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Abstract In this paper, the authors investigate three aspects of statistical inference for the
partially linear regression models where some covariates are measured with errors. Firstly,
a bandwidth selection procedure is proposed, which is a combination of the difference-
based technique and GCV method. Secondly, a goodness-of-fit test procedure is proposed,
which is an extension of the generalized likelihood technique. Thirdly, a variable selection
procedure for the parametric part is provided based on the nonconcave penalization and
corrected profile least squares. Same as “Variable selection via nonconcave penalized like-
lihood and its oracle properties” (J. Amer. Statist. Assoc., 96, 2001, 1348-1360), it is
shown that the resulting estimator has an oracle property with a proper choice of regu-
larization parameters and penalty function. Simulation studies are conducted to illustrate
the finite sample performances of the proposed procedures.

Keywords Partially linear model, Measurement error, Bandwidth selection,
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1 Introduction

Parametric regression provides powerful tools for analyzing practical data when the models
are correctly specified, but may suffer from large modeling biases if the structures of models
are misspecified. As an alternative, nonparametric smoothing eases the concerns on modeling
biases. However, the nonparametric method is hampered by the so-called “curse of dimension-
ality” in multivariate settings (see [14, 22] among others). One of the methods for attenuating
this difficulty is to model covariate effects via a partially linear structure, a combination of
linear and nonparametric parts. This results in the partially linear regression models (see [12]).
In general, a partially linear regression model can be written as

Y =X"8+g(U) +e, (1.1)

where Y is the response, both X and U are possibly vector-valued covariates, € is a random
error independent of (X, U) with E(¢) = 0 and Var(e) = o2, 3 is an unknown parameter vector
having the same dimension as X, ¢g(-) is an unknown smooth function, and the superscript (7)
denotes the transpose of a vector or a matrix.
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The partially linear regression model has broad applicability in the fields of biology, eco-
nomics, education and social sciences. This model and various associated estimators, test
statistics, and generalizations have generated a substantial body of literature, which include
[6-8, 11, 13, 21, 23, 28-31]. To name just a few.

In many practical situations, however, there often exist covariate measurement errors. For
example, it has been well documented in the literature that covariates such as blood pressure,
urinary sodium chloride level and exposure to pollutants are often subject to measure error.
Some work has been done in the estimation of regression coefficients of the partially linear model
(1.1) in the presence of additive measurement errors in the predictors. For example, Cui and Li
[10] and Liang, Hardle and Carroll [27] discussed the estimation problem when the covariates are
measured with additive errors by the nearest neighbor estimation and general kernel smoothing
for the nonparametric component, respectively. Liang [26] discussed estimation of the partially
linear model with measurement errors in the nonparametric part.

However, according to the knowledge of the authors, there is no article investigating statis-
tical inference beyond point estimation for partially linear regression models with measurement
errors, whereas the statistical inference theory has been well developed for partially linear re-
gression models without measurement errors. Actually, even for classical regression models
with measurement errors, there have not yet been many articles investigating statistical infer-
ence except recent papers by Cheng and Tsai [9] and You and Xu [33]. Cheng and Tsai [9]
investigated the invariance property of score tests for assessing heteroscedasticity, first-order
autoregressive disturbance, and the need for a Box-Cox per transformation in the context of
linear regression models with additive measurement errors. They showed that the score tests
for measurement error models are identical to the corresponding well-established tests derived
from the standard linear regression models. You and Xu [33] provided a procedure to select
the significant covariates of the linear regression models in which some or all covariates are
measured with errors. The proposed method is based on the combination of a nonconcave
penalization and a corrected least squares, and it simultaneously selects significant covariates
and estimates the unknown regression coefficients.

The objective of the present paper is to fill this gap. In this paper, same as [27], we consider
the case that the covariate vector X is measured with additive errors, and U is error free, i.e.,
we can not observe X but W where

W =X+, (1.2)

and ( is the measurement error vector. We assume that ¢ is independent of (X, U, ¢), E(¢) =0
and Cov(¢) = 3¢ where 3 is assumed known, same as in [24, 34] among others. However, we
will take up the case that it is estimated in Section 6.

Due to the curse of dimensionality, for simplicity, we assume that U is univariate throughout
this paper. Suppose that the dimension of X is p, and {(Y;, W;,U;)}? is a random sample
from model (1.1) with measurement errors (1.2).

The contribution of this paper is three fold. We first propose a simple bandwidth selection
procedure which is based on the combination of the difference technique and GCV method.

