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region strategy via optimal path to modify Newton method for the strictly monotone
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1 Introduction

In this paper, we analyze the following variational inequality problem subject to both linear

equality and linear inequality constraints (VIP):

“Find z, € Sdﬁf{x | Ajz = by, Aoz > by} such that (F(x.),x —x,) >0 forall z € §”,

where AT = [ay,--- ,a;] € R" and AT = [aj41,- - , 0] € R™™=D (m > 1) are two matrices,
bt (g;) = (b -, bt - p™)T € R™ is a vector. We denote the strict interior feasible

(or ‘strictly feasible’) set int(S)déf{x | Ayz = by, Agx > b} for the inequality constraints. As-
sume that F' is a continuous mapping from R™ to R™, and (-,-) denotes the inner product in
R™.

The problem (VIP) is widely used to study various equilibrium models arising in economic,
operations research, transportation and regional sciences. To solve these problems, many itera-

tive methods have been developed, such as projection method, the nonlinear Jacobian method,
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the successive overrelaxation method, and generalized gradient method. These methods usually
converge to a solution of (VIP) under certain conditions on the mapping F' and the rates of
convergence are generally linear.

It is well-known that Newton method for solving nonlinear equations and the unconstrained
minimization problems converges locally and quadratically. When applied to (VIP), Newton
method generates a sequence of iterates {zy}, where xq is chosen in S and 241 is determined
to be a solution of the variational inequality problem obtained by linearizing F' at the current

iterate xy, i.e., rp+1 € S and
“Find z € S such that (F(zy) + VF(xp)" (x — 23),y —2) > 0 forall y € S”.

It has been shown that, under the assumptions that . is a regular solution of (VIP) and VF'(z)
is Lipschitz continuous around x., the sequence converges quadratically to z, if the starting
point zq is sufficiently close to x,.

Recently, Marcotte and Dussault in 1989, Taji, Fujushima and Ibaraki in 1993 presented a
globally convergent Newton method for (VIP) by incorporating line search strategies. Mcrcotte

and Dussault’s method uses the gap function

¢(z) = max{(F(z),z —y) |y € S}

as a merit function. The function ¢ is generally nondifferentiable and achieves its minimum
at a solution of (VIP) on S. The set S is assumed to be compact in order that the function
¢ is well-defined. It is shown that, when F' is monotone, the method is globally convergent
when line searches are exact and, under the joint assumptions of strong monotonicity and strict
complementarity, the rate of convergence is quadratical. Taji’s method employs a differentiable
merit function proposed by Fukushima, whose minimizer on S coincides with the solution of
(VIP). The method allows inexact line searches and does not rely on the compact assumption
of the set S. When F is strongly monotone, the method is globally convergent and, under addi-
tional assumptions that the set S is polyhedral convex, VF(x) is locally Lipschitz continuous,
the strictly complementarity condition holds at the unique solution z, of (VIP), and the rate
of convergence is quadratic.

In this paper, we propose an affine scaling trust region strategy via optimal curvilinear path
to modify Newton method with interior point backtracking technique for solving (VIP). The
method makes use of a differentiable merit function proposed by Fukushima, which also has
the property that its minimum on S coincides with the solution of problem convergent to a
solution of problem (VIP). As for how to solve its minimum on S, we build an affine scaling
interior trust region subproblem based on the idea of Coleman and Li’s method, typically called
the double affine-scaling interior-point Newton method, for solving the optimization problem
with linear inequality constraints in [3]. When F is strictly monotone rather than strongly
monotone, the proposed algorithm is well-defined and converges globally to the unique solution
of (VIP). Under the same assumptions as made in [8], it is shown that for k sufficiently large,
no trust region subproblem is involved and the line search step is full; therefore, the algorithm

reduces to the basic Newton method and hence the rate of convergence is also quadratic.
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The paper is organized as follows. In Section 2, we review some preliminary results concern-
ing the projection operators and monotone mappings and the merit function that are useful
in the subsequent sections. In Section 3, we describe the affine scaling interior trust region
method via optimal curvilinear path to modify Newton method for solving monotone varia-
tional inequality problem subject to both linear equality and linear inequality constraints. In
Section 4, we prove that the proposed algorithm is well defined and weak global convergence of

the algorithm is established. Local convergence rate is discussed in Section 5.

2 Preliminaries

In this section, we summarize some basic concepts of monotone mapping F' and Fukushima’s
differentiable merit function and their properties used in subsequent sections.

