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Abstract For a compact complex spin manifold M with a holomorphic isometric embed-
ding into the complex projective space, the authors obtain the extrinsic estimates from
above and below for eigenvalues of the Dirac operator, which depend on the data of an
isometric embedding of M. Further, from the inequalities of eigenvalues, the gaps of the
eigenvalues and the ratio of the eigenvalues are obtained.
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1 Introduction

The Laplace operator and the Dirac operator are fundamental differential operators in Rie-
mannian manifold. The estimates of their eigenvalues are important in geometry, analysis and
physics.

Let Q C R™ be the bounded domain in n-dimentional Euclidean space R™. Consider the

Dirichlet eigenvalue problem of the Laplacian

{Au:fu, in Q, (11)

uloo =0,

where A is the positive Laplacian in 2. It is well-known that this problem has a real and purely
discrete spectrum
0<& <& <& — o0,

Many mathematicians studied the eigenvalue inequalities for the problem (1.1). The work of
Payne, Pdlya and Weinberger [16], Hile and Protter [13], Yang [18] are the important contri-
butions to this aspect. Furthermore, many mathematicians [2, 3, 8, 10, 13, 14] investigated the
other cases, such as n-dimensional compact homogeneous Riemannian manifold, the connected

bounded domain in an n-dimensional unit sphere, n-dimensional compact minimal submanifold
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in a unit sphere and so on. As we all known, complex projective space is a kind of important
complex manifold. It is also quite interesting to study its eigenvalues. Some results have been
obtained in [9, 17] for the eigenvalues of the Laplacian on the connected bounded domain of
complex projective space.

It is interesting to study the analogues of the eigenvalues between the Laplace operator
and the Dirac operator. Estimates from above for the eigenvalues of the Dirac operator on n-
dimensional compact Riemannain spin manifold can be obtained by various ways (see e.g. [1, 4-
6, 11]). When M is a compact connected n-dimensional Riemannian spin manifold isometrically
immersed in Euclidean space RY for some N, N. Anghel [1] obtained the eigenvalue inequality

for the Dirac operator, i.e.,

Theorem 1.1 If M is an n-dimensional spin manifold isometrically immersed in some RY
and 0 < A\ < A\ < -+ — o0 are the eigenvalues of the square of the classical Dirac operator,

counted with multiplicities, then
4 & 1
Mgt — A\ < — Y\ + —suph?, 1.2
k+1 ES k ; + nsxfp (1.2)

where h? = |h|2, h is the second fundamental form of the immersion.

Recently, D. G. Chen [7] improved the inequality of (1.2) under the same conditions, i.e.,

he obtained
k

> (ks — Ni)(ﬂkJrl - (1 + %)ui) <0, (1.3)

i=1

and the weak inequality

41 @
< —)= ; )
i1 < (1+")k§4_:1 i (1.4)

k
where 11; = A; + sup h%. Since + > A; < Ag, one can infer that (1.4) is sharper than (1.2).
i=1
In this paper, we study the eigenvalues of the Dirac operator of the complex spin manifold

with a holomorphic isometric embedding into the complex projective space. In Section 3, we
obtain the analogous eigenvalue inequalities of the Dirac operator on a compact complex spin
manifold M with a holomorphic isometric embedding into the complex projective space CP" ™
(see Theorem 3.2). From the Theorem 3.2, we obtain the gaps of the eigenvalues. Moreover, the
lower order eigenvalue inequality for the Dirac operator is obtained in Section 4 (see Theorem
4.2). As a straightforward application of [10, Theorem 3.1], we deduce the bounds of fix11/p1
(see Theorem 4.4), where p; = A; + 2n(n + 1) — T inf R, R is the scalar curvature of M, \; are

the eigenvalues of the square of the Dirac operator.

2 Preliminaries

Let M be an n-dimensional compact Riemannian spin manifold. Denote by S the spinor

bundle over M. Let V be the Levi-Civita connection of M and denote by the same symbol
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its corresponding lift to the spinor bundle S. It is known (see [15, 11]) that there exists a
positive definite Hermitian metric (-, -) on S. Moreover, the Hermitian metric (-, - ), Rieman-

“won

nian metric, the Levi-Civita connection V and Clifford multiplication satisfy the following

compatible conditions

Vx(Y ¢)=VxY - o+Y Vxop,

(X -0, X - 9) = |X|*(0,9)
for any tangent vector fields X,Y € T'(T'M) and any spinor fields ¢,1 € T'(S). The Dirac
operator is a first order elliptic differential operator D : I'(S) — I'(S), which is locally given by