After fitting model (1.1), one often asks if there exists a parametric structure for g(-). This
amounts to testing if ¢g(-) is in a certain parametric form. However, for such a frequently-
asked question, there are limited tools available for model (1.1) with measurement errors (1.2).
We propose a goodness-of-fit test procedure, which is an extension of the generalized likelihood
technique proposed by Fan, Zhang and Zhang [19] to the setting of partially linear measurement
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error model. The bootstrap method is used to evaluate the p-value of the test.

Like traditional parametric regression, covariate selection is also important in the semi-
parametric model (1.1) with measurement errors (1.2). To reduce possible modeling biases,
the nonlinear terms and interactions between covariates are often introduced. This makes the
number of covariates in the parametric part of semiparametric model (1.1) easily be large. It
is common in practice to include only important variables in the model to enhance predictabil-
ity and to give a parsimonious description between the response and the covariates. Due to
the complexity caused by measurement errors, the well-developed stepwise deletion and best
variable selection can not be extended to semiparametric model (1.1). Recently, Fan and Li
[15] proposed a covariate selection method via nonconcave penalized likelihood. This method
deletes insignificant covariates by estimating their coefficients as 0 and simultaneously selects
significant covariates and estimates regression coefficients. From their simulations, Fan and Li
[15] showed that the penalized likelihood estimator with smoothly clipped absolute deviation
(SCAD) penalty outperforms the best subset variable selection in terms of computational cost
and stability using the terminology of [3]. In addition, they have demonstrated that with a
proper choice of regularization parameters and penalty functions (such as SCAD), the penal-
ized likelihood estimator possesses an oracle property. Namely, the true regression coefficients
that are zero are automatically estimated as zero, and the remaining coefficients are estimated
as well as if the correct submodel is known in advance. Hence, the SCAD and its siblings are
ideal for variable selection, at least from the theoretical point of view. Fan and Li [16, 17], Cai
et. al. [4] and Fan and Peng [18] extended their nonconcave penalized likelihood approach to
the Cox model, frailty model, multivariate Cox model, longitudinal partially linear model and
regression model with infinite parameters. These nice properties encourage us to extend the
technique to model (1.1) with measurement errors (1.2).

The layout of the remainder of this paper is as follows. In Section 2, we present the corrected
profile least squares estimation proposed by Liang, Hardle and Carroll [27]. A bandwidth
selection is described in Section 3. A bootstrap based test for the goodness of fit of models is
developed in Section 4. A model selection procedure is shown in Section 5. Section 6 states
the corresponding results when the measurement error variance 3. is estimated. Simulations
are conducted in Section 7. Section 8 concludes. The proofs of the main results are collected
in Appendix.

2 Corrected Profile Least Squares Estimation

A corrected profile least squares estimation proposed by Liang, Hardle and Carroll [27] has
the following form

where ¥ = (Y, -+, V)" = (I, = S)Y, W = (Wy, -+, W,)" = (I, — S)W,

(1 O)(D‘II—leUlDUl)ilD‘{]lel 1 Ul}:u
. ’ D _

S = :
(1 0)(Df, wy,Dy,)”'Df wu, 1 Lot

S
|

w, = diag(Kn(Ur —u), -+, Kp(Up —u)), K(+) is a kernel function, h is a bandwidth, Kp(-) =
Kgf), Y = (Y1, ,Y,)", and W = (Wy,---,W,)". Moreover, the fact g(U;) = E(Y; —
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X7B1|U;) = E(Y; — W7 8| U,;) suggests one to estimate the nonparametric component g( - ) by

o~

gn(u) = (1 0)(Djw,D,) ' Diw,(Y — WS,).

The following assumptions are needed to present the asymptotic properties of En and gy, (u),
and other results developed in the subsequent sections.

Assumption 2.1 The random variable U has a bounded support Q). Its density function
f(+) is Lipschitz continuous and bounded away from 0 on its support.

Assumption 2.2 There is an s > 2 such that E||X||** < oo and E||¢||*® < oo and for

some § < 2—s"1

. such that n?*~'h — 0o as n — oo.
Assumption 2.3 g¢(-) has the continuous second derivative in €.

Assumption 2.4 The function K(-) is a symmetric density function with compact support
2

nh

; ; nht
and the bandwidth satisfies Toglog e — 0 and Togn)Z=oc

as n — oQ.

