Chin. Ann. Math. o
29B(3), 2008, 317-332 Chinese A':' nals Of_
DOT: 10.1007/s11401-006-0429-4 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2008

The Partial Positivity of the Curvature in
Riemannian Symmetric Spaces

Xusheng LIU*

Abstract In this paper, the partial positivity (resp., negativity) of the curvature of all ir-
reducible Riemannian symmetric spaces is determined. From the classifications of abstract
root systems and maximal subsystems, the author gives the calculations for symmetric
spaces both in classical types and in exceptional types.

Keywords Partial positivity, Symmetric space, Semi-simple Lie algebra
2000 MR Subject Classification 22E60, 53C35, 53C43

1 Introduction

We recall the definition of s-positive curvature from [13]. A Riemannian manifold M has

s-positive (resp., s-negative) curvature if and only if for each x € M and for any (s + 1) or-
S
thonormal vectors {eg, e1,- -+ ,es} in My, > K(eo,e;) > 0 (resp., < 0), where K (eg, ¢;) denotes

the sectional curvature of the plane spannéalby ep and e;. The 1-positive curvature is equivalent
to positive sectional curvature, and (n — 1)-positive curvature is equivalent to positive Ricci
curvature.

The manifolds which have s-positive (or negative) curvature have some topological impli-
cations as well as their geometric properties. These manifolds were studied by Wu [13], Shen
[12], Kenmotsu and Xia [4, 5].

Among them it was shown in [12] that if a proper open manifold M has s-positive curvature
then M has the homotopy type of a C'W complex with cells each of dimension < s — 1. In
particular, H;(M,Z) = 0, for i > s.

Frankel [2] showed that two compact totally geodesic submanifolds in an n-dimensional
complete Riemannian manifold N of positive sectional curvature must intersect if the sum of
their dimension is greater than or equal to n; and he proved [3] that if V' is an r-dimensional
compact totally geodesic immersed submanifold of N with 2r > n, then the homomorphism of
fundamental group w1 (V) — 71 (N) is surjective.

These results had been generalized in the case of manifolds with partially positive curvature
by Kenmotsu and Xia [5]. They showed that in an n-dimensional complete connected Rieman-
nian manifold with k-nonnegative curvature, let V' and W be two complete immersed totally
geodesic submanifolds of dimensions r and s, let one of V and W be compact and suppose N
has k-positive curvature either at all points of V' or at all points of W, if r+s >n+k —1
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then V and W must intersect. At the same time they also proved that if V' is an r-dimensional
totally geodesic submanifold with 2r > n 4+ k — 1, then the homomorphism of fundamental
group (V) — m1(N) is surjective. These show that there exist topological obstructions for
the existence of higher dimensional totally geodesic submanifolds in the Riemannian manifolds

with partially positive curvature.

Those results show that the notion of s-positivity (or negativity) is a subtler curvature
condition. Naturally, determining all the s-values for irreducible Riemannian symmetric spaces
of compact type is an interesting problem. This has been started by Lee [10]. She gave the

s-values for the symmetric spaces of classical types by using the matrix representation.

What about the exceptional cases? Considering that more and more physicists pay attention
to the exceptional geometry, we calculate the partial positivity of the curvature of all irreducible
Riemannian symmetric spaces of compact type. If M has s-positive curvature, the dual of M
is a simply connected irreducible symmetric space of noncompact type which has s-negative

curvature.

Our method is different from hers and we can deal with both classical types as well as the
exceptional types. For the classical types we recover Lee’s result in [10]. Our main results are
in the following table.

Table 1.1
Type compact type rank dimension S
Al SU(n)/SO(n) n—1 1n-1)n+2) n(n-D)
ATl SU(2n)/Sp(n) n—1 (n—1)2n+1) (n—1)(2n—3)
AIL SU(p+4q)/S(Up x Ug)  min(p,q) 2pq 1+2(p—1)(g—1)
BDI  SO(p+¢)/SO(p) x SO(q) min(p, q) Pq 1+(p—-1(¢—-1)
DIII SO(2n)/U(n) [%n] n(n —1) 1+ (n—=2)(n-3)
CI Sp(n)/U(n) n n(n+1) 1+n(n-1)
CIl Sp(p +q)/Sp(p) x Sp(g)  min(p, q) 4pg 1+4(p—1)(g—1)
EI (e6(—78),5p(4)) 6 42 26
EIT (36(778) s 511(6) + 5U(2)) 4 40 19
EIII (e6(—78),50(10) + R) 2 32 11
EIV (e6(—78), f(4)) 2 26 10
EV (67(_133),511(8)) 7 70 43
EVI (e7(—133),50(12) +su(2)) 4 64 31
EVII (87(,133)7 eg + R) 3 54 27
EVIII (28(7248)750(16)) 8 128 71
EIX (28(7248)7 (44 + 511(2)) 4 112 55
FI (f4(_52),5p(3) +5u(2)) 4 28 13
FII (f4(,52),50(9)) 1 16 1
G (92(-14),5u(2) + 5u(2)) 2 8 3