- o)
=1

where {e1, - ,e,} is the local orthonormal frame of TM. For f € C*°(M) and ¢ € I'(S), one
gets

D(fp) = grad(f) - ¢ + f D¢, (2.2)
DQ(f‘)O) = A(f)¢_2vgrad(f)<p+fD2<pa (23)

where A is the positive scalar Laplacian. For the Dirac operator D, one has the Schrodinger-
Lichnerowicz formula

D? =V*V + iR, (2.4)
where R is the scalar curvature of M. In addition, the Dirac operator D of spinor bundle
is self-adjoint and elliptic on the compact manifold without boundary. Therefore, D? has a

discrete spectrum contained in R, numbered like
0<AM <A< oo

and one can find an orthonormal basis {¢;};en of L(S) consisting of eigenspinors of D? (i.e.,
D%p; = Njpj, j € N). Such a system {)\;;p,};jen is called a spectral decomposition of L*(S)

generated by D?, or, in short, a spectral resolution of D2. Throughout the paper, we denote

('a '):mfju<'a >
3 Upper Bounds

In this section, taking the similar arguments as in [9], we obtain the eigenvalue estimates
for Dirac operator over compact complex spin manifold M with a holomorphic isometric em-
bedding into the complex projective space. The following result provides a general inequality

for eigenvalues of the Dirac operator on compact Riemannian spin manifold.

Lemma 3.1 Let M be an n-dimensional compact Riemannian spin manifold. Let D be the
Dirac operator of the spinor bundle S over M, and {\j;¢;}en be a spectral resolution of D?.
For any real function g € C*°(M), we have

k k
Ak+1 / |grad (Pv; 301 Z Ak+1 HAQQOz - vgraud (Pv || (31)

=1
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Proof Define a;j,b;; and v, fori,5 =1,--- ,k, by
aij = (9%, 5);
k
b =gei — Y aijp;,
j=1
1
bij = (‘Pz; §Agﬁp] - vgrad(g)‘pj)-
A simple observation yields

aij = aji, bij = —bji, 2by; = (i — Aj)agy,

(i,pj) =0 forl<j<k.
From the Rayleigh inequality, it is easy to get
Mot [l < (D4, ).
By (2.3), (3.4) can be written as
(A1 — X0)[|196]12 < (Agpi — 2V grad(q) @i ¥i)-

From (3.2) and the second line of (3.3), we have

k
(Ag@z - 2vgrad(g)§0ia d}l) = (Ag@l - 2vgrad(g)@iv g@l) + Z(Al - )‘J)

j=1
Using the Schwarz inequality and (3.5), we obtain

()\k—i-l - Av)[(AgQOI - 2vgrad(g)§0ia wv)]Q

k 2
= ()‘k-i-l - /\7) |:(Ag<p1 - 2vgrad(g)(pi +2 Z bij‘pjv wl):|
j=1
k 2
< (AkJrl - )\¢)||1/J¢||2HAQQD@ - 2vgrad(g)90i + 2Zb”50]”
j=1

< (Aggoz - 2vgrad(g)(pi7 wz)

i.e.

k 2
(/\k-i-l - Al)(AQQOI - 2vgrad(g)<pia wv) < HAQQOI - 2vgrad(g)§0i +2 Z bij(Pj H .
j=1

Multiplying (3.7) by (Ar+1 — ;) and taking sum on i from 1 to k, we have

k

M-

i=1 ij=1

M=

<> (Mg — Ni)

k
2
Ag% - 2vgrad(g)@i +2 Z bleOJH :
i=1

@
I
-

k 2
Ag(pz - 2vgrad(g) wi + 2 Z bUQOJ}
j=1

2

@5 "

(Ak-l—l - )\1)2(A9§01 - 2vgrad(g)§0ivg()0i) + Z ()‘1 - )‘j)()‘k-i-l - /\i)Qa

2
j
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From the equation (2.4) in [1], we have

(Agp: — 2V gra(q) 91 905) = /M lgradg|?[* (3.9)

By (2.3), (3.3) and integration by parts, one obtains

k

(Aet1 = ) [[Ags = 2Vgraa(e) i +2 Y bijps 1
j=1

-

@
I
-

k k
(A1 — Ai) (HAQ% — 2Vgrad()@ill> + 4D bij (Agpi — 2V graa(g) i 90i) T4 b?j)

I

i=1 i=1 =1
k k
= Z()‘kJrl — i) [”Ag% — 2V grad(g) ill* + 4 Z ((Aj = Ai)ai; + bij)bij}
i=1 ij=1
k k
=Y Oks1 = M)A901 = 2V graai) il =4 D> Merr — Ai)bij- (3.10)
i=1 ij=1

Inserting (3.9) and (3.10) into (3.8), and using (3.3), it is easy to derive (3.1).
In the following, we will prove the main theorem by using Lemma 3.1.