A mapping F': R™ — R" is said to be monotone on S if
(F(z) — F(z'),x — 2’y >0 forallz,a’ €S (2.1)

and strictly monotone on S if strict inequality holds whenever x # /. If F is continuously
differentiable and its Jacobian matrix VF(x) is positive definite for all z € S, then F is strictly
monotone on S. Note that VF(x) may not be symmetric. A mapping F' is said to be strongly

(or uniformly) monotone with modulus ¢ > 0 on S if
(F(x) — F(z),x — ') > pllz — 2/||* for all 2,2’ € S. (2.2)

Throughout the presentation in this paper, || - || denotes the 2-norm. When F' is continuously

differentiable, a necessary and sufficient condition for (2.2) is
(d,VF(x)d) > p||d||* forallz € S and d € R™. (2.3)

It is clear that strongly monotone implies strictly monotone.
Let G be any given n x n symmetric positive matrix. The G-norm projection of a point
x € R™ onto a set S, denoted by proj S7G(x), is defined as the unique solution to the following

constrained optimization problem
min |y — zll¢ st. y€ES,

where ||z]|¢ = (z,Gz)2 denotes the G-norm of a vector 2 in R”. The projection operator

projs (- ) is nonexpansive (see [1]), i.e.,
[projs ¢(x) — projs ¢(z')|a < [z — 2'||¢  for all z,2" € R™. (2.4)

Suppose that an n x n symmetric positive matrix G is given and = € R™ is an given point.

Since the minimization problem
1
min(F(x),y — z) + §<y —z,Gy—xz)) st. yes (2.5)
is essentially equivalent to the problem

min |y — (x — G 'F(2))|Z st. y€S, (2.6)
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H(a:)défproj&g(a: — G71F(x)), the unique optimal solution of (2.6), is also the unique optimal
solution of problem (2.5). It follows from (2.4) that H : R® — § is continuous whenever F' is

continuous. The mapping H yields a fixed point characterization of the solution of (VIP).

Proposition 2.1 (see [8]) Let G be an n xn symmetric positive matriz and let H(x) be the
unique optimal solution of minimization problem (2.6) for each given x € R™. Then x solves
(VIP) if and only if x is a fized point of the mapping H, i.e., v = H(x).

For any given x € S, the linearized variational inequality problem of (VIP) at z is
“Find z € S such that (F(z) + VF(z)" (2 — x),y —2) > 0 for all y € S”. (2.7)

When F' is continuously differentiable and V F(x) is positive definite, a unique solution, denoted

by z(z), exists. The mapping z : § — S has the following property.

Proposition 2.2 (see [8]) If F is continuously differentiable and strongly monotone on S,
then the mapping z : S — S is continuous on S. Furthermore, x is the solution of (VIP) if

and only if x satisfies © = z(x).

In fact, from the proof of this proposition (see [8]) it can be concluded that when F is
continuously differentiable and its Jacobian matrix VF(x) is positive definite on S, the second
part of the proposition is also true.

For given mapping F' : R™ — R"™ and given n X n positive definite symmetric matrix G, we
define the function f : R™ — R as

f@)= = (F(2), H(z) - 2) - 5 (H(z) —2,G(H(2) - 2)), (2.8)

where H(x) is the unique solution of minimization problem (2.6). It has been shown that, for

any nonempty closed convex set S, the function f has the following property.

Proposition 2.3 (see [5]) If the mapping F : R™ — R™ is continuous, then the function
f:R™ = R is also continuous. Furthermore, if F is continuously differentiable, then f is also

continuously differentiable and its gradient is given by
V(z) = F(z) - [VF(z) - G)(H(2) - ). (2.9)
By using the function f, an equivalent optimization problem can be formulated for any
variational inequality problem.

Proposition 2.4 (see [5]) f(z) >0 for allz € S and f(x.) = 0 if and only if x. solves
(VIP). Hence x, solves (VIP) if and only if x. solves the following optimization problem (2.10)
and f(z.) =0:

minf(z) st. xze€S. (2.10)

Though the function f generally is not convex, it has the desirable property that, if VF(x)
is positive definite for all z € S, any stationary point of problem (2.10) is also a global optimal

solution of minimization problem (2.10).
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Proposition 2.5 (see [5]) Assume that the mapping F : R™ — R"™ is continuously differ-
entiable and its Jacobian matriz VF (x) is positive definite for all x € S. If x is a stationary
point of problem (2.10), i.e., (Vf(z),y—x) >0 for ally € S, then x is a global optimal solution

of minimization problem (2.10) and hence solves (VIP).

Proposition 2.5 indicates that the function f can be used as a merit function for a descent
method to solve a kind of strictly monotone variational inequality problems.

Next, let us consider the problem of computing a local minimizer of minimization problem
(2.10).

Coleman and Li [3] presented a trust region affine scaling interior point algorithm, called
double trust region interior point method (TRAM), for solving the minimization problem sub-
ject only to linear inequality constraints. Based on the two forces of nonlinearity and feasibility
adjusted by the trust region radius, the global and local convergence properties of the TRAM
algorithm were established in [3]. Recently, combining trust region strategy with line search
technique, Zhu [10] proposed a new affine scaling trust region algorithm with nonmonotonic
interior point backtracking technique for problem (2.10). The global convergence and fast lo-
cally convergent rate of the proposed algorithm are established under some reasonable smooth
conditions. Based on the idea of the affine scaling interior trust region method with interior
point backtracking technique in [3, 10], we consider an interior affine scaling algorithm via opti-
mal path with nonmonotonic interior backtracking technique for minimization problem (2.10).
The affine scaling optimal path involves choosing a scaling matrix and a quadratic model. By
examining the first-order necessary conditions for minimization problem (2.10), we motivate
our choice of affine scaling matrix.