The following theorem gives the asymptotic normality of En

Theorem 2.1 Suppose that Assumptions 2.1-2.4 hold. Then the corrected profile least
squares estimator 3, of B is asymptotically normal, namely

\/E(Bn —B) —p N(0,Z]'Z,27Y),  asn — oo,
where ¥1 = F{X - E(X |U)}{X — E(X|U)}" and
3o = E(e = ¢7B)*31 + 0?3¢ + B{(CC7 — B¢)BB7 (¢ — B¢)}-

The following theorem gives the asymptotic normality of the estimator g, (- ).

Theorem 2.2 Suppose that Assumptions 2.1-2.4 hold. Then the local linear estimator
gn(+) of g(+) is asymptotically normal, namely

R h2 2 _
\/nh{gn(uo) — g(ug) — —Mg”(uo)} —p N(0,33), asn— oo,

2 po — pl
where (@2 2,0
civg + 2cociv + s -
23 = 0 f(uo) L (0'2 + ﬁ Ecﬁ)
with ¢y = w;‘—fﬂ%), ¢ = _(u;l—ju%)’ pj = [T WK (u)du, v; = [T wK?*(u)du.

It should be noted that Liang, Hérdle and Carroll [27] just presented the convergence rate
of g, (), no asymptotic normality.

3 Bandwidth Selection Procedure

The corrected profile least square estimators f‘i’n and local linear estimator g,(-) depend
on the choice of bandwidth. Furthermore, the issue of bandwidth selection arises naturally in
practice. Selecting bandwidths for semiparametric models, particularly for estimating the para-
metric component, was posed by Bickel and Kwon [2] as an important and unsolved problem.
As discussed by Fan in [2], the estimation of the parametric component does not very sensitively
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depend on the choice of bandwidth, as long as the selected bandwidth does not create excessive
biases in the estimation of the nonparametric components. The reason is that the biases in the
estimation of nonparametric components can not be averaged out in the process of estimating
the parametric component, yet the variance in nonparametric estimation can be averaged out.
Hence, we choose a bandwidth that is suitable for estimating function g( ).

We propose to use the following technique to determine an appropriate value of the smooth-
ing parameter h. We first construct a root-n consistent estimator ,@; of B which does not
involve h, and then, based on the modified data set {Y; — VV[,@;, Ui}, select an appropriate
value of h by CV method.

Let the sample {(Y;, W;,U;)}"_; be ordered according to variable U. Under some mild
conditions, the spacing between U1 — U; is Op(2) so that g(Ui1) — g(U;) = Op(+). Then by
model (1.1),

Yiir —Yi=Xij0 —Xi )61+ + (Xig1p — Xip)Bp + 9(Uit1) — 9(Us) + €i41 — &
1
= (Xig11 = Xi)Br+ -+ (Xig1p — Xip)Bp + g1 — i + Op(g)v

where X; = (X;1, -+, X, )7, and 8 = (f1,---,0p)7. Let €’s be corrected stochastic errors
with ef = ;41 — €;. Thus, the nonparametric function g(-) in model (1.1) is eliminated. The
coefficient B can be estimated by ordinary least-squares from the above approximation model.
That is

n—1 n—1

By = { Z(Xi+1 = Xi)(Xiy1 — Xz’)T} Z(Xi+1 = Xi)(Yig1 = Yi).
i=1 i=1
However, in our case X; can not be observed. Therefore, we propose the following corrected
estimator
o n—1 71n—1
B, = { Z(VVH—l — Wi)(Wigr = W;i)" —2(n — 1)24} Z(W’?“ = Wi)(Yi1 = Y5).
i=1 i=1

Under some regularlty conditions, we can show ,6 is root-n consistent
Based on 6 we can get the modified data set {Y; — WT,BW, U;}_;. Then the usual cross-
validation method can be used. Define the squares cross-validation function by

CV(R) = ™t S (¥ = W Bl — i (UD)Y2, (3.1)

i=1
where gp, —;( ) is the local linear estimate from the data {Y; — VV[,?J';, U;} , omitting the ith
point (Y; — W[B:,, U;). Depending on the smoothing parameter h, formula (3.1) is used as

an overall measure of effectiveness of the estimation scheme. The cross-validation bandwidth
selector is the one that minimizes (3.1), namely hoy = arg mhin CV(h).