Remark 1.1 We note some exceptional cases:
(1) if r =rank(M) =1, then s =7 =1,

(ii) for AIIl, p=q =2, s =4;

(iii) for BDI,p=¢=2, s=3; p=q=3, s =6.
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2 Abstract Root System and Subsystem

An abstract root system in a finite dimensional real inner product space V' with inner product

(,) is a finite set A (whose element is called a root) of V' — {0} such that (i) A spans V; (ii)
2(h,a) .

for a € A, the root reflection so(h) = h — ap o carries A to itself, where h € V, ap o = Toa)

(iii) ag o is an integer whenever «, 5 € A .

[ = dimV is called the rank of A. The Weyl group W (A) is the subgroup of orthogonal
group of V' generated by the reflection s, for @« € A. An abstract root system is said to be
reduced if @ € A implies 2o ¢ A. If « is a root and %oz is not a root, we say that « is
reduced. An abstract root system A is said to be reducible if A admits an nontrivial disjoint
decomposition A = A’ UA"” with every member of A’ orthogonal to every member of A”. We
say A is irreducible if it admits no such nontrivial decomposition.

For a, 8 € A, the « string containing § is the set of all members of A U {0} of the form
B+ ka,k € Z. In fact, there are no gaps, -p <k <¢q,p>0,¢g >0, and ago =p —¢q. The a
string containing 3 contains at most four roots.

We can choose a lexicographic ordering so that A = AT U A~ as disjoint sum of the set
of positive roots and the set of negative roots. A root « is called simple if & > 0 and « does

not decompose as the sum of two positive roots. A simple root is necessarily reduced. We can

choose [ simple roots a4, ..., a; which are linearly independent, such that every root « has the
l
form o = 3 m;(a)a; with all m;(«) nonnegative or nonpositive. We call IT = {ay, -+ , 4} a
i=1

simple system or a fundamental system.

For an abstract root system we associate a Dynkin diagram.

Lemma 2.1 (Classifications of Root Systems) (see [8, 6]) Up to an isomorphism the ir-
reducible reduced abstract root system are A, By, Cy, Dy, Eg, E7, Es, Fy and Gy. For a nonre-
duced abstract root system, the reduced roots form an abstract reduced root system Ag, and the
roots a € A satisfying 2a ¢ A form a reduced abstract root system A;. The Weyl groups of
A, A A; coincide. Up to an isomorphism the only irreducible abstract root system that are not
reduced is of the form (BC),.

A subset A of A is called a subsystem of A if it is closed, i.e., (i) if & € Ay, then —a € Ay;
(i) if o, € Aja+f € A, then a+ 3 € Ay, A subsystem A; is called maximal if Ay is
a proper subset of A and A; is not properly contained in any properly subsystem of A. A
subsystem A is called [ — 1 maximal if it is maximal and rank(A;) =1 —1, where [ = rank(A).

Lemma 2.2 (Classifications of | — 1 Maximal Subsystems) (see [7])

(1) Let A be an irreducible reduced root system. Then the mazximal (properly) subsystem is
[ maximal or | — 1 mazimal.

(2) Let Ay be an l—1 maximal subsystem, I1; be a fundamental system of Ay. Then there
exists a fundamental system I1 of A such that Iy =TI N A;.

(3) Let p= > pic be the highest root of A, Ay = {a € A a=> mia;,m; =0}. Then
A1 is I — 1 maximal if and only if py = 1. FEvery | — 1 maximal subsystem can be obtained in
this manner.
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3 Real Semi-simple Lie Algebras and Restricted Root System

We adopt the notation as in [8]. Let M = G/K be an irreducible Riemannian symmetric
space of noncompact type with the Cartan decomposition g = £+ p. We can extend the Cartan

involution 6 to be complex linear on the complex simple Lie algebra g°:
Olec =id, 0|,c = —id. (3.1)

Up to isomorphism the real simple Lie algebra g is uniquely determined by g and 6.
Let h = bh¢ + a be a Cartan subalgebra of g with a being maximal in p.

dim a = rank(M) = r.