The first-order necessary optimality conditions for minimization problem (2.10) are well
established. A feasibility z. € S is said to be stationary point for minimization problem (2.10)
called the first order necessary conditions, if there exist two vectors A, € R!, 0 < i, € R™~!
such that

Vi(z.) — AT\ — ATp, =0 and  diag{Asz. — ba}p. = 0. (2.11)

Strict complementarity is said to hold at z, if |)\i| >0,j=1,---,0 and at least one of the two
inequalities a;fﬂ.x*—bl"’j > 0 and |,ui| >0(j=1,---,m—1) holds, that is, |/\i| >0,j=1,---,1
and |alT+jx* — 0| |yl > 0,5 =1,--- ,m—1, where X, , b'*7 and p] are the jth components
of the vectors \., by and ., respectively. The affine scaling optimal path can arise naturally
from the Newton step for the first order necessary conditions of the problem (2.10). Ignoring
primal and dual feasibility of the inequality constraints, the first order necessary conditions of
minimization problem (2.10) can be expressed as an (m + n) x (m + n) system of nonlinear

equations

Vi(x) = ATA = A =0,
Ale = bl, (212)
diag{Aax — ba}pu = 0.
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For the kth iteration, to globalize, we generate a modified Newton step by replacing diag{ iy}
by Cj def diag{|ux|} suggested by Coleman and Li [3] which was a descent direction for f(x)
far away from a solution, that is,
V2 f(ar) —AT —AD\ [AnF Ve — AT A — A
Ay 0 0 ANV =~ Ayxg — by : (2.13)
CrAs 0 Dy, AN/{@V Dy pug

where D, % diag{ Az, — b2}. It can be shown that the modified Newton step sufficiently

approximates the exact Newton step, asymptotically, to achieve fast convergence. Using the
augmented quadratic as the objective function of the model, we see that a trust region consistent

with the modified Newton step Apy in the null subspace of A; is

min  VfTd+ %dTBkd—k %dTAgD,:%CkD;%AQd,
st Aid=0, (2.14)
(@ Dy * Azd)] < A,
where d = x —xy, By is either the Hessian of f at zj or its approximation, Ay is the trust region

~ _1
radius. Set the transformation d = D, 2 Aad, the trust region subproblem (2.14) is equivalent

to the following problem in original variable space,

~ de 1 1~ ~
min  dp(did) ¥ VETd+ =dT Bed + —d T Cd,
(d;d)eRn+m 2 2
(Sr)  st. Ad=0, DFd = A,
[(d;d)|l < A

Let (dg; c?k) denote a solution to the subproblem (Si). It is easy to see that (dy; c?k) satisfies

the necessary and sufficient conditions concerning (dg; c/l\k), v > 0 and Agy1, prtr1 that

By 0 de] [V | [AT AY .
<[ 0 C}j +1/kI) [C/Z\k] =— { 0 } + { 0 Akt1 + —D% Ikt (2.15)
" (A’“ - Eﬂ D -0 M=o (2.16)

Here the least squares Lagrangian multipliers A\;11 and pp+1 are defined as follows:

AT A2Tl Akt | LS. [V [k . (2.17)
0 —DZ| Mk 0
Denote the projected gradient direction as
g = () — (Vi — AT N — AT ), (2.18)

and at the same time, the augmented gradient direction of the objective function of the sub-

problem (S}) as
A3

1

~ def |V [y Af
R ] R et

y l_gk
k+1 = 1 .
Dy pie41



Affine Scaling Interior Method for Solving VIP 279

A0
Let Py denote the orthogonal projection onto the null space of [ Al Dk ] . Then
2 Mg
V]| ;
Vi == | P || = =095 = AT~ AT+ 1DEsal?) = P (219

It is obvious that from (2.19), a sufficient decrease of 1y (d; d ) measured against the decrease

from the damped minimizer —V fI g). leads to satisfaction of complementarity:
1
Jim [V i, — AT Nes1 — A ppq]| =0 and Jim [|DZ g || = 0. (2.20)
So, if |Vf,?gk|% = 0, stop with the solution x; of minimization problem (2.10).

3 Algorithm

In this section, we present an affine scaling interior trust region approach via optimal path
for solving monotone variational inequality problem. Throughout this section we assume that
the set § in nonempty and that the mapping F' : R™ — R is positive definite for x € S.

For any given zj € S, consider the following linearized variational inequality problem:
(LVIP(z1)) “Find z € S such that (F(xy) + VF(zp)T (2 — 2p), 2 — 2) > 0 forall 2 € S”.

The assumptions on F' ensure that the linearized problem (LVIP(xzj)) can be rewritten as a
linear complementarity problem and can be solved in a finite number of steps by Lemke’s
complementary pivoting method in [4].