4 Goodness of Fit Test Based on Bootstrap

To test whether model (1.1) holds with a specified parametric form such as a linear model,
we propose a goodness-of-fit test by comparing the pseudo residual sums of squares (PRSS)
between parametric and semiparametric fittings. This method is an extension of the generalized
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likelihood technique developed by Fan, Zhang and Zhang [19] to the partially linear regression
models with measurement errors.
Consider the null hypothesis
Hy: g(u) = a(u,0), (4.1)

where a(-,0) is a given family of function indexed by unknown parameter vector 6. Let én be
an estimator of 8. The pseudo residual sum of squares under the null hypothesis is

PRSSy =n~' > {V; = W/ B, — a(U;,0,,)}>.

i=1

Analogously, the pseudo residual sum of squares corresponding to model (1.1) is

PRSS; = n~ ' > {Y; = W7 B, — 5.(U3)}>.

i=1
The test statistic is defined as

_ PRSS) — PRSS, _ PRSS,
7 PRSS,  PRSS,

Ty

We have the following theorem for 7,.
Theorem 4.1 Under the null hypothesis (4.1) and Assumptions 2.1-2.4, if h — 0 in such
a way that nh®'? — oo, then the test statistic

rgl, —p Xgn, as n — 00,

where

- (K(O) _ % /KQ(u)du){/(K(u) _ %K " K(u))Qdu}*l,

5, = rK%(K(O) - %/KQ(u)du),

K x K denotes the convolution of K and U] is the length of the support Q2 of U.

We reject the null hypothesis (4.1) for large values of T),. The following bootstrap approach
is used to evaluate p-value of the test.
(1) By fitting the model, we estimate the pseudo residuals by

a:}/;_WZTBn_/g\n(Ul% Z:].,,TL

(2) Generate the bootstrap residuals {e}}!_; from the empirical distribution of the central-

n
ized residuals {&; — £}, where £ =n""1 > &,. Define
i=1

Y =W B, +Ga(Us) +ef fori=1,---,n.

(3) Calculate the bootstrap test statistic 77 based on the sample {U;, W;, Y*}1" ;.

K3

(4) Reject the null hypothesis Hy when T;, is greater than the upper-a point of the condi-
tional distribution of T0r given by {U;, W;, Vi }1 .
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The p-value of the test is simply the relative frequency of the event {T)* > T,} in the
replications of the bootstrap sampling. For the sake of simplicity, we use the same band-
width in calculating 77 as that in 7). Note that we bootstrap the centralized residuals from
the semiparametric fit instead of the parametric fit, because the semiparametric estimator of
the residuals is always consistent, no matter the null or the alternative hypothesis is correct.
The method should provide a consistent estimator of the null distribution even when the null
hypothesis does not hold.

5 Covariate Selection

Model selection is an indispensable tool for statistical data analysis. However, the problem
has not been studied in the semiparametric regression model with measurement errors. Fan and
Li [15] proposed a variable selection method via nonconcave penalized likelihood and found some
oracle properties. These nice properties encourage us to extend the technique to the partially
linear regression model (1.1) with measured errors (1.2). It gives us a quick and effective method
for eliminating unimportant variables. We here propose a nonconcave penalized corrected profile
least squares procedure, which is described as follows.

5.1 Penalized corrected profile least squares

Suppose that B consists of p components, and some of these are not significant. A penalized
corrected profile least squares takes the form

P
s=1

where the ps(-)’s are penalty functions, A\’s are tuning parameters which control the model

complexity and can be selected by some data-driven methods, such as cross-validation or gen-

eralized cross validation, and

1 - n -
((B) = §(Y—Wﬁ—G) (Y—Wﬁ—G)—§5 %,
where G = (¢g(Uy), -+ ,9(Un))7, Y and W are defined in Section 2. Here the penalty functions
ps(-) and the regularization parameters \s are not necessarily the same for all s = 1,--- | p.

This allows us to incorporate prior information for the unknown coefficients by using different
penalty functions or taking different values of A\;. For instance, we may wish to keep important
predictors in the parametric part of model (1.1) and hence do not want to penalize their
coefficients. For ease of presentation, we denote A\sps(-) by pa. ().

After eliminating the nuisance function g( - ) by the profile techniques, we obtain the follow-
ing penalized corrected profile least squares:

1l & = & = n . P
£(8) = 5(¥ ~WB) (Y ~ W) — 53758+ 1> Aaps(1535]), (1)
s=1
where Y and W are defined in Section 2.
Many penalty functions, such as the family of L,-penalty (¢ > 0), have been used for
penalized least squares and penalized likelihood in various parametric models. For instance,
q = 0 corresponds to the entropy penalty, L penalty results in the LASSO, proposed by
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Tibshirani [32], and bridge regression (see [20]) corresponds to 0 < ¢ < 1. Antoniadis and
Fan [1] and Fan and Li [15] provided various insights into how a penalty function should be
chosen. They advocate that a good penalty function should yield an estimator with the following
three properties: unbiasedness for a large true coeflicient to avoid unnecessary estimation bias,
sparsity (estimating a small coefficient as zero) to reduce model complexity, and continuity to
avoid unnecessary variation in model prediction. Necessary conditions are given in [1]. None
of the L, penalties produce any estimator satisfying simultaneously the above three properties.
According to [15], a simple penalty function, which results in an estimator with the three desired
properties, is the smoothly clipped absolute deviation (SCAD) penalty. Its first derivative is
defined by

