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Abstract The authors prove two global existence results of strong solutions of the isen-
tropic compressible Navier-Stokes-Poisson equations in one-dimensional bounded intervals.
The first result shows only the existence. And the second one shows the existence and
uniqueness result based on the first result, but the uniqueness requires some compatibility
condition. In this paper the initial vacuum is allowed, and T is bounded.
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1 Introduction

In this paper, we consider the system:

pt + (pu)e =0, in (0,7) x Q,
(pu)i + (pu?)e + pPy — Aigg + P = pf, in (0,7) x Q, (1.2)
1
D,y = dng(p— — : in (0,7) x Q, 1.3
Wg(ﬂ |Q|/dex) in (0,7) x (1.3)

where p = ap” (@ > 0, v > 1), A > 0. In this paper, we only consider that  is a one-
dimensional bounded interval. For simplicity we only consider Q = (0,1), 7' < +oo. The initial
and boundary conditions are

pli=o = po(x) >0, uli—p =up, VYVze(0,1), (1.4)
w(0,8) = u(l,t) =0, ®(0,¢) = ®(1,£) =0, V¥t>O0. (1.5)

For the vacuum case, in [1], Takayuki Kobayshi and Takashi Suzuki proved the existence of weak
solution to Navier-Stokes-Poisson equations. Their methods are similar to Feireisl’s methods
(see [2]). But as for Navier-Stokes-Poisson systems, the results of strong solutions are few.
However, as for the existence, uniqueness, or other virtues of the strong solutions of Navier-
Stokes equations, we may refer to [3-10].
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Remark 1.1 The problem about the radially solutions of the Navier-Stokes-Poisson equa-
tions is worthy to consider.

1.1 Main results
Theorem 1.1 Assume that the initial conditions and f satisfy
po€ H'(0,1), wupe HY0,1), fe L. (0,00;L71(0,1)). (1.6)

Then there is a global strong solution (p,u,®) of (1.1)~(1.5), such that for all T € (0,00), we
have

p € L>(0,T; HY(0,1)), p; € L>(0,T;L*(0,1)),

® € L=(0,T; HY0,1)), &, € L™(0,T; H(0,1)),

uwe L>®(0,T; Hy(0,1)), (pu)s, uze € L*(0,T; L*(0,1)).
Theorem 1.2 Assume that the initial conditions and f satisfy

po € H*(0,1), o€ Hy(0,1) N H?(0,1),

w (1.7)
fe L2 (0,00 L77(0,1)), fu,fo € L2 (0,00 L(0,1))
and compatibility condition
AMuo)zz — (apg)z = p%g for some g € L*(0,1). (1.8)

Then there is a unique strong solution (p,u,®), such that for all T € (0,00), we have

p € L®0,T;H(0,1)), we L>(0,T;H?0,1)), ®eL>(0,T;H0,1)),
pis/pur € L°°(0,T; L*(0,1)), wuy, G, € L*(0,T; HY(0,1)), &, € L>(0,T; H*(0,1)).

Remark 1.2 When G = Au, — p is an effective flux, we can easily get p € C([0,T] x
(0,1)), u € C([0,7); H}(0,1)), ® € C([0,T]; H*(0,1)), and combining the equations (1.1)—
(1.3) and the effective viscous flux, we may obtain other regularity.

2 A priori Estimates for Smooth Solutions

To get the existence of strong solutions, obviously, we require some more regular estimates.
So we provide that (p,u, ®) is a smooth solution of (1.1)—(1.5), p > 0, and T' € (0, c0) is some
fixed time. Moreover we may let mq := fol po(x)dx be initial mass and mg > 0. To simplify, we
let A = 1. In fact, as we can deal with approximate system, we only consider initial nonvacuum.
Combining the classical results of (1.3) with our correlated uniform estimates, we may get the
existence of strong solutions of our system. To prove uniqueness, we use the classical method.

Lemma 2.1

1 T o1
sup / (pu? + p)dz —|—/ / uzdxdt < C, (2.1)
0 0o

0<t<T

where C' is dependent on |po|w1(0,1), [uolmi(0,1) and |f|L2(07T;L%(071)), but is independent of

the lower bound of po.
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Proof Firstly, we introduce the energy formula

1 1
1 1
E(t) :/ (—p|u|2+ Lp” dz — —/ |®,|2d,
0 v—1
1
5O = [ (Sl + i)~ oo [ enra,
0
where E(0) is the initial energy. It follows from (1.1) and (1.2) that
put + (pu)ug + pPy — Mgy + P = pf.