Let A = A(g®, h%) be the corresponding root system of g©.
Every root takes real value on b, = ihe + a. Through the Killing form of g€ we can embed
the root into hy by
a(h) = B(a,h) for h € h°.

The restricted roots are the elements in a of the form
1
{)\:0/: 5(@—0@)‘GEA}.

All the restricted roots form an abstract root system X which can be nonreduced. For A € 3,

we denote g, the corresponding root space with multiplicity
my = dim gxr.

We can choose the ordering in ¥ which is compatible to the ordering of A.

The restricted roots and the restricted root spaces have the following properties:
(i) go=a@mm= Z¢(a)={Z ct|[Z, A =0forall Aca},

(i) [gx: 8] C Ortps

(iii) € (gr) =g—» , and A € ¥ implies —\ € X,

(iv) g=g0+ Y. g, as direct sum.
A€eX
For any X € g, there exist H € a, Xg € m, X\ € gy such that

X=H+Xo+ > Xo=(Xo+ D (Xa+0X2))+H+ > (X3 —0X ).
AEX rext Aext

We have Iwasawa decomposition g=¢t&ad®d > gn.
Aext
For h € a, the centralizer of h in p is

Zy(h)=a+ > o (3.2)

rext
A(h)=0

Our objective is to get s = r}rllax{dim Zy(h)}.
ca
h € ais called regular if A\(h) # 0 for all A\ € ¥, otherwise singular. Let CT = {h € a |
A(h) > 0 for A € ¥1} be a restricted Weyl chamber, whoes closure is the closed Weyl chamber
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CF. Let W(X) be the Weyl group of . We know that for any h € a, there exists w € W(X)
such that w(h) € C+.

Let r = dim a denote the rank of M. If h is regular then dim Z,(h) = dim(a) = r. Obviously
if dim Z,,(h) takes maximal value, then h must be a singular element. Now let h be singular.
Set X(h) ={A € | A(h) = B(A\,h) = 0}. It is obviously a subsystem of 3. On the other hand,
let 31 be a subsystem of 3 with rank(3;) < r, and the span of ¥; be V4. Then dim V; < r. Let
ho be any nonzero vector in the orthogonal complement of V5 in a. Then (hg) is a subsystem
containing ;. If rank(3;) = r, and the orthogonal complement of ¥ in a is 0, then there
exists no nonzero vector h in a such that X(h) contains 3;. So if dim 3(hg) takes the maximum
s, X(ho) should be a maximal [ — 1 subsystem.

Let I" = {1, -+, A} be the fundamental system of ¥. From the lemma of maximal
subsystem we see that [ — 1 maximal subsystem must be of the form of ¥ = {A € ¥ | A =
Y mii, mj, =0}, where 1 <k <r.

Since s is the maximum of dim Z,(h) as h varies in a, from (3.2) we have

s=r+ max AEXE:I M. (3.3)

We note that s = r if r = 1. The restricted root systems and the Stake diagrams are listed

in [8, pp. 532-534].

4 The Partial Positivity for Riemannian Symmetric Spaces

Let M = U/K be a simply connected irreducible symmetric spaces of compact type. Let
= ¢ + p. be its Cartan decomposition. We identify p, with the tangent space of M at
o = eK. From the theory of symmetric spaces, up to constants there exists uniquely U-invariant
Riemannian metric on M. We fix such one invariant metric. We know that the curvature tensor
at ois
R(X,Y)Z =—[[X,Y],Z] forall X|Y,Z € p..

If X,Y € p,. are orthonormal vectors, then the sectional curvature of the plane spanned by X
and Y is
K(X,Y) = ||[X, Y]

Thus K(X,Y) = 0 if and only if [X,Y] = 0. Suppose that the M has s-positive curvature.
From definition we have
(1) For any s+ 1 orthonormal vectors {Xo, X1, -+, X} in p.,

ZK X0, X Z I[X0, X

(2) There exist s orthonormal vectors {X¢, X1, -+, Xs—1} in p, such that

s—1
D KXo, X ZHXm =
i=1

This is equivalent to
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(3) for any X € p,, dimZ, (X) < s+ 1, where
Zp, (X) ={Y ep. [[Y, X] =0}

is the centralizer of X in p,; and
(4) there exists at least an X € p, such that dim Z,, (Xy) = s.
So we have

