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Embedding Theorems in B-Spaces and Applications
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Abstract This study focuses on the anisotropic Besov-Lions type spaces BL,Q(Q; Eo, E)
associated with Banach spaces Fy and E. Under certain conditions, depending on [ =
(l1,l2,-+ ,ln) and a = (a1, @2, -+ ,an), the most regular class of interpolation space Fq
between Ey and E are found so that the mixed differential operators D are bounded
and compact from B;BS(Q;EO,E) to B, (% Ey). These results are applied to concrete
vector-valued function spaces and to anisotropic differential-operator equations with pa-
rameters to obtain conditions that guarantee the uniform B separability with respect to
these parameters. By these results the maximal B-regularity for parabolic Cauchy problem
is obtained. These results are also applied to infinite systems of the quasi-elliptic partial
differential equations and parabolic Cauchy problems with parameters to obtain sufficient
conditions that ensure the same properties.
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1 Introduction

Embedding theorems in function spaces have been elaborated in [8, 27, 38]. A comprehensive
introduction to the theory of embedding of function spaces and historical references may be
also found in [37]. In abstract function spaces embedding theorems have been studied in [3, 5,
19, 21, 23, 28, 31-37, 41]. Lions-Peetre [20] showed that, if

u € Ly(0,T; Hy), u™ € Ly(0,T; H),

then
u € Ly(0,T;[H, Hy) ), i=1,2,---,m—1,

where Hy, H are Hilbert spaces, Hy is continuously and densely embedded in H and [Hy, H]g
are interpolation spaces between Hy and H for 0 < 6 < 1. The similar questions for anisotropic
Sobolev spaces VV;(Q7 Hy, H), Q C R"™ and for corresponding weighted spaces have been inves-
tigated in [31-34] and [24], respectively. Embedding theorems in Banach-valued Besov spaces
have been studied in [3, 5, 35-37]. The solvability and the spectrum of boundary value prob-
lems for elliptic differential-operator equations (DOEs) have been refined in [3-7, 11, 31-34,

40-41]. A comprehensive introduction to DOEs and historical references may be found in [14,
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16, 41]. In these works Hilbert-valued function spaces essentially have been considered. The
maximal L, regularity and fredholmness of partial elliptic equations in smooth regions have
been studied, e.g., in [1, 2, 21]. For DOEs the similar problems have been investigated in [11,
29, 30-34, 40-41].

Let I = (I1,1l2,-++ , 1), s = (81,82, - ,8,) and I; > s;. Let A be a positive operator in a
Banach spaces E with domain D(A). In the present paper the Banach-valued Besov spaces
BA(,(Q; D(A),E) = B, ,(€; D(A)) 03279(9; E) are introduced. The boundedness of embedding
operators in this space for Q) = R" was studied in [36]. In the present paper the most regular
interpolation class E,, between Fy and E are found so that the appropriate mixed differential op-
erators D® are bounded from B;fél(Q; D(A), E) to B; 4(%; E(A'~*)) and Bj o (€% (D(A), E) . p)
for domains 2 C R™. More precisely, the Ehrling-Nirenberg-Gagliardo type sharp estimates
for parameterized norms are established; in turn which allows us to obtain the compactness of
operator D® from B;:ZZ(Q; D(A),E) to

0 DATT1)), Be (D3 (D(A), B) et i)

for some p > 0. By applying these results, the B-separability of the anisotropic partial DOE
with parameters in principal part are derived. The paper is organized as follows. Section
2 collects notations and definitions. Section 3 presents the embedding theorems in Besov-
Lions type space B;;EI(Q; D(A), E). Section 4 contains applications of the abstract embedding
to vector-valued function spaces and Section 5 is devoted to uniform B-separability of the
anisotropic DOE with parameters. Then by these results the uniform maximal B-regularity of
parabolic Cauchy problem with parameters are shown. In Section 6, these DOE are applied to
the BVP’s and the Cauchy problem for finite and infinite systems of quasi-elliptic and parabolic

PDE with parameters, respectively.

2 Notations and Definitions

Let E be a Banach space. Let L,(€, E) denote the space of strongly measurable E-valued

functions that are defined on the measurable subset {2 C R™ with the norm
1
ey = ([ I5@5dz)", 1<p<os
Q
”f”Loo(Q;E) = €88 i‘ég [”f(x)HE]v Tr = (xl’ L2, 7xn)'

Let S = S(R™; E) denote a Schwartz class, i.e., the space of all E-valued rapidly decreasing
smooth functions ¢ on R™ and S’'(R"; E) denotes the space of all E-valued tempered distribu-
tions. Let h € R, m € N and e;, i = 1,2,--- ,n be the standard unit vectors in R"™. Let (see

(8, §16])

Ai(h)f(x) = f(x+ he;) — f(x),-- AT (h) f(z)
= Ai(W[AT T (W) f(2)] = Y (=)™ RO f (@ + khes).

k

(=)
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Let
A;(h)  for [z, x4+ mye;] C Q,

A;(Q,h) =
(.h) {0 for [x,x + mye;] ¢ Q.

