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Stability of Multidimensional Phase Transitions
in a Steady van der Waals Flow
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Abstract In this paper, the author studies the multidimensional stability of subsonic
phase transitions in a steady supersonic flow of van der Waals type. The viscosity cap-
illarity criterion (in “Arch. Rat. Mech. Anal., 81(4), 1983, 301-315”) is used to seek
physical admissible planar waves. By showing the Lopatinski determinant being non-zero,
it is proved that subsonic phase transitions are uniformly stable in the sense of Majda
(in “Mem. Amer. Math. Soc., 41(275), 1983, 1-95”) under both one dimensional and
multidimensional perturbations.
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1 Introduction

The motion of an isothermal (or isentropic) 3-dimensional steady flow is governed by the
following well-known Euler equations

9z (pu) + 9y(pv) + 9y(pw) = 0,

9 (pu? + p(p)) + By (puv) + 9y (puw) =0, (1.1)
9z (puv) + 9y (pv® + p(p)) + 0y (pvw) = 0, '
0 (puw) + 0y (pvw) + 9y (pw? + p(p)) = 0,

where p is the density of the flow, (u,v,w)” is the velocity of the flow and p is the pressure
which is a function of p. Denote by U = (p, u,v,w)T,

pu pv pw
2

| pum+p . puv - puw

B =" 0 O = 2 BOy=|

puw pLw pw2+p
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and

AL(U) = (VuFo(U)) ' Vu Fi(U)

puv —p?uw p2u? 0
_ 1 —uvc? puv —puc? 0
T opu(u? = 2) | (u? = ?)e? 0 pu(u?—c?) 0 ’
0 0 0 po(u? — c?)

pulw —p2uw 0 p2u?
- 1 —uwc? puw 0 —puc?
~ pu(u? — c?) 0 0 pw(u? — c?) 0 ’
(u? — c?)c? 0 0 pw(u?® — c?)

where ¢ = d,p(p) is the sound speed. The Euler equations (1.1) can be rewritten in the
following abstract form
0. Fo(U) + 0, FA(U)+ 0.F»(U) =0 (1.2)

or

0,U + A1 (U)0,U + As(U).U = 0. (1.3)

When the flow is supersonic, namely
u? + 02 +w? > 2, (1.4)

the system (1.1) is a hyperbolic conservation law, which is the case we are dealing with in
this paper. In such case, nonlinear waves such as shock waves, rarefaction waves and contact
discontinuities usually appear in a ~y-pressure law flow. A vast literature has been devoted
to such topics and there still remain interesting open problems. See [3, 4, 9, 10, 12, 19] and
references therein.

However, in a supersonic flow of van der Waals type, besides the three kinds of nonlinear
waves mentioned in the above, subsonic phase transitions also exist due to the non-monotonicity
of the state equation, which is given by

RO a
p(T) = T_b 72 (1.5)

where 7 = p~!

is the specific volume of the fluid, @ is the temperature of the fluid which is
assumed to be a constant in an isothermal fluid, R is the perfect gas constant and a,b are
positive constants. For 5 <6 < ;—;R, the state equation (1.5) is not monotonic with respect

to 7. Precisely speaking, we can find 7., 7" € (b, 4+00) such that

(1.6)

d:p(t) <0, 7€ (b7)U(T",+00),
d:p(t) >0, 7€ (1%, 7").

From the physical point of view, the fluid is in liquid phase for 7 € (b, 7..), while it is in vapor
phase for 7 € (7%, 400). The region (7., 7*) is a highly unstable region, where non state can be
found in experiment (see [5]).

