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Solutions to Some Open Problems in Fluid Dynamics

Linghai ZHANG*

Abstract Let u = u(z, ¢, ug) represent the global solution of the initial value problem for

the one-dimensional fluid dynamics equation
Ut — EUgxt + 6’[1,3; + ’YHuza: + ﬂuzxz + f(u)z = QUgzzx, ’LL(JI, 0) = uO(l’),

where a > 0, > 0,~v >0, > 0 and € > 0 are constants. This equation may be viewed
as a one-dimensional reduction of n-dimensional incompressible Navier-Stokes equations.
The nonlinear function satisfies the conditions f(0) = 0, |f(u)| — oo as |u| — oo, and

f € C*(R), and there exist the following limits

f(w)

Lo = limsup — and Lo = limsup
U

u—0 U— 00

f(w)

ud

Suppose that the initial function up € L*(R) N H?*(R). By using energy estimates, Fourier
transform, Plancherel’s identity, upper limit estimate, lower limit estimate and the results

of the linear problem
V¢ — EVpxt + OV + ’YH'Uza: + ﬁvxzaz = QUgzz, U(J},O) = Uo(l’),

the author justifies the following limits (with sharp rates of decay)

lim [(1+t)m+l/2/R|uzm(x,t)|2dx] _ i( T )1/2 m!! [/Ruo(x)dxr,

t—o0 21 \ 2a (4a)™

/ uo(z)dx # 0,
Jr
where 0! =1, ' =Tand m!! =1-3 --- - (2m — 3) - (2m — 1). Moreover

tim [(1 4672 /R|umm(a:,t)|2da:} = o (2 )I/QM[/R;)O(@MF,

t—oo - g % (40{)m+1

if the initial function wuo(z) = po’(z), for some function py € C*(R) N L*(R) and
/ po(x)dz # 0.
R
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1 Introduction

1.1 Model equations

Let u = u(x,t,up) denote the global solution of the Cauchy problem for the one-dimensional

fluid dynamics equation

ou A3 ou 0% Pu  Of(u) 0%u
E—EM—F&%*J}/H@‘FB%‘F o —a@, (11)
u(z,0) = ug(x). (1.2)

This equation may be viewed as the one-dimensional reduction of the n-dimensional incom-
pressible Navier-Stokes equations. In this equation, u = u(z,t, up) is a real-valued function of
r € R, t > 0 and ug, f(u) is a smooth function of u, typically, f(u) = au® + bu* + cu®, for three
real constants a, b and ¢. The parameters o« >0, 3> 0,7 >0, > 0 and € > 0 are real, and
H stands for the Hilbert transform, which is defined by

1
Hu(z,t) = —P.V. / %dy7
™ R -

where P.V. denotes the Cauchy principal value of the singular integral. The global solution of
the Cauchy problem satisfies the boundary conditions

lim w(x,t) =0, lim wu.(x,t) =0, lm wuz.(xz,t)=0 forall¢>0.

r—+o00 r—+o00 r—+o0
In this paper, we are going to investigate the exact limit

lim {(1+t)m+1/2/ |uxm(:r,t)|2dx} or  lim {(1+t)m+3/2/ |umm(x,t)|2dx}.
R —> R

t—o0

Equation (1.1) contains the following equations as special examples.
(I) When =+ =¢e=0and 6 =1, (1.1) becomes the Burgers equation

ou  Ou n Of(u) 0%u

ot oz oxr  “oa®
(I) When =+ =0and § =¢ =1, (1.1) becomes the Benjamin-Bona-Mahony-Burgers

equation

ou o ou s _ o
ot 0220t Ox oxr  Ox?

(ITII) When 8 =e¢=0and v =0 = 1, (1.1) becomes the Benjamin-Ono-Burgers equation
ou  Ou u  Of(u) 0%u
RN il =l
ot "oz oz T o ‘o

(IV) When =6 =1, and v = ¢ = 0, (1.1) becomes the Korteweg-de Vries-Burgers

equation

o " or T o8 dr oz
We will use the famous Fourier splitting technique, which is attributable primarily to the original
ideas of Maria E. Schonbek (see [12, 13]). Specifically, the method is postulated to accomplish

sharp rate of decay of global solutions of dissipative equations.

ou  Ou . Pu . Of(u) 0%u
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1.2 Some known results

Here are some well-known results related to problem (1.1)—(1.2).
In 1989, Amick, Bona and Schonbek [4] established the exact limit of the global solution of
the following Cauchy problem

Ut — Ugpt + Uy + Uy = QUzy,  u(z,0) = up(z).

They proved that

402 p? exp(—2z?)
2mv/a Ju (14 L2 7 exp(—€2)dg)?

dz,

lim [(1+t)1/2/ |u(x,t)|2dx] -
t—00 R
where

1= exp [— % /}Ruo(x)dx} — 1.

