those rays representing the shape of a
Lagrange or Euler configuration.

However, the claim is also that d(¢) itself approaches a ray in M. To see this, consider as
above the angle @ between the radial and tangential direction in M, that is, the angle between
the vectors (t) and 4(t). It follows that

—1, ast—0. (6.24)

The limit ray in M projects to a geodesic ray in M}, namely a ray consisting of the homo-
thetic images of either a fixed equilateral triangle or a fixed degenerate triangle of Euler’s type.
As shown in Subsection 6.1, these are the rays which admit triple collision motions, and thus
the given motion 4(¢) will be asymptotic to the corresponding limit ray solution with the same

energy h.

Corollary 6.2 The shape curve 0*(t) converges to a Lagrange or Euler point 0§ on the
2-sphere, and the “big triangle” t_%é(t) converges to an m-triangle g() with the shape 0§ and

moment of inertia

=K = (97“) p=U"(5). (6.25)

Remark 6.2 Actually, a limiting shape of Euler’s type cannot be reached unless the whole
3-body motion itself is collinear (cf. e.g. [12, §13]), which refines and improves the classical
Sundman-Siegel approach. The latter is described in detail in Siegel’s lectures (cf. [11]) of
about 240 pages. In [11, p. 138], he writes: “The difficulty of the problem consists in the fact
that we cannot yet prove (this will be proved only at the end) that the big triangle referred to
a fixed coordinate system has a limiting position as ¢ — 0; all that we have proved so far is
the existence of a limiting configuration relative to a rotating coordinate system. The triangle

Y

itself may go on rotating about its centre of gravity, - - -’

However, although finiteness of the rotation of the “big triangle” was proved via the con-
vergence of the “big triangle”, neither an estimate of the actual angle of rotation nor its precise
definition was addressed in the above studies of the triple collision. In reality, the “big trian-
gle” is approaching its final shape and position quite fast and in a monotonic way. To make

this precise, we propose to measure how much the equilateral limiting triangle go deviates in
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position from some natural reference equilateral m-triangle ¢, depending on the given collision
motion §(t), but also ¢ = ((¢) will be a function depending on the chosen time interval [0, ¢]
under consideration. This goes as follows.

We may assume the shape curve 0*(¢) is on the northern hemisphere and hence starts at
the Lagrange point pg = d§. Let 61 = §(¢1) be the m-triangle at a given time ¢; > 0 and write

07 = 0" (t1). Then there is a unique linear m-triangle motion

t1 —t t
Z(t):(l )g1+—51, t € [0,t4],
th th

with vanishing angular momentum, connecting d; to some equilateral m-triangle {; = ((t1) (cf.
[5, Subsection 3.3]). The shape curve of this (virtual) motion is the geodesic arc on the sphere
S2(1) from the Lagrange point pg to the point d;, and together with the curve segment of §*(¢)
from 67 to po they constitute a closed curve C; on the sphere. We define the rotation angle

¥(t1) of 4(t) at the triple collision, measured from time ¢ = 1, to be half of the signed area

W(th) = %Area(Dl)z / w (6.26)

Cy

of the region D, enclosed by C;. This is motivated by the kinematic Gauss-Bonnet theorem (cf.
[5]) for 3-body motions with zero angular momentum, where traversal of a loop on the 2-sphere
amounts to a net rotation (i.e. a geometric phase) of the m-triangle in the configuration space,
which can be calculated as the line integral of a kinematic 1-form w (depending on the mass
distribution and region of S?). Moreover, dw = %dA7 where d A is the area form of the unit
sphere.

Now, for ¢; not too large, the shape curve §*(t) will stay on one side of the geodesic arc since
its curvature will have a fixed sign. So the rotation angle (6.26) decreases monotonically to zero
as t; — 0, and hence the kinematic geometric approach explains Siegel’s angle of rotation and

yields as well a recipe for how to measure it quantitatively.