(aA _ﬁ)"’I(ﬁ > /\)} for some @ > 2 and 8 > 0,

PA(B) = )\{I(ﬂ <)+ RSN

and px(0) = 0. The SCAD involves two unknown parameters, A and a. Fan and Li [15] suggested
using a = 3.7 from a Bayesian point of view. Hence, this value will be used throughout the rest
of the paper.

5.2 Asymptotic properties

Now, we study the asymptotic properties of the resulting estimator of the penalized corrected
profile least squares (5.1). First, we establish the convergence rate of the penalized corrected
profile least squares estimator. Assume that all penalty functions py,(-) are negative, non-
decreasing with py_(0) = 0. Denote by 8, the true value of 8, and

ap, = mgx{|p/>\s( Bos|)| : Bos # 0}

ﬁ03|)| : ﬂOs 7é 0}7 b, = m‘?‘xﬂp&/g(

Then, we have the following theorem.

Theorem 5.1 Suppose that Assumptions 2.1-2.4 hold. If a,, and b,, tend to zero as n —
00, then with probability tending to one, there exists a local minimizer B, of L(8) such that

1B, = Boll = Op(n~12 + ay).

Theorem 5.1 demonstrates how the rate of convergence of the penalized corrected profile
least squares estimator Bn depends on As. To achieve the root-n convergence rate, we have to
take \g small enough so that a, = O(n’1/2). Next, we establish the oracle property for the
penalized corrected profile least squares estimator Z")'n. For ease of presentation, we assume,
without loss of generality, that all of the first ¢ components of 3, are not equal to 0, and all
other p — ¢ components are equal to 0.

Let

B=diag{py, (|Bo1l), -, pX, (1Bog)} and b=(p}, (|Bor|)sgn(Bor), - P, (1Boq|)sgn(Bog))"-

Further, let Bm consist of the first ¢ components of ,@n and ,@ng consist of the last p — ¢ ones.

Theorem 5.2 (Oracle Property) Assume that As — 0 and /nAs — oo as n — oo for
Bs|) satisfies that

s=1,---,p, and the penalty function pj,(

lim inf lim inf w > 0. (5.2)

n—oo ﬁs —0+4 s
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If a,, = O(n=1?), then under the conditions of Theorem 5.1, with probability tending to 1, the
root-n consistent local minimizer B, = (,6;1, B,2)" in Theorem 5.1 must satisfy

(i) (Sparsity) B, = 0;
(ii) (Asymptotic Normality)

Vi (EY £ BB, — By + (Z +B) b} —p Ny(0,38Y),

where 25” and Zgl) consist of the first ¢ rows and columns of X1 and X, respectively, and 3y
and Xy are defined in Theorem 2.1.

From Theorem 5.2, if Ay — 0, \/nA, — oo for s = 1,---,p, a,, = O(n~'/?), and condition
(5.2) is satisfied, then the resulting estimator possesses an oracle property. This implies that the
procedure correctly specifies the true model and estimates the unknown regression coefficients
as efficiently as we knew the submodel. If all the penalty functions are SCAD, then a,, tends
to 0 as n — oo, and hence the resulting estimator possesses the oracle property.

5.3 Choice of regularization parameters

It is challenging to find the solution of the penalized corrected profile least squares of (5.1)
s|), such as the L, penalty (0 < ¢ < 1) and the SCAD
penalty, is irregular at the origin and may not have a second derivative at some points. Following

because the penalty function py_(

[15], we can locally approximate the penalty functions by quadratic functions as follows. Given
an initial value B() that is close to the minimizer of (5.1). If 69 is very close to 0 (for instance,
| 690)| less than a prescribed value 1), then set Bs = 0. Otherwise, the penalty . (

<|) can be
locally approximated by a quadratic function as

(18]
)\T}ﬂ&

The further details can be found in [15]. With the local quadratic approximation, the Newton-

[P, (

DI =i

s = {

Raphson algorithm can be implemented directly for minimizing £(3).
To implement the method described in the previous sections, it is desirable to have an

automatic data-driven method for estimating the tuning parameters A;,---,\,. Similarly to
[15], we can estimate (A1,---,A,) by minimizing an approximate generalized cross-validation
score.