Motivated by this result, we study the exact limit of solutions of the more general nonlinear,

dispersive, dissipative wave equation (1.1), which may be derived from fluid dynamics.

Theorem 1.1 (Existence and Uniqueness) Let the initial function ug € L'(R) N H?(R).

Suppose that the nonlinear function f is sufficiently smooth, satisfying the following estimates

|f(w)| < Crlul®  for all |u] <1,
|f(u)] < Colul®  for all |u| > 1

for some positive constants C1 > 0 and Cy > 0. A concrete example of the nonlinear function
is f(u) = u® +u* +ud. Then there exists a unique global strong solution u € L> (R, H*(R)) N
L _(RT, H3(R)) to the Cauchy problem (1.1)~(1.2). There also hold the uniform energy esti-
mates
sup [ (Jua 0 + elus (e, Oz < [ [fuo(o)? + eluos(0) Pl

R R

t>0

Za/o /R|um(a:,t)| dadt < /}R[|uo(x)| + eluge (x)]"]d .

The existence and uniqueness of the global strong solution of problem (1.1)—(1.2) can be
demonstrated by applying Leray-Schauder’s fixed point theorem. We omit the details of the
proof. The strong solution is also smooth, due to the presence of the dissipation.

Formally, the global solution of equation (1.1) may be represented by

2 _ 2 _ 6
uwt) = 5= [ epliag)emp [ - afél lfﬁ'i'mt =9 Nz e)ae

1! : al¢” —i&(BIE1* + ¢ - 9)
“ o ), {/Rexp(larf)exp{— ST (t—r7)

ig —
: Wf(“)(gﬁ)dﬁ}df
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Define the semigroup operator
1 I
[Stuol(e) = 5= [ expling)expl-al¢Pe +1€(GIEP +11¢] — el de.
R

If e = 0, then we have the solution representation

ulie, ) = [Syug)(x) / Se—r flu( -, 7)) (@)dr.

Theorem 1.2 (Decay Estimates with Sharp Rates of Decay)
(I) Let ug € H*(R). Then the unique global solution of the Cauchy problem (1.1)—(1.2)
enjoys the limit

lim [ |u(z,t)|*dz = 0.
t—o0 R

However, here the rate of convergence may be arbitrarily slow.
(IT) Let up € L*(R) N H*(R) and

/]Ruo(a:)dx £ 0.

Then the unique global solution enjoys the decay estimates
< (1+t)1/2/ fu(z, t)[2dz + (1+t)3/2/ o (2, D)2dz < Cs.
R R

In these estimates, C1 and Cs are positive constants, independent of time.
(ITT)  Let ug € LY(R) N H2(R) and

/R up(w)dz = 0, /R po(@)dz # 0,

where uo(z) = <=po(x). Then there hold the decay estimates
Cs < (1+t)3/2/ fu(e, £) 2z + (1+t)5/2/ iz, £) 2 < C,
R R

where C3 and Cy are also positive constants, independent of time.

Amick, Bona and Schonbek [4], Bona and Luo [5-6], Dix [8-10] and Zhang [15-20] estab-
lished these results for various similar/simpler model equations. Theorem 1.2 is a summary of

these known decay results.

1.3 Main goal

In this paper, we will evaluate the following limits explicitly, in terms of the integral of the

initial data and the model parameters.

(1) Jim [(1 n t)1/2/ |u(a:,t)|2da:}, Jim [(1 n t)mH/?/ lugm (2, 1) 2d 2]
t— o0 R L—00 R
where m > 1 is any integer, the initial data ug € L'(R) N H?(R) and

/}Ruo(x)dx # 0.
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(I lim [(1 +t)3/2/ |u(x,t)|2dx}, Jim [(1 +t)m+3/2/ [t (x,t)|2dx},
where the initial data ug € L*(R)NH?%(R), ug(x) = g—wpo(a:), and po € C1(R)NL*(R). Moreover

/Ruo(a:)da: 0, /Rpo(x)dx 20,

1.4 The main results

Here are the main results of this paper. These results may be applied to dynamical systems,

in particular, to Hausdorff dimension of global attractors of the model equations.

Theorem 1.3 Suppose that the initial data ug € L*(R) N H?(R), and that
/ uo(z)dx # 0.
R
Then the unique global solution of the Cauchy problem (1.1)—(1.2) enjoys the limits
1 /7w 1/2 2
: 1/2 2 _ (™
tlg&{(l—i—t) /R|u(x,t)| dx} 271'(204) {/Ruo(x)dx} ’
1 /7m\/2 m! 2
im { (14 t)m+1/2/ g (2, ) 2d b = wo(z)dz] .
{ i b= () ol }

t—oo % % (4a)m R

Theorem 1.4 Suppose that ug € L*(R) N H2(R), and that ug(x) = ph(x), po € CL(R) N
LY(R), with

[ @t 20,

Then the unique global solution of the Cauchy problem (1.1)—(1.2) enjoys the limits

s 0007 [ ntos - £(2) 4] o]

tlirgo{(l+t)m+3/2/R|uxm(x,t)|2dx} = %(%)1/2%[/]1%;)0(@&42.