= im Z,, (X)}.
s = max{dim Z, (X)}

We calculate the s in the following program.
Let IT = {ay,---,q;} be the simple system of the complex simple Lie algebra g€. Every

root can be given as the integral linear combination
a=m(a)ag + ma(a)as + -+ + my(a)ay. (4.1)
For @ € A, o/ is its restriction (or projection) to a. We have
o =X, 1<i¥<r for1<i<l

Then l
o = Zmi)‘ie = Zm;(a))\j.
i=1 j=1

From this we can get all restricted roots and their multiplicities.
However, in our calculations, we need not know the multiplicities explicitly. From (3.3), for
1<k<r, let
Ap={aeA|d #0,m(a) =0}

We denote the number of positive roots in A(k) by s}.. Let s =7 + s.. Then we have

o= g ek

In the following calculation, we suppose that » > 1 since s = r = 1 if r = 1. For four
classical complex simple Lie algebras we imbed the root system into Euclidean spaces. We
adopt the Dynkin diagrams of complex simple Lie algebras as in [8, p. 476]. The root system
A = A(g®, %) is reduced while the restricted root system ¥ = ¥(g, a) may not be reduced. We
denote the rank of A and ¥ by [ and r respectively. Note that our [,r are r,[ in the notation
of [8, pp. 532-534] respectively. For simple Lie algebra of exception type, we can get all the
roots as listed in [1].

The following formulas are trivial

(I—k)(I—1—k)=11—1)+k* — k(20— 1), (4.2)
I-k)(I-1-k) 1= -1=r)=(r—Fk) @2l —1—r—k). (4.3)

Lemma 4.1 Let f(t) =t(T —t), T > 0, where t takes integer values 1,2,--- v, r <T. If
T—r>1, then
min £(t) = £(1).

1<t<r
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The Dynkin diagram of a; = sl(l + 1,C) is

O O O O
aq Q2 Qp—1 (6%

Let €j, 1 < j <1+ 1, be an orthogonal base of R'™! with |¢;|2 = 2(111)' The simple root

system of q; is
. 1
I={oj=¢;—€j11,/=12,-- 1}, |aj|2:l+—1'

The positive roots are
€ —&j=0q;+ -+ a1, 1§Z<j§l—|—1
(1) AI, M =SU(n)/SO(n), g* =a, =sl(n,C), r=1=n—1.
In this case, the restricted root system 3 = A.
For 1 <k<r=1, Ay =a). Then o = (3} mias) => my\.

We have
Af ={a>0]|my(a) =0}.

Leta=¢i—¢j=0;+ - +a;, 1 <i<j<l+1, and my(a) =0 if and only if

,j <k or i,j>k

hen
T k(k—1) (l+1_k)(l_k):—k(l+1—k)+r+(l+1)l
—

2 + 2

Sp =1+

From Lemma 4.1 we get

(-1 I(I+1) n(n-1)

ST e Tt 2 2

(2) AIl, M =SU(2n)/Sp(n), ¢ =a;, [=2n—1, r=n—1, 1 =2r+1.

‘We have
! ! . ! _ ! . ! ! / _
O] =Qz = =0Qy._ | =0y 1 =0, ay=A1, ay=2>X, -, ay =A\.

Let a=¢;—¢j, 1<i<j<l+1=2n,and o =0if and only if o« = oy, a3, -+, op—1.
Forl1<k<r=n—-1, Ay ={acA|mj(o) =0} ={a e A|m),.(a) =0}, and

maok(a) =0 if and only if 4,5 <2k or j > i > 2k.

We see that
2k(2k — 1 [+1-=2k)(1 -2k
sp=r+ ( )+( I )—(r+1)
2 2
1
:—2k(l+1—2k)+@—1.
From Lemma 4.1 we get
5251:7(1_1)(1_2) =(n—1)(2n - 3).

2
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(3) AIII, we suppose that p < g, M =SU(p+¢q)/S(Up, xUy), g=a;, l=p+q—1, r=
min(p, q) = p, r < 5.
We have
op=apy =N, 1<i<r of=0,r<j<l—r

Let o =¢; —¢5, 1 <i<j<I1+1, and o =0ifandonlyifr<i<j<Il+1-r.
mj(a) = 0 if mg(a) =0 or myp1—(a) = 0.

Then m} () = 0 implies
1<i<j<k or I+1-k<i<j<Il+1 or k<i<j<Il+1-—k.