Multiplying this equation by u, integrating (by parts) over (0, 1), and combining the equations
(1.1) and (1.3), we can deal with each term as follows:

1 1 1 d 1
/ pugudx +/ (pu)uzude = = — quda:,

! ! i 1ot 1 d 2
S udr = — +Pdx = ddr = — | PppPdr=—-——— [ ®idz,
/0 pP udx /0 (pu) x /0 pePdx Tg ), +Pda = 87 dt/ x

1 1 1
d
/ aw”*lpmudw=/ ayp? N (=py — pug)dz = —@/ ap”dxﬂw/ Pyuda.
0 0 0 0

1 1
/ Pyudx = Li/ pldx.
0 y—1dt Jo

Combining these estimates, we can conclude that

Then

dE(t)

1
T —|—/\|um|2L2(0’1)§/0 pufdadt. (2.2)

We deal with fol |®,|2dz of E(t). Multiplying (1.3) by ® and integrating over (0, 1), we get

1 1 1
/ <I>m<I>dx:47rg(/ p@dx—mo/ <I>dx) (2.3)
0 0 0

and
1 1
47Tg(/ p|®ldx —mo/ @dx) < 8mgmo|P| oo (0,1) < 8mgmo|Pa|r2(0,1)
0 0
1
§|(I) |L2(0 1) +327T g m .
Consequently,
1 1 9
/ P2dx < C(/ pda:) < C(my). (2.4)
0 0

Integrating (2.2) over (0,t), we have

t tpl
E(t)—i—A/O |um|2ds§E(O)+/O/o plul| fldads. (2.5)
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Combining (2.4) and the form of E(t), we obtain

t
a
S0 1) + gl +A/uidw
VPut)z20,1) 4y —1) Pl o

v
§C+// plul|fldxd s
1
<040 [ 111,20, b VAUl s

<c+c / 71 oy (U lolhgon + VAUl )ds

1(01)
<040 [ 111, 45+ 0 [ 111,220 0 (ol + WBulEs01)0s

Using Gronwall’s inequality, we get

T p1
sup (IVpuliaon + elhon) + 2 [ [ uidadt < Cmo, ), (2.6)
0<t<T 0.Jo

where C' is independent of the lower bound of py.

Lemma 2.2

sup lp(t)|Le=(0,1) < C, (2.7)
0<t<
where C is dependent on the initial mass mo, |po| (0,1, |u0|Hé(071) and |f|L2(O,T;L%(O,1)); but

1s independent of the lower bound of pg.
Proof Consider Lagrangian flow X = X (¢, z) of u and define

ox
ot
X(0,z) =z €[0,1].

=u(t, X (¢t,x)),

Then we only require to prove p(t, X (¢, x)) < C, for any (t,x) € (0,T] x (0,1). Let to € (0,7
be any fixed time. Combining C~1 < fo po(z)dx = mo < C, the conservative mass, and the
means of the Lagrangian flow X = X (¢, z), proving by contradiction, we can easily find some
x1 € (0,1), such that

C™' < po(z1) and p(te, X (to,z1)) < C. (2.8)

Furthermore, if we take some subset (a,b) C (0,1) such that C~! < pg(z), then combining the
means of X and the conservative mass, we get

X (to,b) b
/ p(to, z)dx = / po(z)dx < C.
X(to,a) a

Next, we prove that for any xs € (0,1), p(to, X (to, 22)) < C holds. Let X;(t) :== X(t,z;), j =
1,2, and L(t) = log p(t, X2(t)) — log p(t, X1(¢)). Then using (1.1)—(1.3), we get

dL 1 dXo 1 d X,
T = sy (P @) 05 ) = s (X (0) + o)
1

= S P Xe)ult, Xo) = p(t Xo)ua(t, Xo) + poult, X))
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1
_ m(_l)m(t,)ﬁ)u(t, X1) — p(t, X1)ug(t, X1) + pru(t, X1))
—(uz(t, X2) — ug(t X)):_/X2(t)u "
z\ly, A2 z\ly A1l . -

Xg(f)
= _/ [(pu)e + (pu®)y + po + p®s — pflda
Xl(t)

Xz(t)
=— / [=(pu)au + pus + (pu)ou + pute + po + pPo — pfld
X1(t)

Xg(f)
== / (put + puug + pe + p@, — pf)da. (2.9)
X1 (t)

Let U(t) = [ Xz((:)) pu(t, z)dx. Then

dU (t) dX, dXx, X2(?)
T = s XaO) G = putt X+ [ ot )
) ) Xa(t)
— (6 Xa(t) — PP X0 (0) + [ =(pu)sut pulds
X1 (t)
XQ(f) XQ(f)
=/ pu(t,x)uw(t,x)dx—i—/ pu(t, v)dw. (2.10)
X1(t) X1(t)

Substituting (2.10) into (2.9), we have

d () () /XQ(t) /XQ(t) XQ(t)
—|— =— prdx + @mdx—/ fdz). 2.11
dt dt ( X (t) X1 (t) ’ X (t) ’ ) 21

Let a(t) = 2etX2))—p(etX1)) e easily find a(t) > 0. Thus (2.11) becomes

)

dL(t) dU(t X2(t)

—)-i-—) =—a(lL+U)+alU - (p®y — pf)da. (2.12)
dt dt Xl(t)