These results will be established in Section 2.
The rates of decay in both Theorem 1.3 and Theorem 1.4 are optimal. Even if the initial

data ug satisfies

/}Ruo(x)da: =0, /quo(x)dx =0,

the decay rates in Theorem 1.4 cannot be improved simply because the equation is nonlinear.

The precise limits are new.

Remark 1.1 Suppose that ug € L'(R) N H?(R). By using similar ideas as those displayed

in this work, we may be able to establish the limits
1 /7 7m\/2 ml 2
. m+1/2 N 24, L _) { } }
Jim (1+ t){(l 1) /}R [z (2, 6) Pz — (2a oy /Ruo(x)dx ,
if [ uo(x)dz # 0;

007 [t~ ()R [ o]
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if fR up(z)dz = 0. We will use the same letters C, Cy, Ca, -+ to denote many positive, time-

independent constants and they may be different from one place to another.

2 The Mathematical Analysis

2.1 Linear analysis

Let v = v(x,t,v9) be the global solution of the initial value problem for the linear equation

Vi — EVggt + 5Um + ’YH'UMU + ﬂvwwx = QUgyg, (21)
v(z,0) = vo(z). (2.2)

Lemma 2.1 (I) Suppose that the initial data vo € L*(R) N H*(R). Then the unique global
solution of the Cauchy problem (2.1)—(2.2) enjoys the limit

i {400 [ e} = 2 () | [ o]

if g vo(z)dz # 0. Furthermore,

i {07 [ fnoan) = () [ ]

if vo(x) = o (), oo € CL(R) N LY(R), and

/Roo(x)dx # 0.

(IT)  Suppose now that vy € L*(R) N H2(R), and

/|a:vg(x)|dx—|—/|x3v0(a:)|da:<oo.
R R

tlir&{(1+t) [(1+t)m+1/2/R|vm(x,t)|2dx— %(%)”2 (g!)!m (/Rvo(x)dx)QH

) ] o] ] ]

Furthermore, if

Then

then
1 /7 m+1"
. m+3/2 m | —
t@&{(uz&) [(1+t /IvT (2, )*dw — 5~ (20) (da)m /RUO }

L) L]~ | ][ | o]}
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Proof Let vy € L'(R) N H2(R). Then the Fourier transform @y is continuous everywhere.

It is straightforward to prove that the Fourier transform of the global solution of the linear
problem (2.1)—(2.2) is given by

2 i 2 Y
36,1 = x| - L0 =015

Then

tm+1/2/ [vgm (2, t)|*dz

thrl /2

— [ 1ePmate.oPag

_ ”";/ : /R |§|2mexp(—#j§2t> GRS

- % /]R In*™ exp ( - %)W@(fﬂ%ﬂzdﬁ
3= [ ™ exp(—2alal?) 5o 0) Py

_ %(%)W% [/Rvo(x)dxr,

as t — oo, where n = t'/2¢, 0! = 1, m!!l = 1-3---- - (2m — 3) - (2m — 1). Now, let
vp € LY(R) N H%(R), vo(z) = o (z), and

/]Roo(x)dx # 0.

Then 0y(§) = 1£00(§). Very similar to the above, we obtain

tm+3/2 / |'Uw'm (:E, t) |2dx
R

tm+3/2

=5 [P opac
m R
tm+3/2 2m+2 2al¢]? ~ 2
-5 [ exp(—1+ ) A P
2m+4-2 2an|? ~ =172 )2
/ P2 exp (= g2 ) ol 2P

— 5 [ I esp(=2aln a0 (0) Py

_ %(%)”Q—(g@ﬁ? [ /R oo(a)dz]

as t — oo, where 7 = t'/2¢. Note that

t—o00

lim {(1+t)m+1/2/ v (2, 0)2dz] = 0,
R

if [;vo(x)da # 0; and

lim |:(1+t)m+3/2/ |vmm+1(x,t)|2dx} =0,
R

t—o00
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if [ vo(z)da = 0. Noting also that for any initial data vo € L'(R)NH?(R), we have the Fourier

transform
(&) = / exp(—ix&)vo(x)d .
R
Suppose now that

/|a:v0(x)|dx—|—/|x3v0(a:)|da:<oo.
R R

Thus, for any integer m > 1, formally we get

d™%,
dem
4?7,
d£2m
d?m 15,

(0) = (—i)™ / 2™ (2)d,

(0) = (~1)™ / PMog(z)d,

(0) = (—1)™+1j / 22y () d g

dgzm+1 &

Note that even-order derivatives are real while odd-order derivatives are purely imaginary. We

want to isolate the real part from the imaginary part in the Taylor expansion. Thus we have

R B %) 1 dei)\O 0 o e3¢} 1 d2m+160 0 —
%(&) —7;) (2m)! dexm (0)¢ +mz::0 (2m + 1)l dezm+ (0)¢
= > Garen] [ #rutda] <1 3 geiimem | [ edal.

m=0

Replacing & by t—/25 in this above equation, where ¢t > 0, we have

1o (t~2n) > — [5(0) ]

|| X G L ten] - o)
+ 3 gy e [ mtosae]

{3 G| [ Yoo+ 5 G [maio])
+|n /R xvo(x)dx+§1%n2::1 [ /R x2m+1v0(x)da:”2.