Let Ly(E) denote the space of all F-valued function space such that

- ([ o)’

Let m; be positive integers, k; be nonnegative integers, s; be positive numbers and m,; >
$i—ki >0, i=1,2,--- ,n, s = (81,82, ,8n), L <p<oo, 1 <g<oo, 0<yg<oo. Let F

denote the Fourier transform. The Banach-valued Besov space By  (§2; E/) are defined as

B, (Q; E) = {f 1 f € Ly E), ([flss 8 = IfB;, = IfllL,@m)

+Z / p s kost AT (h, Q)DE F4 o pd >q<oof0r1§q<oo,

S AT (h, Q) DS fll 0
and ||f||B;,q(Q;E) =>_ sup @B for oo}.

hsifk
5 0<h<ho

For E = C we obtain the scalar-valued anisotropic Besov space B; ,(€2) (see [8, §18]).
The Banach space E is said to be a UMD spaces (see [9, 10, 12, 26]) if the Hilbert operator

is bounded in L,(R;E), p € (1,00). The UMD spaces include, e.g. Ly, [, spaces and the
Lorentz spaces Lypq, p, ¢ € (1,00).
A Banach space E has the property («) (see e.g. [13]) if there exists a constant « such that

H E QijEiE T ( < aH E €i€)wi
L2 QXQ/

1,j=1 1,j=1

LQ(QXQ/ )

for all N € N, z;; € E, a5 € {0,1}, 4,5 = 1,2,---,N, and all choices of independent,
symmetric, {—1, 1}-valued random variables e1, €9, -+ ,en, 1,5, -+ , €’y on probability spaces
Q, . For example the spaces L,(€2), 1 < p < oo has the property («).

Let C be the set of complex numbers and
Se={\ AeC, |arg)| <p}U{0}, 0<p<m.

A linear operator A is said to be a p-positive in a Banach space E, with bound M > 0, if
D(A) is dense on E and
1A+ X)L < M(1+ M)~

where A € Sy, ¢ € [0,7), I is the identity operator in E and L(F) is the space of all bounded
linear operators in F. Sometimes A + Al will be written as A + A and denoted by Aj. It is
known that there exists fractional powers AY of the positive operator A (see [38, §1.15.1]). Let
E(A%) denote the space D(A?) with the graphical norm

1
lull paey = (lul® + [|A%|[?)7, 1< p < o0, —c0 < < oco.
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Let Ey and E be two Banach spaces. By (Eo, E)yp, 0 <o < 1,1 <p < 00, we will denote
the interpolation spaces obtained from {E1, Es} by the K-method (see [38, §1.3.1]).

Let o = (a1, 2, -+, ), where «; are integers. An E-valued generalized function D f is
called a generalized derivative in the sense of Schwartz distributions of the generalized function
f €S (R", E), if the equality

<Daf750> = (_1)‘a|<f7Da(p> (21)

holds for all p € S.
By using (2.1) the following relations

F(DYf) = (i)™ - (i&)" f,  DE(F(f)) = Fl(~iza)** -+ (~izy) " f] (2.2)

are obtained for all f € S"(R™; E).
Let | = (l1,l2, -+ ,ln), s = (81,82, ,8n), where l;’s are integers and s, € (0,00); let
WlB;q(Q;E) denote an E-valued Sobolev-Besov space of all functions u € B,  (€; E) such
that they have the generalized derivatives iju = %u € By (G E), k=1,2,--- ,n with the

norm

U
By (E) T Z | Dy ul
k=1

Let Ey be continuously and densely embedded into E. Let WlB; q(Q; Ey, E) denote a space
all functions u € B, ,(Q; Eop) N WlB;q(Q; E) with the norm

||U||WZB;,Q(Q;E) = ||ul B (4E) < OO

n
I
lallwiss . = lullwens  omo.m = lullss @mm + 3 Dl
k=1

B3 (2;B) < 00.

Let l; > s;. Bl (Q; Ey, E) is a space of all functions u € Bj (€ Eo) N B, ,(Q; E) with the
norm

5y o + Il g o5

For Ey = E, the spaces WIB;’q(Q; Ey, E), le,,q(Q; Ey, E) will be denoted by WZB;,q(Q; E),
Bé’q(Q;E), respectively. Let ¢t = (t1,t2, - ,t,), where t; > 0 are parameters. We define in
WlB;q(Q; Ey, E), BLq(Q; Ey, E) the parameterized norms

lallsy , = sy ou0.m) = llul

n
1
@:E0.8) = |lullBs  (02:50) + Z lts Dy ul

||U||WLB;M B (BE)s
k=1
HU'HBZL,‘(M = ||u||B;)M(Q;EO,E) = llulls; (80 + HU'HBIL,‘QJ(Q;E)a

respectively, where

1

n ho 1
11— mi : g
1B, 0:m) = 1 FllL,m) + Zti(/o R AT (B, Q) DY f”%p(Q;E)dy) < 00,
i=1