A subsonic phase transition is a discontinuous solution to the Euler equation (1.1) with a
single discontinuity, which changes phases across the discontinuity and satisfies certain subsonic
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condition on both sides of the discontinuity. To explain the concept with more detail, let us
consider the following planar subsonic phase transition

Ufz(p77u77v77w0)a y <oz,

(1.7)
U+: (p+7u+7v+7w0)a y>ox,

U(Z‘, Y, Z) = {

where pi,ug,vs,w are constant states of the flow, o is the constant speed of the discontinuity
{y = oz} and py belong to different phases. The solution (1.7) satisfies the Rankine-Hugoniot

condition
o[Fo(U)] = [F1(U)] =0, (1.8)
and the subsonic condition
ou+ — U4+
My — ’7‘ <1, 1.9
= ceV1+ o2 (1.9)
where [-] denotes the difference of a function across the discontinuity {y = oz}, My and

¢t = d,p(ps) are the Mach numbers and the sound speeds on each side of the discontinuity
{y = oa} respectively.

Due to the subsonic property (1.9), the well-known Lax entropy inequality for classical
shock waves is violated, which will be stated in detail in Section 2. Hence, other admissible
criterion is needed to single out physical admissible subsonic phase transitions. There are
several candidates, among which the viscosity capillarity criterion is an important one. The
viscosity capillarity criterion was first introduced by Slemrod [14] to study phase transitions
in an unsteady van der Waals fluid. Ever since, the study of unsteady van der Waals fluid,
especially on problems in one dimensional spaces, has been carried out in many works. See
[14, 13, 8, 5] and references therein. There are also works concerning multidimensional problems
in an unsteady van der Waals fluid. See [1, 2, 15-17] and references therein.

However, there is not much knowledge on steady van der Waals fluid. The purpose of
this paper is to reveal some insights of subsonic phase transitions in a steady supersonic flow
of van der Waals type. The viscosity capillarity criterion will be applied to select physical
admissible solution. Then, we will prove the uniform stability of multidimensional subsonic
phase transitions by showing the validity of Lopatinski condition (see [6, 11]). Without giving
much detail, here we briefly state the main result of this paper.

Theorem 1.1 There exists v1 > 0 depending on the bounds of Uy and o given in (1.7),
such that for 0 < v < vy, the v-admissible phase transition (1.7) is uniformly stable.

The definition of the parameter v and r-admissible will be given in Section 2, and the
uniform stability will be described in detail in Section 4.

The rest of this paper is arranged as follows. In Section 2, the viscosity capillarity is
introduced. In Section 3, we derive the linearized problem and prove the one dimensional
stability. The multidimensional stability is proved in Section 4.

2 Admissible Criterion

In this section, we explain how subsonic phase transitions violate the Lax entropy inequality
(see [7]) in a supersonic flow. Then we introduce the viscosity capillarity criterion and the
additional jump condition derived by such criterion.
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Compared with subsonic phase transitions in an unsteady fluid, those in a steady flow do
not satisfy the Lax entropy inequality either. Considering the planar wave (1.7), we assume
that the following supersonic condition is always valid in the coming arguments

ui — i > 0. (2.1)
Denote by
+ 1 A
)\1 :m(uivi—ci :t),
+ _ b+
)\2 = E,
1
Ay = oy (Ut +exy/ D),
T~ Cc%

the eigenvalues of A;(UL) respectively with Ay = u% + v} — ¢, which satisfy
A <A < AF. (2.2)
Then, the following theorem shows how the Lax inequality is violated.

Theorem 2.1 The subsonic condition (1.9) is equivalent to
MNo<o<\f (2.3)
for the planar subsonic phase transition (1.7).

Obviously, the Lax inequality for 1st-shocks (3rd-shocks), A\] < o < AT (Af <o < Aj) is
no longer valid.

In order to single out physical admissible solution, Slemrod [14] proposed the viscosity
capillarity criterion for one dimensional unsteady fluids under Lagrange coordinates. Motivated
by the study of multidimensional problems, Benzoni-Gavage [1, 2] applied this criterion to
unsteady fluids under Euclid coordinates. Here, we also follow the viscosity capillarity criterion
to seek physical admissible phase transitions in a steady flow. For the simplicity of notations,
we will need the following quantities in the coming arguments. Considering the planar subsonic

phase transition (1.7), we denote by u,+ = % and u, = % the normal velocity and

the tangential velocity on each side of the discontinuity {y = o} respectively, j = pyu,y+ the
mass transfer flux, and m = py + j27+. Then, the Rankine-Hugoniot condition (1.8) and the
subsonic condition (1.9) can be rewritten as

1=0, [r]=0, [u]=0, (2.4)
and .9
’uni’ <1 or ]7’ <1, (2.5)
c+ drp(T+)
respectively.