Therefore
T {1l 20) = [5o(0)?]} :nQ{[/Rdexf _ [/Rvo(x)dx} [/Rx%}o(a:)dx}}.

If
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then
tlirgo{tﬂoo(t V2012 = 150(0))?]} = [/Rxao(x)dxr— [/]Roo(x)dx} [/}Rx ooz )dx}

These calculations are formally correct, because we are not sure if the improper integrals
Jg 2| vo(x)dx are convergent or not when m is large. However, we may use the following

Taylor formula
S oo , & [ 5 i& [ 4 :
v(§) = /Rvo(x)da: — i vao(x)da: - E/Rx vo(x)dx + ?/Ra: exp(—iz¢)vo (z)dx

where 0 < [¢| < [¢].
Now we get (without loss of generality, let € = 0 in this part)

t{tm+1/2/ |vxm(x,t)|2d:r—%(%)1/2%[4%(@(142}

a 2
= 5= [ InPm exp (= o el 0 = 0P

—ﬂ_/}R|n|2er2 exp(—2aln| ){[/wvo dac}2 {/ dx} [/Rx vo(z )dx} }d
= o () B[ wvawias] = [ [ eraa] [ [ uotoiaa] )

as t — oco. Now suppose that

/Rvo(a:)da: =0.

Let vo(x) = of(x), where o9 € C*(R) N L'(R). Then

25 [[prente e - oo (50) "Gl [ [ ooena] )

1 m 2an[* ~ —~
= 5p e (- ) e A — (o)

— %/}R|n|2m+2 exp(_2a|n|2){[/xao dxr [/ dx} [/Rx ooz )dx}}
— o (50) e { [ [ aovtnae]” = [ [ aaaraa] [ [ on(oas] .
as t — oo. The proof of Lemma 2.1 is completed.

2.2 Nonlinear analysis

Define w(zx,t) = u(z,t) — v(x,t) and wo(x) = up(z) — vo(x). Then we find that

w(z,0) = wo(x). (2.4)
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Lemma 2.2 The Fourier transform of w is

2 _ 2 _ 5
' al¢|® —i&(BIE12 + 16 = 9) &
—/0 {exp {— e (t_T)}Wf(U)(&T)}dT

Additionally, if | f(u)| < Clu[>T* on R, for two constants C > 0 and 0 < k < 2, then there hold

@1+ clel{ [ [ [ e mias] )
0 R

{/Ot {/}R|ux(x77)|2dx}d7}(1+n)/4

|@o()] + ClE|(L + Y%, if / up(w)da £ 0,

the estimates

IN

[w(&, t)]

<
|Bo(6)] + Clel, if / wo(z)da =
R
Suppose now that up(0) =0 and wg = 0. Then there holds the estimate

@0 < min {Clel. 2}, Vi >0

Proof The representation of the Fourier transform of the global solution of problem (2.3)-
(2.4) is very easy to verify. We skip the details. As before, let |f(u)| < C|u|>**, for all u € R.
Furthermore, by using Gagliardo-Nirenberg’s interpolation inequality and Holder’s inequality,

we have the following estimates (below 0 < k < 2)

t
/ [/|u(x,7)|3+“dx}d7
0
' I
S/ |:||u LtoK(R)/ |U T, T | d.]?
9 (5+r)/4 (1+n)/4
/ /|uw7 dx /|uwx7 dr
(5+1)/(3=r) (- n>/4 t (141)/4
/ /|u(x,r)|2dx dT} //|um(a:,r)|2dxd7'} .
0 R 0o JR

Therefore, by the results of Theorem 1.2(II), we obtain the following estimates
t —
[ (&, )] < lwo ()] + Ifl/0 |f(u)(& 7)ldT
. ¢ (5+K)/(3—k) (3—r)/4
< 1o+ Clel{ [ | [ lutwr)Pd] ar)
o LJRr

¢ (1+4r) /4
[/ / |um(x,r)|2dxdr}
o Jr

< [@o(&)] + Clel(1+1)'/°.
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If up(0) = 0 and wo = 0, then by Theorem 1.2(III), we have |w (¢, )| < C|€|. Performing the

Fourier transform to equation (2.3), we have

—

(1 +elel)e (€, 1) + [alé]* = 1E(BIES* + €] = )@(E, t) + f(u), (& ¢) = 0.

