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Abstract A 2-coupled nonlinear Schrodinger equations with bounded varying potentials
and strongly attractive interactions is considered. When the attractive interaction is strong
enough, the existence of a ground state for sufficiently small Planck constant is proved. As
the Planck constant approaches zero, it is proved that one of the components concentrates
at a minimum point of the ground state energy function which is defined in Section 4.
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1 Introduction

In this paper, we consider existence and concentration phenomena of ground states of the
following coupled nonlinear Schréodinger equations

in RY, (1.1)

h2Au — Vi (z)u + pu® + Buv? = 0,
h2Av — Va(x)v + pov® + puv = 0,

as the small parameter h tends to zero. Precisely, we consider existence of ground states for
sufficiently small h and then asymptotical behaviors of these ground states as h tends to zero.
The small parameter h refers to Planck constant. In physics, Planck constant is a real constant.
From this point of view, we are studying problem of semiclassical limit for Schrédinger type
systems and hence the relations between classical and quantum mechanics. In this paper, we
assume that N = 2,3, pu;,i = 1,2 and § are positive constants, and the potential functions
Vi(z),i = 1,2 are bounded. We remark that the ground state here coincides with the definition
in [29, 30].

The above systems model many physical problems, especially in nonlinear optics and double
Bose-Einstein condensate. In fact, these equations are satisfied by solitary waves of some time-
dependent nonlinear Schrodinger systems appearing in nonlinear optics when the potentials
are constants. p; is positive when the i-th component of the beam is self-focusing. [ is the
interactions between the first and the second component of the beam. As 8 > 0, the interaction
is attractive, and the interaction is repulsive if < 0. The present paper concerns the case
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that $ > 0 and sufficiently large. The interaction terms in these equations make difficulty not
only in studying existence but also in the analysis of asymptotic behaviors as h tends to zero.
Although these systems have variational structures, their associated energy functionals have
indefinite sign and (PS) condition is not satisfied. This is a feature of the problem.

The stationary Gierer-Mainhardt system

P
dAu—u—l—u—:O,

15; in €, (GM)
DAv —v+ — =0,
>

(0 < d < 1, D> 1) with Neumann condition and the partial differential equation in the
shadow system (the s.s. system is indeed an ODE coupled with a PDE)

u—u+uf =0, inQ, (SS)

(¢ < 1), which models different diffusion that can lead to nonhomogeneous distribution of
reactants, have been extensively studied by many authors since the work of Lin, Ni and Takagi
[28, 33-35, 42]. Interested readers can find a good review in [32] and many recent references in
[47]. About the techniques of approximate-solution manifold and Liapunov-Schmidt reduction
for Gierer-Mainhadrt type problems, one can find interesting development in [4, 25] and some
of the ideas of the present paper follows from these developments. It is not our ambition to
give a review of this fast developing field and what we want to emphasize here is that most of
the interesting results on (SS) are based on the understanding of the following equation

Aw —w+wP =0, inRY, (Eq.1)

This is one of our motives to first consider problems on whole space. Recently, Ramos and
Yang [39] studied spiked-layered solutions for a singularly perturbed elliptic system (without
interactions) on bounded domain and their Hamiltonian functional is different from here.

Since the milestone work of Floer-Weinstein [22], there have been many contributions to the
singularly perturbed Schrédinger equation with potential

R*Au—V(z)u+uP =0, inRY. (Eq.2)

Under a mathematical restriction on V', using minimax arguments combined with Ekeland’s
variational principle, Rabinowitz [38] proved the existence of positive ground state. Then
Wang [44] studied the behavior of Rabinowitz’s ground state as h tends to zero and proved that
it concentrates at a global minimum point of V. Wang and Zeng [45] offered a new viewpoint
to study nonlinear Schrédinger equations, especially for those with bounded potentials, both
for existence and concentration of ground states. Ambrosetti, Malchiodi and Secchi [6] gave
multiplicity results of semiclassical solutions (solutions when h < 1) through studying station-
ary points of V. Badiale and D’Aprile [7] and Ambrosetti, Malchiodi and Ni [5] firstly proved
the existence of concentrating sphere of radially symmetric solutions, especially [5] determines
the limit radii as stationary points of an auxiliary potential function. On singularly perturbed
Neumann problem with potentials on bounded domain

e2div(J(z)Vu) — V(z)u +uP =0, in Q, (Eq.3)

using techniques similar to (SS), Pomponio [37] studied the existence of single-peaked solu-
tions and determined the concentrating points through coefficient functions. Other important
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contributions to this problem include Del Pino-Felmer [18-20], Dance-Wei [21], Grossi [23],
Jeanjean-Tanaka [24] and so on. For more general potential cases one can refer to [3, 8, 14],
and to [12, 13, 15] for multiplicity results.