Analogue to the traveling wave method for viscous shocks, the viscosity capillarity criterion
is used to find the planar wave (1.7) which admits the existence of the following traveling wave

u(e =uv(+=—") (2.6)

€
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satisfying U(do00) = Ux and the Navier-Stokes equations
(2.7)

where A = 02 + 85 + 0?2 is the Laplace operator, ev is the viscosity coefficient and €2 is the
capillarity coefficient with ¢ > 0, v > 0. Substituting (2.6) into (2.7) and employing the
Rankine-Hugoniot condition (2.4), we get the following hecteroclinic problem for the unknown
function 7(§) = ﬁ

(2.8)

™ = vjr 47— p(r) - 7,
7(£00) = 74,

where the prime ' denotes the derivative of a function with respect to . As in [2], the admis-
sibility of subsonic phase transitions can be defined by

Definition 2.1 The planar subsonic phase transition (1.7) is admissible if and only if the
problem (2.8) has a solution. The solution 7(§) is called the viscosity capillarity profile or
v-profile for simplicity. The pair (17—, 74) is called v-admissible.

One can find that the hecteroclinic problem (2.8) is exactly the same one for unsteady fluids
(see [2]). Thus, we can take advantage of the known results in [2]. Denote by {7, s} the
Maxwell equilibrium defined by the equal area rule

T™
[ )~ ppar =o.
Then, there exists 7 € (Tar, +00) such that the chord connecting (71, p(71)) and (7, p(7m)) is

tangent to the graph of p = p(7) at (71,p(71)). With 7y and 7,,,, we define

2 = Pr) = p(m)
! Tm — T1

When v = 0, the 0-profile satisfies

=5 plr) - .
{T(:I:oo) =Ti. (2.9)

As in [2], a O-profile 7(¢; j) satisfying the first equation of (2.9) can be found by the generalized
equal area rule, which means

/T+ (m —p(T) — j27')d7' =0.

Moreover, for every j (0 < 72 < j%), a unique pair (7_(j),7+(j)) can be found such that
7_ and T4 can be connected by the O-profile with the parameters j. With the above results,
Benzoni-Gavage [2] proved the structural stability and the existence of traveling waves for small
v by the center manifold method.
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Theorem 2.2 For 0 < 72 < ji, there exist vy > 0 and neighborhoods %y, % of j.

(T—(7),7+(j)) respectively, such that, for (j,v) € Zo x [0,v], there are unique pair (17—, 74) €
Yo, for which T— and 74 are v admissible with the parameters j.

Moreover, an additional jump condition can be derived from the above result for the sub-
sonic phase transition (1.7). As we can see from Proposition 2.1, a subsonic phase transition
has one more characteristic going out of the free boundary than a shock wave. Hence, the
Rankine-Hugoniot condition is not sufficient to guarantee the well-posedness of the correspond-
ing initial boundary value problem. Nevertheless, the viscosity capillarity criterion can provide
the following additional jump condition. By multiplying the equation in (2.8) with 7/(£) and
integrating from —oo to +00 with respect to &, we get

2
f+nr— %72 = —va(j,v), (2.10)

where f = —2 — ROIn(7 — b) is the free energy of the fluid and a(j,v) = j f:r;o(T'(f;j, v))2dé
with 7(&; 7, v) being the v-profile. Noticing a(j,v) being a nonlocal term, we have the following
lemma in [1].

