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On Representations Associated with Completely
n-Positive Linear Maps on Pro-C*-Algebras**

Maria JOITA*

Abstract It is shown that an n X n matrix of continuous linear maps from a pro-C*-
algebra A to L(H), which verifies the condition of complete positivity, is of the form
[V*T3;®(-)V]ij=1, where ® is a representation of A on a Hilbert space K, V is a bounded
linear operator from H to K, and [Ti;]i;—; is a positive element in the C™-algebra of all
n x n matrices over the commutant of ®(A) in L(K). This generalizes a result of C. Y.
Suen in Proc. Amer. Math. Soc., 112(3), 1991, 709-712. Also, a covariant version of this
construction is given.
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1 Introduction and Preliminaries

Pro-C*-algebras are generalizations of C*-algebras. Instead of being given by a single C*-
norm, the topology on a pro-C*-algebra is defined by a directed family of C*-seminorms. In
fact, a pro-C*-algebra is a projective limit of C*-algebras. A pro-C*-algebra A is a complete
Hausdorff topological x-algebra over C whose topology is determined by its continuous C*-
seminorms in the sense that the net {a;};cr converges to 0 in A if and only if the net {p(a;)}ier
converges to 0 for any continuous C*-seminorm p on A. The set S(A) of all continuous C*-
seminorms on A is directed (p > ¢ if p(a) > ¢(a) for all @ in A). For each p € S(A), kerp = {a €
A;p(a) = 0} is a closed two-sided ideal in A and the quotient x-algebra A/ kerp, denoted by
Ap, is a C*-algebra in the C*-norm induced by p. The canonical map from A to A4, is denoted
by mp. For p and ¢ in S(A) with p > ¢, there is a canonical morphism m,, : A, — A, of C*-
algebras such that m,q(a +kerp) = a+kergq for all a € A. Moreover, {A,, Tpq}p>q, D-q € S(A)
is an inverse system of C*-algebras and lgn A, is a pro-C*-algebra which is algebraically and

topologically isomorphic with A. In the lit:zrature, pro-C*-algebras have been given by different
name such as b*-algebras (by C. Apostol), LM C*-algebras (by G. Lessner, K. Schmiidgen) or
locally C*-algebras (by A. Inoue, M. Fragoulopoulou, etc.). Besides an intrinsic interest in
pro-C*-algebras as topological algebras comes from the fact that they provide an important
tool in investigation of certain aspect of C*-algebras (like multipliers of Pedersen ideal; tangent
algebra of a C*-algebra) and quantum field theory.
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A continuous s-morphism from a pro-C*-algebra A to another pro-C*-algebra B is called a
morphism of pro-C*-algebras. An isomorphism of pro-C*-algebras is a bijective map ¢ : A — B
such that ® and ®~! are morphisms of pro-C*-algebras.

A representation of a pro-C*-algebra A on a Hilbert space H is a continuous *-morphism ¢
from A to L(H), the C*-algebra of all bounded linear operators on H. A representation (y, H)
of A is nondegenerate if p(A)H is dense in H (see [3]).

A continuous action of a locally compact group G on a pro-C*-algebra A is a morphism of
groups « : G —Aut(A). Here Aut(A) is the group of all isomorphisms of pro-C*-algebras from
A onto A, such that the map (g,a) — «og4(a) from G x A to A is jointly continuous. The action

« is an inverse limit action if we can write A as an inverse limit lim As of C*-algebras in such
p
ISPAN

a way that there are continuous actions a(®) of G on A4, § € A such that o, = lim agé) for all
seA
g € G (see [15]). If G is a compact group, then any continuous action of G on A is an inverse

limit action (see [15]).
A covariant representation of a dynamical system (A, G, «) is a triple (o, u, H), where (¢, H)
is a representation of A and (u, H) is a unitary representation of GG, such that

plag(a)) = ugp(a)(ug)®

for all @ € A and for all g € G. A covariant representation (¢, u, H) is nondegenerate if (o, H)
is nondegenerate.

A pro-C*-dynamical system is a triple (4, G, a), where A is a pro-C*-algebra, G is a locally
compact group and « is a continuous inverse limit action of G on A.