Compared with so fruitful results for singularly perturbed single semilinear elliptic equations
and reaction-diffusion systems with quite different diffusion rates, there are few results on
singularly perturbed systems. This is another motivation of this paper.

Recently, spike-layer solutions of singularly perturbed 2-coupled nonlinear Schrédinger equa-
tions

{WAU_AW+Mﬂﬁ+BMP:O’inQ, (1.2)
h2Av — Xov + pav® + fuv = 0,

(which arises in the Hartree-Fock theory for a double condensate) and ground states of

{AU_M“+M”ﬁ+ﬂmP:0a n RV, (1.3)

Av — Agv + 203 + Buv = 0,

(which are standing waves of time-dependent 2-coupled nonlinear Schrédinger equations in non-
linear optics) are studied mathematically by Tai-Chia Lin and Juncheng Wei [29, 30]. Similar
ideas as for (SS), the study on spikes of (1.2) depends on our knowledge for ground states of
(1.3). One of the main tools is the employ of Nehari’s solution manifold, which has been used
by Conti, Terracini and Verzini [16] to study a class of competing species systems. Their main
conclusions for (1.3) are: (a) there exist ground states when 0 < 8 < By < \/f1fiz; (b) there do
not exist ground states when 5 < 0. As j is large, A. Ambrosetti and E. Colorado [1, 2] proved
the existence of ground states. A. Ambrosetti and E. Colorado’s proof consists of two parts.
The first step is to prove the existence of nontrivial least energy solutions using mountain pass
theorem; the second step is to prove that the nontrivial least energy solutions are in fact ground
states using Morse index. In Section 3, we will give a simplified proof for the second step in A.
Ambrosetti and E. Colorado’s proof and give a sketch of the whole proof for completeness and
later use. For other recent developments of such systems, one can refer to [11, 17].

When this work was finished, we learned that several authors have considered such Schrodin-
ger type system with trapping potentials. To the best knowledge of the author, T. Lin and J.
Wei [31] gave the first contribution to spikes of such systems for negative or small 3. The present
paper will continue to study the existence and concentration of ground states of Schrodinger
systems like (1.1) for large 3, under the restriction that the potentials are bounded from below
and above. The paper is organized as follows.

In Section 2, we give some preliminaries and recall some well-known results. In Section 3,
we give a sketch of the proof of the existence of ground state of problem (1.3) for sufficiently
large B . In Section 4, under the assumption that the global minimum of V;(z) is less than its
limit at infinity, we prove the existence of ground state of problem (1.1) for sufficiently small
h. Asymptotic behaviors of these ground states as h tends to zero are studied in Section 5. It
is proved that, along a sequence hy tending to zero, the ground state sequence converges to a
ground state of equations of type (1.3) and at least one of their components concentrates at a
finite point whose location is determined by an energy function.

For convenience, we call a solution of system strictly nontrivial if each component of the
solution is not identically zero. By nontrivial solution of system, we mean that at least one
component is not identically zero. In the paper, ground state is in fact strictly nontrivial least
energy solution. Sometimes we call a nontrivial least energy solution a nontrivial ground state.
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2 Preliminaries

The energy functional for (1.3) is

1 A 1 A
I(u,v) = / §|Vu|2 + éuQ - %u‘l + §|V’U|2 + 72112 - %v4 - gu%z,
where (u,v) € E and E = H*(RY) x HY(RV).
Let

= inf I(u,v),
= W )

where

M = {(u, v) € T’ /|Vu|2 + Mu? + Vo2 + Av? = /u1u4 + 2Buv? + u2v4}

and
T = H'(RY)\ {0} x H'(RV)\ {0}.
Let
¢ = inf I(~(t
¢= Inf max (v(1)),
where

I'={y e C([0,1], E) [y(0) = 0, I(~(1)) < 0}.

For any (u,v) € T, set

f(t) = I(\/%uv \/ZU)7
¢(u,v) = max f(t)
and let
d= inf ,0).
wiger Y
Lemma 2.1 Suppose > 0. Then
(1) V(u,v) € T, there exists unique t = t(u,v) > 0 such that (v/tu,/tv) € M and ¢(u,v)

= f(®).
(2) c=c=d.

Proof From the definitions of I and f, we have

t t t2 t t 12 2
f) = / §|Vu|2 + 5/\1u2 — %u‘l + §|Vv|2 + 5)\21)2 — %v‘l — Tﬁu%Q

for t > 0. By a direct computation, we get
fi(to) = 0 < Junique to = to(u,v) > 0 s.t. (Vtgu, Vtigv) € M and é(u,v) = f(to).
For any (u,v) € M, by the uniqueness of ¢y,

I(u,v) = rglfg{[(\/fu, Vitv) = ¢(u,v) > inf  ¢(u,v) = d.