Using the theorem of ODE, we get

L)+ U(t)=e" s S)ds(1,(0) + U(0)) + /t SN AN (4 (5)U () — W(s))ds,

0

Xl(g)

where ¥(s) = [ X ()

(p®z — pf)dx. Combining L(0) < C (|po(z)|r~(0,1) < C), we have

L) <C+UO[+[U@B)] + /Ole‘ J2e@A7 (a(s)[U(s)] + ¥ (s)])d s

Particularly, we let t = ty. Thus
to
L(tg) =C +|U(0)] + sup |U(t)| —|—/ [P (s)|ds. (2.13)
0<t<to 0

We deal with the latter terms as follows:

vo) < [ mluto.sld < . (2.14)

1

XQ(t) Xg(t) % Xg(t) %
|U ()] §/ plu(t, z)|dx < (/ pdx) (/ qudx) .
Xl(t) Xl(t) Xl(t)
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Consequently,

W=

1
sup |U(t)] < sup (/ pdx)
0<t<to 0<t<to *Jo

Combining (2.6), we get

(/1 pu2dx)%.
0

sup [U(t)] < C, (2.15)
0<t<to

//Tj:)pmd“ds < C/Ot (/Olp”dx)i(/ollflf”ldx)z_”lds <o),
//XZ(S pl@x|dxds<c/0t(/Olpwdx)%(/;'%ggldx)zﬁd&

Combining imbedded theorem and the estimates of Poisson equation, we get

Xa(s) tpl
// |<I>w|dxds§C// |Dyz|dads < C(mo,T). (2.16)
0Jo

From (2.13)—(2.16), we have L(tp) < C. Then

log p(to, X (to, z2)) = log p(to, X (to, x1)) + L(to) < C. (2.17)

Because tg, x5 are arbitrary, Lemma 2.2 is proved.

To get the higher estimates, the effective viscous flux is very important. In the proof below
usually we will use the regularity of G, = Uy — Py

Lemma 2.3

T
051tlp (Ju|po=0,1) + [uz|£20,1)) + / |\/ﬁut|2L2(071)dt <C, (2.18)

where C' is dependent on |po|w1(0,1): [uolmi(0,1) and |f|

2y , but is independent of
L2(0,T;L7-1(0,1))
the lower bound of po.

Proof Multiplying (1.2) by u; and integrating over (0, 1), we get

1 1 1 1 1 1
/ putdx + / puuzudz + / p® uda — )\/ Uppsdr = / pfudz — / prurdx.
0 0 0 0 0

Thus

1 a4 1 1 1
/ puidz + —/ —uldx < C(/ pu uzdx—i—/ P2dx —l—/ pumtdx—k/ p|f|2dx). (2.19)
0 dt Jo 2 0 0 0

Next, we deal with each of the above terms as follows:

1 d 1 1 d 1 1

/ pugidr = —/ puxdx—/ PiUgrdr = —/ pumdw—/ ayp” " prugeda

0 dt Jo 0 dt Jo 0

d 1 1 1
— pumda:—/ puumdx—l—(fy—l)/ puidx
d 1 1 1
=5 | e = [ puGorpar+ - [pGrpide. @20)
0 0
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where

1 1 d [,
- ode = oo——— dz;
Jy et sy ],

(v-1) / 3 = (y — 1) / p(G + p)de

1 1
=(y-— 1)/ pG2dx +4(y — 1)/ ppgudz — (v — 1)/ pida.
0 0

0

Then, (2.20) becomes

! d ! d (' 4y-3
/0 Pugdar = a/ pugdr — dt/ mp dx
1 1
+ (v - 1)/ p(G? — p*)dx — / puGydx. (2.21)
0 0

Substituting (2.21) into (2.19) and integrating over (0,t), we get

t 1 1 1
// putdxds—i—/ —u ()dx—/ —u2(0)dx
2 b 2

t 1
<c+// o ‘+pG2+p|u||Gm|)dxds+// (@2 + pf?)dads
0Jo
1 L4y -3
—|—/ Py dx—/ Py de—/ ————p’(t)dx
o= [ oo - [ 5=
1 4,}/ 3 ) tpl
+/ ——p“(0)dx — —1// pidads
; 27_1)() (v )00
<C+// putu? 4 pG? + plul|G,|)dxds. (2.22)

Now, we deal with each of the right terms of (2.22) as follows:

t
/0/ pu u2dﬂ?d5</ ol Lo (0,1) [l Fe 0.1y [t T 2 0, 1)d8</ e |72 (0,175,

t o1
// pGidads < 2// p(u +p?)dads < C,
0/0 0/0
¢l t t
// plul|Gzldzds < C/ |p|zw%071)|\/ﬁu|Lz(071)|Gw|Lz(071)ds§ C/ |Gelr2,nds, (2.23)
0Jo 0 0

and
Gy = Uga — Pz = pUs + puuy + p®y — pf.