In the neighborhood of a local minimizer, the Newton step defined by (2.13) for (2.12) is a
solution to the trust region subproblem (S;) when the trust region constraint is inactive. In
order to avoid solving the trust region subproblem frequently, we pay no attention to the trust
region constraint and go to search for the trial step at each iteration along some curvilinear
path. By using the idea of the optimal path of general trust region subproblem in [2], we now
form an approximate affine scaling interior optimal path of trust region subproblem (S}).

For convenience, we denote My def [%’“ (/gk } In order to define the path in a closed form, we
shall use the eigensystem decomposition of M. We begin with the factorization of the sysmetric
matrix By. Due to its symmetry, we can factorize the matrix By into the form By = UkAkU,Z,
where Uy is an identity orthonormal matrix and Ay a diagonal matrix. From the definition of

M., we can expand the matrix Uy and Aj such that

_ Uk Ay ur
ol 1 R AR

so its eigenvalues ¢1, ¢, -+ , dpym—1 are all real numbers, among which n eigenvalues are the
diagonal elements of the matrix Ay, and the others are the diagonal elements of the matrix
C, where I; is the unit matrix on R'. Let u!,u?,--- ,u"T™~! be orthonormal eigenvectors
associated with the eigenvalues ¢1, @2, - , dptm—i- By the definition of g and (2.19), we have

Ay 0
that g belongs to the null subspace of the matrix { Al D3 } In this paper, we assume that
2 — Mg

A1 0
the matrix { Al D%} is full row rank. Then the number of the basis of the null subspace of
2 T
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Ay 0
[Al D3 } is n— 1. Therefore, for orthonormal vectors u', u?,--- ,u”T™~! in the original space,
2 7k
0
4 _pt ] Without loss of generality, denote these
2 Mg

w2, -+, u" "t Accordingly, let q~51,¢2, e ,5,14 be corresponding orthonormal

A
there only are n — [ vectors belonging to [ !

vectors as '

eigenvectors and assume that qgl < 52 <... < (En_l. We partition the set {1,2,---,n —1} into
f*, 7~ and N according to % > 0, % < 0 and 51' = 0. We now give the affine scaling interior
optimal path.

Based on the eigensystems of My, the optimal path I'(7) can be expressed as

D(r) = Di(ta(7)) + Da(t2(7)), (3.1)
where
_ tl(T) 11 17~
D) = -[ 3 == i+ 1(n) Y g,
i€ ¢ita(7) + ieN
Ty (ta(7)) = ta(1)u’,
and
1 1
T, ifT<T’ 0, ifT<T,
tl(’T) = 1 1 and tQ(T) = 1 1
— > — >
T lfT*T’ T T if 7 T
Wherefz{ﬂ@;éo,i: 1,2,--- ,n—l},./\~f={i|$i:0,i: 1,2, ,n—1}, gi = gla, i =

n—l1 ~
L2, ,n—1, gp=> gia’, T = max{0, —¢; } and % is defined as +oo if T' = 0. It should be
i=1
noted that I's(¢2(7)) is defined only when My, is indefinite and g} = 0 for alli € {1,2,--- ,n—1}
with ¢; = ¢1 < 0, which is referred to hard case (see [2]) for unconstrained optimization, and

for other cases, I'(7) is defined only for 0 < 7 < =, that is, I'(7) = 'y (t1(7)).

Algorithm

Step 1 Choose parameters 5 € (0, %), we(0,1), 0<m<m<1,0<y <72 <1< s,
6o € (0,1). Choose an initial matrix By approximate to the Hessian at xg. Select an initial
trust region radius Ag > 0 and a maximal trust region radius Ay, > 0. Give a starting strict
feasible interior point zo € int(S). Set k = 0 and go to the following step.

Step 2 If f(zx) = 0, stop with the approximate solution xy.

Step 3 Find the solution z(xy) € S of problem LVIP(z) and let di, = z(vg) — xp.

Step 4 If f(zr+di) = f(z(x)) < kf(xk), then zp11 = z(zy), k «— k+1 and go to Step 2.

Step 5 Let Ay = min{||dy||, 01}, and o¢ = ||do]|.

Step 6 Solve a step (pk; pr) based on the following problem (S ) via affine scaling optimal
path:

pon, Vee:P) =

(Sk) s.t. Aip=0, D?p= Aap,
(D)l <Ak, (p5D) € Ti(7).

1 1o
Viip+ §pTka + §pTCkp,
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Step 7 Choose aj, = 1,w,w?,- -, such that the following inequality are satisfied:
flan + owpr) < flan) + BarV £l pr, (3.2)
T + appi € S. (3.3)
Step 8 Set

(3.4)

5 Dk, if T + agpr € int(S),
k =
Oragpr, otherwise,

where 6, € (69,1], 0 < 6y < 1 and 6 — 1 = o(||px||), and correspondingly set oy = D;%Agék.
Set

Tyl = Tk + 0. (3.5)
Step 9 Compute

Pred(d),) = — [kaT&k + %5,§Bk5k ,
Ared(&k) = f(xk) — f(xk + 5]@),

~Ared(6p)

Pl = Pred(dy)

Step 10 Update trust region size Ay4q from Ay,

V1A%, 724, if pr, <,
A1 = (728%, Ag, if n1 < pr < 2, (3.6)
(Aka min{’yi’)Aky Amax}]y if Pk 2 2.