6.3 Higher order asymptotic estimates at a triple collision

The asymptotic formulae for the energy functions = = T',7? U and their time derivatives
up to order k can be developed inductively together with those formulae for I up to order k + 2.
However, from the three identities
TP:E T—U+h=2i_h (6.27)
81’ 2 ’
it is easy to show that the three cases of =, for a given order k, yield the same asymptotic
formula. Therefore, the final description of the asymptotic behavior of the above quantities can

be stated as follows.

Theorem 6.2 For a 3-body motion 6(t), t > 0, with a triple collision att = 0, the following
asymptotic estimates hold ast — 0 :
k k k k k
d d K d d (u) d (2

— I~ —(Kt3 — T~ — (5~ — (2Kt 3 k>
ar! ~qEpEe) gET~gw ()~ g 3) for all k=0,
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where K = (%)g, w=U*(83), and 0§ is the limiting shape.
From the initial cases k£ = 0, 1,2, proved in the previous subsection, we shall complete the
proof of the above theorem for £ > 2 by deducing the following equivalent formulae for the

behavior of p = /1,

a* ak 2

In fact, they will follow inductively as a rather direct consequence of Newton’s equation (1.2)
and its energy integral, namely,
d2

5, T=U+h, (6.29)

but only after an appropriate transformation of space and time. This is the composition of a

time dependent space transformation and a pure time transformation, as follows:

(1) Magnification of the motion §(¢) = (ay (), as(t), a3(t)) by the time factor =3, as in the
works of Sundman and Siegel, to assure convergence at ¢t = 0 of the magnified motion. We use

the notation

tT38(t) = (1,80, 85),  A;(t) =t 2/Pay(t), (6.30)
F6(1),  f(t) = F6(), Sozggg(t), (6.31)

~ o

— =
~ ~~

([

where f is any (homogeneous) function on M or its tangent bundle which we shall evaluate
along the trajectory.

(2) A logarithmic transformation of time; set
u=—logt (or t=e"")

and hence t — 0 means © — oo. This transforms a function g(t) to the function g(u) = g(e™").

The composition of the two transformations yields the motion v — g(u) in M, and we write

5(u) = 8(e™") = (A1, 80,83), a;(u) = e a (e,

R - o (6.32)
flu) = f(6(w)), plu)=6(u)| =e3"p(e”™), o= do.

This motion is, of course, a solution of the transformed equations in (6.29), which can be stated

as

5 (6.33)

(6.34)

with the appropriate interpretation of f, U and VU (cf. (6.37), (6.38)). For example, from the

above definitions

o~

U(u) =U(S(uw)) = e 54U ((e™)) = t3U(t).
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To derive the above equations and prepare for its usage, we shall make a few more definitions
and establish some useful identities for differential operators generated by % and dd—u. For

functions of ¢ (or w) it is convenient to write

fimfr = (fi—f2) =0(1), ast—0 (oru— o0,
and, for example, since the magnified motion converges,
S~ dy, P~ oo = VK. (6.35)
We say f(t) has order g at t =0 if
10
and then the notation

Ft)y =t71f(t) ~ fo (6.36)

is consistent with (6.31) since a homogeneous function g of degree d on M, with g(go) # 0, has
orderq:?—jd at t = 0.

The transformed potential function, kinetic energy, and gradient are given by

m;m; ~ 1 d __|?
=5 i\ 7l :
Z|az_aj| QZm 1.2 (6.37)
~ 1 oU 4
p— —7’ ... pr— t_ 5 .
v (ml - ) ivu. (6.38)
and by substituting these expressions together with
d? d® o~ i 2+ 1d4 d*as
—0=—({t30)=t"3( —=0—-—0+ —6
370 = g0 =t73( Saud + )

into the equations (6.29) one obtains the system (6.33)—(6.34).

Lemma 6.2 If f(t) has order q at t = 0, with f(t) ~ fo and q ¢ {0,1,2,---}, then there
is the equivalence
<k< A ~ <k<m. —
L<k<m, "o f(t) 0}:»[171&% i)~ dtk(fo )}

Proof By applying the Leibniz formula

i = o) =3 (1) S o)

d¢m dtm pae dgm— dtt

one proves the above equivalence by induction on m. We refer to [13, Lemma 6.1] for a detailed

proof.