Let (A, G, o) be a pro-C*-dynamical system. The set C.(G, A) of continuous functions from
G to A with compact support is a x-algebra with multiplication of two elements defined by

(F.h) = f x by
(f x h)(s) = / (B (h(t1s))dt,
G

and involution f s f#,
F#(s) =~(s) " ras(f(s71)"),

where v is the modular function on G. The Hausdorff completion of C.(G, A) with respect to
the topology defined by the family of submultiplicative *-seminorms {N,},ecs(a) (IVp is defined
by

N,(f) = /G p(f (),

f € C.(G, A)) is a complete locally m-convex *-algebra L'(A, G, o) with bounded approximate
unit. The enveloping algebra of L(A, G, ) is a pro-C*-algebra, denoted by A x,, G and called
the crossed product of A by « (see [7]).

If A is a pro-C*-algebra, then M,,(A), the set of all n x n matrices over A with the algebraic
operations and the topology obtained by regarding it as a direct sum of n? copies of A is
a pro-C*-algebra. The concept of matricial order plays an important role to understand the
infinite-dimensional noncommutative structure of operator algebras. Completely positive linear
maps as the natural ordering attached to this structure have been extensively studied in [1, 4-6,
8-12, 16, 17].
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A completely n-positive linear map from A to L(H) is an n xn matrix [p;;]7;_; of continuous
linear maps from A to L(H) such that the map p: M,,(A) — M, (L(H)) defined by

p(laili i=1) = lpij(ai)]} j=1

from A to
L(H) is nondegenerate if for some approximate unit {ey}rca of A, the nets {p;i(ex)}ren,

is completely positive. We say that a completely n-positive linear map [pij]}:'j:l
i=1,2,---,n, converge strictly to the identity operator on H (see [6]).

In [17], Suen showed that each unital completely n-positive linear map [p;;]7;_; from a unital
C*-algebra A to L(H) is of the form [V*T;;®(- )V}, _

on a Hilbert space K, V' is a partial isometry from H to K, and [T3;]};_; is a positive element
in M,,(®(A)). ®(A)" denotes the commutant of ®(A4) in L(K).

In this paper, using a Radon-Nikodym type theorem for completely positive linear maps from

1 where @ is a unital representation of A

a pro-C*-algebra A to L(H), we extend the result of Suen in the context of pro-C*-algebras
(see Theorem 2.1). Moreover, we prove that the representation associated with a completely
n-positive linear map is unique up to unitary equivalence and give a necessary and sufficient
criterion of irreducibility for this representation (see Corollary 2.1). In Section 3, we prove a
covariant version of Theorem 2.1. Also we prove that a u-covariant, nondegenerate completely
n-positive linear map [p;;]7';_; from A to L(H) induces a nondegenerate completely n-positive
linear map [0;;]},_; from A X, G to L(H) such that the representation of A x, G induced by
(0717 j—1 is unitarily equivalent with the representation of A, G associated with the covariant
representation of (A, G, «) induced by [p;;]};—; (see Proposition 3.1 and Remark 3.2).

2 Representations Associated with Completely n-Positive Linear Maps

Remark 2.1 Let A be a C*-algebra. If p = [p;]}';_4

is a completely n-positive linear
map from A to L(H), then for each i = 1,--- ,n, the map p;; is completely positive and for
each i,j € {1,---,n} with i # j, pj; = pj; (pj; is a linear map from A to L(H) defined
by p;j(a) = (pij(a*))* for all @ € A). Moreover, the linear maps (pii + pjj) = 2Re p;; and

(pii+pj;)E2Im p;; are completely positive foreachi,j € {1,--- ,n} with i # j (see, for example,

[13]). Then the linear maps E Pkl E prk £ 2Re p;; and Z pek £2Im py;, 0,5 € {1,2,--- ,n}
k=1 k=1
with i # j are completely positive.

Remark 2.2 If p = [Pv:j]?,j:l is a continuous completely n-positive linear map from a
pro-C*-algebra A to L(H), then there is p € S(A) and a completely n-positive linear map
PP = [phli =1 from Ay, to L(H) such that [pi;]7',_; = [p}; o mp]} ;=1 (see [5]). From this
fact and Remark 2.1 we deduce that for each i = 1,---  n, the continuous linear map p;;
1s completely positive and for each i,j7 € {1,---,n} with ¢ # j, the continuous linear maps

E Pkk s E prk £ 2Re pi; and Z pri £ 2Im p;;, are completely positive.
k=1 k=1 k=1

The following theorem is a generalization of [17, Proposition 2.7].