(u,0)ET

By the definition of ¢, ¢ > d. On the other hand, for any (u,v) € T,

d= inf ¢(u,v)= infTI(\/t(u,v)u,\/t(u,v)v)Zc

(u,v)ET (u,v)e
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because of (\/t(u,v)u, /t(u,v)v) € M. Thus ¢ = d.
For any (u,v) € M, choose vo(t) = (tAu,tAv) for sufficiently large A so that I(vo(1)) < 0.
Then v9 € I' and

c < = = .
cfr?;igcl('yo(t)) r{l;‘igil(tu,tv) I(u,v)

Hence ¢ < c.
To show ¢ > ¢, we only need to prove that for any v € T, v([0,1]) N M # (. When
0 < ||(u,v)]] <1,

/ |Vul? + M\u? 4 [ Vol? + Av? > /,ulu4 + pgvt + 28uv?.

Since I(y(0)) = 0, v is continuous in ¢ € [0,1], I(y(t)) is continuous in ¢ and I(y(t)) > 0 for
0 <t< 1. If we set y(t) = (ut,v¢), then

/ |Vag|? + A 4 | Vo2 4 Agv? > /,uluf + pgv} + 2pulv?
holds for sufficiently small ¢. By the continuity of I(y(t)), if v € T, v([0,1]) N M = (), then
/ |Vur|? 4+ Mu? 4 [Vor |2 + Aol > /,ulu‘f + pov] + 2Bulv?.

This is a contradiction with I(v(1)) < 0.
The following two lemmas are well-known (see e.g. [9, 29, 30, 41]).

Lemma 2.2 There exists unique positive ground state w of

Aw—w+w?=0, zcRN N <3,

max w(z) = w(0),

w(z) — 0, as x| — oo

which is radially symmetric about the origin and exponentially decays at infinity.
Set w;(r) = \/gw(\/)\_zx), where \; > 0,p; > 0 for i =1,2. Then w; is a positive ground
state of
Aw; — Nw + pw® =0, xRN

and the corresponding least energies are

_ (1 2 2 Fi o4 (5% 1
I = §(|va| +/\iwi)_Zwi =X\ py o,

where

1 1 1
0 /2(|Vw| + w”) Y =3 [Vw|* +w
Lemma 2.3 H!(RY) is compactly imbedded in LP(RYN) for 2 < p < 2* and N > 2, where

2" = ﬁ, HY(RY) denote the set of functions in H'(RN) which are radially symmetric.

This lemma is due to Strauss.
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3 Constant Potentials

The results in this section have been essentially obtained by A. Ambrosetti and E. Colorado
in [1, 2]. For completeness and later use, we give a sketch of the proof and a simplified proof of
the second step in A. Ambrosetti and E. Colorado’s proof.

Firstly, we consider the existence of ground states of

Au — 3 2 _
u s Aut et fuvt =0, e Ny g g (3.1)
Av — v + pov? + puv = 0,

Theorem 3.1 Assume N = 2,3 and § > max{u1,p2}. Then problem (3.1) has a ground

state.

Proof First we consider this problem in the space of radial functions E, = H}!(RY) x
H!(RY). The associated energy functional is

1 A 1 A
I.(u,v) = /§|Vu|2 + §u2 - %u‘l + §|Vv|2 + 502 . %v‘l - §u2v2,
where (u,v) € E,.
Define
r = i f I’r‘ 9 I
or = Inf max (v(9))
where

I'={y e C([0,1], Er) [7(0) = 0, I.(y(1)) < O}.

Recall that, by Lemma 2.3, H!(RY) is compactly imbedded into LP(R™) for 2 < p < 2*
and N > 2. So it follows that I, satisfies (PS) condition on E,.. By mountain pass theorem
(see e.g. [46]), ¢, is a critical value of I, in F, and ¢, is the least energy of radial solutions. A
similar proof as for Lemma 2.1 implies that

N .
¢ =c:= inf I.(u,v
" " (u,v)EM, T( ’ )7

where

M, = {(u,v) eT,

/|Vu|2 +Au? + Vo) 4+ M = /,ulu4 + povt + 26u2v2},
T, = {(u,v) € Er|[u#0orv+#0}.

Suppose that (u,,v,) is a minimizer and a critical point of I,.|5s.. Since

1 2 2
31w, )" +o(l[(w, v)II%),

where ¢, > ¢ for some positive constant ¢, it follows that (u,,v,) is a nontrivial solution of

I.(u,v) =

(3.1). Next we will show that (u,,v,) is strictly nontrivial.
Let w,Ip, w;,1;,7 = 1,2 be as in Lemma 2.2 with A = A;.