Theorem 3.1 Let M be an n-dimentional compact complex spin manifold admitting a holo-
morphic isometric embedding into the complex projective space CP™" ™, and \; be the eigenvalues
of the square of the Dirac operator D. Then we have

k k
Z()\]H_l — /\7)2 < E Z(/\k+1 — )\1)()\1 + 2n(n + 1) — iRo), (3.11)

: n -
=1 =1

where Ry = izr\l/ffR’ R is the scalar curvature of M. Take p; = X +2n(n+1) — 2 Ro. Then (3.11)
can be written as
& 2
> (kg — Ni)(,uk+1 - (1 + ﬁ)‘“) <0. (3.12)
i=1
Proof Let Z = (Z°,Z%,---,Z"™) be the homogeneous coordinate system of CP"*"
where ZP € C. Denote f,g, for p,¢=0,1,--- ,n+m, by
ZrZ4

S 277
r=0

Then

n+m
pr:f_qﬁa Z fpﬁf_pﬁzl-

P,q=0
For any point P € M, we can choose a new homogeneous coordinate of CP" "™ such that, at P,

n+m
Z°#0, Z'=.=2"""=0 and 2= CpZ",
r=0
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where the matrix C' = (Cp,) € U(n+m + 1), i.e., Cp, satisfies

where I denote the (n +m + 1) x (n +m + 1) identity matrix and CT denote the complex

conjugate and transpose matrix of the matrix C'.

Denote
2P = ZP/ZO forp=0,---,n+m.
Then one knows that z = (z!,---,2""™) is the local holomorphic coordinate system of M in a
neighborhood U of the point P € M and z"t® = h¥(zt, ... 2") € O(U) satisfies
on” 0 forl1<p<n,1<a< (3.14)
— = or n a<m. .
2P SpsN, L>ax
Moreover, at P,
2l = = yntm (3.15)
Then one can infer
1
e ;s p=q=0;
1+ > 2rz"
r=0
AP
pey , p=1, q=0;
~ = 1+ 2TZ"
~ VAVA! TZ::o
fra= s ——+= - (3.16)
S o Zrzr e 421, p=0;
r=0 1+ > 2rz"
r=0
2Pz
— 1<p, g<n+m.
14+ Y 2z
r=0

Now define the real functions by

Gya =R Fo = Sfoa):
e (3.17)
GPE:%(fpﬁ)v Fpﬁz(‘}(fpﬁ)a for p,g=0,1,--- ,n+m.
The relation between fp,z and f;g is
n+m "
fra = Z CpsCotfaz- (3.18)
P,q=0

Obviously, one gets
Gpg = Ggp,  Fpg = —Fop.
Under the local coordinate system, when z € U, we have dsj; = > dzPdz? + O(2?). For an
p=1

n-dimensional complex submanifold M in CP""™, we have Acprimf = Aprf + 3 frsimti-

=1
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From (3.14)—(3.17), at P, we have

VGyg =0, VE,;; =0, whenpg#0orp=gqg=0,
vpgqﬁ = Opg Vil = Opg; (3.19)
vaOG = 5pq, VPF()E = —5pq.

Making use of the same arguments as in [9] or [17], we can obtain, at P,

n+m n+m n+m -

Z (G?ﬁ + Fgﬁ) = Z fva fra = Z fra fog =1,
p,q=0 p,q=0 p,q=0

n+m

Z GPEVGM + FMVFPE =0,

p,q=0

n+m

> (VG- VG + Vg VEg) = 4n, (3.20)
p,q=0

n+m

> (AGyg - AGpg + AFyg - AFy5) = 16n(n + 1),
p,q=0

n+m

> (AGuz - VFEg+ AFyg - VEgz) =0.

p,q=0

Applying Lemma 3.1 to the functions G, and Fj5 and taking sum on p and ¢ from 0 to

n+m, we get

p,q=0

k k n+m
Y e =S Yk =20 Y [ (MG AGyg -+ A - A i 00
=1 =1
— 2V(AG oV Fyg+AFgV ) Pir Pi) T 4((Vgrad(Gg) Pis Verad(Gpg) Pi)

+ <vgrad(Fp5)SDi7 vgrad(Fpa)QPi»)

k n+m
= 16n(n + 1) Z(/\k-l—l - )\z) +4 Z / (<vgrad(Gp§)<pia vgrad(Gp§)¢i>
=1 p,q=0 M
+ <vgrad(Fp§)SDi7 vgrad(qu)Qpi»' (321)

For the rest of the proof, we need the following lemma.