Step 11 Let k «— k+ 1, o = Ag, and go to step 2.

4 Global Convergence

The following assumptions are commonly used in the convergence analysis of most methods
for solving the variational inequality problem with both linear equality and linear inequality
constraints. Since xy solves (VIP) if algorithm stops at Step 2, it is assumed, without loss of
generality, that the algorithm generates an infinite sequence {z;}. Given z( € int(S) C R”,
the algorithm generates a sequence {1} C & C R™. In our analysis, we denote the level set of
[ by

L(zg) ={x € R"| f(x) < f(xo), Arx = b1, Az > ba}.

Assumption A1l The sequence {x} generated by the proposed algorithm is contained in

a compact set L(xg) on R™.

Assumption A2 There exist positive scalars kg and kg such that ||V f(z)| < k5 and
lg(zx)| < kg for all k, where g(xy) is given in (2.18). Further, we assume that there ezists a

positive scalar kp such that |By|| < kp for all k.
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Assumptions A1-A2 imply that there exist £p, s > 0 such that | D, || < kp and || M| <
Kk for all k .

Ax

. 0
Assumption A3 [Az D)}

} is assumed to have full row rank for all x € L(xo).

Similar to the proof of Lemma 2.3 in [9] and Lemmas 3.1 and 3.2 in [10], we can also obtain
that at the kth iteration the trial step py is a sufficiently descent direction and the predicted
reduction satisfies a sufficient descent condition. In this paper we only summarize the properties

of optimal path as the following lemma, whose proofs are similar to those in [9, 10].

Lemma 4.1  Let the step (px;pr) in trust region subproblem be obtained from the affine
scaling interior optimal path. Then the norm function of the path is monotonically increasing
for 7 € (0,400), and there exists 7, € (0,+00) such that the point [g” = I'(1,) on the path
with ||T(7)|| = Ay satisfies the following systems that there exist Api1, pig+1 such that

By, 0 ol (VA [AT A
([ &g T (o [ w0
Uk <Ak - B;:] D =0, Aipr=0; (4.2)
and vy, > 0 is given as follows:
1 1

= — < — 4.3
Vi g as Tx T (4.3)

1 1 1
szﬁ, tg(Tk)ZTk—ﬁ, as TkZT—k, (4.4)

where Ty, = max{0, —5’{} Furthermore, there exist w; > 0 and we > 0 such that the step py

satisfies the following the first and the second order sufficient descent conditions

L IV g3
~V o = @i VL gel? min { Ay, AT L Y
& Dk 1V fi gkl { k | M| } )

- L VL gilz
_ i Dk) > wa|Vf gi|? min § A ,|k7 0
Un(pki ) = wal Vel min { A, My ) o

for all ¥V fr, gk, || M|, and Ay, where i (pr; Pr) s given in the subproblem (Sy). In fact, here
wy € (0, 1], w2 € (0, 3] and

1 def

_1
197 ge 2 Nlgul2 + 1D} * Asga]2.

Lemma 4.2 Let the step y, be obtained from Step 8. Then there exists ws > 0 such that

1, Vgl
Pred(d) > waon iV £ gu[> min { Ay, %}. (4.7)

Proof By the definition of Pred(dx) and Cj being positive semi-definite, we have

—~ 1 ~ 1 < —
Pred(dy) = —vn(0k; 0r) + §§{Ck5k > —apbkgy pr — 59@%[79531@291@ + Pr Cibrl, (4.8)
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~ 1
where 6 = D, > A30). Note that 0 < a0, < 1. If prkpk +ﬁ£0kﬁk > 0, then from (4.6) and
(4.8) we have

1 < Y
Pred(0x) > —obrgf px — §9kak [pt Bipk + by, Cbr]

= — Ok Vr(Pr: Dr)
IV T gil }

> wok Ok |V £ gx) ? min {Ak, A

On the other hand, if p{ Bypy, + pi Cipr < 0, then from (4.5) and (4.8) we have

VT gel? }

Pred(dx) > —aktigi pr > wiondi|V [ gi|* min {A’“’ | M|

(4.10)

From (4.9) and (4.10), we can easily conclude that

IkaTgkI%}7

Pred(5,) > wouu|V 1 1 i { A, S

where ws = min{wy, ws}.

Lemma 4.3 At the kth iteration, if f(xy) # 0, then xp11 is obtained either in Step 4 or
by repeating Steps 6, 7 and 8 a finite number of times.

Proof It is clear that we only need to prove that z;4+1 can be computed by repeating Step
6, 7 and 8 a finite number of times if x;1 is not obtained at Step 4.