6 Estimated Errors Variance

Although in some cases the measurement error covariance matrix 3¢ has been established
by independent experiments, in others it is unknown and must be estimated. According to
[5, Chapter 3], the usual method for doing so is by partial replication, so that we observe
Wij = Xi+Gijs J=1,---,ms.

For notational convenience, same as [27], we consider here only the case that m; < 2 and
assume that a fraction & of the data has such replicates. Let 7; and Y; be the corresponding
sample means of the replicates. Then a consistent, unbiased moment estimator for 3¢, is

i (Wij — W) (Wiy — W)

)

H

.
Il
—
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Correspondingly, the corrected profile least squares estimator is

n
—

. N~ N L
B, = { W, —n(1-6/2)Sc} WiV,
i=1 i=1
where (Y, ,Y,)" =, —S)(Yy,---,Y,)",and (Wy, -, W,)" = (I, —=S)(Wy,--- ,W,)".
According to [27], Bn is root-n consistent and asymptotically normal with asymptotic covariance
matrix 7'TE 7!, where

T'=(1-0)E{(c—("B)(X - E(X|U))}** +6E{(c - { B)(X — BE(X |U))}*”
ol (- 2)m)8) e
Corl{(E - (- Dym)a) e

A®2 = AA™ and ( refers to the mean of two (’s.

If we replace Y; by Y; and W; by W, in Sections 3-5, the bandwidth selection method still
work, Theorems 4.1, 5.1 and 5.2 still hold except that Egl) consists of the first ¢ rows and
columns of T'.

7 Some Simulation Studies

In this section, we carry out some simulation studies to demonstrate the finite sample
performances of the proposed procedures.

Example 7.1 (3¢ Known) The data are generated from the following semiparametric
regression model

Yi =xiaf+Tfe + - Faigfs +g(ui) e, i=1,--,n,
Wis = Tis + Cis;
where x; = (i1, -+ ,28)" ~ N(0,41g), 1 = f2 = B3 = B7 = s = 0, fs = 0.2, B5 = 1.5,
ﬁﬁ = 27 Uq ~ U(Oa 1)7 g(u) = Sin(2ﬂ-u)7 Eq ~ N(Oa 1) and <7 = (Cﬂv o 7<i8)T ~ N(O7 EC) We
take E( = Ig, 0518 and 0318
The means and standard deviations of RGMSEs over 1,000 simulated data are summarized
in the rows labeled “SM” and “STD” of Table 1, respectively. Here, the RGMSE means the

Relative GMSE, the ratio of GMSE of an underlying procedure to that of the corrected profile
least squares estimator without penalization. And for estimator 3,,, the GMSE is defined as

GMSE = (8, — 8)" (%VAVTVV - Ec) (8., — B)

In addition, the average number of zero coefficients is also reported in Table 1, where the row
labeled “C” presents the average number, restricted only to the true zero coefficients, while the
row label “I” depicts the average number of coefficients erroneously set to 0.

Moreover, we also study the case that 3¢ is unknown.

Example 7.2 (3; Unknown) For w, we have replicated measurements

wijs:xis—’_gijsa i:17"';n7j:172;8217"';87
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Table 1 Relative approximate model error for Example 7.1 with known 3.

n =200 n =300 n=400 n =500
Ye=1Iy SM  0.5002 0.4651  0.4668  0.4376
STD 0.2580 0.2526  0.2587  0.2537
C 4.6720  4.7200  4.7500  4.7780
I 0.5540  0.4320  0.2960  0.1760
3:=05Ig SM 04862 0.4921 0.4985  0.4950
STD 0.2465 0.2507 0.2431  0.2431
C 4.7000  4.7200  4.7240  4.7100
I 0.0980  0.0160  0.0020 0
3:=03I SM 0.5054 0.5147 0.4866  0.4970
STD 0.2638 0.2452  0.2379  0.2514
C 4.6800  4.7300  4.7680  4.7060
I 0.0080  0.0040 0 0

Table 2 Relative approximate model error for Example 7.2 with unknown X

n =200 n =300 n=400 n =500
Ye=1Iy SM  0.4887 0.4971  0.4894  0.4762
STD 0.2625 0.2517  0.2512  0.2508
C 4.7080  4.7020  4.7040  4.7560
I 0.5920  0.4140  0.2840  0.1980
=05l SM 04779 04971 0.5060 0.4979
STD 0.2518 0.2508  0.2455  0.2422
C 4.7260  4.7640  4.7580  4.7380
I 0.0900  0.0200  0.0060 0
3:=03I SM 0.5027 0.5270  0.5100 0.4713
STD 0.2470 0.2330 0.2453  0.2332
C 4.7140  4.7160  4.7300  4.7840
I 0.0160 0 0 0

and other symbols are the same as those in Example 7.1. The results are summarized in Table
2. Here, for estimator 3,,, the GMSE is defined as

GMSE = (8, — 8)” (%VAVTVAV - ﬁc) (B, — B).