Lemma 3.2 Under the same assumptions of Theorem 3.1, we have

n+m
Z (<vgrad(Gp§)<pia vgrad(Gpa)spi> + <vgrad(Fp§)<pia Vgrad(Fpa)Qpi» = 2<v§017 V(P1> (322)
P,q=0
Proof It is sufficient to calculate the above quality at any point P € M. Z = (Z!,--- |
Zmtmy 7 = (ZY,---  Z" ™) Gua, Fyg, Guz, Gpg are defined as above. Since the manifold
M isometrically embeds into CP""™ by (3.14), (3.18) and (3.19), a straightforward calculation
yields, at P € M,
n+m

Z <vgrad(Gp§)Qpi7 vgrad(GpE) 307> + <vgrad(Fp§)Qpiv vgrad(Fp§)¢i>

p,q=0
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2n  n+m

Z Z Gya)Vi(Gyg) + V; (Fyg) Ve (Fyg) ) (Vji, Viepi))

J,k=1p,q=0

2n  n+m

=3 3 ROV () Vi (T V01, Vios)

j,k=1p,q=0

2n  n+m n+m

=3 Y R( Y CuCalrCaV;(Fer)VilTum) ) (Vigi Vaei)

4,k=1p,q=0 8,7,V

n+m n+m

Z %( Z Z (CpsCpu) (CorCyu)V j(ﬁ?)vk(ﬂ))<vj<ﬂiavksﬁi>

7,k=1 s,r,u,v p,q=0

2n n+m

Z Z qu vk(qu))< i9is Vips)

j,k=1p,q=0

2n n+m

=Y > (Vi(Grp) Vi(Gra) + Vi(Fog) Vi () (V0. Viepi)
j,k=1p,q=0
2n

=2 6k(Vjei, Vipi)
k=1

= 2<VQD¢, Vgﬂi>.
Inserting (3.22) into (3.21), it is easy to get
k k k
nY (ks = A)2 <A+ 1) (ks = M) +2> (kg1 — Mi)(Ves, Vepy). (3.23)
i=1 i=1 i=1
From the Shrodinger-Lichnerowicz formula (2.4), one gets

k k
nZ()\k_H -\ ) <d4n Tl—l—l Z )\k—i-l —|—22 )\k+1 (/\ — —Ro).
i=1 =1
This completes the proof of Theorem 3.1.

From Theorem 3.1, we can obtain the gaps of the consecutive eigenvalues.

Corollary 3.1 Under the same assumptions of Theorem 3.1, we have

1 ¢ 132 2\ o
Ak+1—Ak32J[(%ZAiH(nH)_ERO) (1) (-

i=1 i=1

Ei: ) } . (3.24)

?rl»—‘

Corollary 3.2 Under the same assumptions of Theorem 3.1, we have the following second

Yang-type inequality
2\ 1 @
<(1 —)— 2
uk+1f(+n k;u (3.25)

In fact, by the same arguments as Theorem 3.1, we can obtain more general results.
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Theorem 3.2 Let M be an n-dimensional compact complex manifold with a holomorphic
isometric embedding into complex projective space CP" ™. Let D be the Dirac operator of any

Dirac bundle ,5’ over M, and {)\;;p;}ien be a spectral resolution of D?. Then

k k
2
D Ak =) < - D kg1 = M) (N +2n(n + 1) — (Rei, 94)), (3.26)
1=1 =1
where
M= e € Repe;s Rere, =[Vi: Vsl = Vo)) (3.27)
i<j

is the curvature endomorphism on the Dirac bundle over M. If (Rp;, i) > C, where C is a

constant, then one has
k

Z(l/kﬂ e Z) (I/k;+1 - (1 + %)Vi) <0, (3.28)

i=1
where v; = A\ +2n(n+1) — C.