1<f0<o0, 1<p< o0,

S il AT (h, DY f L)

HfHle,‘q’t(Q;E) = ;Ofl?fho Bli—k

for g = oo.
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Let m be a positive integer. Let C(Q;F) and C™)(Q; E) denote the spaces of all E-
valued bounded continuous and m-times continuously differentiable bounded functions on €2,

respectively. Let E; and Es be two Banach spaces. A function
U e C"™)(R™, L(Ey, Es))

is called a multiplier from B} ,(R"; Er) to Bj 4(R"; E2), if there exists a constant C' > 0 such
that
”F_lll'(g)Fu”B;@(R”;Ez) < Clful

B;,Q(Rn§E1)
for all u € B, o(R"; F1). The set of all multipliers from By ,(R"; E1) to B; ,(R"; E2) will be
denoted by ng’g(s, Ey, Ey). For By = E5 = E it will be denoted by Mg:g(s, E). The scalar-
valued and operator-valued multipliers in Banach-valued function spaces have been studied,
e.g. in [20], [38, §2.2.2] and [3, 10, 12, 15, 23], respectively.

Example 2.1 We note that if § € C°°(R) with §(y) >0 for all y > 0, 6(y) = 0 for |y| < 1,
0(y) =1for y > 1 and 6(—y) = —d(y) for all y, then § € Mg:g(s,R).

Let K be a domain in R™ and h = (hy, ha, -, hy) € K. Let

Hy, = {¥), € M%) (s, 1, By), he K}

be a collection of multipliers in ng’g (s, F1, E2) depending on h. We say that Hj is a uniform

collection of multipliers, if there exists a constant C' > 0, independent of h € K, such that

HF71\IIhFU||B;’9(Rn;E2) S C||U|

B o (R":B1)
for all h € K and u € B} o(R"; Er).

Let 8 = (81,02, -+, Bn) be multiindexes. We also define

Vn:{fz(flag%"' agn)ean fi#oa i:1a27"'7n};
1 1

Un={8:18/ <n}, & =&l'g" - 0 v=2 =

Definition 2.1 A Banach space E satisfies a B-multiplier condition with respect to p,
q, 0 and s (or with respect to p, 0 and s for the case of p = q) when ¥ € C"(R"™; B(F)),
1<p<qg<oo, feU, and £ €V,, if the estimate

&1 P17 |go] 2t 1€, | P [ DP(E) || gy < C

implies ¥ € Mg:g(s, E).

It is well-known that there are Banach spaces satisfying the B-multiplier condition (for
isotropic case), e.g. UMD spaces (see [3, 15]).
The expression ||u||g, ~ ||u| g, means that there exist positive constants C; and Cs such
that
Cillulle, < lulle, < Callulle,

for all u € F1 N Es.
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Let a1, a9, - -+, a, be nonnegative and lq,1s,--- , [, be positive integers and
n n 1 1
oL ag + < — =
a:ll= halad #,
| Dl K
k=1 k=1
Da . Dole()/g Dozn . 8'04‘ _ -
S 0x$ 0x8? - - dap’ ol = > .

Consider the anisotropic differential-operator equation with parameters

k

Lt—i—)\U—ZaktkD’“u—!—AAu—i— Z Htu u=f (2.3)

|a:l]<1 k=1

in B o(R"; E), where A, Aq(x) are possible unbounded operators in a Banach space E, ax’s
are complex numbers, t;’s are positive and X is complex parameter. For l1 =1y = --- =1, we
obtain the isotropic equations containing the elliptic class of DOE with parameters.

The function belonging to B;fgl(R"; E(A), E) and satistying the equation (2.3) a.e. on R"
is said to be a solution of the equation (2.3) on R".

Definition 2.2 The problem (2.3) is said to be uniform B-separable (or B, o(R"; E)-
separable) with respect to the parameter t = (t1,la,--- ,t,), if the problem (2.3) for all [ €
By ¢(R"; E) has a unique solution u € B;;Z(R";E(A),E) and there exists a positive constant
C independent of f and t such that we have the coercive estimate

I
|Aull g ey + 3 el D ullss sy < Cllf sy, (-

|e:l|=1

The above estimate implies that if f € B, o(R"; E) and u is the solution of the BVP’s
.3) then all terms of the equation (2. elong to ; l.e., all terms are separable in
2.3) th 11 f th i 2.3) bel B;ﬁ R™ E) (i 11 ble i

B o(R"; E)).

Consider a parabolic Cauchy problem
Dyu(y, ) + (Lt + Nu(y,z) = f(y,x), u(0,2) =0, y€ Ry, xR, (2.4)

where L; is the realization differential operator in B, ,(R"; E') generated by problem (2.3).