Lemma 2.1 For all v € [0,1], the functions a(j,v) is continuously differentiable. More-
over, ils derivatives are continuous with respect to v at v = 0 and are bounded depending on
the bounds of Uy given in (1.7). There exists a > 0 such that for all j € ¢

}il,% %a(j, v)>a>0. (2.11)

3 Linear Problem and 1-Dimensional Stability

In this section, we propose the nonlinear problem for a multidimensional subsonic phase
transition and derive the corresponding linearized problem. Then we prove the 1-dimensional
stability for the linear problem.

3.1 Linear problem

Compared with the unsteady fluid, in a steady supersonic flow, the variable x can be re-
garded as the time variable (see [4]). Thus, we can endow the Euler equations with the initial
data

(00,2, v < (o).
U(O’y’z)‘{vﬂy,z), y > ool2), 31

which changes phases across the discontinuity {y = ¢o(z)}. With certain compatibility condi-
tions on the initial data (3.1), we can expect to construct the multidimensional subsonic phase

transition

) U-(z,y,2), y<o(r,2),
Uz,y,2) = {U+(x’y72)7 Y > oz, 7). (3.2)
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which satisfies the following nonlinear initial boundary value problem

0:Usr + A1 (U1)0yUs + A3(U+)0.U+ =0, x>0, £(y — p(z,2)) >0,

pa[Fo(U)] = [F1(U)] + ¢:[F2(U)] = 0, y = e(z,2),
(Pt —v + pw)?
2(1+ 93 +¢2)

Us(0,y,2) =UL(y,2), ¢(0,2) = o(2),
where the second equation is the Rankine-Hugoniot condition, the third equation is a reformu-
lation of the jump condition (2.10) with I(p) = f + p7 and a(j,v) = j sz(Tl(g;j, v))2d¢ with

P (pautr—vitp,wy) \
V1t+e2+e2 y=op(z,2)

I(p)—l— :_Va(jvy)a y:(P(xaz)a

j= and 7(&; j,v) satisfying

" =vjr’ + 7 —p(r) — j°7,
T(£00) = Tt |ly—p(a,2)-

Following Majda’s approach (see [11]), we use the following transformation

’z{i +(y —p(z,2)), *(y—(z,2)) >0, (3.4)

U(#,5.%) = Ulz,y,2)
to map the free boundary {y = ¢(z,2)} to the fixed boundary {y = 0}. Then the problem
(3.3) becomes

0, U+ £ (Al(Ui) — (pII — @ZAQ(Ui))ain + Ag(Ui)aZUi =0, z,y>0,

p2[Fo(U)] = [F1(U)] + ¢:[F2(U)] = 0, y=0,
w— w)2 (3.5)
|:I(p) + (igzl i @2—’_‘:0;2)) :| = —I/(L(j, V)7 y =0,

Us(0,y,2) = U:(I):(yaz)a ©(0, 2) = po(2),
where we have dropped the tildes for simplicity.
Consider the perturbation, (U{,U<, ), of the planar phase transition (1.7), which satisfies
the problem (3.5) and (US, U<, ¢)|c=0 = (U4, U—,0x). Denote
d € € €
(V+7 V*a d}) = E(UJH Ufa ® )

€=

Then, the following linearized problem for the unknowns (V, V_ 1) can be derived from (3.5),
0. Ve £ (A1(Ux) —0l)0y Vi + As(U+)0. Ve = f1, x,y >0,

bovz + b1, + MLV + M V- =g, y=0, (3.6)
(Vi, Vo, 9)|e<o vanishes,
where
[Fo(U)] [F2(U)]
bo = uy ~ ) by = wo ~ )
H.T([un] +vpy) m([un]+up+)

My — (0F6(U+)l+— Fll(UJr)) o= (—aFé(Ul)+ F{(U)> ’
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where

L (Ci—i—ﬂj 0(tny +0py)  Uny +Dpy 0)
L= _

p+ = i+oz T Ji+o2 '

2

C OUp— Up—
l—:(___a_ = ’ = 50)5
p—  V1+o?2 V1+02

_ (oug—vy) _ (uz+ovy)

with u,+ A U T e Jj = p+un+ and v = vd;a(j,v).

