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1 Introduction

Since the notion of Lie bialgebras was introduced by Drinfeld in 1983 (cf. [1, 2]), there have
appeared several papers on Lie coalgebras or Lie bialgebras (cf. [3-10]). Lie bialgebras of Witt
and Virasoro type were presented in [9]. These types of Lie bialgebras were further classified
in [6]. The authors in [8] studied Lie bialgebra structures on Lie algebras of generalized Witt
type, which were proved to be coboundary triangular. Lie bialgebra structures on Lie algebras of
generalized Virasoro-like type were considered in [10]. Partially due to the fact that constructing
quantization of Lie bialgebras is an important tool to produce new quantum groups (e.g., [11,
12]), the study of Lie bialgebra structures becomes more and more important.

In this paper, we study Lie bialgebra structures on a family of Lie algebras of Block type.
Lie algebras of this type attract our attention not only because they are closely related to the
Virasoro algebra or the Virasoro-like algebra but also because they are special cases of Lie
algebras of Cartan type S and Cartan type H (cf. [13-15]).

First, let us recall the definition of Lie bialgebras. Let L be a vector space over a field
F of characteristic zero. Denote by £ the cyclic map of L ® L ® L cyclically permuting the
coordinates, namely, £(z1 ® 13 ® x3) = T2 ® x3 @ 21 for x1, 22,23 € L, and by 7 the twist map
of L& Lyie,7(z®y) =y for z,y € L.

To introduce the notion of Lie bialgebras, we first reformulate the definition of a Lie algebra

as follows: A Lie algebra is a pair (L, d) of a vector space L and a linear map 6 : L® L — L
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(the bracket of L) satisfying the conditions:
Ker(1 —7) C Ker, (1.1)
§-(1®6)-(14+£6+€6)=0: LOL®L— L, (1.2)
which are called skew-symmetry and Jacobi identity respectively. Dually, one has the notion

of Lie coalgebras: A Lie coalgebra is a pair (L,A) of a vector space L and a linear map
A: L — L® L (the cobracket of L) satisfying the conditions:

ImA C Im(1 —7), (1.3)
(1+6+6H-1®A)-A=0: L>LOL®L, (1.4)

which are called anti-commutativity and Jacobi identity respectively. For a Lie algebra L, we
always use [z,y] = d(x,y) to denote its Lie bracket and use the symbol “-” to stand for the

diagonal adjoint action

x - (Zai ® bi) = Z([x,ai] ®b; +a; @ [x,b;]) for z,a;,b; € L. (1.5)
Definition 1.1 A Lie bialgebra is a triple (L, 0, A) satisfying the conditions:

(L, ) is a Lie algebra, (L,A) is a Lie coalgebra, (1.6)

Ad(z,y) =z Ay —y-Ax  for z,y € L (compatibility condition). (1.7)

Denote by U the universal enveloping algebra of L and by 1 the identity element of U. For
an element r = Y a; ® b; € L ® L, we define ¥, ¢(r), 4,5 = 1,2,3 to be elements of Y @ U @ U

by (where the bracket in (1.8) is the commutator):
c(r) = [P, 73] + [r12, 023 4 13 0?3, (1.8)
T‘lQZZCLi@bi@l, T‘lgzzai@l@bi, 7‘23221®ai®bi.
Definition 1.2 (1) A coboundary Lie bialgebra is a 4-tuple (L, 5, A, r), where (L,d,A) is a

Lie bialgebra and v € Im(1 — 7) C L ® L such that A = A, is a coboundary of r, where A, is
defined by

Ap(x)=x-r forxzel. (1.9)

(2) A coboundary Lie bialgebra (L,d,A,r) is called triangular if it satisfies the following
classical Yang-Bazter Equation (CYBE):

c(r) =0. (1.10)

Now let us formulate the main result below. Let G be any nonzero additive subgroup of F

with Z C G. The Lie algebras considered in this paper are the Block Lie algebras B = B(G)
with basis {9, 2% |a € G, i € Z} and brackets

[0, 2%7] = bab (1.11)

[z%, 2%9] = ((a — 1)j — (b — 1)i)xaFbiti—1, (1.12)

The main result of this paper is the following
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Theorem 1.1 Every Lie bialgebra structure on B is a triangular coboundary Lie bialgebra.

2 Proof of the Main Result

The following result can be found in [1, 2, 6].

Lemma 2.1 Let L be a Lie algebra and r € Im(1 —7) C L ® L.
(1) The tripple (L,[-, -], Ay) is a Lie bialgebra if and only if v satisfies CYBE (1.10).
(2) We have

(I+E6+EH-1®A)-Alx)=x-c(r) foralxec L. (2.1)
Now consider the Lie algebra B. We denote
B' = [B, B] = span{z®"| (a,i) € G x Z}  (the derived subalgebra of B). (2.2)

Note that C' = z1? is a central element of B’, and B’/FC is a simple Lie algebra (in this case

B is called a central simple Lie algebra). For convenience, we use the following convention.

Convention 2.1 If an undefined symbol appears in an expression, we always regard it as

ZEero.