We say that the parabolic Cauchy problem (2.4) is maximal B-regular, if for all f €
B;(,(Ri“; E) there exists a unique solution u satisfying (2.4) almost everywhere on R’ and

there exists a positive constant C' independent of f, such that we have the estimate
||DyU(y,:C)HB;‘9(Ri+1;E) + ”LtuHB;‘@(RiH;E) < C”fHB;,e(RiH‘E)'

3 Embedding Theorems

In this section, we prove the boundedness of the mixed differential operators D in the

Banach-valued Besov-Lions spaces. From [36, Lemma 1] we have
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Lemma 3.1 Let A be a positive operator on a Banach space E, b be a nonnegative real
number and r = (r1,re, -, 1), t = (ti,t2,-++ ,tn), 0 < tp < T < o0, k = 1,2, ,m,
a = (o, a9, ,ap) and 1 = (1,12, 1), where ¢ € [0,7), r € {0,b}, I, are positive and
oy are nonnegative integers such that s = |(a+r) : I| < 1. Let § be a multiplier of the form
described in Example 2.1. For 0 < h < hg < 0o and 0 < p <1 — 3, the operator-function

n aptry

V(€)= Wenu(€) = [T [t ™ 1G] (GO AR A + (¢, )]

k=1

is a bounded operator in E uniformly with respect to £, h and t, i.e., there is a constant C,,
such that
1V hu(llLe < Cu (3.1)
for all € € R™, where
n=nt8) = trl0(&)&]" +h
k=1
Lemma 3.2 (see [36]) Let E be a UMD space with (&) property, p € (1,00), 0 € [1, 0]

and let for all k, j € (1,n),
Sk S5

+
Iy + Sk lj + S5
Then the spaces Bll)"’;f(R"; E) and WlB;’e(R"; E) coincide.

<1. (3.2)

Theorem 3.1 Suppose that the following conditions hold:

(1) E is a UMD space with the («) property satisfying the B-multiplier condition with
respect to p, q € (1,00), 0 € [1,00] and s;

(2) t=(t1,ta,  + ,1pn), 0< tpx <T <00, k=1,2,---,n,0< h < hy < oo;

(3) a=(a1,q0, - ,an), L= (l1,la, - ,1,), s = (51,82, , Sn), where oy, ’s are nonnega-

tive, I ’s are positive integers and sy ’s are positive numbers such that

1 1 ;
”:’(‘”"‘):llél, B <1, kje(ln)
P q e +sk  lj+sj

and 0 < pp <1 — 2
(4) A is a @-positive operator in E, where ¢ € [0, ).
Then an embedding

DB (R™ B(A), E) € By o(R" B(AH)

is continuous and there exists a positive constant C),, depending only on i, such that

[Tt ™ D%l

for all u € B;;Z(R"; E(A), E).

By (respar—) S Culb[ull gt poay, oy +h ™ ull g i) (3:3)

Proof We have

ID%ull gz, (rm;p(A1=7=1)) = HAl_%_“Dau”B;Q(R“;E) (3.4)
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for all u such that
”Dau”B;@(R”;E(Al—%—ﬂ)) < oo.
On the other hand, using the relation (2.2), we have
AlmemrDey = P FAIT# DYy = P AT # DOy
= F A F (i) Fu = F~' (i€)* A1 Fu. (3.5)

Hence, denoting F'u by 4, we get from the relations (3.4) and (3.5)

a ey —— sy
ID%u|| s, (rnsm(ar—s-ny) ~ | E7 () A4 g1 (ro; ).
Similarly, by virtue of Lemma 3.2 we have
||u||B;ﬁ;){t(Rn;E(A),E) = ||u||WlB;191t(R";E(A),E)
Iy
= llull B ,rmsmay + D kD ull B ansm)
k=1
I~
= [[F~ullps ,(rrim(a)) + Z [t~ [(16k)" ulllBs ,(rsE)
— ~ Iy o~
~ [P AT By ey + Z 1t~ ()" 0| 52 , ()

k=1

for all u € B;;Z(R";E(A),E). Thus proving the inequality (3.3) for some constants C), is
equivalent to proving

O‘k‘*’l*%

1. e~
IToe ™ G ATl s

<C [ <||F Atllgs , (rrs E)+Z [t F " [(i5)" ulll s , (e E))+h A= F- UHB* S (R E):| (3.6)
=1

Since § is a multiplier in B, ,(R"; E), the inequality (3.6) will follow if we prove the following
inequality

[Tt ™ IF (o) A=+

! ~
B: ,(rE) < Cul F7 [ (A +nlullBs (rniE) (3.7)

for a suitable ), > 0 and for all u € B;;l(R";E(A),E), where n = n(t,£) has the same

expression as defined in Lemma 3.1. Let us express the left-hand side of (3.7) as follows:

(xk+——a

" FTI) A A s ()

ap

@IH
2 1=

£

|F~ G A A+ )] T A+ )il ey (38)

I
g0
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(Since A is a positive operator in E and —n(t,&) € S(p), it is possible.) By virtue of Definition
2.1, it is clear that the inequality (3.4) will follow immediately from (3.8) if we can prove that

the operator-function

wk+7—a

‘Iffhu—Htk AT R (A )

is a multiplier in M q’9 (s, E'), which is uniform with respect to h > 0 and ¢. Then it suffices to
show that there exists a constant M, > 0 with