Theorem 2.1 Let A be a pro-C*-algebra, let H be a Hilbert space, and let p = [p;;] be

i,j=1
a completely n-positive linear map from A to L(H).
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(1) Then there is a representation ®, of A on a Hilbert space H,, a bounded linear operator
V:H — H,, and a positive element [T{]7;_, € My (®(A)") with éTﬁ =nidy, such that

(a) pij(a) = VT ®,(a)V, for alla€ A and i,j=1,--- ,n;

(b) {®,(a)V,&;a € A € H} is dense in H,.

(2) If @ is another representation of A on a Hilbert space K,V : H — K is a bounded linear

n
operator and [Si;|7';_; is a positive element in M, (®(A)") with 2:1 Sii = nidg such that

(a) pij(a) = V*S;;®(a)V forallac A andi,j=1,2,---,n
(b) {®(a)VE;a € A& € EY} is dense in K;
then there is a unitary operator U : H, — K such that
(1) ®(a) =UP,(a)U* for all a € A;
(ii) V=UV,;
(iti) Sij = UTSU* for all i, j =1,2,--+ ,n

)

Proof (1) Letp=1 E prk- By Remark 2.2, p is completely positive. Let (®,,V,, H,) be
k=1

the Stinespring representation associated with p (see [9, Theorem 2.2]). Then {®,(a)V,&;a €
A, & € H} generates a dense subspace in H,.

Let i,j € {1,2,---,n} with i # j. Since p— 1(p + 2Rep”) = 2(p — 2Rep;;) and p —
1(p+ 2Imp;;) = %(p — 2Tm p;;) and since the linear maps p — 2Rep;; and p — 2Im p;; are
completely positive (see Remark 2.2), by Radon Nikodym type theorem for completely positive
linear maps [9, Theorem 3.5], there are two positive operators l(J ), Tl(f) € ®,(A)" such that

* n.
(Repi)(a) =V (nT) = Sidn, ) @y(a)V,,

* n.
(Im pij)(a) =V, (anf) - Elde)fbp(a)Vp

for all @ € A. Moreover, the positive bounded linear operators Tfj ), Tff) € ®,(A)" are unique
with the above properties. Let T}, = (nTi(jl) — %idpy,) —|—i(nTi(j2 —%idg,). Clearly, T/, € ®,(A)
and

pij(a) =V, T/;®,(a)V,

for all @ € A. It is not difficult to check that Ti’; is unique with the above property. Moreover,
Let i € {1,---,n}. Since %pn‘ < p, by Radon Nikodym type theorem for completely positive
linear maps (see [9, Theorem 3.5]), there is a unique positive element T/, € ®,(A)’ such that

pii(a) = V,T;®,(a)V,

for all a € A. From
_ %ZP“‘( ZV T2 (a)V, = V*( S TE) @)V
i=1 ;

and [9, Theorem 3.5], we conclude that Z T/ =nidgy, .
i=1
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From
<[T£']T‘L,j:1 (q)p(ak)vpfk)g':p ((I)p(ak)vpfk)g:ﬁ

= Y AT, (a)Vp&5, @ p(a:)Voki)
=1

i

|

I
-

(VoI ®,(a7a;)Vpg;, &)

<.

5]

Z (pij(aia;)&;, &)

1,j=1

3

for all & ---,&, € H and for all a1,--- ,a, € A, and taking into account that p = [p;;]} is

ij=1
completely positive and {®,(a)V,{;a € A, € E} generates H,, we conclude that [T ]1j 1 s
a positive element in M, (®,(A)").

(2) We consider the linear map Uy : Sp{®,(a)V,&;a € A, € H} —Sp{®(a)VE; a € A€ €
E} defined by

U(®p(a)V,8) = ®(a)VE.