4 Lower Bounds

In this section, lower bounds of the eigenvalues for the Dirac operator are derived. First
of all, we prepare the following lemma, which is used in the proof of the lower bounds of the

eigenvalues.

Lemma 4.1 Let M be an n-dimensional compact Riemannian spin manifold. Let D be the
Dirac operator of the spinor bundle S over M and {)\j;¢;}en be a spectral resolution of D?.

For any real function g; € C*>° (M) satisfying (gip1,¢;) =0 for j =2,--- i on M, we have

(it — A1) A erad(@) (91, 01) < 1801 = 2V gnaair 1 - (4.1)

Proof Define v; by
Vi = gip1 — (gip1, P1)P1-

Obviously, one can find
(i, pj) =0 for1l<j<i.

From the Rayleigh inequality, one obtains
Nipa|[9ill* < (i, D*¢y),
where |[¢;]|* = [, (¢i,9). From (2.3) and D?p1 = A1, one infers
(Nit1 — A)l1? < (Agipr — 2V grad(g:) 915 1i)- (4.2)
From the Schwarz inequality and (4.2), one obtains

(Ni+1 — A1)(Agip1 — 2V grad(g:) @1, ¥i)°
< (i1 = WIillP1Agie1r — 2Vgraagn o1 ll?
< (Agiv1 — 2V grad(g0) 01 i) |AGi01 — 2V grad(gn) 1117
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i.e.
(Nit1 — M)(AGie1 — 2V grad(g) 1, Vi) < [|1Agi01 — 2Vgraa(gs) @111 (4.3)

In fact, from the definition of ¢; and the Green formula, a straightforward calculation yields
()\i+1 - Al)(Agﬂpl - 2vgrad(g7¢)90171/)i) = / |grad(gi)|2<gpl, 901>' (4'4)
M

Inserting (4.4) into (4.3) yields the inequality (4.1).

The similar arguments of the following results can be found in [17]. But for the completeness,

here we give a short proof of the estimate.

Theorem 4.1 If M is an n-dimensional compact complex spin manifold admitting a holo-
morphic isometric embedding into the complex projective space CP™™™  one get

2n
S Oin = M) <4 (M +20(n 1)~ 1 Ro). (4.5)

i=1
where \; is the i-th eigenvalue of the square of the Dirac operator D, Ry = iJIvllfR’ R is the scalar
curvature of M. Take p; = X; +2n(n+ 1) — 2 Ry. Then (4.5) can be written as

2n
D (wisr — 1) < 4. (4.6)

i=1
Proof We continue to use the same notations as above section. Since C' = (Cpq) €

U(n+ m+ 1), a straightforward calculation yields
A= (Apa) = (Cpsaqt) eU((n+m+ 1)2)7 a=(p,q), B=I(ts)

The matrix A can be written as A = Ay + v —1 Ay, where Ay, As are the real matrices. Since

the matrix A is the unitary matrix, we get
_ _ (A —Az 2
D = (Dyg) = <A2 Al) €O02(n+m+1)%).
Denote the functions Gpg and Fug by ga, CNv'pg and ﬁpg by ga, p,q =0,1,--- ,n+ m. The real

relations (3.18) becomes
9o =Dapgs, 1<a,B<2(n+m+1)>% (4.7)

Without loss of generality, we rearrange the 2(n + m + 1)? functions g, such that the first 4n
functions are

Glﬁv"' aGn67 100" 7Fn67G0Ta"' 7G055F0T7"' aF()ﬁv

denoted by gs0 and oz, where s,t = 1,--- ,n. And we still denote the other 2(n +m+ 1)? —4n

functions by g,. Therefore, from (3.19), we have

Vpgpo =1, p=1,---,2n,

Vpgop =1, p=1---n,

Vpgop=—1, p=n+1,---,2n,

Vpga =0, a=4n+1,---,2(n+m+1)>2
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From (4.7) and (4.8), we have

2(n+m+1)2

Z |v9a|2 =4n,

a=1

2(n+m+1)2
Z anAga = 0, (49)

a=1

2(n+m+1)?
> |Agal =16n(n+1).

a=1

Denote the matrix H by
H = (Hop), Hap = (gap1, pp41) for 1 <o, <2(n+m+1)>%

where {(A\g, ¢3)}s>1 is the spectral resolution of D?. From the QR-factorization theorem, there
exists an orthogonal matrix K € O(2(n + m + 1)?) such that KH is a real upper triangular
matrix, i.e.