We get

B k(k—1) (+1-2k)1—-2k) (+1-2r)1—-2r)
Sp=1+2 5 + 5 - 5

= h(k— 1)+ 2k — KL+ 1) + (”21)1”_ (l+1—22r)(l—2r)

= —k(2l +2 — 3k) + (l+21)l+r_ (l+1—227“)(l—2r).

If % —r>1,1e,7r< 2l3;1, then max{s;} = s1.
AsrgHTl,wehaverng_lwhenlzf).

we have for [ > 5, i.e., ¢ > 3,

s:slzr+(l+1_2)(1_2)_(l+1—27")(l—27n)

2 2
1
:r+§(2r—2)(2l+1—2r—2)

=1+@r-1)+(r—-1)20-1-2r)
=142(r—1)(1—-7)
=1+2(p—1)(g—1).

Ifl=4, r <32, r=2(wesupposer >2),as 1-(10—3) < 2-(10—6), then 51 > s2, s = s5.
In this case p =2, ¢ = 3.

Ifl=3 r<2 r=2a1-(8-3)>2-(8—6),then s; < s2, s = 55 = 4. In this case
pP=q=2

The Dynkin diagram of b; = so(20 + 1,C) is

O O e C——=0
aq (0%) Qp—1 (o]
Let €;,1 < j <, be an orthogonal base of RY, and le;|? = 2(T171) The simple root system

of b; is

D={a;=¢;—¢cjt1, j=1,2,--- 1 =1, oy =¢;}.

The positive roots are

g, sy, 1<i<y <,
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where

=i+ +a, - =0+ -+, g+e;=0++a_1+2(a+- -+ ).

(4) BL, M =80(p+4q)/SO(p) x SO(q), p+qg=20+1,g=b;, r=p<lL.

‘We have
al=X\, 1<i<nr a}zO,r<j§l.

If o € AT, o/ =0, then « is one of the following roots:
€, 1>1; g Xej J>i>T
If @ >0, m)(a) =0, then « is one of the following roots:
€, 1>k g —¢gj,i<j<korj>i>k; eg+e5 j>i>k
Then
sk:r+[(l—k)—(l—r)]+k(kz_l) 4o (l—k)(lQ—l—k) B (l—r)(lz—l—r)

k(k —1)
2

:—§(4l+1—3k)+2r+l(l—1)—(l—r)(l—l—r).

=2r —k+ +E k-1 +11-1) =1 =r)(1—1-7)

Since%—rE%—lz%Zl,wehave
s=s1=2r—1+(1-1D(1-2)—(l—-r){—-1-1)
=14+2r—1)+ (-2 -1-r—1)
=14+@r-=-1020-r)
=1+@p-1-1).

The Dynkin diagram of 9; = s0(2[,C) is

aq Q2 Q7))

Let €5, 1 <j <, be an orthogonal base of R!, and |€j|2 = =1 The simple root system
is
H:{Oéj =g —¢€jy1, J=1,2,---,1—-1, oy =¢e_1+¢e}
The positive roots are
g €5, 1 < 7,
where
€i—€&j =04+ F+ a1,

gitei=ai+ -+ otoi+tay=0+ - +oi+2( 4 Fa2) F o + o
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(5) DI, M =SO(p+¢q)/SO(p) x SO(q), p+q=2l,g=0, r=p <L
There are three cases.
(i) 2<r<l-—2. We have

af=N, 1<i<n oz;.:O, r<j<l.
If o € AT, o/ =0, then « is one of the following roots:
€, 1>1;, g Ee; J>i>T
If « >0, mj(«) =0, then « is one of the following roots:
€, 1>k g —¢gi<j<korj>i>k; e +e; j>i>k
Then
E(k—1) l-kKl-1-k) (@-r(l-1-=r)

= 2 —
e D 2

:Lkz_l)+k2—k(2l—1)+l(l—1)—(l—r)(l—1—r)+r

:—g(4l—1—3k)+l(l—1)—(l—r)(l—1—7')+7".

s=si=r+((-1){1-2)—(l—-7r){—-1-71)
=1+@r-1D+@F-1D2-1-r—-1)
=1+(r—-1)20-1-7)
=1+(-1D(-1)

(i) r=p=1-1, ¢g=101+4+1. We have
al =X, 1<i<l—2; o) y=a]=X\_1=M\r.

o’ > 0 implies o = 0.

If @« > 0 and m}, (o) = 0, then « is one of the following roots:

€, 1>k g —¢gi<j<korj>i>ky e +e;, j>i>k

Then

k(k — _ 1

ot (k 1)+2(l E)l—1-k)
2 2

—1
=%+k2—k(2l—1)+l(l—1)+r
:—§(4l—1—3k)+l(l—1)+r.