By using this equation, we get

d d . = ~ = ~ =
T P& IP] = [0 D )] = Bu(&, )D(E, ) + DE i€, 1)

_ 20‘|f|2 ~ 2 2 Y =
= —WW(&W B Re [f(u), (& t)w(E,1)].
Equivalently, we have
d 200€2 N, - 20(¢)? . = _
a{ exp (Wt) |w(£,t)|2} + T p (TdfPt)Re [f(u), (&, t)w(,t)] = 0.

Integrating in time and using wy = 0, we find
200E° N o e 2 ¢ 202 — _
exp ( 5 -~ E|§|2t) DD =~z /0 exp ( 5 - EWT)Re (@), (€, 1)@, )dr.

Applying Gronwall’s inequality, (The Gronwall’s inequality: Let the nonnegative functions ¢
and h satisfy the given inequality [g(t)]? < C? 42 f; g(T)h(7)dr for all t > 0, where C' >0 is a
constant. Then ¢(t) < C' + fg h(7r)dr.) we obtain the estimate

algl?

T oep )P0

S ) ] [t

al¢f?
S g P (1+g|g|2

exp (

t) for all ¢ > 0.

The proof of Lemma 2.2 is completed.

Lemma 2.3 Let the initial data satisfy ug = vo € L*(R) N H*(R) and

/ uo(z)dx # 0.
R
Then the Cauchy problem (2.3)—(2.4) enjoys the decay estimates
C
(1 + t)1/2 ‘/]RH'U,({E,t) — 'U(l'vt)|2 —+ E|'Ll,w($,t) — Ua:(xvt”?]dx S m, (25)
Cnm
(1 + t)m+1/2 /R“uTm (Z‘, t) — Ugm (Z‘, t)|2 + €|Umm+1 (Z‘, t) — Ugpm+1 (Z‘, t)|2]d$ S m, (26)

where the positive constants C' and C,, are independent of time.

Proof Multiplying equation (2.3) by 2w and integrating the result with respect to = over
R, we get

% /}R[|w(w,t)|2 + e|wg (z,t)|?]dz + 204/R |we (x,t))dz + 2/Rw(x,t)f(u)mdx =0,
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where, for all ¢ > 0,
/ w(z, t)wg(x,t)de =0, / w(x, t) Hwyy (v, t)de =0,
R R
/ w (2, ) Wyae (x, t)dx = 0, / u(z, t) f(u(z,t))dz = 0.
R R

Applying the famous Plancherel’s identity to this energy equation yields

d

T La+elePiaopas +2a [ g opas +2 [ i nitas -o,

or equivalently, we have
d . .
Tl [ardermentac) +20 +07 [ P okas
—2(1+0) [ L+ gl 0P ds 201+ 02 [ igale 0 (u(e e,
R R
Let ¢ > =. Define a small, time-dependent interval

B(t) ={¢ €R:a(l + 1)l <1+ele’}

Then
2a(1 1 1)? / €PlB(E, 1)Pde
— 2a(1 + £)? / €R1B(E, DIPAE + 2a(1 + £)2 / €21a(E, 0)de
B(t) B(t)°
> 2(1+1) / (1 -+ el¢®)|@e, 1) 2de
B(t)e
—2(1+1) / (1 -+ cle)@(E, £)PdE —2(1 + 1) / (1 -+ <[¢®)|@(E, 1) 2.
R B(t)
Thus

gl / (L+<leP) (e, t)Pde |
<o4n) [ relePlate arac 2 o] [ o ormie e
B(t)

By using some well-known decay estimates (see Lemma 2.1 and Theorem 1.2), we get

/gvgt )(E,1) dg’_zw}/vmf dx’

< COllvg(-,t ||LM(R)/|u (z,t)]>Trdx
(5+k )/4 (1+r)/4
< Cllva(-, Dl /|u r,0)da] /|uT 1)Pdz]

< C(1+1)"2r2,
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Furthermore, by using Lemma 2.2, we find

201 +t)/ (14 eleP)|ae, H2de < (1 +t)1/4/ de < C(1+ 1)/,
B(t) B(t)

Therefore

d 2 2|~ 2 2V 2 —k/2
gl 0? [aselemimeracy <2040 [ (el nrde o0+
<CA+t) Mo+

Integrating this inequality with respect to time leads to
(1+1) /R(l +el¢)l (8, 1)|*dg < /R(l +elg)|o(§)[*dE + C (1 +1).

Now (2.5) is proved. The estimate (2.6) can be established similarly. The proof of Lemma 2.3

is completed now.

Lemma 2.4 Let ug = vo € L'(R) N H?(R), uo(z) = pj(x), po € CY(R) N L*(R), and

/R po(z)dz # 0.