Since f(xx) # 0, zx is not a solution and hence not a stationary point of the minimization
problem (2.10) by Propositions 2.4 and 2.5. Suppose that (pg; px) is the solution of subproblem
(Sk). In the following, we show that «j which is obtained by Step 7 is not decreased for
sufficiently large & and hence bounded away from zero. Thus, {ay} cannot converge to zero.

Since |Vfggk|% # 0, by continuity there exist § > 0 and € > 0 such that |V f(z)Tg(z)|z > €

for all z with ||z —z|| < 4. Clearly, in a finite number of backtracking reductions, ay, will satisfy

T I+i T I+i
) ai, ;rr — b ai, . rp — b )
akgtkdéfmm{— HlT — HlT >0,i=1,--- ,m—l}, (4.11)
74Pk 14Dk
. def . aLTHmk—bHi . . .
with t = + oo if “=+—=—— > 0 for all 7. Using the mean value theorem, we have that with

a4 ;Pk

0 < ¥ <1, the equality satisfies

flar + awpr) = f(ar) + BarV f (wr) i + ar{(1 = B)V f(2x) pi
+ [V f(2x + Irarpr) — V(@) pr}- (4.12)
Under the assumptions on F, it is not difficult to show that V f(z) is locally Lipschitz contin-

uous, and there exist sufficiently small ay, and ¢’ > 0 when ||[Jraxpk| < &’ such that

[V (s + Dronpe) = 9 (@)] "pel < (1= Boremin {1, 5T Lpy |

From (4.5), we get

V(i) pe < —wlemin{Ak, i} < —wlemin{l, ;}Ak.
KM KM Amax
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Hence, after a finite number of reductions, the last term in brackets in the right-handed side of
(4.12) will become negative and the corresponding «y, will be acceptable, that is, we have that
in a finite number of backtracking steps, aj must satisfy (3.2). Hence, the conclusion of the
lemma holds.

The above proof implies that after a finite number of reduction of ay, by choosing corre-
spondingly 6y, the conditions (3.2), (3.3) and (3.4) must be satisfied and xg41 = xp + i is well
defined.

Lemma 4.4  Assume that Assumptions A1-A3 hold. Assume further that likm inf A = 0.
Then
lm 0, =1 and lminf |V g? = 0.
k— o0 k—oo
Furthermore, if likm inf |kaTgk|% > 0, then
lim ap = 1.
k—oo

Proof By the assumptions, there exists an infinite subset Ko {k‘ } of ICdEf{l, 2,---} such

that
hm Aki =0.
11— 00
The mechanism of the trust region radius update ensures that

Jim A, =0, (4.13)

which means that pp — 0. Therefore, by the condition on the strictly feasible step size 0} €
(00,1], 0 < 0y < 1 and 0 — 1 = o(||pkl|), hm 0r = 1 comes from hm pr = 0.

If the conclusion of the lemma is not true then there exists e > O such that
IV iFgl? > ¢

for all k. Since Vf(-) is Lipschitz continuous on the neighborhood A of any accumulation

point of {x}, there exists a Lipschitz constant L > 0 such that
IVf(@) = Vil < Lllz -yl for all z,y € V.
Further, we can obtain
|f(n + k) — Flar) — (03 00)| = ’f(xk +0k) — flax) = VI 0 — %55314% - %E,{ckgk‘

L 1 1 ~
- ‘ / (V£ (@n +10k) = Vi, 0u)dt — 507 Bidy — 53‘,{@54

Hl

§(L—|-I€M)Oék92A2 (4.14)

gL/ Hl6x |2dt + - L
0

a1l
Ok

1
= §(L+/€M)
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From Lemma 4.2, we have

To |3
Pred(6) > Opapws|V £ g2 min {Ak, M}

|| M|
€
> apbfrwse min § Ap, ———
> agbrws { k||M1<||}
€
= waapbre Ay (when A < —) (4.15)
KM

From (4.14), (4.15) and Ay — 0, we can get, from oy <1,

Ared(ék) - Pred(ék)
Pred(dy)

‘ < %(L-FKM)O&%Q%A% _ (L—I—HM)OékaAk 0
- 0wz Ay w3E '

lpe — 1] =

Thus pr — 1, which contradicts (4.13). So, the first conclusion of the lemma is true.
Now, we prove the second conclusion of the lemma. If (4.13) holds, taking norm in (4.1),

we can obtain
vy = v || (pr; Dr) ||

> (v AT, — AT 2 L IDIAP)E — M 5
> (IVf(xr) — AT Nesr — AT e |2+ 1D AN?)E — 1M (0w B
= VT grl® — 1Ml (ors B |-

Noting [|(pi: Pi)l| < A, we get

VLol
vz VIDE_yagy,
k

A1 0

Since [Al b } has full row rank in the compact set L£(zg), and {Ag+1}, {mr+1}, {|| M|} are
5 —

bounded, A 20 implies that

klim Vg = +00. (4.16)

If ay, given in Step 7 is the stepsize to the boundary of inequality constraints along py, then