Consequently,
|Galr20,1) < C(lVpuelzz0,1) + [uts|z2(0,1) + [Pa|r2(0,1) + [P f]22(0,1))-
Then (2.23) becomes

t pr1l t
/ / plul|Galdads < C / (el 2o + [utial 2o + 1®alz201) + 19F | 220.1))ds
0J0 0

t 1 t pl
§C+C/ |uw|‘i2(0 1)ds+—// puZdxds.
0 ' 2 JoJo
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Combining the above estimates, we get

t t
/0 (WP wl2s0) + [tial2201)ds < C+C / a2 0,15

Using Gronwall’s inequality, we obtain

t
| vBula + eliaouds < .

Combining u|sq = 0 and embedding theorem, we have

t
sup (|ulp=(0,1) + |ta|72(0.1)) +/ IVpuilFag0,1ydt < C.
0<t<T 0

Lemma 2.4 .
/0 (a2 w01 + |G 20,0 )dE < C, (2.24)

where C' is dependent on |po|m (0,1 |u0|H1(0 1) and |f|L2(07T;L%(071)), but is independent of
the lower bound of po.

Proof

uz|Foo 0,1y < 201G e 0,1y + 1P T 0,1)) < 201G F2(0,1) + |G lT20,0) + [P[Too0,1)s

/ Gl720,1ydt < 2// |1 dxdt+// lp|2dzdt < C,

/ |Gal720,1ydt < C/ (C + [VpudFa(0,1) + [utsa| 2201y |VPF |720,1))d 8

and

<C+ C/ |um|2L2(071)ds < C.
0

From the above estimates, we have

T
ob?p (IplL=(0,1) + [ualr2(0,1)) + /0 (|\/ﬁut|i2(o,1) + |ur|2Loo(0,1) + |Gr|%2(0,1))dt <C, (2.25)

where C' is dependent on [p|g1(0,1), |u0|Hé(071) and |f|L2(0,T;L%(0,1))'

Lemma 2.5

sup |pz|r2(0,1) < C(T), (2.26)
0<t<T
where C' is dependent on |po| g (0,1, |U0|Hé(0,1)7 [f] 2y and T, but is independent

L2(0,T5L7=1(0,1))
of the lower bound of pg.

Proof Differentiating (1.1) with respect to = gives

(pz)t + (pu)zz = 0.
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Multiplying it by p, and integrating over (0,1), we get

1 1
/(mwmnx+/"@mmmnx:a
0 0

d1 ! !
T3 [ weran [ L)+ pudepeda =0, (2.27)

1 1 1 1
/ (pz)zpzdr = / (Pzatt + potiy)prde = / Przpeudr + / piuxdx.
0 0 0 0

However
1 1 1 1
/ pmpwudx:—/ pw(pmu)mdxz—/ pmpmudx—/ piuwdx.
0 0 0 0
Thus
1 1 /1
/ pmpwudx:——/ piumdx,
0 2Jo
but

1 1
/ piuwdx < |Uw|Loo(071)/ pidx,
0 0
1 1 1
/(pum)mpwdx:/ piuxdx—i—/ Pz ped
0 0 0

1 1
< |um|L°°(O,1)/ pida: +/ p(Gm +pm)pmdx
0 0

1 1 1 1
§C<|UI|L°°(0,1)/ Pzdw-k/ Gﬁdx/ pﬁdx+/ avp”pf?dx)
0 0 0 0

1 1 1 1
SC(WHL&(OJ)/@ pidx+/0 Gidx/o pf,da:—i—/o pidx). (2.28)

Combining (2.27) and the above estimates, we get

d1 1 1 1 1
__/ (pe)?dax < C(|uw|Lm(071)/ pﬁdx—i—/ Gidx/ pzdx—k/ pﬁdx).
dt2 /o 0 0 0 0

From the above lemmas and using Gronwall’s inequality, we have

sup |pelr2(0,1) < C(T).
0<t<T

Lemma 2.6

T
OilflET(|P|Hl(o,1) + |ptlr2(0,1) + [ualr2(0,1)) +/ (|(Pu)t|2L2(o,1) + |Um|2L2(o,1))d3 < C(T),
<t< 0

where C'is dependent on |po| g (0,1, |u0|Hé(071), |f] and T, but is independent

L2(0,75L77T (0,1)
of the lower bound of pg.