G P |l |6 P DLW () |y < M (3.9)

forall e Uy, £€V,, 0 <t <T < oo and 0 < h < hy < oco. To see this, we apply Lemma 3.1
and get a constant M, > 0 depending only on u such that

I ()l < My (3.10)

for all £ € R™ and v = % % This shows that the inequality (3.9) is satisfied for § =
(0,---,0). We next consider (3.9) for 8 = (81,---,3,) where f = 1 and §; = 0 for j # k.
By differentiation of the operator-function W.(§), by virtue of the positivity of A and by using
(3.10), we have

—VU H <M ) k=1,2,...,
56 @], < Muil n

Repeating the above process we obtain the estimate (3.9). Thus the operator-function

Uy p,.(§) is a uniform multiplier with respect to h and ¢, i.e.,
\I/fqh?/,‘ S HK C M 0(8 E) K = R+.
This completes the proof of Theorem 3.1.

It is possible to state Theorem 3.1 in a more general setting. For this, we use the conception

of extension operator.

Condition 3.1 Let a region Q@ C R™ be such that there exists a bounded linear extension
operator from B;fgl(Q;E(A),E) to B;fgl (R"; E(A),E) for p,q € (1,00) and 0 € [1, oc].

Remark 3.1 If Q C R"™ is a region satisfying the strong I-horn condition (see [8, §18.5]) F =
R, A =1, then there exists a bounded linear extension operator from B ,(Q2) = B, 4(Q; R, R)
to By 4(R") = By o(R"; R, R).

Theorem 3.2 Suppose that all conditions of Theorem 3.1 and Condition 3.1 hold. Then
an embedding
D* B33 (Q: B(A), E) € By (6 B(A' )

is continuous and there exists a constant C,, depending only on j such that

[T ™ 10

for all u € BS5(Q; E(A), E).

By o (G E(AN==—1)) < Culh” HUHB"“t(QE(A) B Th A=09 ] B Jm] (3.11)
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Proof It suffices to prove the estimate (3.11). Let P be a bounded linear extension operator
from B: ,(9; E) to BS 4(R"; E) and also from BS 5 (Q; E(A), E) to By (R"; E(A), E). Let Po

be a restriction operator from R™ to 2. Then for any u € B;:gl(Q; E(A), E), we have

||DO‘U||B;"9(Q;E(A1fn7u)) = ||DQPQPUHBS’Q(Q;E(Alfk—;L))
< C| D Pyl

B} o (RS E(A1=1))
< C/L[hll||Pu||B;:gl(Rn;E(A)’E) + h_(l_u)HPUHB;Y{,(R";E)]

<C, [h””u”B;t,L(Q;E(A)E) + h—(l—u)||u|

B;’Q(Q;E)]'

Result 3.1 Let all conditions of Theorem 3.2 hold. Then for all u € B;;Z(Q; E(A),E), we

have a multiplicative estimate

1—pn

||D(¥u| B;’Q(Q?E(Aliniu)) S CI"HUHB;;l(Q’E(A)E) ||U|

b um) (3.12)

Indeed setting h = ||u||B; J@:e) " lull in the estimate (3.11), we obtain (3.12).

-1

B E(A),E)
Theorem 3.3 Assume that all conditions of Theorem 3.2 are satisfied; let Q0 be a bounded

region in R™and A~" be a compact operator in E. Then for 0 < u < 1 — 1, the embedding

DBy (4 B(A), E) C By (0 E(A™77H))
1s compact.
Proof By virtue of [5], the embedding
By 3 (2 B(A), E) C By (% E)
is compact. Then in view of (3.12), we obtain the assertion of Theorem 3.3.

Theorem 3.4 Suppose that all conditions of Theorem 3.2 hold and ¢ € [0,7). Then for
0 < p<1—s, the embedding

DBy (1 E(A), E) C By g( (E(A), E) et pip)
is continuous and there exists a constant C,, depending only on [ such that

+ h*(lfu)||u|

I1D%ull s ((E(A),B) s pp) < Crulhul B 4(2.)] (3.13)

Byl (QE(A).E)
for all u € BS5(Q; E(A), E).

Proof Let us at first show the theorem for the case 2 = R™. Then it is sufficient to prove

the estimate

1_1
“kty g

n
[Tt ™ 1D
k=1
<C,

[h“||u||B;ﬁ;){t(Rn;E(A),E) + hi(lf”)HU”B;,@(R”;E)] (3.14)

By o (R™(E(A),E) st pu,p)
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for all u € B;jgl(R";E(A),E). By the definition of interpolation spaces (E(A), E),qp,p (see
[38, §1.14.5]) the estimate (3.14) is equivalent to the inequality

Iy — ——p—t — ass
||F 1y1 / p[AX+”(A+y) 1]5 UHB;H(R";LP(R_HE))

<Cy (3.15)

B: ,(R™:E)

P (A Z t(6(6)60)" ) + =0 g
k=1

The inequality (3.14) will follow immediately from (3.15), if we prove that the operator-

function

V=G TLte = A A ) A+ Y (6 ") + 0]
k=1 k=1

ap+L-
T

Eal ST
Q=

is a uniform collection of multiplier from B, ,(R"; E) to B; o(R"; L1(R4; E)). This fact is proved
in a similar manner as Theorem 3.1. Therefore we get the estimate (3.15) which implies (3.14).