1—p5t 1—pt
Let v = aw,, v = bws, where a? = o 2_15_1, b2 = o 1_15_1. Then (u,v) € M, and
1-82py " py 1-B2py " py

1
I (u,v) = 1 / |Vul? + M + |[Vo)? 4+ Mo?

1
=1 [ 1T )+ B (Vuaf? + )

= a1y + b’Ls.
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In fact, (u,v) satisfies
/|Vu|2 + M? = /u1u4 + Buv?, /|Vv|2 + M? = //1,21)4 + Buv?,

Assume p1 > po. By direct computation, noting that I; = )\%ui_lIo,i = 1,2, we have

w3 = 2u1 3 + 3

< 0.
p(pape — 62)

a’l; + bI; < min{l, I} <

Therefore, when § > max{p1, 2},
¢ = ¢ < I(awy, bwy) = a®T; + b%Iy < min{l;, I}

This implies that u, and v, are not trivial. By elliptic regularity and maximum principle,
(ur, vy) is a positive classical solution of (3.1). From [10, 40], all the positive solutions vanishing
at infinity are radially symmetric at the origin. Hence the radial ground state (u,,v,) is also a
ground state. This finishes the proof.

Remark 3.1 Since M, includes the Nehari manifold with two equations defined in [30],
the ground state we get coincides with the definition in [30].

As for A1 # Ao, we extend Theorem 3.1 to the following corollary.

Corollary 3.1 There exists Ao = Ao(M1, A2, 1, pio, w) such that, for > Ao, problem (1.3)
has a ground state.

Proof Let w,Ip,w;, I;,i = 1,2 be as in Lemma 2.2. The same arguments as in the proof
of Theorem 3.1 imply the existence of a nontrivial solution (ug,vo). What we need to show is
that this nontrivial solution is a ground state.

Let u = awy, v = bws, where

2o 1T BAAS o o= 1 — BT Dotz 0 ’
1— 32uy " g 616 1— 32y 'y 616

and 01,2 are given by

A A
/wQ(x)wQ(u—Qx) = 51/11)4, /wQ(x)wQ(u—la:) = 52/11)4.
)\1 )\2
For 3> 1, we have 0 < a? < 1,0 < b? < 1. By direct computation, (u,v) € M. In fact,
/|Vu|2 + Mu? = /,ulu4 + Bu®?, /|Vv|2 + \ov? = /,ugv4 + Bu?v?.
Hence

1 A 1 A
I(u,v) = / §|Vu|2 + 7113 . %u‘l + §|Vv|2 + 721)2 - %04 . gu%?

1 2 4N —1 2 =N —1 2 2
— L@ 4 AN ) [Vl
= a’T; + %I,
<min{11,12}

when (3 is sufficiently large. This implies that ug and vy are both non zero functions and (ug, vo)
must be a ground state.



254 G. M. Wei
4 Existence of Ground States for Varying Potentials

In this and the next section, following the idea in [45], we study the existence and concen-

tration of ground states of

h2Au —V; 3 2=0
) = Vi(@u+ pu —l—ﬁuzv " in RV, (1.1)
h2Av — Va(x)v + pov® + puv = 0,
under the assumption that N = 2,3 and V;(x),i = 1, 2, satisfy
Vie C'RY), A <Vi(z) < A, (V)

where \;, A; are positive constants. Note that the \; in this section is not the A; in section 3.
We always assume that this condition holds in the following sections.
Let
ul(x) = up(ha), o"(z) = v, (ha). (4.1)

If (u",v") is a ground state of (1.1), then (u,vs) is a ground state of

Au — Vi (hx)u + pyud + fuv? = 0, (4.2)
Av — Va(hx)v + pov? + pu?v = 0. '
Define
= inf I (~(t
cn = inf max r(v(1)),
Y= inf T
= iy, T 0)
where

Iy (u,v) = / %(|Vu|2 + Vi(hx)u? + |Vol* + Va(ha)v?) — %u‘l — %v‘l - §u2v2,
In ={y € C([0,1], Ep) [ v(0) = 0, In(v(1)) <0},

E, = {(u,v)‘u,v € Hl(}RN),/Vl(hx)u2 < 00, /Vg(hﬂ:)v2 < oo},

My, = {(u,v) eTy ’ /|Vu|2 + Vi(hx)u® + |Vou|* + ‘/Q(hx)UQZ//_“U,4 + 268uv? + ,u2v4},
Th ={(u,v) € Ep lu#0orv+#0}.

Just as in the proof of Lemma 2.1, it can be easily shown that ¢;, = cj.
For fixed s € RN, define

E(s)= inf I(u,v),
(s) (onf s(u,v)

where

Lwo) = [

M, = {(uwv) 7| /|vu|2 +VA(s)u2 + [ Vol + Va(s)o? = /Wﬁ £ 280 4 ).