Proof From equation (1.1), we have p7 = [—(pyu + pu,)]®. Integrating it over (0,1), we
get

1 1 1 1
/ pidx = / prudx + 2/ pPoputdr + / pPuidx
0 0 0 0

1 1
< |U|2Loo(o,1)/0 prda+ 2|p|L°°(0,1)|U|L°°(O,1)|pI|L2(O,1)|uI|%2(O,1)+|p|2L°°(0,1)/0 uZdz.
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Thus

1 1
2 2 2
sup / pidz < sup |ulfw(gq) Sup / pedax
o<t<T Jo 0<t<T 0<t<T Jo
+2 sup [p|lre(o,1) Sup |ulre=,1) SUP |pelr2(0,1) SUP [|ue|r2(0,1)

0<t<T 0<t<T 0<t<T 0<t<T

+ sup |pl7wony SUP |ug|F2g0q) < C. (2.29)
0<t<T 0<t<T

Consequently

T 1 T 1 T 1
// (pu)fdxdt§2// (ptu)zdxdt+2// (pug)*dadt
0Jo 0Jo 0Jo

T o1
<2 sup |u|2Loo(0’1)// (pe)*dadt
0<t<T 0Jo

+2[p? | Lo (0.1 x(0.1) /OT/Ol(\/ﬁUt)zdxdt <C. (2.30)
Combining the momentum equation and Poisson equation, we have
Uy = ()i + (pu?)z + po + p®s — pf. (2.31)
Using (2.30) and (pu;) € L%((0,T) x (0,1)), we can easily get p, € L%((0,T) x (0,1)), and
[(pu?)2]® = (pau + 2puuy)? < 2(p2u’ + 4p*u?ul).

Combining |u|re(0,1)x(0,1)) < C, lple=(omx01) < C, |pzlre~(o,rL2001) < C and
[te| oo (0,7522(0,1)) < C, We see that (pu?), € L*(0,T) x (0,1). In fact, we have

(pUQ)T € LDQ(OaTaLQ(Oa 1))7

T r1 T r1
/O/O p®,[*dadt < |P|2Loo((o,T)x(o,1))/O/O |, [*dadt < C,
pf € L*((0,T) x (0,1)).

Combining the above estimates and (2.31), we have

T
OE?ET(|P|H1(0,1) +1ptlL20,1) + |ualr2(0,1)) +/o (1(pw)elZ2(0,1) + [taaliao.))dt < C(T). (2.32)

To prove Theorem 1.2, we must deal with the following estimate.

Lemma 2.7
t
|\/ﬁ“t(t)|%2(o,1) +/ |Utx|%2(0,1)d5
t
< C+ Ipu(n) s, + C / ta 0.1y [/ ]2 0.1y L5, (2.33)

where C' is dependent on |po|g (0,1, |u0|Hé(071), |/ | felz2(0,7:22(0,1)) and

Lz(o,T;L%(o,n)’
|ftlL20,m502(0,1)), but is independent of the lower bound of po.
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Proof Combining the momentum equation (1.2) and the mass equation (1.1), we can easily
get
put + putiy + pPy + Py — Uzx = pf.

Differentiating it with respect to time, we have
pust + prur + (pu)ugt + pruty + puruy + pe®@y + pPut + Pat — Uzt = prf + pfts
that is,
PUtE + PUUgt + Pat — Uzzt = —Pi(Ut + Uy + Py — f) — pustiy — pPus + pfi.

Multiplying it by u; and integrating over (0, 1), we have

d ("1 "1 "1
a/o §pufdx—/0 §ptufdx+/0 §(puuf)wdx

14 1 1
—/ —(pu)mufda:—/ ptumtdﬂf-f'/ uzdx
0 2 0 0

1 1 1 1
:/ (pu)gc(ut2 + wugur + Ppup — fup)da — / pufumdx — / p®udr + / plrugd .
0 0 0 0

From equation (1.1), we have

4 1 1 1
2 2
— | =pu da:—f—/ uz,dx —/ prugrde
dt 0 2 ¢ 0 ¢ 0

1
=— / pu(ut2 + wuguy + Poup — fug)dx
0

1 1 1
—/ pufumdx—/ p@tmutdx—k/ pfiugdx. (2.34)
0 0 0

We deal with each term of (2.34) as follows:

1 1 1
_/ Pt“wtdw=/ aw””(w)xumdxz/ (P2t + YPUa ) U da
0 0 0
d ! 1 1
=9 ; %puidx—/o %ptuidx—f—/o Patitligd e

d [t ! '
dt 0 2 0 2 0

d 1 1 1
= E/o %puidx—i—/o pmuumdx—k%/o 'ypuidx

1 1
- 1/ puddz — 1/ pu(u?),dx
2 Jo 2Jo

Y ' v [t 2 3
= puzdz + [ pruugde + (—pu(uy)e + (v — Dpuy)dx.
dt Jo 277 0 2 Jo - h
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Substituting it into (2.34), we have

d /1(1 2,70 2 Ly
— —pu —l——pum)dx—i—/ ugdx
dt J, \2"7" 2 0

1 1 1
g
< [ psllulluselde +7 [ plusllulluseldz + ] [ (= Dplusfda
0 0 0

1 1 1 1
2 / plue] gtz + / plue] g 2z + / plue] [l [t |z + / plue][uf? |z Az
0 0 0 0

1 1 1
- / pu(®,uq)pda + / ol llullurldz + / o1l gtz
0 0 0

1 1 1 13
+/ p|ut|2|um|dx—/ p@mtutdx—i—/ p|ft||ut|da:EZIj. (2.35)
0 0 0 ;
7j=1

Next, we deal with I;—I;3:

1
L= [ Ipallllustlde < sl + CEIpalEa.
0
1 1
I = ’7/0 plug|ullugs|de < C/O |ua|[tee|da < C(|um|iw(0,1) + |um|2L2(0,1));
1
I3 = —/0 (v = Dplua’dz < Clug| 20,17 < 0,1) < Cluel T 0,1

2
1
Iy = 2/ P|Ut||u||umt|d$ < C|\/ﬁut|L2(O,1)|umt|L2(0’1) < €|Umt|%2(o,1) + C(£)|\/ﬁut|%2(0,1);
0
1
ts = [ plunlullu Pde < Cly/Bulaion sl luslz2n
0
< C|\/ﬁut|i2(0,1) + C|Um|%w(o,1)§
1
Is = / pludl[u|uzz|dz < Cly/pudlr20,1)[tael 20,1y < CUVPUlT200.1) + [taali20.1));
0
1
1= [ plulluulde < VBl + il
1
0
< Cl®y 72001y + luatlF2(0,1) + ClVP U T 20,1

1
To = / plfellulludddz < Clypulag.y + Clfal2eoy:

1 1
=] [ pu@uneds] < [ plul@ulfustldn + [ plul@ uldz
0 0

1
To = / Pl 1[ul[teeldz < CU a1 + lttar 20,1
1
In Z/ pluel[ug|dz < C|Um|L°°(0,1)|\/ﬁut|2L2(o,1);
0

1 1
112 = ‘/ p@mtutdx‘ < C|\/ﬁut|%2(071) + C(/ |(I)It|2d£r)
0 0

We deal with the estimate of ®,;.
Differentiating (1.3) with respect to time, multiplying it by ®; and integrating over (0, 1),
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we get
1 1
/ @mmt@tdxzélwg/ pr®da.
0 0
Then .
/O |@at*da < Clpelr2(0,1) el r20,1) < CloelTa(o,1) + &Pl 20,1y
Thus

1
/0 |® ¢ |*dx < C|Pt|i2(o,1)-

Consequently, 112 becomes
Lip < C(|\//_)“t|%2(0,1) + |Pt|2L2(0,1))7
1
Liz = / plfelludldx < O\ felF2(0.1) + Clv/p |70,y
0

From the estimates of I1—I;3, and (2.35), we obtain

d [t/1 ~ !
T Grt+gmd)aa+ [ e <O+ pultaon + Il + ol
+ |Um|2Loo(0,1) + |ft|2L2(0,1) + |fr|2L2(0,1) + |pm|%2(0,1))

+ Clug| Lo 0,1y VP Ut F2(0.1) - (2.36)

Integrating it over (7,t) C (0,7), we conclude that

1 t 1
/ putz(t)dx—i—// u?,dzds
0 7J0
1 1 t
< C+C(/ puf(r)daﬂ—/ pui(r)dx) +C/ |U,;E|Loc(071)|\/ﬁus|%2(011)d8.
0 0 T

Using Lemma 2.3, we get

1 t pl
/putz(t)dx—i—// u?,dzds
0 7J0
¢
< C+Clypuu(7)liz20,) +C/ |t e (0,1) [V s |22 0,1y d 5. (2.37)

Combining the momentum equation (1.2) and compatibility condition, we have
put + putiy + p®y + Py — Uzx = pf.

Thus
1 1 1 _1 _1 1
pruy = —(p2uty + p? Py +p"2py — p PUgy) +p2 f.
Consequently

_1 _1
|\//_)U't(7-)|2L2(0,1) < C(|\/ﬁf|%2(0,l)+|\/ﬁ¢f|%2(0,1)+|\/ﬁuu’f|%2(0,l)+|p 2Pz —p 2U.m|2L2(0,1))-
Combining the above estimates f; € L?(0,1;L?(0,1)), OE?ETUEQ(O’U < C, |<I>w|2L2(071) <

1 :
Clplz 1) +Cs lp wiig|32 01y < Clugliz,y and s |uz|72(9.1) < C, we obtain

_1 _1
|\/ﬁut(7)|i2(o,1)§C+C|P 2pa(T) = p 2um(7)|i2(o,1)~
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Substituting it into (2.37) and letting 7 — 0, we get

1 t el ¢
1
/0 §puf(t)dx+/o/0 uitdxdsgC—i—C/O |um|Lw(071)|\/ﬁus|2L2(0’1)ds.

Using Gronwall’s inequality and fOT [Ue| 00 (0,1ydt < C, we get

1 t pl
/ pU?(t)dx+// updzds < C. (2.38)
0 0J0

Next, we construct the approximate systems to deal with the existence.

3 Proof of the Existence

Our method that constructed approximate systems is similar to that in [9]. We take a semi-
discrete Galerkin scheme. We take our basic function space as X = Hg(0,1) N H?(0,1) and the
finite-dimensional subspaces as X™ = span{p!, ¢? -+, ¢™} C X N C?([0,1]). Here ™ is the
mth eigenfunction of the strongly elliptic operator A = —8‘?—; defined on X.