Then by using the extension operator we obtain (3.13).

Result 3.2 Let all conditions of Theorem 3.2 hold. Then for all u € B;;Z(Q;E(A),E) we

have the multiplicative estimate
@ 1—
||D u”BS,Q(QKE(A)vE)u-%—u,l) S CMHUHB;%%QYE(A)’E)HUH%;G(Q,E) (316)

Indeed setting h = ||U;||B;\9(Q;E> <]l in (3.13) we obtain (3.16).

-1
By (%E(A),E)
Theorem 3.5 Assume that all conditions of Theorem 3.4 are satisfied, Q0 is a bounded

region in R™ and A~ is a compact operator in E. Then for 0 < i < 1 — 3, the embedding
DB (5 E(A), B) € By (% (B(A), B)ssp)

1s compact.

Proof By virtue of [5], the embedding
By (4 E(A), E) C B; 4($; E)

is compact. Then by the estimate (3.16), we obtain the assertion of Theorem 3.5.

Remark 3.2 It seems from the proof of Theorem 3.1 that the extra condition to space F
(E is a UMD space with («) property) and the second inequality in condition (3) of Theorem
3.1 is due to Lemma 3.2. In fact, the («) property condition for the space E are required with
a view to using Marcinkiewicz-Lizorkin type multiplier theorem (see [13]) in L,(R"; E) space.
Note that both conditions occur due to anisotropic nature of the spaces B, ,. For the isotropic

case it is trivial.

4 Application to Vector-Valued Function Spaces

By virtue of Theorem 3.2, we have
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Result 4.1 For A = I, we obtain the continuity of the embedding DaB;j}l(Q;E) C
B, (Q; E) and the corresponding estimate (3.4) for 0 < p < 1 — 5 in the Banach-valued
Besov space Byt!(Q; E).

Result 4.2 For E = R™, A = I we obtain the following embedding D“B;;S(Q;Rm) c
Bg o(Q; R™) for 0 < p <1 — 3 and the corresponding estimate (3.4). For E = R, A= I we get
the embedding DO‘B;F;(Q) C B; »(2) proved in [8, §18] for the numerical Besov spaces.

Result 4.3 Letly=lo=---=l,=m, 81 =83,=---=8, =0 and p = q. Then we obtain

[o]

the continuity of embedding D“BZ,JG”” (©; E(A), E) C By 5(%; E(AY™)) and the corresponding
estimate (3.4) for |a| < m, in isotropic Besov-Lions spaces Bg;m(Q; E(A),E).

Result 4.4 Let o be a positive number. Consider the following space (see [37, §1.18.2])
lg ={w; u={w}, i=1,2,--- 00, u; € C}

with the norm
oo

, 1/q
[ulliy = (221q0|ui|q) < oo.

i=1

Note that 1 = l,. Let A be the infinite matriz defined in ly such that
D(A) =17, A=1[6;27],

where 0;5 = 0, when i # j, 0;; = 1, when @ = j, i,j = 1,2,--- ,00. It is clear to see that this

operator A is positive in l,. Then by Theorem 3.2 we obtain the embedding

" oqp+ L — L
DB (0:17.1g) € By o150 ), = YT e,
k=1

and the corresponding estimate (3.4), where 0 < p <1 — 5.

It should be noted that the above embedding has not been obtained by classical methods

so far.

5 Maximal B-Regular DOE in R™

Let us consider the differential-operator equations with parameters

n n oy
Liu=Y atiDFu+ Axu+ > []te* Aale)Du = f (5.1)
k=1 Ja:l|<1 k=1
in By o(R",E), where A\ = A+ A, A € S(po), A and A, (z) are possible unbounded op-
erators in Banach space E, ajx’s are complex numbers, t;, k = 1,2,--- ,n, are parameters,
1= (l1,la,- -+ ,l,), l;’s are positive integers.
Condition 5.1 Let — Z arty(i&)" € S(p1), wo + 1 < ¢ and there is C > 0 such that
k=1
> artr (&) | > C 32 tylél™ for all € = (&1,&,--- &) € R and ty, € (0,T), T < oo.
k=1 k=1
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Remark 5.1 If [, = 2my, a; = (—1)"*, Condition 5.1 holds for some ¢ € [0, 7).

Theorem 5.1 Suppose that the following conditions hold:

(1) Condition 5.1 holds and s > 0, p € (1,00), 8 € [1,00], 0 < t, < T < o0;

(2) E is a UMD space with («) property satisfying the B-multiplier condition with respect
top € (1,00), 0 € [1,00] and s; moreover

Sk Sj
+ <1
Iy + sk lj—i—Sj -

, kyje(1,n);

(3) A is a -positive operator in E and
Ay () A=A lell=m e [ (R L(E)), 0<p<1-—|a:ll.