T I4i T I4i
) ai, xp —b aj,;rp —b .
akdéfmm{— HZT . HZT >0,i=1,--- 7m—l}, (4.17)
14Dk a14iPk
. def . aﬁ_imkfb”“ . . . . .
with ap = + oo if 77— >0 for all . Assume that «y given in (3.3) is the stepsize to the

1+iPk
_1
boundary of inequality constraints along py. From (4.1) and pp = D, 2 Aapy, there exist jup11
and vy, such that
(aaixk - blH)MZH

T _ T I4i\ % ~4
aj pr = (aj ;xp —b 2D, = — .
1+iPk ( I+iTk )2 Dk Vk+|/l};+1| )

where pt and pi 41 are the ith components of the vectors pj, and pixy1, respectively. Hence,
there exists j € {1,---,m — [} such that

_aljjijk — bt Vi + |Ni+1| v + |M§c+1|

afype  udal T kel

aj = (4.18)
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This inequality, together with (4.16), means that as «y given in Step 7 is the step size to the
boundary of inequality constraints along pg,

lim ap = 400, (4.19)

k—oo

where ay, is given in the step size to the boundary of inequality constraints along py.

Next, we prove that if

. e we(l—
Ak < min {@, %}, (420)
then o = 1 must satisfy the accepted condition (3.2) in Step 7, that is,
fxk +pr) < flaw) + BV fi pr- (4.21)

If the above formula is not true, by the gradient V f () being Lipschitz continuous with Lipschitz

constant L, we have

0 < f(zr+pe) — flzr) — BV Lok
= Vf(xk + &pe) pr — V(z) pe + (1= BV pi
< (1-B)Vfipr+LAE,

where & € (0,1), which implies that

0< (1-B)Vflpe+ LA]. (4.22)
By (4.5), we can obtain
: € 2
—wie(l — ) min {Ak, —} + LA; > 0. (4.23)
KM

From (4.20), we have
[—wie(l = B) + LAL]A > 0.

This means that by Ag > 0, wie(l — 8) < LAg, which contradicts (4.20).
From the above, we can see that if (4.21) holds, then the step size will be determined by

(3.2). So, klim ar = 1, that is, the second conclusion of the lemma is also true.
v —> 00

Theorem 4.1 Suppose that the mapping F' is continuously differentiable and its Jacobian
matriz VF (x) is positive definite for all x € S and that the set S is nonempty. Further, assume
that Assumptions A1-A3 hold and the strict complementarity of the minimization problem
(2.10) holds at every limit point of {x}. Then, for any starting point xo € int(S), the sequence

{zx} converges to the unique solution of (VIP) wherever {xy} is bounded.

Proof If f(xy + dr) < xf(x) holds infinitely often, then from x € (0,1) we can get
klingo f(xg) = 0. Since f is continuous by Proposition 2.3, f(Z) = 0 for any accumulation point
T of {z)} and hence T is a solution of (VIP). Since (VIP) has at most a solution, it follows
that T is the unique solution of (VIP) and the entire sequence {zj} has a unique accumulation

point Z and necessarily converges to 7.
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Now we consider the case when f(zx + di) < kf(xy) holds for only finitely many k. In this
case, the sequence {x} is generated by Steps 6, 7 and 8 and satisfies (3.2), (3.3) and (3.4) for
k sufficiently large. Let {xj }rexc be any convergent subsequence of {z;} and let T be its limit
point.

If km’fc ldi|| = 0, then there exists an infinite subset Iy of K such that klil;rcl ld|| = 0. Since
S €
di = z(x) — xp and klirlrcl x, = T, if necessary, taking a subset of K1 which without loss of
ek
generality we still denote by Ky, we can obtain klir’él z(zy) = Z. From the continuity of f by
€1

Proposition 2.3 and the fact that f(z(zr)) > sf(zr) (0 < £ < 1) by the algorithm, we have
f(T) > kf(T). Therefore, as k € (0,1) and f(Z) > 0, f(T) = 0 and T solves problem (VIP) by
Proposition 2.4.

If klrel’fc ldi|| > 0, then we should still consider the case of oy, given in Step 5. If f(T) # 0 for

any accumulation point Z of {z}, then by continuity there exists e > 0 such that |V f gelz > ¢
for all k.

(a) It inf o =0, then
ke
inf Ak =0.
keK
Thus there exists an infinite subset Ko of K such that

lim Ak =0.
keKs

Lemma 4.4 means that if liminf A, = 0, then

k—o0
liminf [V T gx|? =0,
k—oo .

which contradicts |Vfggk|% > ¢ for all k. So the case km/fc 01 = 0 does not hold.
€

Now we consider the other case that kln’fc o > 0.
€

(b) If inf of > 0, then
ke
inf Ay > 0.
kel

According to the acceptance rule in Step 7, we have

f(ae) = fae + awpr) > =BV [ pre. (4.24)
From the first-order expansions of f(zy + agpr) and f(zr + Opaxpr) at the point x, we have