Moreover, using the operator identity

, d” . d ak
t @ = (—].) (nk’lﬁ + e + nk’km), nk’k = ]., TL]“Z‘ e Z, (639)
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associated with the logarithmic time change, t — u = —logt, one can verify the following
equivalence
a* d*
k o

The reason for introducing the change of variable ¢ — u is the following useful lemma of

Tauberian type.

Lemma 6.3 (cf. [16, #363]) Let f(u) be defined for u > 0 and assume f(u) has a limit

and %f(u) is bounded as u — oo. Then dd—uf(u) — 0 as u — 0.

Finally, we turn to the proof of the asymptotic formulae (6.28). The “initial” data needed
to start up are provided by Proposition 6.1 and (6.35), which by Lemma 6.2 and (6.40) can be

restated as )
N ~ 1 d . d° .
~VK, Ur— —p~—=p ~0. 6.41
p~ VK, TR al el (6.41)
Then, by the equation (6.34), we first deduce T ~ 0, or equivalently dd—uﬁi ~ 0 for each i.
Moreover, by (6.41) each @; is bounded, U is bounded and hence [a; — a;| has a lower bound
when i # j. It follows that all partial derivatives of U , with respect to components of a; and of

any order, are bounded (as functions of u). In particular, in the equation (6.33) VU is bounded

2
and hence also ddu2 ¢ is bounded.

Now, apply the operator (f—u repeatedly to the equation (6.33) and deduce

k k+1

a” ~ ~
WVU is bounded — Wd is bounded, for all £ > 1.

By the above Tauberian lemma, it follows that

ak -
deO for all £ > 1.

Similarly, apply dd—u successively to the equation (6.34) and deduce that the highest derivative
of p is always bounded. Hence by the Tauberian lemma

dk

Wﬁz 0 forall k> 3. (6.42)

By the equivalence (6.40) and Lemma 6.2, the statement (6.42) is equivalent to the statement
of (6.28), and this completes the proof of Theorem 6.2.

Remark 6.3 The asymptotic estimates in Theorem 6.2 are also valid for a general collision
(i.e. total collapse) of an n-body motion, for any n > 2. The proof is esssentially the same as
above and the previous subsection, since we have used only the Riemannian cone structure of
the moduli space M and, for example, the angle « is similarly defined for any n > 2. In fact, the
actual structure of the shape space is irrelevant as far as the asymptotic behavior of the radial
motion is concerned. Moreover, the exponent v of ¢ in the formula I ~ Kt” is independent

of n, but depends on the degree —e of homogenity of the potential function, U ~ %, namely

v= %4-@ where we assume 0 < e < 2, and e = 1 is the Newtonian case. We refer to [13].
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7 A Brief Discussion of Some Open Problems

In this concluding section, we shall formulate and explain some natural open problems in
the present geometric setting. Recall that the trajectories of 3-body motions with zero angular
momentum are already uniquely determined up to congruence by their associated moduli curves,
which can be characterized (geometrically) as geodesic curves in (M}, d37). Furthermore, these
geodesics together with their time evolution are essentially determined by their shape curve on
the 2-sphere. Finally, we recall two major results concerning shape curves, namely the unique
parametrization theorem and the monotone m-latitude theorem (cf. Subsections 4.2 and 5.3).
Therefore, from now on shape curve means geometric shape curve, unless otherwise specified,
and we also assume they are oriented.

The geometric behavior of these spherical curves raises many interesting questions for an
in depth understanding of 3-body motions. Here we propose a few natural problems of basic

importance.

7.1 Shape curves of periodic motions with vanishing angular momentum

The study of periodic orbits is naturally a central topic of the 3-body problem as a whole.
Clearly, the moduli curve and the shape curve of such a motion are periodic, but the converse
may not be true. Therefore, we say the 3-body motion is congruence periodic or shape periodic if
the moduli curve or shape curve, respectively, is periodic with respect to time. However, it is an
important consequence of the unique parametrization property that the time parametrization
of these curves is dictated by the geometry of the shape curve, whenever the latter is non-
exceptional. Then the notion of congruence periodic is the same as shape periodic, and this
means the shape curve is periodic in a geometric sense which we explain as follows.