Then for all f € By 4(R"; E), for A € S(o) and for sufficiently large |A[, the problem (5.1)
has a unique solution u(x) that belongs to space B;;Z(R";E(A),E) and the coercive uniform
estimate for the solution of (5.1)

n
> tel Dyl

k=1

B: ,(rE) + [ Aull s (rrim) < CllfllB: (5B (5.2)

holds with respect to t and \.

Proof At first, we will consider principal part of the equation (5.1), i.e., the differential-

operator equation

Lou = Z aktkiju + Ayu = f. (5.3)
k=1
Then by applying Fourier transform to the equation (5.3) with respect to @ = (z1,- -+ , ), we
obtain
3 anti(i€)a€) + Axa(E) = £(©), (5.4)
k=1

Since — Y axtr (i) € S(p) for all & = (&1,--+,&,) € R™, we have
k=1

w=w(t,\E) = —()\ + Zaktk(igk)lk) € S(p).
k=1

That is, the operator A — w I is invertible in E. Hence (5.4) implies that the solution of the

equation (5.3) can be represented in the form
uw(z) =F Y (A—-wl) 7 A,

It is clear to see that the operator-function ¢y ;(¢) = [A—w I]~! is the multiplier in By o(R"; E)
uniformly with respect to A € S(¢p). Actually, by virtue of the positivity of operator A and in

view of [11, Lemma 2.3], we have

lea@llzee) = 1A= wD)™H < MQ + [w) ™" < Mo.
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Moreover, it is clear to see that

1€r Dol ey < litelarl €6l (A — wI) 72| < M. (5.5)

Using the estimate (5.5), we obtain the uniform estimate

€117 1621% - enl P I DEor e (Ol ) < C (5.6)

for 8 = (61, ,0n) € Uy, and & = (&1, ,&,) € Vi, with respect to parameters ¢t and .
In a similar way we prove that for operator-functions ¢gx (§) = 5,2"‘ Ot k=1,2,---,n and
ot = A ¢ the estimates of type (5.6) are satisfied. So, we conclude that operator-functions
©xts Pl t, Pox¢ are uniform multipliers in B;(;(R"; E) with respect to ¢ and A. It is easy to
see that

1D ullss, = 1F 7 ()"l 5y, = 1F 7 (1€6)™ (A = w) ™ |55,
lAulB;, = IIF~" Atlll5; , = [ F~HA(A = wI) '] f7]

s .
Bp.e

We obtain that for all f € B;’G(R"; E) there exists a unique solution of the equation (5.3)
in the form

u(w) = F~H(A—wl)~ ",

and the estimate

5, + 4

P

B;, < Clfl

p,0 —

> tellDyful B:, (5.7)
k=1

holds. Consider in B; ,(R"; E) the differential operator Lo; generated by the problem (5.3),
that is,

D(Lot) = By (R™ E(A), E),  Lowu= Y trarDfu+ Axu.
k=1

Let L denote the differential operator in B ,(R"; E) generated by the problem (5.1). Namely,
D(Ly) = By (R" E(A), E),  Lyu = Losu+ Lypu,

where

Lyu = Z ﬁ t,zT]’cAa(x)D"‘u.

|a:l]<1 k=1

In view of the condition (3) of Theorem 5.1, by virtue of Theorem 3.1 for all u € B;;Z(R";
E(A), E) we have

nooop noook
g, < >[It @) Dulss, < > ]t 1A 117D 5

|a:l]<1 k=1 |a:l|<1 k=1

([ Lasul

= C[h"(ztkIIDi’“UIIB;,Q + ||Au||B;’9) + =)y B;,‘,]. (5.8)
k=1

Then from the estimates (5.7) and (5.8) and for u € B;;l(R”; E(A), E), we obtain

[ L1eull By , < ClR* (Lot + Aul

B, + 00T ful

51, (5.9)
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Since [|ul|ps , = (Lot + A)u — Loul| s, for all u € B;fg%R”;E(A),E), we get
1
ol < sl + Nl + WEossl )
n (5.10)
|Lorull,, | < €] Y tellDifullsy , + [l Auls; |-
k=1
Then from (5.9)—(5.10) for u € B;’ng(R"; E(A), E), we obtain
Ll < CH#[(Log + Nl + CHN B0 (Lo + Nl . (511)

By virtue of the estimate (5.7) we conclude that the operator Lo;+ A for A € S(¢p) is invertible.
Then choosing h and A such that Ch* < 1, C1|A|"*h~(=#) < 1in (5.11), we obtain the uniform
estimate

[ L1¢(Lot + Aoy <1, F =B} (R E), (5.12)
with respect to parameters ¢t and A. The estimate (5.7) implies that the operator Lg; + A for
A € S(po) has a bounded inverse from B, ,(R"; E) into B;fg%R”;E(A),E). Then by using
(5.12) and the perturbation theory of linear operators (see [17]), we obtain that the differential
operator L; + A is invertible from B ,(R", E) into B;;Z(R"; E(A), E) and there is a positive

constant C' such that the uniform estimate
I(Ze+ X e <€
holds with respect to ¢ and A. This implies the estimate (5.2).