[ + Okorpr) — f(zr + carpr) = [f (@ + Opowpr) — fi] — [f (o + arpr) — fi]
= —(1 = 0x) oV i pr + ol [|oxprl])-
By the definition of (1 — 6y), (4.24) and (4.5), we have
fxr) — flog + Opoupr) = fxx) — f(r + owpr) — [f (o + Oparpr) — f(or + arpr)]
> — BV [l pr — (1= 0) iV [ pi + o( |||

. g
> aremin { Ay, HM—k”} + o(llewpl))- (4.25)
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Since klim xr =T and f(x) is monotonically decreasing and is bounded, we have
— 00
kek

lim [f(zx41) — f(zx)] = 0.

k—o0
ke

So from (4.25), we can obtain that ﬁnlfc Ay > 0 means
€

liminf o = 0. (4.26)
ek
Assume aajf > bt for all j. Recalling (4.15), we conclude that for k sufficiently large and
for all j,
. 1 .
0 gk = b = S(al T = 0) >0,

Hence

T . plti T . plti
ap Tk —b 0Tk — b

T T
A)4iPk A)4iPk

akdéfmm{— >O,i:1,---,m—l}>0.

Let the corresponding Lagrange multipliers be 77 and X at 7, and hence, without loss of gen-

T
I+j

(2.10) holds, we have that from (ux); — Ji;, for k sufficiently large,

erality, assume a’. T — b!*7 = 0 for some j. Since the strict complementarity of the problem

1_
()5 = 51751 > 0. (4.27)
Recalling (4.16) again, we conclude that

_alTJrjx’C — b Vi + |Ngc+1| vV + |N?c+1| %mﬂ

> - > > > 0.
oI r il - Tl = Tl

o =

Hence
lim oy # 0.
k—o00
From the above discussion, we can obtain that if «y is determined by (3.3), then

klim ay # 0. (4.28)

So, klim aj = 0 holds only in (3.2). The acceptance rule (3.2) means that, for large enough k,

673 (693
£ (e + o) = flan) > B2V AT, (4.29)
Since
W\ py = Mg, o O
f(xk +— pk) flar) = —Vfipe+ 0( " HpkH)a
we have
_ Gk r Xk >
(1= B2V 1T+ o L) 2 0. (4.30)
Dividing (4.30) by 2&||ps|| and noting that 1 — 3 > 0 and V fpr <0, we obtain
T
lim YJEPE (4.31)

koo ||kl
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From
VT gl
Ve < —wilV L gi|? min {Ak, M} < —w1e min {Ak, i} (4.32)
KM KM
we have that (4.30) means
A
lim —~ =0, (4.33)
koo [Ipk |

which contradicts ||(pk; pr)|| < Ag. From (a) and (b), we have that |Vfggk|% > ¢ is not true,
which implies that Z is a solution to (VIP).
From the uniqueness of the solution to (VIP), we can conclude that the entire sequence

{1} has a unique accumulation point T and converges to Z.

5 Properties of the Local Convergent Rate

In this section, we will show that, under the assumption that F' is strongly monotone on

x € 8, the algorithm is locally quadratically convergent.

Proposition 5.1 (see [8]) Let x, be a solution to (VIP). If F is strongly monotone with
modulus p on x € S, then f of (2.8) satisfies the inequality

1
fla) > (u— §|\G||)||x—x*|\2 for all z € S. (5.1)
In particular, if the matriz G is chosen to be sufficiently small so that ||G|| < 2pu, then

i ——
I ngs ferme

It is obvious that the decreasing of {f(zx)} and Proposition 5.1 imply that, when F is
strongly monotone on x € S and when the matrix G is sufficiently small, the sequence {xz}
generated by the proposed algorithm is bounded. To obtain the second order convergence
result, we need the following strict complementarity condition in [8], which is a generalization
of the strict complementarity condition for inequality constraints and corresponding Lagrange

multiplies that appear in the Karush-Kuhn-Tucher conditions in nonlinear programming.

Definition 5.1 (see [8]) Suppose that © € S is polyhedral and that (VIP) has a unique
solution x.. Let T™ denote the minimal face of x € S containing x.. Then the strict comple-
mentarity holds at x. if v € S and that (F(z.),x — x.) =0 imply x € T*.

Similar to the conclusion presented in [6], now we give the following rate of convergence

result whose proof is standard.

Theorem 5.1 (Quadratic Convergence) Suppose that the set x € S is polyhedral convez,
the mapping F is strongly monotone with modulus p on x € S and VF(-) is Lipschitz continu-
ous on a neighborhood N of the unique solution x. of (VIP). If the matriz G is sufficiently small
such that ||G|| < 2u and the strict complementarity condition holds at ., then the sequence

{z1} generated by algorithm converges quadratically to x..
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Theorem 5.1 means that the local convergence rate for the proposed algorithm depends

on the quality of the the matrix G. We have studied the convergence properties of affine

scaling interior trust region strategy via optimal path to modify Newton method for the strictly

monotone variational inequality problem subject to linear equality and inequality constraints.

One of the future research topics is to carry out the numerical experience of the proposed

algorithm.
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