Since%;l—rzHTQZI,wehave

s=s1=r+(1-1D)1-2)=01-1)*=1+11-2)=1+(p—1)(g—1).

X. S. Liu
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(ili) r=p=1, ¢ =1. We have
ab =N, 1<i<l.

o' > 0 implies o = 0.

If @ > 0, and mj (a)) = 0, then « is one of the following roots:

€, 1>k g —¢g,i<j<korj>i>k; eg+¢e5, j>i>k

Then
sk:r+k(k_1)+2(l_k)(l_1_k)
2 2
-1
=%+k2—k(2l—1)+l(l—1)+r
=—§(4l—1—3k)+l(l—1)+r.
Since 4l3;1—r:l771,we have for [ > 4, i.e., ¢ > 4,

s=si=r+(1-1D1-2)=1+(1-1)+(1-1)(1-2)=1+1-1%=1+(p—1)(qg—1).

Whenr>2,1>r=2 Forl=2,r=p=2,q=2, 51 <S89, §= 8 = 3.
Forl=3,r=p=2,q=4,51 > 82, s=s1;r=p=3,q=3,83 > 8 > S2, s =83 = 6.
(6) DI, M =S0(2n)/U(n), g° =gi, L=mn, r=[%].

There are two cases.

(i) 1is even. We have

poah, =0, 1<i<r

If « > 0, then o > 0 implies o = a1, a3, -, aq_1.

If « > 0 and m) (a) = 0, then « is one of the following roots:
€i—¢€j, 1 <j<2korj>i>2k; e +ej, j>i>2k.

Then

B 22k —1) (1—2k)1—1-2k) 17 (I—2k)(1—1-2k)
S’“_T‘L[ 5 ' 2 37 2
zw—k(l—%)(l—l—%)

= —k(4l — 1 —6k) +1(1 - 1).

For%—%:%Zl,i.e.,lE?,wehave
s=s1=14+1-2)(-3)=1+(n—2)(n—23).

Forl=4,r=2, 51 <52, s=55=6.
Forl=6,r =3, s0 <s1 <83, s=s3=15.
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(ii) [is odd. We have

-3 -1
. 0‘271:0‘2:/\“7":7§ 0/21.71:0, 1<i<r.
If @ > 0, then o > 0 implies o = ay, a3z, -+ ,qp_2.

If « > 0 and m) (a) = 0, then « is one of the following roots:
€i—€j,i<j§2k‘01‘j>i>2k; €i+€j,j>i>2k‘.

Then

R [2k(2I;— b, (l—2k)(l2— 1-2k) 1, (l—2k)(l2— 1 - 2k)
=w+(l—2k)(l—l—2k)

= —k(4l — 1 —6k) +1(1 —1).

For%—%:%Zl,i.e.,lzél,wehave

s=s1=1+0-2)(1-3)=1+(n—2)(n—3).

Fori=3,r=1, s=r=1.
The Dynkin diagram of ¢; = sp(l,C) is
O O O<—=0

851 a2 -1 Q)

Let €, 1 < j <1 be an orthogonal base of R!, and ;]2 = ﬁ. The simple root system is
D={aj=¢;—¢€j41,j=1,2,--- 1 = 1,04 = 2¢1}.

The positive roots are

2e;, €i:|:z’:‘j, 1 < g,
where

2¢; =2(ci +- 1) ta, gi—gj =i+ tajo,
gitej =0+ +oaj_o+2(0+- -+ o) o

(7) CIv M = Sp(n)/U(n)a g(C =q, l=n.
We have
=N, 1<i<l.

o’ > 0 implies a = 0.

If @ > 0 and m}, (o) = 0, then « is one of the following roots:

2, 1>k gi—egj, 1 <j<2korj>i>2k e +e5, J>i>2k.
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Then
k(k—1 I—k)(l—-1-kFk
sk=r+(1—k)+ ( )+2( I )

2 2
@ﬂz-k)(z—p@

=—k(4l+1-3k)+1(—-1)+2L

=2 —k+

For%—l:%zl,i.e.,lzlwehave
s=s1=20—-14+1-1D){1-2)=1+11l-1)=1+n(n—1).

(8) CII, M = Sp(p+q)/SP(p) x SP(q), ¢ =1, L=p+q, r=p < [4].
We have
ay =N, 1<i<r; a;=0,j=13,---,2r—1, or j > 2r.
If > 0, then o’ > 0 implies a = a1, a3, -+ ,Q2,—1; Or v =¢; —¢€;, j > 1> 2r.