3.2 1-dimensional stability
The 1-dimensional stability is concerned with the case that (Vi,V_,4) does not depend on
the variable z, which indicates the main problem is the problem (3.6) without derivatives with
respect to z, namely
8mVi + (Al(Uj:) — Uf)ayvi = fi, x,Y > 07
bos + MLV + M V_ =g, y=0, (3.7)
(Vi,V_,4¥)|z<o vanishes.

The above problem is essentially a one dimensional initial boundary value problem, for which
we have the following result on the stability (see also [18]).

Theorem 3.1 There exists v1 > 0 depending on the bounds of Uy and o, such that for
0 < v < 11, the subsonic phase transition (1.7) is stable with respect to perturbations in the
y-direction, which means the problem (3.7) being well-posed.

Proof Without loss of generality, we assume
Jj=pttune >0 and wuy >0, (3.8)

and other cases can be studied similarly. The main idea of the proof is to show that the
boundary values of outgoing characteristics and the free boundary can be determined by the
boundary conditions, for which we need to calculate the eigenvalues and eigenvectors of the
matrix A;(Us) — ol. The eigenvalues of A;(Uy) — ol are

1
)\?:ﬁ(ﬂivi—Ci Ai)—o,
T+~ C4
1
AT = m(uivi +ervAr)—o
T -1
of multiplicity 1 and
+_ U+
Ay = — —
+

of multiplicity 2, where AL = u% +v3 — ¢4. The corresponding right eigenvectors are

+ pr(us/Dy —vicr)  uzvy —cpy/Dy T
= - 2 2 y 2 2 ) ]-7 0 )
ct(ui —ci) uy —Cc4

n (pi(ui\/ﬁi—i—vici) _uivi—i—ci\/ﬁi 1 O)T

NN 7 R} B ]
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and
5 = (0,us,v+,0)7, 7 =(0,0,0,1)T

respectively. Denote by

+ + o+
Vi = viry 4 v3i75; + vaaras + v s

the decompositions of V4 on the bases (rf, rétl, r2i2, r?) respectively. Noting the subsonic con-
dition (2.3) and the assumption (3.8), we have

Ay <0<\

Accordingly, the boundary conditions of (3.7) can be rewritten as

wf vy

U1 vy
(bo,.//_7”1_,.//_7“2_1,.//_7“2_2,(//_}7“;) Va1 _(er:;a'//+rf_v‘%+r;1a%+7ﬁ;2) ,U}'r (3'9)

’U;— 21

to separate the outgoing characteristics together with the free boundary from the incoming
characteristics. Obviously, the necessary and sufficient condition for the well-posedness of the

problem (3.7) is that the determinant
9 = det (bo, M1y, M—_15, M_T5, M7 ) (3.10)

does not vanish. Direct computation yields

[pu] Rt VAA p—u_ 0 ’C’—i\/AJr
) [ou® +p]  E=(uo /A +voco)  2p-u 0 E(up /Dy —vicy)
—\ =2+
g A\'z/%f’;“ [pu]wo powo /AT pou_w 1 bt /KT
o
[puv] oA —u_c) 2p_u_v- 0 E(up /Ay +upes)
wr ([un]+7, ~
% Ur U_Up— O —Uy + VP—JF« .
jod e /A pu e /A
| P B ) 2l p—1( VBT - vses)
V1+ 02 [puv) Ee(vo/A- —u_c) 2p_u_v_ C—+ v/ Dy +ugcy)
wr ([un]+7, 0
% Ur U—Up— _uT+I//+\/A+
2
AN AT pou -~
E%a + 1),
where
[pu] =VA- p—u— VAL
[pu? +p] E=(u_/Do v 2p_u?  PE(upy/Dy —vicy)
| o] (/Do —uce ) 2p-u_v- Er(vi/Dy +ugcy)
u*l[j:gl Uy U Uy —Uy
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ul N pou- e /B
2

EE(ug /Ay —vypcy)

I = T
[puv]  E=(v_\/A_ —u_c ) 2p_u_v_ ’— (v /Dy +upcy)
urp P
Vito? 0 0 o VA

—un—) (U-Qr + un-{—un—)

Up4Ur — ui) (u? + v%)), (3.11)
CyC_ Ct

which implies II is a bounded term depending on the bounds of Uy and o. Therefore, we claim
that for sufficiently small v, the determinant A is nonzero.