Since it is natural to allow binary collision points, periodic shape curves can be characterized
as the topologically closed shape curves. Namely, the curve is either the immersion of a circle,
and we call it circular periodic, or the immersion of a closed interval (of length > 0) and is
contractible, and we call it string periodic. In the latter case the curve is a “string” with two
end points which are either a reversing cusp (i.e. at the Hill’s boundary) or a collision point,
and in order to qualify as a periodic curve it is tacitly assumed that we take two copies of the

“string” with the opposite orientation.

Remark 7.1 A shape curve consisting of a single point p is an exceptional case, and there
are additional string periodic moduli curves of the fixed shape p. Namely, p must be a Lagrange
or an Euler point, and the ray solution with negative energy, starting at rest from (pg, p) on the
Hill’s boundary (cf. Subsection 7.4), leads directly to the triple collision point O. By traversing

this ray segment in both directions we obtain a string periodic moduli curve.

Next, we shall describe the distinction between periodic 3-body motions and shape periodic
motions (i.e. of circular or string type). Let v* be a closed (piecewise smooth) curve on the
2-sphere which is the shape curve of a motion (), to < ¢ < 1, of m-triangles with vanishing

angular momentum, and assume ~* is periodic as above. Then «(tp) and y(¢1) are congruent
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m-triangles and hence differ only by a rotation angle A, which we can calculate as a line
integral along the shape curve, according to the kinematic Gauss-Bonnet theorem (see (6.26)).

In particular, A is zero if the shape curve is string periodic, and hence the given motion ()
must also be periodic. Thus the notions of “periodic” and “shape periodic” are identical in this
case. On the other hand, a circular periodic curve v* encloses a signed area AA (depending on
orientation and self-intersections), and the above line integral can also be expressed as a surface

integral which yields
1
Ay = §AA' (7.1)

Therefore, the motion (t) is periodic if and only if the angle (7.1) is a rational multiple of 27,
say Ay = (%)277 with (p,¢) = 1, and hence the number ¢(t; — t) is the period of the motion.

Thus the study of periodic 3-body trajectories is completely reduced to the study of closed
shape curves on the 2-sphere, and it is a challenge to describe or characterize the various types
of these curves in terms of simple geometric invariants. For example, due to the monotonicity
theorem it is natural to regard the number of eclipse points (counted with multiplicity) as a
measure of the complexity of the curve, and hence the simplest curves are characterized by a

small number of eclipse points.

Problem 7.1 What is the minimal number of eclipse points on a (string or circular) periodic
shape curve? What even numbers can be realized? What are those periodic curves with a small

number of eclipse points, say up to 107

The homotopy classes of closed curves inside P = S? — {by,b,, b} are elements of the

fundamental group m (P), namely the free group of two generators.

Problem 7.2 What are those homotopy classes of closed curves in P which can be repre-

sented by circular periodic shape curves?
Definition 7.1 We propose to define the chaoticity of v* to be the following value

Area(D(~*
ch(v") = Aroe(a(éz)))

where D(v*) C S2 is the closure of the set v*, and we say ~* is chaotic or non-chaotic if
ch(y*) > 0 or ch(y*) = 0, respectively.

Problem 7.3 What are the possible values of chaoticity for shape curves representing mo-
tions with @ =07

Problem 7.4 What are the non-chaotic shape curves other than the periodic ones?

7.2 Triple collisions

The works of Sundman and Siegel show that triple collisions is the only type of essential
singularity of 3-body motions, while the binary collisions can be regularized analytically (cf.
[15, 8]). Recall that the singularities of the Newtonian potential function U in the moduli
space M ~ R3 consists of the triple of rays {a;“z = 1,2,3}, where the base point (or origin)
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O represents the triple collision and the rays represent the three types of binary collisions.
Moreover, the moduli curves of triple collision motions with total energy h are exactly those
geodesic curves in (M, dE%) with the point O as a limit. The following are some pertinent

problems on the geometry of such geodesics.