If @ > 0 and m}, (o) = 0, then « is one of the following roots:
284, 1> 2k; g5 —¢g5, 1 <j<2korj>1i>2k g +e;, J>i>2k.

Then

semrt (k)4 [P2EZD ] (2202120 (=221 -2

=2r+k(2k—3)+ (1 —2k) (1 —1—-2k)— (1 —2r)(I —1—2r)
=—k(Al+1-6k)+2r+1(l—-1)—(1—=2r)(1—1-2r).

For‘”T'H—%:H'lel,i.e.,lzg’),wehave

s=s1=2r—14+1-2)(1-3)—(1—2r)(l—1-2r)
=1+4(r—-1)(1-1-7)
=1+4(p—1)(g—1).

Forl=4,r=p=2,q=2, 51 < $2, s =82 =6.

Now we consider the cases of exception type. Since we can calculate the s-values by using
the same method, we only give the full detail in the case of type EVIII. We draw the Dynkin

diagram of eg as follows:

(%)
O O O O O O O
aq Q3 Qg Qs (&7} ar ag

(9) EVIIL g© =eg, [ =8, r=8.
We have



330
o' = 0 implies a = 0.
We list A} as follows:

Al = {as,

a3 + gy,

Qy, as, ae, a7,
Q4 + Qo,
a3 +og + a2, a3+ oyt
as + ag +
as +

as +

ay + as + ag,
as + ag + a5 + o,
a4y + as + ag + oy,
asz + a4+ a5 + o + ag,

ay + a5 + ag + a7 + as,

a3 + oy + a5 + o + a7 + as,

a3 + 204 + 205 + ap + o,

a3+ ag+as +ag + ar + ag + as,
as + 2a4 + a5 + ag + a7 + ag + ag,
a3 + 204 + 205 + ap + a7 + ag + ag,

Oé4+0£5,

ag, Q2,

as +ag, ag+ ary,
Qas, Q4+ o5+ g,
ar, Qg+ ay+as,
ay + as + ag,
ag + a7 + as,
asz + a4+ a5 + ag + ary,

a3 + 204 + a5 + o + g,

X. S. Liu

ar + as,

oy + a5 + ag + ag,

az + 204 + a5 + g,

ay + a5 + ag + a7 + ag,

ag + ayg + a5 + ag + ay + o,

oy + as + ag + oy + ag + ao,

ag + 204 + a5 + ag + a7 + o,

a3 + 204 + 205 + 2006 + 2007 + g + 0[2},

A+ = {0&1,

a1 + as,

asz, 4, a5, O,
a3+a47
a3 + oy +

g + ar +

CK1+C¥3+C¥4,
as + ag + ar,
ast+ o4 +as + o, g4+

a1 + az + ag + as + ag,

a1 + a3+ og + a5 + o + ar,

ay + s,

a7, Qg,

a5 + g, o+ ay,
as, Q4+ o5+ og,
ag, o1+ a3+ aq+ as,
as + ap + oz,

as + g + as + ag + ay,

a1+ ag + ag + as + ag + ar + as},

AT ={a1, i, a5, as a7, as, s,
ag+ a2, aqtoas, a5 tas, astay, ar+tas,
Qg+ a5+ oz, a4+ a5+ ag, Qs+ ag+ar,
a4+ a5+ o+ az, ag+ a5+ ag+ ar,

ay + as + ag + ar + ag,

Q4 + as + ag + ar + as,

Af ={o1, a3, a5 as a7, as, o,
o +a3, a5 +oas, o tar, ar+as,
as+ag+ a7, ast+ar+as, as+ag+ar+asg),
Af ={a, a3, a1, as, a7, as, oo,
ap +az, a3t ayq, a4t a2, agtar, a7+ as,
ap a3+, azt+oagtaz, o+ ar+as,

oy + ag + ag + as},

as + 204 4 205 + ag + ar + ao,
as + 204 + 205 + 206 + a7 + o,
a3 + 204 + 205 + 2066 + a7 + ag + o,

ar + as,

as + ag + ay + as,

ay + a5 + ag + ar + as,

asz +aq4 + a5 + ag + ar + as,

ag + a7 + as,

as + ag + ay + as,

a4+a5+a6+a7+a8+a2},
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Aﬁ - {ala s, Qy, Qas, a7, as, a2,
CU1+C¥3, CU3+C¥4, CU4+C¥2, OZ4+C¥5, OZ7+C¥8,
o1 +agz+og, o3F+agtog, aztogtas, s+ o5+ Qo