4 Multidimensional Stability

First, let us introduce the uniform stability in [11]. Denote V' = (V,V_)T and denote by
V(s,w,y) @n? / / ~(sr ey (g g, 2)d2zda

the Laplace-Fourier transform of V in (z, z) with Res > 0. Then from (3.6), we know that V
satisfies

oV S 2
B = B(s,w)V + f, (4.1)
where
o —(A(Us) — o) (sI +iwAs(UL)) 0
B(s,w) = ( i 0 o (A (U_) — oI) " (s] 4 iwAs(U_)) )

and f = ((A1(U4) — o) o, (AL (U-) — o)1 )T,
Denote by {A; }5-21 all distinct eigenvalues of B(s,w) with multiplicity being m,;. Obviously,

we have
l

= @Ker[()\jl — B(s,w))™].

j=1
Introduce
ET(s,w) = {w; € Ker[(A\;I — B(s,w))™] | ReA; <0, 1 <j <1},
the space of boundary values of all bounded solutions of the special form

m7—1

swy Z ”’Z )\I B(s,w))Pw;

Re); <0

to (4.1) with f = 0. Then the uniform stability result can be stated in detail by the following
theorem.
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Theorem 4.1 There exists v1 > 0 depending on the bounds of Uy and o given in (1.7)
such that for 0 < v < vy, the v-admissible subsonic phase transition (1.7) is uniformly stable,

i.e. there exists n > 0 such that the estimate

o |(bos + ibyw)pu + MLV + MV _* > > (Vi |* + |[V)? 4 p?) (4.2)
s> +aP=1

holds for all V = (V.,V_) € ET(s,w) and p € R.

4.1 The space ET(s,w)

In order to establish the estimate (4.2), we need to investigate the structure of the space

E*(s,w). For simplicity, we only consider the case that
j=pstupe >0 and wux >0, (4.3)

and other cases can be studied similarly.
Taking the Laplace-Fourier transform on the equation of (3.6) with fi+ = 0 and making the
transformation Vi = T4 7, with

0 0 bx 0
Ct
1 o _ c+0 0
Tj: — V1+o2 V1+to2 Un4+V1+02 (4 4)
1 1 ct 0 ’
1402 1+02 Up+V1+02
0 0 0 1
yield
074 ~
—ay = :FNi (S, w)Zi, (4.5)
where
_so — = 0 £x8 0
TLni TLni
0 —s0 — = ks 0
N o nk U+
== _ C4Unss c45 Cso — (“ii‘i‘ci)g _iwerups V1do?
unp—cl unp—ci (uh s —c)unz unp—cl
o iwcim _ s
0 0 g 50 — o

with 3§ = su, + iwwyv1 + o2.
The eigenvalues of N_(s,w) with negative real part for Res > 0 are

_ S
Af = —s0 — ——
Un+

of multiplicity 2 and
_ —uUp—S—c_/D_
Ay = 2 2
u c*

n—

of multiplicity 1, where /- denotes the positive real part square root of a complex value and

D_ =3+ (s =1+ ) (Wi — %),
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the corresponding right eigenvectors are

en; = (0,iwu,_/1+02,0,3)7, (4.6)
ey = (iwv1402,0,0, —s)T, (4.7)
and
e5 = (_C*S _e8 e (g_ \/_) we_Vito? )T (4.8)
2 s w2 w2 — 2 Ny ) Upy— ' '
The eigenvalue of — N, (s,w) with a negative real part for Res > 0 is

>\+ - _Un-i-g"' Cyt J{/l)_ﬁ.
3 2 2
unJr —C+

)

where
Dy =%+ (2 =214 )2, — )

and corresponding right eigenvector is

€3 2

n ct+s ¢S cy cys iwe_v1+02\T
= (—7—2—,72(—4' D+)57) . (4.9)
Uny ur, ui, —ci

Up+ Up+

Remark 4.1 The above eigenvalues and eigenvectors can be continuously extended to the
case Res > 0, where the notation {/- is still used without causing any confusion.