Problem 7.5 The eristence (resp. uniqueness) problem on the shortest path in (My,d33)

linking a given point p in M), to the base point O.

By the scaling symmetry we may assume h = 0,41, where the case of h = —1 is most
difficult and also most interesting. The existence of such a shortest geodesic curve between O
and a given point p in M}, can be proved by Hilbert’s direct method when h = 0 or 1, whereas
for the case of h = —1 the existence will depend on the position of p in the Hill’s region Mj,.

Note that Hilbert’s direct method also applies for those p with
d(p,0) < d(p, 0My) + d(OMp, O).

The uniqueness problem is, however, much more interesting than the existence problem, but
it is also much more difficult and subtle. For a geodesic 7 starting from O, the question is how
far out 7 is the unique shortest geodesic from O. We remark that for points lying in the eclipse
plane, the shortest geodesic is not in the eclipse plane, and hence the limiting shape at O of
the shortest geodesic must be a Lagrange point, say pg. By the monotonicity of its shape curve
7 will eventually reach the eclipse plane, but after the first eclipse 7 ceases to be of shortest
length. Hence, the best we can hope for is uniqueness up to the first eclipse point.

We propose to investigate first the case of b = 0, due to the scaling invariance of this energy
level. Then the general uniqueness of a shortest geodesic between any point p and O reduces
to the uniqueness for eclipse points p lying at the distance p =1 from O, namely for points on
the eclipse circle E*. Thus the problem is reduced from the moduli space M to the shape space

M*, namely we ask about the uniqueness of such shape curves between points on E* and pyg.

Problem 7.6 For the case of energy level h = 0 and for a given mass distribution, let S be
the set of triple collision moduli curves emanating from O, whose shape curve starts out from
the Lagrange point po on the upper hemisphere of M* = S2. Let S* be the initial arcs of the
shape curves from po (but po not included) to their first point on the equator circle E*. Is the

family of curves S* a foliation of the punctured upper hemisphere S?r —{po}?

In the case that there exists a unique shortest geodesic in (Mh,dE%) linking a given m-
triangle ¢ to the collapsed m-triangle O, it is certainly interesting to actually estimate its length,
initial direction and total rotation angle of the triangle in terms of its geometric invariants. See

also the last part of Subsection 6.2.

7.3 Binary collisions and nearby trajectories

The base point O is, of course, the only singularity for (M,ds?). But the Riemannian
manifold (M},ds7) has another kind of singularity along the triple of rays {(7;7 ,i=1,2,3}

minus the initial point O, say, of binary collision type. One expects that understanding of the
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geometry of geodesic curves in the vicinity of this type of singularity will be an important topic

in the study of the global geometry of geodesics on (M, ds3).

Problem 7.7 What kind of local analysis will enable us to provide an effective control on

the local geometry of geodesic curves in the vicinity of a singular ray of a given binary collision
type?

Let us make some further remarks. In the vicinity of the ray (ﬁ;z the gradient vector field

VU is closely approximated by the field VU;, where

wleo

Tjk 1— m; ;g

;

and d; = d;(x) = psino; is the distance in (M, ds?) between x and the ray ﬁil (cf. (2.16)).
Thus, there is a suitable rotationally symmetric metric which provides a good approximation
of d57 when we are close to such a ray singularity. Application of Noether’s theorem to this
simpler metric yields a first integral of its geodesic equation which is almost constant along a
geodesic segment of (M}, d3?) near (7;z This will serve as a useful auxiliary function whose

analysis will provide an effective control on the above local geometry.

7.4 Trajectories starting at the boundary of the Hill’s region

In the case of negative energy, say h = —1, the variety M, is the Hill’s region, namely the
proper subset of the moduli space from which the moduli curves of the 3-body motions cannot
leave. The region is enclosed by its boundary, namely Hill’s surface M}, which is the smooth
surface defined by p = U*(¢p, #), with the (kinematic) gradient field VU as a normal field.