From Tables 1 and 2, we can see that the proposed covariate selection procedure performs
very well. Whether 3. is known or unknown almost has no influence on the results.

The following example is used to demonstrate the level and power of the proposed bootstrap
based goodness-of-fit test.

Example 7.3 The data are generated from the following semiparametric regression model
yi = v 1 +xiofBe +g(ui) &, i=1,--,n,
Wis = Tis + Cis,

where (z;1,2:2)7 ~ N(0,412), 1 = 1,82 = 1.5, u; ~ U(0,1), &; ~ N(0,1) and ¢; = (Gi1, i2)™ ~
N(0,%¢). We take 3¢ = 0.5I and n = 200. We consider the following null hypothesis:

Hy:g(U;)) =0U; foralli=1,--- n (alinear regression model)
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against the alternative
Hy : g(U;) # 6U;  for at least one i.

The power function is evaluated under the following alternatives indexed by c:
Hy : g(U;) = 0U; + sin(enlU;), i=1,---,n.

The goodness-of-fit test described in Section 4 is applied to simulations with 500 replicates.
Figure 1 plots the simulated power curve against c¢. When the null hypothesis is true, the
power is very close to the significance level 5%. This demonstrates that bootstrap estimate of
the null distribution is accurate. The power curve also shows that our test is quite powerful.

09 B

0.81 7

0.6 4

power
o
(%]
T
L

0.4r B

0.2 q

0.1 B

Figure 1 The power curve of testing the goodness of fit of model with n = 200
and 3¢ = 0.5I2. Power curve (slide) and 5% level (dotted)

8 Concluding Remarks

Covariate with measurement error is very common in practical application. In this paper,
we have placed the emphasis on the partially linear regression models in which the covariates
of the parametric part are measured with additive errors. We studied the statistical inference
of this type of models. We proposed a simple bandwidth selection procedure which is a combi-
nation of the difference-based technique and cross validation method. Moreover, we proposed a
goodness-of-fit test, which is an extension of the generalized likelihood technique to the setting
of such models. In addition, we proposed a covariate selection procedure to select the significant
covariates in the parametric part of such a model. The procedure is based on the nonconcave
penalization and corrected profile least squares, and the resulting estimator owns an oracle
property.

In some situations, the additivity of the measurement errors may be not true (cf. [24, 25]
and so on). Thus, new procedures are needed to develop. Moreover, to extend our results to
more general semiparametric measurement error regression models such as varying-coefficient
partially linear measurement error regression models is also an interesting topic.
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Appendix Proofs of Main Results

The proof of Theorem 2.1 is similar to [27, Theorem 3.1]. Combining the root-n consistency,
Theorem 2.2 is a traditional result of nonparametric regression. The proof of Theorem 4.1 is
similar to [19, Theorem 5]. Therefore, we focus our proof on Theorems 5.1 and 5.2.

In order to prove Theorems 5.1 and 5.2, we first present a lemma.

Lemma A.1 Under the conditions of Theorem 5.2, with probability tending to 1, for any

given B satisfying |37 — Bo1 |l = Op(n~=1?) and any constant c,
£ >0<‘I'7 O‘r _ ,C *‘r’ *TN\T .
(8707} = | min | L{(BT.87))

Proof The proof is the same as that of [17, Lemma A.1]. We are going to show that with
probability tending to 1 as n — oo, for any 87 satisfying |37 — Bg; || = Op(n~'/2), and ||B5] <
en~1/2, %ﬁﬂs) and (¥ have the same signs for 8 € (—en='/2,en=1?) for s = ¢+ 1,--- ,p.
Thus, the minimizer attains at 8, = 0.