KapHpy = (Kazayﬁ%, Spfy—i-l) =0 fora>n~.

Considering the relation (4.7) and denoting the real 2(n +m +1)? x 2(n +m + 1)? matrix O,g
by O = K D, one infers

0 €0@2mn+m+1)?), (Ousdspr, pyi1) =0 for a> 7. (4.10)

Defining the real functions h, by he = OP2gg, for 1 < a < 2(n +m + 1)2, from (4.9), we

obtain
2(n+m+1)2

> | Vha| =4n,

a=1

2(n+m+1)2
> |Ahaf* =16n(n + 1), (4.11)

a=1

2(n+m+1)2
> Vhalhg =0.

a=1

We claim that
|Vhe|> <2 for1<a<2(n+m+1)>% (4.12)

In fact, from (4.8) and O € O(2(n + m + 1)?), we have

2n 2(nt+m+1)? 2(n4m+1)2
|Vha|2 = Z Z OapVypgp Z Oar Vpgy
p=1 ps=1 =1

2n
= Z(Oa(p,()) V;Dgpo + Oa(O,p) vpﬁ@p)Q
p=1

2n

= (Oap.0) T Oa0)’ + D (Oa(p0) = Oagop)’
p=1

p=n-+1
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<D 1Oap.0))? + (Oa(0)* + 2[0a(p.0)Oa(o.p) |
p=1

2n

<2 Z[(Oa(p,o))Q + (Oa(O,p))Q]
p=1
2(n+m+1)2
<2 ) (Oap)=2.
B=1
Applying Lemma 4.1 to the functions h,, taking sum on « from 1 to 2(n +m + 1)?, and using
(4.11) and the Schrédinger-Lichnerowicz formula (2.4), we get

2(n-|—rn-|—1)2
> Aar1([VhalPe1,01) < 4ndy + 16n(n+ 1) + 8M — 2Ro. (4.13)

a=1

From (4.12), we infer

2(n+m+1)2 2n 2(ntm+1)*
S AatlVhal? 2 3 Maa[VhalP # dzner Y [Vhal?
a—1 a=1 a=2n+1
2n 2n
=3 At Vhal® + Aontr (4n -3 |Vha|2)
a=1 a=1
2n 2n
= Z Nat1|Vha|* + Aant1 ( 2(2 - |Vha|2))
a=1 a=1

2n 2n
> Z Aat1|Vhal? + 2(2 — [Vha|*) Aot
a=1 a=1

2n
= 2 Z )\a+17
a=1

i.e.
2(n+m+1)2 2n
> Aar1lVha? =23 Ao (4.14)
a=1 a=1

Inserting (4.14) into (4.13), we obtain (4.5).

Let m = 2n be the real dimension of the manifold M. The inequalities of eigenvalues (3.12)

and (4.6) can be written as, respectively,

k m

D (i1 — Ni)(MkJrl - (1 + %)Mz‘) <0, Y (wirr — m) < 4,

i=1 i=1
where

1 1 1
i = N + §m(m+2) — ZRO =\ +2n(n+ 1) — ZRO

Since the above inequalities satisfy the assumptions of [10, Theorem 3.1], we have
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Theorem 4.2 Under the same assumptions as Theorem 3.2, we have
(1) if m > 41 and k > 41, then
frer < KM

(2) for any k,

)

a(min{m,k — 1 m
Mk+1§(1+ ( {m }))kQ/ yo

where the bound of a(s) can be formulated as

a(1) < 2.64,

1
a(s) <2.2 —4log (1 + %(s —3)) for s > 2.

From [10], we can deduce the simple and clear inequality

4
Lkt < (1 n —)kQ/mm. (4.15)
m
From [12, Lemma 1.12.6], (4.15) is a best possible estimate in the sense of order.

By the same arguments as Theorem 4.2, a general result can be derived as follows.

Theorem 4.3 Let M be an n-dimensional compact complex manifold admitting a holomor-
phic isometric embedding into complex projective space CP"*™. Let D be the Dirac operator of

any Dirac bundle ,5' over M, and {)\j;¢;};en be a spectral resolution of D*. Then

2n

Z()\iﬂ = A1) <4(A+ 2n(n + 1) — (Rer, 1)),
i=1

where R is given in (3.27). Moreover, if (Rp1,p1) > C, where C' is a constant, then we have

2n

Z(W-H — 1) <4,

=1

where v; = A +2n(n+1) — C.
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