Here, we shall focus on those geodesics of the metric d3% starting at the surface M,
where the metric becomes identically zero. Hence, a curve lying on M, has zero length, and a
minimizing curve containing a segment on M}, is only virtual and cannot, of course, represent
an actual trajectory of a 3-body motion. Therefore, in the study of variational problems of this
kind one often needs a certain estimate or geometrical control of those geodesic curves starting
at OM},, that is, the moduli curves of those 3-body motions with no kinetic energy at t = t,.
They constitute a family {7, } of geodesics parametrized by their initial points xq € OM],.

Following Jacobi, it is natural to study the variational vector fields along 7, with respect to
variations within the above family of geodesics. These vector fields are solutions of the Jacobi

equation along 7, with their initial vectors belonging to 1%, (9M}).

Problem 7.8 Let zg be a generic point of OMy,h = —1, and let YV, be the geodesic curve
with initial point xo. How do we obtain an effective (that is, simple and useful) lower bound
estimate of the distance between xo and the first zero point of Jacobi vector fields of the above

type, in terms of the geometric invariants at xo?

7.5 On the problem of fundamental segments

For a fixed energy level h = 0, 41, consider the family (k) of all oriented geometric shape

curves, with the exceptional ones removed, of 3-body motions with zero angular momentum.
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According to the monotone m-latitude theorem the curve +* can be viewed as a union of its
segments C; = (p;, q;), between two consecutive points p; and ¢; of extremal m-latitude. We
shall refer to them as the fundamental segments. Thus the end points p;, ¢; lie on opposite
hemispheres, unless one of them is a binary collision point (and hence lies on the equator
circle), and moreover, the m-latitude is strictly monotonic along the segment. Clearly, a global
shape curve can be regarded as being pieced together by such fundamental segments, and a
periodic shape curve has only a finite number of them.

Conversely, we may try to construct curves by connecting C; to C;41 in a “smooth” way.
Here C; and C;y; belong to X(h), so “smooth” means their union also belongs to X(h). For
simplicity, assume we are using only regular fundamental segments C' = (p, ¢), that is, p and ¢
are regular points. Observe that C is tangential to the m-latitude circle at p, so its direction will
be completely specified by an index € = 0, 1 representing “eastward” or “westward” respectively.

Thus we can associate to the starting point p = (¢, 0) the following 5-tuple of numbers
[p] = (§050560;6175)7 (72)

which determines C' completely and therefore also the 5-tuple [q] associated to its end point.
In (7.2) &p, S, are the Siegel numbers of C' at p, as explained in Subsections 4.1 and 4.2.
Roughly speaking, the relationship between the initial data and terminal data for a funda-

mental segment with regular end points provides a type of correspondence
[p] = (90; 0; 60; 6175) - [q] = (71— - Spla 9/, 6(/)7 lla E/)

on a dense open set of S? x RT x Rx {0,1}. Moreover, since p and ¢ are points on opposite
hemispheres, let us compose the above correspondence with the reflectional symmetry with
respect to the equator circle, namely we replace [¢] by [p'] = (¢, 0, &, &),e’). Finally, we
assume p (and hence also p’) lies on the upper hemisphere, thus arriving at the fundamental
correspondence

0:%U% - % UT, [p]— [P, (7.3)

where the ¥; are identical copies of the 4-dimensional space ¥ = Si x R4 x R. The correspon-
dence is defined on a dense, open set, where it is also invertible. In fact, with some more labour
it would be possible to extend the fundamental correspondence to include irregular points (i.e.

cusps and collisions) as well.

Remark 7.2 A periodic shape curve is the assemblage of a finite number of fundamen-
tal segments whose initial data constitute a periodic orbit of the above correspondence (7.3).
Namely, if [p] has even order 2k, then the orbit of [p] defines 2k fundamental segments which
join together to a periodic curve. On the other hand, if the order is 2k + 1, then the end of the
curve lies in the southern hemisphere, so by running through the orbit twice the order will be

4k 4 2, and the associated curve will be periodic.

Thus, the correspondence (7.3) provides a natural way to a systematic study of the geometry

of global shape curves.
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