Let pg, up and f satisfy the hypotheses of Theorem 1.1 or Theorem 1.2. Assume for the
moment that p§ € C1([0,1]) and p$ > 6 in (0,1) (for some constant § > 0). We may construct
an approximate solution for any v € X™, ¢ € C?([0,1])

/ (p"ug 4+ pmu™ - ult + Au™ + plt + p" PN s vda = / P wd,
Q Q
/ pitedx + / (" u™)apda = 0,

Q Q

/ O pdx = 47rg/ (pm — @)wdx,
o ) €2

where f0 € C*((0,T) x (0,1)) and f® — f in LQ(O,T;L% (0,1)). The initial and boundary

conditions are

ug' =Y (uo, M) 2" and  p™(0) =p) >4, p°(0) < |polre +1,
k=1
|Pg_PO|H1(0,1) — 0, um(O,x) :um(l,x):O, (I)m(o,l‘) :(I)m(lax) =0.

Under the hypotheses of Theorem 1.1, similarly, for any fixed 6 > 0, we may get the similar
estimate of Lemmas 2.1-2.6.

T
OE?ET(|PE”|L°°(0,1)+|U%|L2(0,1)) +/0 (VP udt 200 + luslT200) + [GoblF2(0,1)) At <C(T),

T
OE?ET(|PSR|H1(0,1)+|P§§|L2(0,1) + [ugzl2(0,1)) +/0 (o5 g )i 70,1 + [u5is|T2(0,1))dE S O(T).
Combining the course of estimates and the initial condition of approximate system, we can
easily deduce that C' is dependent on T, pg, up and f. Moreover, because the constants C' of
Lemmas 2.1-2.6 are independent of the lower bound of pg. Here, C(T") does not depend on ¢
and m (for any m > M, M is dependent on the approximate velocity of initial condition). Thus,
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we can deduce from the two above estimates that (p™, u", ®™) converges, up to an extraction
of subsequences, to some limit (ps, us, 5) in the obvious weak sense, and there are estimates:

T
OE?ET(|P(5|L°°(O,1) + |Um6|L2(0,1)) +/0 (Iv/ps U6t|2L2(0,1) + |Um6|%2(0,1) + |Gm6|2L2(0,1))dt < (1),

T
OiltlgT(|Pé|H1(o,1) + |pstlr2(0,1) + |usz|z2(0,1)) +/ (I(psus)el T2 (0,1) + [tawslT2(0,1y)dt < C(T).
ESAS 0

Because C(T) is independent of §, when § — 0, we can deduce that (ps, us, 5) converges, up
to an extraction of subsequences, to some limit (p, u, ®) in weak sense, and

T
oi?Equ'Lm(O’l) + [uzr2(0,1)) +/o (1P ueltzq,) + lualtag,) +1GalLa,1)dt < C(T),

T
OilflET(|P|Hl(o,1) + |ptlz20,1) + [ualr2(0,1)) +/ (|(Pu)t|2L2(o,1) + |Um|2L2(o,1))dt <C(T).
<t< 0

From the LP-strong estimates of Poisson equation, we can easily get the regularity in Theorem
1.1.

As for Theorem 1.2, we can deal with it similarly, but the initial and outer power conditions
are

5 <p°(0) < lpolL=+1, pheC?*([0,1]), ¢°€C2(0,1), g5 — glrz0.1) — O,
£2 e C2(0,T) x (0,1)),  [pd = polerony — 0o (2, £2, f2) = (f. for o)l 12

loc

(0,T;L2(0,1)) — 0.

Because we have compatibility condition, we let ug € C3[0,1] be the solution of the following
elliptic equation

1
U = () +p3g° 0<z <1, uf(0)=uf(l)=0.

Combining the classical stableness results of the elliptic equation and the compatibility condition
of Theorem 1.2, we deduce that uj — wug in H?(0,1), and wug satisfies the compatibility of
Theorem 1.2.

For any fixed § > 0, similarly, we may get the similar results with Lemmas 2.1-2.7, and we
have estimates

T
Oilng(|P6|H1(o,1) + 108 1 12(0,1) + Ul £2(0,1)) +/o ([l |7 oo 0.1y + 149217 2(0.1))dE < C(T),

T
|¢w@mﬁmm+é|@ﬁm@wsc@x

where C' is independent of 4. Thus when § — 0, we can deduce from the above estimates that
(ps, us, s) converges to some limit (p, u, ®), and we have estimates

T
oililgT(m'Hl(o’l) + |pelr2(0,1) + [uelr20,1)) +/o (a7 oo 0,1) + [zalT2(0,1y)dE < O(T),

T
Vulson + [ lualtsondt < O

From LP-strong estimates of Poisson equation, we can easily get the regularity in Theorem 1.2.
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4 Proof of the Uniqueness