Since
(Uo(Pp(a)V,€), Un(®p(a) V7)) = (2(a)VE, 2(a)VE) = <V*‘I>(a*a)Vf,£>

<V*(ZS”) a*a)V§, 5> Z<Pn‘(a*a)£,5>

:_Z VITL®,(a*a)V,E, &) = (Vi (aa)V,E, €)

= <(I)p (a)fo, (I)p(a)vf)@

for all a € A and for all £ € E, Uy extends to a unitary operator U from H, to K. It is easy
to verify that U®,(a) = ®(a)U for alla € A and UV, =V. Let i,j € {1,2,--- ,n} and a € A.
Clearly, U*S;;U € ®,(A)". From

pij(a) = V*SU(I)(Q)V = Vp*U*qu)(a)UVp = Vp*U*Siqu)p(a)Vp
and taking into account that T{? is the unique element in ®,(A)" such that
pij(a) =V, T/ ;®,(a)V,
for all @ € A, we deduce that U*S;;U = Ti’; and the theorem is proved.

Remark 2.3 If p = [p;]}',_; is nondegenerate, then V, is an isometry, since for some
approximate unit {ey}rea of A, we have

thpn ex)é thV T”(I) (ex)Vp€ = h)r\an*‘I’p(eA)fo
=V Vp§ (by [5, Proposmon 4.2])

for all £ € H.
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Corollary 2.1 Let A be a pro-C*-algebra, let H be a Hilbert space, and let p = [p;;]|? =1

be a continuous completely n-positive linear map from A to L(H). The representation (®,, H,)
of A associated with p is irreducible if and only if there is a pure completely positive linear

map 0 from A to L(H) and a positive matriz [/\ij]?,'j:l in M, (C) with Y, A\ = n such that
k=1
pP= [/\719]1 ,j=1"

Proof First we suppose that (®,, H,) is irreducible. Then p is pure and for each i,j €
{1,2,---,n} there is \;; € C such that TJ; = Xjidu, (see [9, Corollary 3.6]). Moreover,

[Ais]7 ;1 is a positive matrix in M, (C) with Z Akk = n, and since
k=1

pij(a) = AV, @,(a)V, = Aijpla)
foralla € Aandforalli,j=1,2,---,n

p= [)‘ljp] i,j=1"

Conversely, if p = [)\ijﬂ] —, and Z Ak = n, then p = 0 and since 0 is pure, the represen-
=1
tation of A associated with p is 1rredu01b1e (see [9, Corollary 3.6]). Therefore the representation

(®,,H,) of A associated with p is irreducible.

3 Covariant Representations Associated with Covariant
Completely n-Positive Linear Maps

Definition 3.1 Let A be a pro-C*-algebra, let (G, A, ) be a pro-C*-dynamical system and
let u be a unitary representation of G on a Hilbert space H. We say that a completely n-positive
linear map p = [pi;|;' ;=1 from A to L(H) is u-covariant with respect to the pro-C*-dynamical
system (G, A, o) if

pij(ag(a)) = ugpij(a)(ug)”
for all a € A and for all g € G.

The following theorem is a covariant version of Theorem 2.1.

Theorem 3.1 Let A be a pro-C*-algebra, let (G, A,«) be a pro-C*-dynamical system, let
u be a unitary representation of G on a Hilbert space H, and let p = [pij]ﬁjzl be a u-covariant
nondegenerate completely n-positive linear map from A to L(H).

(1) Then there is a covariant representation (®,,v”, H,) of (G,A,«a), an isometry V, in

L(H,H,) and a positive element [T]7;_y in My(®,(A) NP (G)) with 37 T} = nidp, such
i=1

a) pij(a) = VT ®,(a)V, for alla € A and for all i,j =1,2,--- ,n

b) { »(a)V, {,a € A€ € H} spans a dense subspace of H;

) VOV, = Vyug for all g € G.