Then, there exists a positive number A, such that the Cauchy problem (2.3)—(2.4) enjoys the

decay estimates

2 2 2 C
(1+ t)3/ /RHu(a:, t) —v(z, O)]° + elug(z,t) — vg(x, t)]7]da < ST (2.7)
(1+t)m+3/2/R[|umm(a:, t) = vgm (2, 1) > +elugmer (2, t) —vgmi1 (z, 1) *]dr < T )\Sg e (2.8)

where the positive constants C' and Cy, are independent of time.

Proof The proof is rather similar to that of Lemma 2.3. The main difference is the way to
split the frequency space into two time-dependent regions. As what we did in Lemma 2.3, we

may obtain

d

oot [ardemmentac) +20 +0* [ ePlaeokas

e

— 41+ 1P / (1 -+ cleP)l@(E, £)PdE —2(1 + 1) / FE0(¢, ) Flu) (€, D)dE.
R R
Let t > % Define

D(t) = {£ e R: a1l +1)[¢* < 2(1 +el¢f*)},

Qt) = {€ € R: a(l + t)[ePwlt) < 21 +[¢)},

where
1

“O= T ma o
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and A is a positive number to be determined later. It is easy to see that

2a(1 —|—t)4/

D(1)

€@ (&, t)|2dg < 4(1 + t)3/ (1 +ele®) (e, 1)Pde,
D(t)

240" [ PIBEOPaEZ 10407 [ (el a e

Choose A = 2. Now we have

20(1 + )* / ER1B(E, 1) 2de — 41+ 1) / (1 +ele®) e, 1)2de
Q(t)e Q(t)e
— 20(1 + 1)’ / E21B(E, 1) 2de — 4(1 + 1) / (1 +ele?) e, 1)[2de
D(t)e D(t)e
1+ 20(1 + 1)! / EP1D(E B)PAE — 41+ 1) / (1 + cleP)l@(e, 1) 2de > o.
D(t)NQ(t)e D(t)NQ(t)e

Let t > 0 be sufficiently large. Overall, we find that
2140 [ JePlaEOPAE = 40407 [ (+elePlate P,
Q(t)e Q(t)e

Thus
d

Sasot [aragioeopa)

S4(1+t)3/

Q(t)

(1 clePlate nPag +20 +0)| [ nte.nfluie gl

By using some well-known decay estimates (see Lemma 2.1 and Theorem 1.2), we get

—

| [ it nTtue. e = 2] [ vastuiaa]
5CHW('J)HLM(R)/Rlu(x,t)|3+“dx

(5+r) /4
< Cva(.’t)HLOQ(R){/ |u(x,t)|2dx} [/ |um(x7t)|2dx
R R
<C(1L+t)~4 ",

}(14-'@)/4

Furthermore, by using Lemma 2.2, we find

C(1+1)32
14+ An(1 +¢)]>

1+0? [ eegiaoPagscan? [ des
Q(t) Q(t)
Therefore

d . . —k
gloeot [aregmiaeoract <sa vt [ eedePiae nfas e

C(1 +1)%/2
T4+ A1+

Integrating this inequality with respect to time leads to

C(1L+1)°?
14+ An(1 + )]

(14 1) / (1+ eleP)lae, 1) < / (1 -+ <le) [T ()2 +
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Now (2.7) is proved. The estimate (2.8) can be established similarly. The proof of Lemma 2.4
is completed.

Lemma 2.5 (I) Suppose that ug = vo € L*(R) N H?(R) and

/Ruo(x)dx # 0.

Then the unique global solution of the Cauchy problem (1.1)~(1.2) enjoys the limits
tin {140 [ (fu(e. 0 + elu(z,0)ldz
t—o0 R
= tim {1+ 07 [ oGO + eloa (.0 da},
t—oo R

t—oo

lim {(1 —l—t)m+1/2/[|uwm(x,t)|2 +6|uzm+1(x,t)|2]dx}
R
t—o0

~ lim {(1+t)m+1/2/[|vmm(x,t)|2+6|vmm+1(x,t)|2]da:}.
R

(IT) Suppose that ug = vy € L*(R) N H2(R), uo(z) = py(x), po € CH(R) N LY (R), and

/ po(z)dz # 0.
R
Then
tlim { (1+¢ 3/2/ lu(, t)]? +6|um(x,t)|2]dx}
= tlim { (1+t¢ 3/2/ [[v(z,t)]? +6|Um(x,t)|2]dx},
lim { (14t m+3/2/[|uwm(x,t)|2 +8|uwm+1(x,t)|2]dx}
t—o0 R

t—o0

= lim {(1—|—t)m+3/2/[|vwm(x,t)|2+5|vwm+1(x,t)|2]dx}.
R
Proof Below we are going to use the notation ||u,m(-,t)|. defined by

etz (- )NZ = tsare (- ) 72m) + Elltrms (-, D) T2 my-

If e = 0 and m = 0, then it is just the regular L?norm. If ¢ > 0 and m = 0, then it is
equivalent to the H'-norm. If ¢ > 0 and m > 1, then [ugm(-,t)|s is a seminorm and the
triangle inequality is still valid. By using triangle inequality, first of all, we have the upper

bound estimate

(1 + t)m/2+1/4”uﬂc’"( ! vt)He
=1+ t)m/2+1/4|‘vmm(' o)+ Ugm (1) = vam (-, 1)]|e
< @402 ogm (1)l + (L4 8™ 2 Y ugm (- 8) = vam (-, 1)