Let (p,u,®) and (p,u,®) be two solutions that satisfy the same initial condition. Then
combining (1.1) and (1.2), we have

pug + putty + pO;p + Py — Uy = pf, Py + Py + PPy + D, — Usx = pf-
Thus
Pl =)t + pulu — T)a — (4~ Wga
=(p=P)(f =T — Wy = @) = (p = D)z = p(® = D) — p(u — W)y (4.1)
Multiplying it by (v — @) and integrating over (0, 1), we have

1 1 1 1
4 —p(u —7w)*dx + —/ (pu)m(u—H)de—k/ pu(u—ﬂ)m(u—ﬂ)dx—i—/ (u—7)2dx

1 1
é/ IP—EIIf—ﬂt—Wx—%IIu—ﬂIder/ Ip— Bl (u — W) |dz
0 0
1 . 1
4 / PI(@ — B),|ju —lde + / plu — P G, ]dz,
0 0

that is,

d ("1 —\2 ! —\2
a/o §p(u—u) dx—i—/o (u—1u);dx
<lp = Plr2on|f — T — W — @u|20,1)[u — WL 0,1) + [P = Dlr2o,1)|(w — Wl L2(0,1)
+ Ol(® = D). |r2(0,1)lu — TlL2(0,1) + |VPlu — ﬂ||2L2(0,1)|Hm|L°°(O,1)
<el(u —W)al7200) + [0 = Pli2(01)(C + Clel720,1))
+Ip —1_9|%2(o,1) + |Vplu — H||%2(o,1)|ﬂ.x|L°°(o,1)-

Consequently,
d ['1 !
T /0 §p(u —u)%dx + /0 (u—a)2da
<lp = Blr2(0.1)(C + CluelF2(0,1)) + [P = BlT2(0.1) + [VPlu = T[T 20,1 [T L= (0.1) - (4.2)

Moreover, from the conservative mass equation, we have
pt + pau+puy, =0, p,+p,u+pu, =0.
Then
(p =Pt + (p—P)au+ Pyu— P U+ (p — P)ug + Pus — plz = 0,
that is,
(P =Dt + (p = D)t + Dy (u =) + (p = P)ux + P(uz — Uz) = 0.
Multiplying it by (p — p) and integrating over (0, 1), we get

d [t1 11 !
G| se-prde = [ So-prudet [ g pida
0 0 0

1 1
+ [ o=pPude+ [ pu—m).(—paz o
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Thus
d 1 .
5/0 5P —p)de
1 1 1
sc(/o (P—ﬁ)QIumIdx—f—/O |ﬁm||(u—a)||(p—p)|dx+/0 ﬁl(u—ﬂ)mll(p—ﬁ)ldx)
that is,
d ['1

—\2
— [ Z(p-p)2d
dtOQ(p p) dz
1 1

<C(Juele o) /0 (o Pde ( /0 ) — Tz~ /0 1(P—ﬁ)2dx)§
+ (/01I(u—ﬂ)mlzdw)%(/ol(p—ﬁfdx)

1 1
<O(luslimon + 0@ +0E) [ Ada) [(o-pPdr+elu=mulbaen.  @3)

=

Moreover, multiplying (1.1) by ayp?~!, we get
Pt + pau+puz =0, Py + P, U +YPUz = 0.

Similarly, we get

that is,
(P =Pt + (p = P)ev + Py (v — W) +¥(p — P)ua +7P(u — U)s = 0.
Multiplying it by (p — P) and integrating over (0, 1), we get

1

1 1
0 se-prde [ Se-prdet [ ptu-we-pds

dt J, 2
1 1
7 [ 0-pPuda o [ B0 -pds =0
0 0
Then
d ! 2 12 = - -
AT} (p —p)"dz < Clug|pe(o,1)|p — p|L2(o,1) +[PelL2(0,1)|w — @l Lo (0,1)|P — Plr2(0,1)
0
+el(u— ﬂ)m|2L2(o,1) +Ce)lp - 23|%2(o,1)
< CJuelp(0,1) + [Pelz2 1) + DIp — Bli201) + 26/(u = WalT2 01y (44)
From (4.2)—(4.4), we obtain

T [ t=m 4 =2+ -9+ [ (-

<C(1+ |ﬂt|%2(0,1) + [Uz| e (0,1) + |Pz|2L2(0,1) + |ua| Lo (0,1) + |23m|2L2(0,1))
~(IVp(u — ﬂ)@?(o,l) +lp— ﬁ|2L2(0,1) +Ip —]_?|2L2(0,1))-
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Using Gronwall’s inequality and the above regularity of strong solution, we have

Vo =@)[Z20.1y + |0 = PlE20.1) + [P = Pl72001) = 0,

that is, u = W, p = p in L?(0,1). From the classical theorems of Poisson equation, we get

|® — 6|W2,2(071) = 0. Finally, we get the uniqueness.
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