2) If (P, v, K) is a covariant representation of (G, A a) V is an isometry in L(H, K), and
i1 =1 1s a positive element in M, (®(A) Nv(G)') with Z Sii = nidg such that
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(a) pla) =V*S5;;®(a)V for alla € A and for alli,j=1,2,--- n;
(b) {®(a)VEa€ A€ € H} spans a dense subspace of K
(¢) vgV =Vuy forall g € G,
then there is a unitary operator U in L(H,, K) such that
(1) ®(a) =UP,(a)U* for all a € A,
(ii) vg = UvpU* for all g € G;
(iii) V UV
(iv) ”—UT'OU*foralll]—l 2,-

1v

Proof (1) Letp= % Z pii. Clearly, pis a u-covariant nondegenerate continuous completely
i=1

positive linear map from A to L(H). Let (®,,v”,V,, H,) be the covariant Stinespring construc-

tion associated with p (see, for example, [8, Theorem 3.6]). Moreover, the triple (®,,V,, H,)

is the Stinespring representation associated with p. Therefore the quadruple (®,,v”,V,, H,)

verifies the relations Theorem 3.1(1)(a) and Theorem 3.1(1)(¢) and by the proof of Theorem

2.1, there is a positive element [T/]7',_; in M, (®,(A)") with }° Tj} = nidg,, such that
i=1

pij(a) =V, T/ ®,(a)V, forallac Aandforalli,j=1,2,---,n
Let i,j € {1,2,---,n}. To show that T}; € v*(G)’, let a € A. From

pij(a) = ugpij(ag(a))ug = U*V*Tz‘[}@p(ag (a))Voug
=V () T, (0) (05)" 05,
= V() T ®,(a)V,

w9

for all g € G and the uniqueness of T} such that p;;(a) = V,'T};®,(a)V,, we deduce that T}; =
(vp)*Tfvp for all g € G and so T}, € v?(G)".

(2) Since

:%Xn:p“( ZVS”Q) W= V*( ZS”) a)V =V*®(a)V

for all a € A, {®(a)VEa € A, § € H} spans a dense subspace of K and since v,V = Vu, for
all g € G, (P,v, K) is a covariant representation of (A, G, «) associated with p and then there
is a unitary operator U : H, — K (see [8, Theorem 3.6]) such that

(a) ®(a) =UP,(a)U* for all a € A;

(b) vg = UvpU* for all g € G;

(c) V= UV

Let 4,5 € {1,2,--- ,n}. From

pij(a) = V*SiJ»CD(a)V = V[)*U*Sij(I)(CL)UVp = V[,*(U*SUU)CPP(a)Vp

for all @ € A and the uniqueness of the bounded linear operator Ti’; € ®,(A) such that
pij(a) =V, T{;®,(a)V, for all a € A, we deduce that T}, = U*S;;U and the theorem is proved.

Remark 3.1 Any u-covariant completely n-positive linear map p = [p;;]}';—; from A to
L(H) with respect the pro-C*-dynamical system (G, A, «) induces a nondegenerate covariant



62 M. Joita

representation (®,,v”, H,) of (G, A, o) and so a nondegenerate representation (®, x v, H,) of

A x4 G (see [7)).

Proposition 3.1 Let (G, A, @) be a pro-C*-dynamical system, let H be a Hilbert space, and
let w be a unitary representation of G on H. If p = [pij]?,jzl is a u-covariant nondegenerate
completely n-positive linear map from A to L(H), then there is a unique completely n-positive

linear map 09 = (0717 ,_, from A xo G to L(H) such that

00, (f) = /G pis(F(9))ugdlg

for all f € C.(G, A) and for all i,j € {1,2,--- ,n}. Moreover, 6° is nondegenerate.

Proof Let (®,,v”, V), Hp, [Tf]};—1) be the construction associated with p by Theorem 3.1.
Since T}, € ®,(A)' Nv?(G)', it is not difficult to verify that T, € (®, x v”)(A x4 G)’ for all
ije{1,2,-,n}

For each 4,j € {1,2,--- ,n}, we consider the linear map 07, : A X, G — L(H) defined by

0 (a) = VyTE (@, X o))V

Clearly, Hfj is continuous. To show that 67 = [ij]ﬁjzl is completely n-positive, it is sufficient

to show that the map S( 0°): A xo, G — M, (L(H)) defined by

S(0°)(x) = 107 ()]} =1

is completely positive (see [9, Remark 2.1] and [4, Theorem 1.4]). Let z1, -+ ,2m € A X0 G
a‘nd (617:)?:1) R} (gmq)?zl S @ H Then
i=1

3

NE

(S(07) (g wn) (Eri)izrs (Gii)izr)