Result 5.1 Theorem 5.1 implies that the differential operator L; has a resolvent operator

(L+X\)~t for X € S(po) and sufficiently large |\|, and the coercive uniform estimate

noook
> AT 8 1D (LA N M e + AL+ M) Hlr < ©
Ja:l|<1 k=1

holds with respect to t and \.

Theorem 5.2 Let all conditions of Theorem 5.1 hold for ¢ € (0,%). Then the parabolic

Cauchy problem (2.4) for A\ € S(po) and sufficiently large |\| is mazimal B-regular.

Proof Really, the problem (2.4) can be express in space B, ,(R; F) in the following form

du

L s @+ N ) =10, w0 =0, y>0,
where F' = L,(G; E) and L, is the differential operator in B;(,(R"; E) generated by problem
(5.1). In view of Result 4.3 the operator L is positive in B, o(R"; E) for ¢ € (0, 7). Then by

virtue of [3, Corollary 8.9], we obtain the assertion.

Remark 5.2 There are a lot of positive operators in concrete Banach spaces. Therefore,
putting concrete Banach spaces instead of E and concrete positive differential, pseudo differ-
ential operators, or finite, infinite matrices, etc. instead of operator A on DOE (5.1), by virtue
of Theorem 5.1, we can obtain the maximal regularity of different class of BVP’s for partial

differential equations or system of equations. Here we give some of its applications.
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6 The Applications of Differential-Operator Equations

6.1 Infinite systems of quasielliptic equations

Consider the following infinity systems of boundary value problem with parameters

(Lt + Nt (z ZtkakD um+Zd + Nu,(z

+ ) ZHt,;Tdajm(x)Dauj(x) = fu(z), z€R", meN. (6.1)

lazl|<1 =1 k=1

Let

D={d,}, dn>0, u={upn}t, Du={dnun}, meN,

14(D) = {u: we ly, Juliym) = 1Dully, = ( f: [drtin]) < 00},

m=1

Q=

A€ S(po), z€G, 1<g<oo.
Let O denote a differential operator in B, 4(R";l,) generated by problem (6.1). Let
B = L(B o (R":1,)).

Theorem 6.1 Let Condition 5.1 holds. Let n +§ + l
(1,00), 0 € [1,00] and dokm € Loo(R™) such that for all x € G

a P 1.1 _
Zd < oo, ZZd;Jm m? < 00, Pl 1.

j=1m=1

’n7 p7q€

Then,

(a) for all f(x) = {fm(2)}7° € B, 4(R";1y), A € S(po) and for sufficiently large || the
problem (6.1) has a unique solution u = {um,(x)}$° that belongs to BSH(R” l4(D),ly) and
coercive uniform estimate for the solution of (6.1)

> D%

Ja:l|<1

B; ,(rnity) + 1 Dulls (rrity) < Cllf s (Rrity) (6.2)
holds with respect to parameter t;

(b) for X € S(po) and for sufficiently large |\|, there exists a resolvent (Oy+\)~1 of operator
O; and

> Ht L+ AN DO + N e + DO+ A) s < M. (6.3)
Ja:l|<1 k=1

Proof Really, let E =1[,, A(z) and Ay (x) be infinite matrices, such that
A= [dmjm], Aa(z) = [dajm(r)], k,meN.

It is clear to see that the operator A is positive in l,. Therefore, by virtue of Theorem 5.1, we
obtain that the problem (6.1) for all f € B; ,(R";ly), A € S(¢o) and sufficiently large || has
a unique solution u that belongs to space B;’ng(R"; l4(D), 1) and the estimate (6.2) holds. By
virtue of Result 5.1 we obtain (6.3).
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6.2 Cauchy problems for infinite systems of parabolic equations
Consider the following infinity systems of parabolic Cauchy problem

i ik
Ly

8um Oupm(y, ) + Z akt Z Z Ht deim () D% ()

lol]<1 =1 k=1

+ > (dj + Nuj(y,7) = fm(y,7), um(0,2) =0, meN, ye Ry, z€R" (6.4)
j=1

Theorem 6.2 Let all conditions of Theorem 6.1 hold. Then the parabolic systems (6.4) for
X € S(po) and for sufficiently large |\| is mazimal B-regular.

Proof Let E =1;, A and Ai(z) be the infinite matrices, such that
A= [dnbjml,  Aa(r) = [dajm ()], jym=1,2,---,00

Then the problem (6.4) can be expressed as the equation (2.4), where L, is a differential operator
in Bj o(R":ly) generated by the problem (6.1). Then by virtue of Theorem 5.1 and Theorem
5.2 we obtain the assertion.
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