&u4—&v4—§u2v2,

(|Vu|* + Vi(s)u? + |Vo]? + Va(s)v?) — 1 1

DN | =

From Corollary 3.1, for sufficiently large (3, there exists a ground state (us,vs) of

Au — Vi(s)u + pyu® + Buv? = 0, (43)
Av — Va(s)v + povd + Bu?v =0, .

ie. E(s) = Is(us,vs), (us,vs) € Mg and (us,vs) is strictly nontrivial.
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Proposition 4.1 There exists Ao = Ao(Ai, Ai, pi, w, Vi) > 0 such that, for § > Ao, any
nontrivial least energy solution of (4.2) is strictly nontrivial.

Proof Let w, Iy be as in Lemma 2.2 and w;(z) = w(\/ i) ,/ L w( (Vi)
for i = 1,2. Then w; and w; are ground states of

Aw; — Nw; + uiw? =0

and
Aw; — \w; + /J@{Eig =0,

i-N ~ =N
with corresponding energies I; = A; > p; 'Ip and I; = A\, * p; To.

Let u = aw,v = bwy, where

2 _ a1 — ﬂAl_lAQMQ_l(SlaQ b2 _ Qo — ﬂAlAg_l,ul_l(Sgoq
1= B2y g 016

1— B2p7 g t010s

/|Vw|2+A Wi A7 2w —oz7/|Vw|2+w =12,
[utas (52 e) =i [ut w%(\/ﬁ:; Jus(o) = b2 [ !

Then (u,v) € M), (similar computation as in Section 3) and 0 < a? < 1,0 < b?> < 1 when
B> 1. Thus

and

1
In(u,v) = 1 / |Vaul? + Vi(ha)u® + | Vol + Va(ho)v?

IA

1
Z / |VU|2 + A1'LL2 + |V'U|2 + A2U2

= a’l; + b’1,
< min{ﬂjg}

for sufficiently large 3. It is routine to prove that the least energy for solutions to
Aw; — Vi(x)wi + uiw? =0

is no less than i for i = 1,2. Indeed, the corresponding least energy of the above equation
satisfies

21
21 2y UTHi 4
Iy, —ir;for{ggc/ (|Vw|* + Vi(z)w) w

This finishes the proof.
The next lemma will be applied in the next section and is also of its own interests.

Lemma 4.1 E(s) is locally Lipschitz continuous in s € RY.
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Proof Let wy = (u¢,v) be a positive ground state of (4.3) with ¢ = s. Then there exists
a unique 6 = 0(s,t) > 0 such that Ow, € Mg, i.e.

IVl + Vi)t + (Fuf? + Vao)ed =6 [ i+ pavf + 200207

By the bounds (V) of V;, we have Ej, x, < E(s) < Ea, a,, where Ej, x, and Ej, a, are the
corresponding least energies with V; = \; and V; = A;, respectively. This means that E(s) is
bounded from below and above. Since

1
B0 = 1 [ IVuf + Vi + Vul? + Va(o?

1
= ¢ [t vt + 2802,

it follows that #% and |V 62| are locally bounded from below and above.
Since fw; € M, we have

92
L(0u) = T [ V0l 4 Va(s)u? + Vol + Vas)e?
94
= [ raut+ ool + 280

and hence VI, (6w;) is locally bounded from below and above.
Thus, for s1, s2 in some finite domain,

E(Sl) — E(SQ) < Isl (0w32) - Isz (wsz)

= (51 - 52)v5I5(0w82)|s€[81,82]
S M|81 — 82|.

Similarly, we can show E(s1) — E(s2) > M|s; — s2|. Thus |E(s1) — E(s2)| < M|s; — sa| for
$1, 82 in a finite domain.

Lemma 4.2 limsupc, < inf FE(s).
h—0 sERN

Proof Let ws, = (us,,vs,) be a ground state of (4.3) with s = so and ¢r be a cut-off
function: ¢p € CX(RY), 0 < ¢ <1, ¢(z) =1 for |z| < R, ¢r = 0 for |z| > R+ 1. Define
WR = Wsy®R = (Usy @R, Vsy@R) = (ur,vr) and w(z) = wr(z — 3¢). Then (by the same proof
of Lemma 2.1) there exists § > 0 such that w € My, i.e.

/ |VuR|2 + Vi(hx + so)u% + |VUR|2 + Vao(ha + so)v?% =9 / ulu‘}% + ugvjl;: + 2b’u%v§.