For ¥ #0and s=q+1,---,p,

0L(B")
9Ps

where ¢,(3") = %g:). It is easy to see

= (,(B") + npj, (

<|) segn(65),

n p
Z (T T80~ 1> Ao + SO WLTT (B — B)— > (5 — o) S
i=1 7j=1 =1 j=1

where X, is the (j, s)th element of ¥;. By the same argument as for the proof of Theorem
2.1, we can show that

n P
! Z Wis(Ys = Wi Bo) — ZﬁOjZ(js = 0,(n~1/?).
i=1 j=1
Further, noting that [|3* — Bo|| = Op(n~'/2) by the assumption, we can show that n=1¢,(3")
is of the order O,(n~'/?). Therefore

9L(B")

a5 = AT (B2 sen(52) + Opln= AT}

Since
lim inf hmmf Ay (|ﬂ:|) >0 and (n%)\sr1 — 0,
+

the sign of the derivative is completely determined by that of 8%. This completes the proof.
Proof of Theorem 5.1 Let

£(8) = 5(Y ~WB) (¥~ W)~ 2F7ScB+n) .

s=1

)-

Denote o, = n~Y/2 4 a,,. It is sufficient to show that for any given d > 0, there exists a large
constant ¢ such that

P{ inf L£(8+ an )zc(ﬁ)}z1—d.

lull=e



220 J. H. You, Q. F. Xu and B. Zhou

This implies, with probability at least 1 —d, there exists a local minimizer in the ball {3+ a,u :
[lu]| < c¢}. Define
Dr(u) = L(B + anu) — L(B).

Note that py.(0) = 0 and py, (|8s|) is nonnegative. Therefore, it holds that

P D) 2 SV - W(B -+ aqu)) (Y = W(B+ agu)) — (Y = WH)'(Y - W)}

~ 5B+ ) BB+ anu) ~ B7EBY+ D o

s=1

ﬁs + anusD _pks(

s}

Clearly
1

5 A = W(B+ ) (Y - W(B + a,w) — (Y - WB) (Y - Wg)}

- %{(ﬁ + a,u) X (8 + apu) — B30}

a2~ 1 —~ N a?
= "u"WWu-—(a,Wu)" (Y - Wg3) -, Zu— ——u"3u
2n n 2
a2 1 = o a?
= 2—"uTWTWu — — (e, Wu)" (€ —¢B) — a8 Zcu— T"uTZCu
n n

a?l T 1/\7'/\ 1 T * 1 T T 1 T

= Zu (ﬁw W—Ec)u—an{ﬁu X*(U)(e ~ ¢B) + -u¢e —u (EC c—zg),@}
+ Op(n™2an|uf)

= J1+ 2+ Op(n "2y u]),

say, where ¢ = (G, , )™, € = (e1,++,64)7, € = (I, — S)e, € = (I, — S)¢, and X*(U) =
(E(X1|U1), -, E(X,|Uy))". Since when n is large enough

1l = 1
EWTW — ¥ =Cov(X — E(X|U))+O,(n"2) >0,

Jy is of the order c?a?. Note that n~'/2a,, = O,(a2). By choosing a sufficiently large ¢, J;

will dominate the second term, uniformly in |Jul| = ¢. Furthermore,

> Al
s=1

Bs + anus|) = pa.(

s}

is bounded by
Vaanan|[ul| + ai by [[ul* = caf (/g + bac)
by the Taylor expansion and Cauchy-Schwarz inequality, where ¢ is the number of components

of 3. cai(\/& + byc) is dominated by Jy as b, — 0, by taking c¢ sufficiently large. This
completes the proof of the theorem.
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Proof of Theorem 5.2 Part (i) directly follows by Lemma A.1. Now we prove Part (ii).
Using argument similar to the proof of Theorem 5.1, it can be shown that there exists a 3,,;
in Theorem 5.1 that is a root-n consistent minimizer of £{(87,07)7}, satisfying the penalized

corrected profile least squares equations:

OL{(B,,07)7)

=0.
9B,

Further, we have

OL{(B,,,07)"}

55 — WO - WOB) —ass, + (WOWOT —nx)(G,, - 8))
1

—n[b+{B+0,(1)}(B,1 — B1)],

where W) consists of the first q columns of \/7\\7, and Eél) consists of the first ¢ rows and
columns of 3.
Similarly to Theorem 2.1, we can show that

1 o~ o~
——n{W(1>(Y ~ W) +n=M8,} —p N(0,25Y), asn — oo,

where Zgl) consists of the first ¢ rows and columns of 3. Thus, by Slutsky’s Theorem, it
follows that

Va{SY + BB, — B + (= +B) b} —p N(0,5),

where Egl) consists of the first ¢ rows and columns of 31. This completes the proof of Theorem
5.2.
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