=~
I
-

I
NE

([07 (27 20)]i =1 (Ghi )i (G1i)in)

=~
I
-

(07 (x] 21)Ekis €15)

IM§

—
=
&

Il

—

(VST (@p x 0P ) (@] 2k) Vi €15)

=l

(T7 (@) x 0P) (1) Vo, (B X v°) (1) Vo)

Ngh

M= 1: fMﬁ filNgE

—

<Ti.2(<1>,, X v”)(xk)foki,Z(‘I’p X Up)(xl)vpflj>-

k=1 =1

Il
—
S

)

From this fact and taking into account that [T};]?';_; is a positive element in M, (®,(A)’), we
conclude that 07 is completely n-positive.
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Let 4,5 € {1,2,--- ,n} and f € C.(G, A). Then
07.(f) = VTE(®, x v)(f)V, = VIT?, /G B, (F(9))EVidg
— [ VT, (00 Vonsdo = [ piFo))ugds
G G

From this fact and taking into account that C.(G, A) is dense in A X, G, we conclude that 6°
is unique such that

00.(f) = /G pis((9))ugdlg

for all f € C.(G, A) and for all 4,j € {1,2,--- ,n}.

Let {fs}sea be an approximate unit of A X, G, {ex}rea an approximate unit for A such
that the nets {pi;(ex)}ren, ¢ = 1,2, ,n, converge strictly to the identity operator on H, and
¢ € H. Then

(23

li 84 (f5)¢ = im V; TH(D, x 07) (f)Vpé = Vy THV,g
= lim VT30, (ex)V,€ = lim pii(en)€ = €

forall i =1,2,---  n. Therefore, 6° is nondegenerate.

Remark 3.2 Let (G, A,a) be a pro-C*-dynamical system, let p = [pi;]7;_; be a u-
covariant nondegenerate completely n-positive linear map from A to L(H), and let (®,,v”, V),
H,, [T[;]fj:l) be the construction associated with p by Theorem 3.1. Then ®, x v” is a nonde-
generate representation of A x,, G on H, (see [7]). Moreover, [Tf}]?;_; is a positive element in

M, ((®, x v°)(A xo G)') such that '
07, (x) = VT (®, x v”)(x)V,

for all z € A x4 G and for all 4,5 € {1,2,---,n} and {(®, x v*)(2)V,&;§ € H,x € A xq G}
spans a dense subspace of H,, since

(@p xvP)(a x [V, € = /G‘I’p(af(g))ngpfdg =o,(a)V, /G f(g)ugédg

for all a € A for all f € C.(G, A) and for all £ € H, and since {®,(a)V,{;a € A,§ € H} spans a
dense subspace of H,. From these facts and Theorem 2.1, we conclude that there is a unitary
operator U : H, — Hy» such that

(1) (@, x v”)(z) = UDge(x)U* for all z € A xo G;

(2) Vp = UVpe;

o 0P 7% ..

(3) Tj; = UT;; U~ for all 4,5 € {1,2,--- ,n}.

Therefore the representation of A X, G induced by 6 is unitarily equivalent to the rep-
resentation ®, x v” induced by the covariant nondegenerate completely n-positive linear map
p= [pij]?,jzl'

Suppose that (G, A4, ) is a trivial pro-C*-dynamical system (that is, 7, =id4 for all g €
G). Then the pro-C*-algebras A x, G and A Quax C*(G), where C*(G) is the universal C*-
algebra associated with G, are isomorphic (see [7, 2, 3, 12]). By Theorem 3.1, any u-covariant
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nondegenerate completely n-positive linear map p = [pij]ﬁjzl from A to L(H) with respect
to (G, A, T) induces a nondegenrate covariant representation of (G, A,7) and so it induces a
nondegenerate representation of A ®p.x C*(G) on a Hilbert space K.

Corollary 3.1 Letp = [pij]gszl be a u-covariant nondegenerate completely n-positive linear
map from A to L(H) with respect to the trivial pro-C*-dynamical system (G, A, 7). Then, p in-
duces a completely n-positive linear map 6° = [0%]?,]‘:1 from A®umax C*(G) to L(H). Moreover,
the representation of A @max C*(G) induced by p is unitarily equivalent to the representation
induced by 6.
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