Since ur — ug,, Vr — vs, and (us,,vs,) is a solution of (4.3), we have lim lim % = 1.
R—o0 h—0
Thus

4

0
cep = inf  I(u,v) <I(0w)=— /,ulu‘}% + ppvh + 28ukv% =: f(R,h)
(u,v)EMy, 4

and Rlim %in}) (R,h) = E(sp). Since sq is arbitrary, this proves the lemma.
— 00 N—
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Let V> = liminf V;(z), i = 1,2 and define

xTr—00

Ey = (u,vi)IgMoo Too (u, ),

where

1
Io(u,v) = / §(|Vu|2 + Vu? + | Vol + Ve?) — %u‘l — %04 - guzzﬂ,

My = {(u,v) € T‘ /|Vu|2 + V2u? + |Vol? 4 Vaou? = /M1U4 + 2Buv? + ugv4},
whose associated equations are

Au — VE&¥u + pud + Buv? = 0,
Av — Vv + pav® + Bu?v = 0.
Theorem 4.1 Assume
E. > inf E(s).
sERN

Then for small h, problem (4.2) has a nontrivial ground state.

Proof From the definition of Ij,

In(u,v) = %Il(u,v)IIZE,L +o(ll(u, v)lI%,)-

Hence there exists a constant ¢ > 0 such that ¢, > € for any h.
By general minimax principle (see e.g. [46] or [38]) and since ¢j, = ¢}, there exists wy,, =
(U, V) € Ej, such that

In(wm) — cny, I (wy) — 0, asm — oo

and we can choose wy, so that Iy, (wy,) = sup Iy (6w, ). This implies that w,, € M}, and ||wn| g,
0>0

is bounded. Hence there exists a subsequence, still denoted by w,,, such that w,, converges to
some wy = (ug, vo) weakly in Ej, strongly in LP (RY) (2 < p < 2*), almost everywhere in RY,
classically in CZ . (R"), and (uo,vo) is a solution of (4.2).

By direct computation, we get

i) ) = [ 19+ Vo), + [T+ Vaho)od, + paut + pavh, + 200207,
If (ug,vo) is nontrivial, then
cn < In(ug,vo)
_ i/|Vu0|2 Vi (ha)ul + Vool + Va(ha)od

1
< liminf 1 |Vt|? + Vi(ho)uZ, + |Vo, > + Va(ha)v?,

m—0o0

— lim (Ih(wm)—%(fﬁ(wm)’wMD

m—00

— Cp,.
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This implies that (ug, vp) is a nontrivial ground state of (4.2) (nontrivial solution with the least
energy among all nontrivial solutions). In the following, what we need to show is that (ug,vo)
is nontrivial.

Otherwise, w,, — 0 in LY (RY) (2 <p < 2%).

Claim 1 ||wy,||z4 is bounded from below.

Assuming the contrary, we would have ||up,||ps — 0, ||vm||s — 0, and then

cp, = lim [Ih(wm) - %(I}/L(wm)vwm)}

m—0o0

1
= lim 1 /ulufn + pgvd +28u2 V2,

m—0o0

— 0.

This is in contradiction with ¢;, > ¢ > 0.
By the definition of V,>°, Ve > 0, Jp > 0such that V;(x) > V,*°*—¢, i = 1,2 forall z : |z| > p.
Consider the system

{Au — (VP —e)u+ mu? + puv? =0, (4.4)

Av — (V5° —e)v + pgv? + Buv = 0,

and let I¢, M*¢ be defined as above, namely
ME:{(u,v) eT ‘ / |Vul2 4 (V> — )u + | Vo2 4 (V5 — 6)@2:/u1u4+26u2v2+u204},

1
Ig(u,v):/ §(|Vu|2 + (V2 —e)u? + Vo2 + (V5 — e)v?) — %u‘l - %04 - gu%?.

Then there exists 0,,, > 0 such that 0,,w,, € M*.
Define

¢ = inf I°(u,v).
(u,v)EM=

Claim 2 46,, is bounded.

Indeed, by condition (V),

Cr w3, > / V]2 + (VE — ), + Vo + (V5 — ),

_p2 / st 2802 0 + vt
> Co2, w4

From Claim 1, 6,, is bounded.

Therefore,
cp, = lim Iglaéilh(ﬁwm) > limsup I, (0, wp,)
m—oo 6> M—s 00

— hmsup/ %(W(amum)ﬁ + Vi (h2) (Omum)? + |V (Omvm)|* + Va(ha) (Omvm)?)

m—00

s 4 M2 4 P 2 2
1 (Hmum) 4 (vam) 2(9mum) (amvm)
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— Tim sup / S (V@) + (V7 = &) Bt + 1V G) P+ (V5" — ) Om)?)

M1 4 M2 s B 2 2
4y [ Walha) = (V5 = ) ten? + (Valla) = (V5 = ) Oom)?
>+ %R,

where R = f‘wK}_pL(Vl (h) — (V& — &) (Omum)? + (Va(ha) — (VE — £))(Omvm )?.