S (1 + t)m/2+1/4|‘vmm(' at)HE + C(t)’
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where we have taken the results of Lemma 2.3 into account. Recall that C(t) = W — 0 as
t — o0o. Now we get

lim sup[(L + €)™ 254 ugn (-, )] < Y [(1+6)™ 254 logm (-, )]|2]-

t—o0 o0
On the other hand, we have the lower bound estimate
(L4 62 g (-, 1)

= (L4+ )™ g (-, 8) + wgm (- ) = vom (-, 1)

> (14 02 A (D) — (L4 82 g (1) = v (-, 1)

> (L4802 4 fogm (-, 1) = C(2).
Therefore, we also get

iminf[(1+ )™/ 25 fugn (-, 1)) = Tim [(1+ 62 o (-, )],
By coupling these two estimates together, we obtain

limsup[(1 4+ )™/ 2 4 fugrn (-, )] < Hmninf[(1+ )™ ugn (- 0)]lc].

t—00 — 00

Therefore, there exists the limit
Jimn [(1 4+ )™ 2 fugm (-, )]I2] = Jim [(14+ 0™ 2o (-, 0)]2].
— 00 [— 00
The other case may be proved very similarly, where we may take
c
) =—————
W= g amarog %
as t — oo. Now the proof of Lemma 2.5 is completed.
3 The Main Results and Proofs
Theorem 3.1 Suppose that ug = vo € L'(R) N H*(R), and
/ uo(z)dx # 0.
R
Then the unique global solution of the Cauchy problem (1.1)—(1.2) enjoys the limits
1 1/2 2
Jim {(1+1)"/2 / lu(a, O +elue(z ) day = = (5=) | / uo(w)da]
1 /2 ml! 2

Jim {1y /Rﬂumm(a:, 0P + btz (@ )P} = o (o) (:;)m [/Ruo(x)dx} .

Proof Note that for any integer m > 0, we have

lim [(1+t)m+1/2/ |umm+1(x,t)|2dx} = lim [(1+t)m+1/2/ |vmm+1(x,t)|2dx] —0.
R —> R

t—o0
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Therefore, there exists the limit

B [(1 4+ )™ 2 fugm (-, 4)]12] = Lin [(14+ 0™ 2 o (-, 0)]2]

= tlim [(1+ t)m“/zllvmm( : J)II%Q(R)]
1w ml!!
N 271' (4o m‘/uo dx
The proof of Theorem 3.1 is completed.

Theorem 3.2 Suppose that ug € L*(R) N H2(R), and that ug(x) = ph(x), po € CH(R) N

L'(R), with
[ @t 20,

Then the unique global solution enjoys the limits

Jim {1402 | u(e O + efus(e. 0o} = 3 (35 )L [ mlaa]”
lim {(1+t)m+3/2/R[|umm(x,t)|2+8|uwm+1(x,t)| ]dx} ! (2 ) %[/Rpo(x)dxr.

t—o0 27'('

Proof It is very similar to the proof of Theorem 3.1.

The proofs of Theorems 1.3 and 1.4 may be accomplished by coupling the results of Theorems
3.1 and 3.2, respectively, and the following limits

lim {(1 —|—t)m+1/2/ |umm+1(x,t)|2dx} =0, if /uo(x)dx # 0.
R R

t—oo

and
Jim {(1+t)m+3/2/ ez, )Py =0, if /uo(x)da: ~o,
- R R

respectively.

Given two initial functions ug and g in L'(R) N H?(R), there exist two solutions u = u(x,t)

and u = u(z,t) of problem (1.1)—(1.2) corresponding to ug and g, respectively.

Theorem 3.3 (I) There holds the limit

lim {(1 +t)m+1/2/[|uwm(x,t) T (2, 1)+ g (2, 1) —ﬂmm+1(x,t)|2]dx}
R

t—o0

— 5 (5) i { 0@ - da(ollaa}

if [ luo(x) — Uo(x)]da # 0.
(IT) There holds the limit

lim {(1 +t)m+3/2/[|uwm(x,t) T (2, 1)+ Efugmra (2, 1) —ﬂmm+1(x,t)|2]dx}
R

t—oo

_ %(%)W%{/}Rpo(@dx}a

if [pluo(z) — Uo(x)]dz =0, uo(z) — to(x) = po(x) and po € C*(R) N L' (R).
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Proof The idea of the proof is very similar to those presented in the proofs of Lemmas
2.3-2.5 and Theorems 3.1-3.2. Define ¢¥(x,t) = u(z,t) — u(z,t), ¢(x,t) = v(x,t) — v(x,t), and
Yo(x) = ¢o(x) = up(x) — wo(x). Then ¢ and ¢ satisfy

d}t - 57/1303016 + 51;/}30 + ’Ymec + ﬂdjwww + [f(u) - f(ﬂ)]w = O“/waa
¥(x,0) = o(z),

and

¢t - €¢a:a:t + 5¢x + 7H¢a:a: + 6¢www = Oé¢wxa
¢(x,0) = ¢o().