ay+az+ag+as, aptast+ag+a, az3+ag+as+ag,

artaztoagt+as+a, a3+ 2a4+as+a, ay+az+2ag +as+ ao,

a1 + 203 + 204 + a5 + as},

A:ZF - {ala Qasg, g, a5, g, ag, a2,
ap + a3, a3t ayq, a4t a2, agtas, a5+ g,
o) +oa3+ o, oz t+oygt+ag, a3+ ot os,
o4+ a5+ o2, o4+ a5+ s,
art+az+agt+as, art+azt+ag+ o, a3+ oag+as+a,

a3+ ag+as+as, g4+ a5+ o+ ag,

ap+as+ags+as+az, az+2as+as+ a2, ap+asz+ag+as+ag,

azt+ag+as +ag+ a2, o1+ as+ 204 + a5+ ag,

a1 tastag+as+as+ o, az+22as+as;+as + g,

a1 + 2a3 4+ 204 + a5 + g, a1 + az 4+ 204 + a5 + ag + ag,

ag + 204 4+ 205 + g + o, a1 + 2a3 + 204 + a5 + ag + g,

ay + as + 204 + 205 + ag + e, a1+ 203 4+ 204 + 205 + g + o,
a1 + 203 + 3oy + 205 + ag + a2,  ar + 203+ 3as + 205 + ag + 200},

A;{:{Oéla asz, Oy, a5, 0, OQ7, Q2
ay +a3, az3+oy, g+, astas, astag, o+ ar,
a1 +a3 + oy, @3+ aq+ a2, @3+ a4+ as,
g +o5 + a2, o4+ oas+oag, a5+ o+ ar,
art+azt+agt+as, artaztag+ o, az3+oag+as+a,

ag+oag+as+as, a4t as+ag+ a2, agt+as+ag+ar,

artaztoag+as+a, a3+ 2a4+a5+az, a1 +az+ay+as+ag,

agt+ag+as+ag+ 2, az3tag+as+as+ar, Q4+ as+ o+ ar+ ag,

a1 tas+ 20+ a5 +az, a1+as+astas+as+ g,

az + 204 + a5 +ag + a2, a1 +a3+ay+ a5+ ag + ar,

asg +ag + a5+ ag + ar + az, o+ 2a3 + 204 + a5 + as,

ap +as+ 204 + a5 +ag + a2, as+2a4 + 205 + g + as,
artoaztogt+as+ag+ort+az, az+2a4+ o5+ o+ ar+ag,
o1 4203 + 204 + a5 + o + 2, o1 + a3+ 2a4 + 205 + ag + g,
ar +as+ 204 + a5 +ag + ar + az,  as+ 204 + 205 + ag + a7 + as,

a1 + 2as3 4+ 204 + 205 + ag + a2, a1 + 2a3 + 204 + a5 + ag + a7 + g,

331
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a1 + a3 + 204 + 205 + g + a7 + o, a3+ 204 + 205 + 206 + a7 + g,
a1+ 2as 4+ 3oy + 205 + ag + a2, a1 + 2a3 + 204 + 205 + ag + a7 + as,
a1 + a3 + 204 + 205 + 206 + a7 + 2, a1 + 203 + 3oy + 205 + o + 2000,
o1+ 203 + 3aq + 205 + g +ar + a2, a1+ 2a3 + 204 + 205 + 206 + a7 + a2,
a1 + 2as 4+ 3oy + 205 + ag + ar + 200, a1 + 2a3 + a4 + 2a5 + 206 + a7 + o,
a1 + 203 + 3ay + 205 4 206 + a7 + 20, o1 + 203 + 3ay + 3as + 2a6 + a7 + ao,
a1 + 2as 4+ 3oy + 3as + 206 + a7 + 2a, a1 + 2a3 4+ day + 3as + 2a6 + a7 + 2.,
ay + 3ag + day + 3as + 206 + a7 + 20, 201 + 3as + 4oy + 3as + 206 + a7 + 20}

We get s as follows:

S1 = 50, SS9 = 36, S3 = 30, S4 = 22, S5 = 24, S — 31, S7 = 45, S8 = 71.

Then s = 71.

Now we get all s-values for irreducible Riemannian symmetric spaces of compact type. In

summary, we have Table 1.1 in Section 1 of the present paper.
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