Since |[0pwm |2 ry) — 0 as m — oo, we have ¢, > ¢ > inf E(s). This is impossible for
oc seR

small h. Therefore (ug,v) is nontrivial and we are done.

Theorem 4.2 Under the assumption of Theorem 4.1, for sufficiently large B and small h,
problem (4.2) has a ground state.

Proof It is a consequence of Proposition 4.1 and Theorem 4.1.

5 Concentration

Suppose that (up,vy) is a ground state of (4.2). Now we study the concentration of these
ground states as h — 0.

Theorem 5.1 Assume that Fo > ian E(s) and (8 is sufficiently large. Then there exists
seR

a sequence {hy} — 0 such that u"* or v concentrates at the global minimum point x¢ of E(s).

Define 1
wun () = 1 /Q |Vup|* + Vi (ho)ui + [Vop|? + Va(ha)vd.

Then along a sequence if necessary, as h — 0, up = cp, — ¢ < ian E(s). By the concentration-
seR
compactness principle of P. L. Lions in [27, Part 1], there are three possibilities:

(i) (Compactness) There exists a sequence {yp, } that satisfies: Ve > 0, 3p > 0 such that

/ dpen, >c—ec.
Bp(yhk)

(ii) (Vanishing) There exists a sequence {hj} — 0 such that for all p > 0,

lim sup/ dur = 0.
h=0yern /B, (y)

(ili) (Dichotomy) There exists a constant ¢’ with 0 < ¢’ < ¢, sequences {pp, } — oo and
{yn,} C RN and two nonnegative measures M}Lk and u,%k such that

0 < ph, + iy <ty
Supp(M}Lk) - BPhk (yhk)7 Supp(ﬂik) C nghk (yhk)7
W BY) 7, RN —E- 7

For convenience, sometimes we write up, = Uk, Vh, = Uk, Yhy = Yk, Phy = Pk and pp, = fk.
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Lemma 5.1 Only compactness occurs.
Proof Claim 1 Vanishing does not occur.

Otherwise, from [27, Part 2], ux, — 0, vy, — 0 in LP(RY) for 2 < p < 2*. Hence

1 ~
0= lim — /ului + povi 4 2puivi = lim pp(RY) =¢ >0,

a contradiction.
Claim 2 Dichotomy does not occur.
Otherwise, take ¢, € CL(RYM) such that ¢, = 1 in B,, (ys), ¢» = 0 in BS,, (yn) and
0<¢n<1,|Ven| < plh. Write
up = ¢pup + (1 — ¢p)un = uip +ugn, vp = Gpvp + (1 — dp)vn = vip + vop.
Then as hy — 0,

Ihk (ulhk7vlhk) > Nk(Bpk (yk)) > Nllc(Bmc (yk)) = :ullc(RN) —c.

Similarly,

~/

Iny, (tny s v2m,,) > pu(Bs,, (yk)) > 1 (Bs,, (yr)) = pr(RY) — ¢ —¢.
Let Qp, = Bay, (yn) \ By, (yn). Then

1
Z/ |Vug|* + Vi (hgx)ui + |Vog|* + Va(heo)v}
Qhk

= k() = e (RY) = ik (Boy (y) — ik (B, (yr))
< e (RY) = i (RY) — g (RY)

— 0.
On the other hand,

E: hl]jr_r)lo Ihk. (U,k, ’Uk)

1
= i | / Vg2 + Vi (hea)il + [Vou|? + Va(hua)v?
k—

= hhmo I, (uin,, v1n,) + In, (U2n,, v2n,, ) + Jh,
k—
>,
where Jp,, = o(1) as hy, — 0. Hence

~

lim Ihk. (Ulhk y Ulhk.) = 5/, lim Ihk (UQhk y Ughk) = E— C .
hi—0 hr—0
Set
1 2 2 2 2 4 4 2 2
g = / (Vs 4+ Vi ()i, + Voung |+ Va(hia)ody, — prdy, — pvty, — 28635 03,

2 = / (Vutzie 4+ Vi (b )iid, + [Vosn, [ + Va(hiw)odn, — patudy, — i, — 2603, 3,
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: 1 2
Since (ug,vi) € Mp,, Jy, + Jj;, = o(1).

Case 1 J,%k <0.
Since (41p,,V1n,) 1s nontrivial, there exists # > 0 such that (Quip,,Ovip,) € Mp,, i.e.

/|VU1hk|2 + Vi(hpz)uiy, + Vo, | + Va(hex)vi,, =67 /Mlu%hk + poviy, +2Bulp, vih, -

Hence 0 <1 and
chy < I, (Ouin,,Ovin,) < In, (uin,,vin,) — ¢ < C.

This is a contradiction.