Considering the above eigenvectors, we have

Lemma 4.1 (ejy, €5, 65 ,€5) are linearly dependent for |s|? + w? = 1 and Res > 0 except
at {(s,w) | 82 +u2_(s* —w?(1 +02%)) =0 or w = 0}.

Proof When w = 0, the vectors e]; and e, are obviously linear dependent.
When 5% +u2_ (52 —w?(14+0?)) = 0, the third component of the vector e; is zero. Therefore,

the determinant

0 iwV1+ o2 P

- ' 5
iwu,—vV1+ 02 0 - | = —u(?+ui_(82 —w*(1+07))=0
ne Up—
3 s iwc_u\/i—}—zﬂ

tells that the vectors ej;, e],, e5 are linearly dependent in this case.
In the above critical cases, the following lemmas help us to find the bases of E¥(s,w).
Lemma 4.2 When w = 0, the vectors
ery = (ur,un_,1,0)7, (4.10)
e, = (0,0,0,1)7, (4.11)

together with (4.8) and (4.9) are linearly independent.

Lemma 4.3 When 5% +u2_ (s> — w?(1 +0?)) =0 and w # 0, we have

‘/1 2
s = %(—uTwoi:tun_\/uz + 02 —l—w%)
us + v
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and A\] = Xy . Then the vector
e5 = (0,2¢_,up_,0)" (4.12)

together with (4.6), (4.7) and (4.9) is linearly independent.

Combining the above propositions, if we naturally expand the eigenvectors as

€11 €12 23 0

o) \o) \o) \et)
then the bases of ET(s,w) are given for |s|? + w? = 1 and Res > 0.
4.2 Lopatinski determinant

Now, we are ready to prove the uniform stability of subsonic phase transitions.

Proof of Theorem 4.1 Taking the Laplace-Fourier transformation on the boundary con-
dition in (3.5) with g = 0 yields

(sbo + iwby )t + M Vy + M_V_ = 0. (4.13)

Employing the transformation (4.4) and multiplying the boundary condition (4.13) from the
left by the invertible matrix

1
Vi 0 0 0 0
o \/1%:02 14—1(72 1412 0 0
I
—wp 0 0 10
0 0 0 0 1
we get the following boundary condition
A+ M+ ML =0, (4.14)
where
slp]
1402
s[p]
1+0’2 — ic%o
c= 0 ) '%ﬁ: - < -~ i)
iw[p] b
H% ([un] +7py)
with
pt(upy—c})
0 re = 0
N L R
0 —2j —7’& — 0
0 0 0 JV1+ o2

p.,.(u%_,_ - C+) 7 0)7

l+ = (07un+ + Fﬁp+7fl;
Up+Ct

I_ = (0, —un_,0,0).
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To establish the estimate (4.2), we need to prove the determinant

Z = det(c, /Zre;', //Zel_l, //Zel_z,///,

nonzero, for which we consider the following three cases.

e)

(i) w=0.

This case is indeed one dimensional, which is already proved in Theorem 3.1. Here we omit
the detail.

(ii) 3% + u2_ (s> —w?(1 +0?)) =0 and w # 0.

In this case, we have

L =(1+0%
3| /D .
T S iwp -ty 0 L= (2 + )
2, picys 0 iwp_ iy 0
0 p+(% — +\/D+) —2iwp_u?_ 0 —p’c#(u%_ +3c2)
iw(p) iwpyer (1+02) Sp_tUp— —Sp_Up— 0
1+§02 ([un] +vpy) — Z‘:j 4 ﬁ’“ui SJFDJF iwu? 0 2p_u? _c_
=1+7v0(1),
where

I— 2iwpyjdcre [T)32 1,

’U,n++/—D )
14 02 ( T Cy +

is nonzero and O(1) is a bounded term depending on the bounds of Uy and o given in (1.7).
Therefore, in this case, we claim that there exits v1 > 0, such that for 0 < v < vy, .Z is nonzero.