Then, very similar to the above, we obtain the estimates

C
(1 + t)m+1/2 ‘/R[W)I"’ ({E,t) - ¢wm (:E,t)|2 + E|¢mm+1(xvt) - ¢xm+1(:t,t)|2]d$ < ma
if
/R[Uo(ff) — Up(z)]dz #0
and
C

m+3/2 _ 2 _ 2 e
(14072 [ [ (08) = G @)+ eltamin (0.8) = s (D € ey

if
/[uo(x) —dip(@)]dz = 0.
R

The other similar details are omitted.

The results of Theorem 3.3 imply that for each fixed integer m > 0, the nonlinear operator
1/2
Lo g — Jim {(1 +t)m+1/2/[|umm(x,t)|2 +6|uwm+1(x,t)|2]dx}

is Lipschitz continuous. Note that the unique solution u depends on the initial data ug. Indeed,

for any two initial functions ug and g in L'(R) N H2(R), there holds the estimate

Lontio — Loniio] < [%(1&)”2 (g;!m}1/2[4|uO(x) ~ () d].

Remark 3.1 For |f(u)] = O(|u]3T%), as |u| — oo, with large x, if the initial data is
sufficiently small, then the existence and uniqueness of the global solution of problem (1.1)-
(1.2) are also true. We focused on the exact limits of the global solutions for the case 0 < k < 2,
with arbitrarily large initial data. The existence and uniqueness of the global strong solution

are open for (1.1)—(1.2) with large x and large ug.
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Remark 3.2 The model equation (1.1) can be written as
Pur + Qu + Rugy + F(t, Uy, Ugy) = 0,

where F(u, Uy, Uuzy) i a nonlinear function of u, u, and ug,, P, @ and R are linear differ-
ential operators, specifically, P and Q are dissipative operators, 0, R is a dispersive operator.
Additionally,

Pul,t) = p(E)a(€,t), p0)=1, p€)>1, VEER,
Qu(€,t) = q(€)u(&,t), q(0)=0, q(€) >0, VE#O,
Ru(€,t) = r()u(s,t), r(0)eR, r(€)eR, VEeR,

)

where p, ¢ and 7 are even functions of £. In this paper, we only considered the particular case
Pu=1u— gy, QU = —QUgy, Ru =0 +vHuy + Bugs, and F(u,uz) = f(u),.

Remark 3.3 Many mathematicians have investigated the existence of global attractors and
the existence of inertial manifolds of infinite-dimensional dynamical systems governed by dissi-
pative nonlinear partial differential equations, including our model equation (1.1), the Navier-
Stokes equations, the Benard flow problem and the Bingham fluid. Inertial manifold is a
finite-dimensional invariant Lipschitz manifold which attracts exponentially all orbits and con-
tains the global attractor. Estimates of Hausdorff dimension and fractal dimension of the global
attractor and inertial manifold have been obtained by using various advanced techniques. Some
authors have constructed finite-dimensional manifolds (approximate finite-dimensional inertial
manifolds) and applied the results to reaction diffusion equations. An approximate inertial
manifold can be defined as a finite-dimensional Lipschitz manifold and a thin surrounding
neighborhood into which any orbit enters in a finite time. It is clear that the global attrac-
tor lies in this neighborhood. The lowest dimension of inertial manifolds for some particular
system (e.g. the one-dimensional Kuramoto-Sivashinski equation) have also been established.
The finite-dimensional global attractor and the inertial manifold open an important way for
the reduction of the dynamics of infinite-dimensional dissipative differential equations to a
finite-dimensional system. More precisely, people consider a finite-dimensional system that will
capture all the asymptotic behavior of the original system. It has been suggested and ex-
pected that the limit will determine the Hausdorff dimension and the fractal dimension of the
global attractor and the inertial manifold. Therefore, we study the evolution of the functions
(1+)™*+Y2 [0 |ugm (2, t)|?d2, where the integer m > 0. In particular, we investigate their limits
as t — oo. It turns out that the sharp Hausdorff dimension and fractal dimension of the global
attractor depend on the exact limit of a physically important quantity. The exact limits of the
physical quantities may play significant roles in the evaluations of the Hausdorff dimension and
fractal dimension of the global attractor and the inertial manifold of the infinite-dimensional

dynamical systems.
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