Case 2 J,fk <0.
Similar to Case 1, this also leads to a contradiction.

Case 3 J,%k > 0 and J,%k > 0.
This implies J} = o(1) and JZ = o(1). If § <1+ o(1), we are done by arguments similar
to those in the proof of case 1. Assume lim09 =0y > 1. Then

hp—
, 2002 1) 2002 — 1)
_ 1 _ _ 0
0= hl:rilo Jhk_ = hlk}r—r}() 202 — 1 Ihk, (ulhkavhk) - 29(2) 1 C/ > 07

a contradiction.

Let
wi(x) = u" (hex + hayr) = up(@ +y),  2x(@) = 0™ (e + hiyr) = vr (@ + yr).-

Then (wg, zx) is a ground state of

{Awk — Vi(hgz + yrphi)wy, + pwi + Pwgzi = 0, (5.1)

Az — Va(hgx + yrhy)zk + Mgzg + b’w%zk =0.

Lemma 5.2 {hgyx} is bounded and (wi, zx) — (wo, z0) in LP(RN)x LP(RY) for 1 < p < 2*.

Proof Assume hy, — oo. Since ¢y, is bounded, there exists a subsequence of (wy, 2 ), still
denoted by (wpg, zx), such that (wg, z) — (wo, 20) in H*(RY) x HY(RY). By the compactness
of pp,, Ve >0, 3p > 0 such that

1
Z/ |Vwg|? + \wi + |Var)® 4+ Aoz? < pn, (B (yk)) < e.
B

.
This implies that (wg, z1) — (wo, 20) in LP(RY) x LP(RY) for 1 < p < 2*. Observe that
1 .1 ) _
1 /ulwé + pozg + 2Bwizd = hhmo 1 /ulwﬁ + pozi + 2Bwizi > limsup ¢, > ¢ > 0.
[ hr—0

Thus (wo, z0) is nontrivial.
Since hiyr — 00, (wo, 29) satisfies the following equations

Awg — (Vf’o — %)wo + ulwg + 5woz§ >0,

Azg — <V2°° — %)zo + ugz(?j + ﬂw%zo > 0.
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In particular,
/|Vwo|2 + (V> —e)wd + |Vzol? + (Va° —e)2f < /ulwé + p22g + 2Bwizg.
Take 6 > 0 such that (fwo, 0z9) € M¢. Then 6 < 1 and
el [ 1Vl + (v = e+ [V20l? + (57 - )

1
< 1ihm ir(l)f 1 [Vwi | + Vi(hix + hrye)wi + [Vair* + Va(hex + hpyr) 23
K

= liminf ¢y,
hk—>0

< inf E(s).
sERN
By Lemma 4.1, ¢* — Ey as ¢ — 0. This is in contradiction with Eo > inf E(s).
seR
Assume T = hpyr — xo. Then (wp, o) satisfies

Awy — Vi(xo)wo + mw% + »310023 =0,
Azg — Va(xo)zo + p228 + Bwizo = 0.

Lemma 5.3 E(zo) = inf E(s) and (wg, zx) — (wo,20) in H*(RY) x HY(RN).

sERN
Proof
inf B(s) < B(ao) < : / Vo [? + V(o )wd + V0| + Va(0)23
= i/ulwé‘ + pazy + 20wi 2
— klggo i /mwé + M2Z]% + 25“’1%21%

1
=1 klim |Vw/¢|2 + Vi(hgx + Ek)w,% + |V2k|2 + Va(hgx + fk)z,%
=liminf ¢y, < inf E(s).

hr—0 )

sERN

Thus E(x¢) = ierulng E(s) and there exists a subsequence (wy, zx) such that
S

/ [Vwg|? + Vi (hix + T )wi + | Var? + Va(hea + T 27
> [ 9w+ VaGao)uf + V0] + Va(eo) 5
By integration on the complement of large balls and using Fatou’s lemma, we have
/ Vg2 + Va2 — / Vol + [Vzof2.

Hence (wy, z1) — (wo, 20) in HY(RYN) x HY(RM).

Proof of Theorem 5.1 Let x1; be a local maximum point of wy and o a local maximum
point of zx. Then Awyg(z1x) < 0 and Az (o) < 0. From (5.1),

pwi(w1r) + Bep(wir) > Vi(hkzie +Tk) > M
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and
Bwi (war) + pozi(war) > Va(hxaor +Tk) > Ao

Hence, along a subsequence if necessary, wi(x15) > ¢1 or zk(xar) > co for some positive constant
c1 and co .
Suppose wi(x1x) > ¢1. From Lemma 5.3, w(z) — 0 as ¢ — oo uniformly with respect to

k. Since u"* (x) = wk(T;kﬂ

) and T, — zp, we conclude that ul* concentrates at x.
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