(iii) w # 0 and 8% +u2_(s? — w?(1 + 02)) # 0.
In this case, direct calculatlon yields

L =(1+0?
S AR iwp_ iy 0 AL
1‘1@2 P4+CS 0 WP Uy 0
cys _o: 2 c_s +
0 er(un+ +\/DJr) 2iwp_u; 0 p— (un + {/D_ )
iw(p) iwpicy (14 02?) Sp_Up_ —sp_tUp_  iwp_c_(1+d?)
rigelun) +7p4) —EE PRSI 0 =
_ iwpyp (57 + up(s? W(1+02)))(I+;H)’
C4C_Up4Unp—
where
Uy Uy
1= —[r]? ( 4 Untine /B /D )
CyC_
S+2=3/Dy 3,4 U
II = [u,]7— (s? — W?(1 + o2 27—027%—4——,( " {/D_ + "++D)
767 (14 00— ) 5 (e /D
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Let us solve the equation I = 0 on the compact set {(s,w) | |s|? + w? = 1,Res > 0}, which
means solving the equation

C4C_S = —Upyup_ /Dy 3/ D_ (4.15)

for the unknown (s,w). Denote

5?2 —w?(1+0?)
= (4.16)

Taking the square on both sides of (4.15) yields the following equation for the unknown «

1
022 2 (M2 — 1) (M2 — 1) + a(c2 (M? — 1) + 2 (M2 — 1)) + (1 - W) —0,

which has two real roots
1

S EEOE-DAE ) (—(A (M2 ~1)+ 2 (M2~ 1)) £ /D) (4.17)
with
2 2 2 2 2 2 2 2 2 1
A= (A (M3 = 1)+ (M2 = 1) =42 (M2~ 1)(M2 1)1 - W)

where the one with the minus sign should be neglected. From (4.16) and |s|? + w? = 1, we get

R4 1
(s1,2,w1,2) = (:l: , = )7
/ VIH[EeP 1+ ke ]?

K_ 1
83,4,wW34) = (ﬂ: , & )7
Catwst) =\* e T T P

s
Ky — lai\ﬁ(—auTwO:tq/a(ug—i—wS) ~1). (4.19)

For every (s,w) € {(s,w) | |s|> +w? = 1,Res > 0} away from (s;,w;) (i = 1,2,3,4), the item
[ is nonzero, which indicates that we can find v ) > 0, M,y > 0 and open neighborhood

the zero points of 1

(4.18)

where

O\(s,w) of (s,w) such that for 0 < v < y(4,,), the estimate
T+ DT > M, (4.20)

holds for (s,w) € O, .-
4
When (s,w) € |J{(ss,w;)}, the item I vanishes. However, in such situation, the imaginary

=1
part of I + v 1I satisfies

I (I + 7 11)| :’ﬁ‘f_(“"—’ /Do 4 Ut +\/D+)‘ >0
JNc C+

for v > 0. Thus we can find vy, o) = o > 0 with 1 given in Theorem 2.2, M, .,y > 0 and
open neighborhoods &, .,,) of (si,w;) (i = 1,2,3,4), such that for 0 < v < (4, ., the estimate

1+ 510 > My, ) (4.21)

holds for (s,w) € Oy, w,)-
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Therefore, we can find a finite subset {5, w)}h_y of {050 | |s|* + w? = 1,Res > 0}
covering the compact set {(s,w) | |s|* +w? = 1,Res > 0}. By setting v, = k_rlnin N{V(Sk,wk-)}

and M, = kirlnin N{M(Sk’wk)}, we claim that for 0 < v < v, the estimate

I+ 10 > M, (4.22)

holds for (s,w) € {(s,w) | |s|*> + w? = 1,Res > 0}.
Combining the three cases, we draw the conclusion of Theorem 4.1.
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