Lemma 2.2 Let Bln] = B® --- ® B be the tensor product of n copies of B, and regard
B[n] as a B-module under the adjoint diagonal action of B.

(1) Suppose that ¢ € B[n] satisfies a- ¢ =0 for all a € B. Then ¢ = 0.

(2) Suppose that ¢ € B[n] satisfies a-¢=0 for alla € B'. Then ce F(C®---® C).

Proof It can be proved by using the similar arguments as in the proof of [10, Lemma 2.2].

An element r € Im(1 — 7) C B ® B is said to satisfy the modified Yang-Baxter Equation
(MYBE) if

x-c(r)=0 forallxe B. (2.3)

As a conclusion of Lemma 2.2, one immediately obtains

Corollary 2.1 An element r € Im(1 — 7) C B ® B satisfies CYBE (1.10) if and only if it
satisfies MYBE (2.3).

Regard V = B® B as a B-module under the adjoint diagonal action. Denote by Der(B, V)

the set of derivations D : B — V, namely, D is a linear map satisfying
D([z,y]) =2 -D(y) —y-D(z) forz,y€ B, (2.4)

and by Inn(B,V) the set consisting of the derivations ainn, a € V, where ain, is the inner

derivation defined by

Qinn : T +— T -a for x € B. (2.5)
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Then it is well-known that
HY(B,V) = Der(B,V)/Inn(B, V), (2.6)

where H'(B,V) is the first cohomology group of a Lie algebra B with coefficients in the B-
module V.

Proposition 2.1 Der(B,V) = Inn(B,V), equivalently, H'(B,V) = 0.

Proof Note that B = @ B, and V = B® B = @ V, are G-graded (but not finitely

acG acG
graded), with
B, = Span{z®" |i € Z} ® 0,,0F0 and Vo= Y By,®B, foracg. (2.7)
b,ceG
b+c=a

A derivation D € Der(B,V) is homogeneous of degree a € G if D(By) C Vyup for all b € G.
Denote
Der(B,V), ={D € Der(B,V)|deg D = a} foracG.

Let D € Der(B,V). For a € G, we define the linear map D, : B — V as follows: For any

€ By with b € G, write D(p) = > pe with p. € Vg, then we set
ceG

Da(p) = prato.

Obviously, D, € Der(B,V), and we have
D= D,, (2.8)
acG

which holds in the sense that for every u € B, only finitely many D,(u) # 0, and D(u) =

> Dg(u) (we call such a sum in (2.8) summable).
acG
We shall prove this proposition by several claims.

Claim 2.1 If 0+#a € G, then D, € Inn(B,V).
For a # 0, denote v = a~'D,(d) € V,. Then for any 2/ € By, with b € G, applying D, to
[0, 2%7] = ba®I and using D, (2%7) € V15, we have

(a4 b)Dy(z"9) — 2P7 . Dy(0) = 0 - Do(a7) — 29 - Dy (9) = bDy (x7), (2.9)

i.e., Dg(2%7) = yipn(2%7). Thus D, = Yiny is inner.

Claim 2.2 Dy(9) = Dy(z'°) = 0.

Applying Dy to [0, x] = bz for x € By, with b € G, as in (2.9) we obtain x - Dy(9) = 0. Thus
by Lemma 2.2(1), Do(d) = 0. Next, applying Dy to [#7, 21:°] = 0 for any 27 € B’, we obtain

2% . Do(2"%) = 0. Thus by Lemma 2.2(2), Do(2'°) € F(C @ C). But C ® C € Vs, while
Do (x19) € V1, we have Do(z2?) = 0 (recall Convention 2.1).
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Claim 2.3 Replacing Do by Dy — uinn for some u € Vi, we can suppose Do(x‘”) =0 for
(a,i) € G X Z.

We can write Do(z%7) as

Do(x™7) = Y dyd aPt @ P 43 "o @ avt + ) et @0 (2.10)
peG SEZ teEZL
q,rEZL

for all @ € G and some dg;fl'm,dg"j,df’j € F, where {(p,q,7) € G X Z X Z|d;;fl'7r # 0}, {s €

Z|d»i #0} and {t € Z|el? # 0} are finite sets.
Applying Dy to [#10, 2%7] = 0, we obtain

Z d®i g0 @ 2% 4 Z e?’jx“’t @z"° =0. (2.11)
SEL teZ

Comparing the coefficients of 210 ® 2%* and %! @ z1°, we obtain
d® =e¥ =0, (a,s),(a,t) #(1,0) and dj? = —e}?. (2.12)

Hence we can rewrite (2.10) as

Dy(z*7) = Z de? Pl @ Pt g £, (2.13)
peG
q,TEL
Dy(z"9) = Z déirxp»q @z P L @il (0t — 20 ®9), j#0. (2.14)
peG
q,r€L
That is,
Do(z™7) = Z ded aPd @ gpTPter 4 ba1ds? (0@ 20 — 210 © ). (2.15)
peG
q,rEL

Subclaim Replacing Dy by Do — uinn for some u € Vy, we can suppose Do(x®7) = 0
forallae€Z, jeZ.

We can write

Do) = Z dg:ém P @ TP (2.16)

peG
q,m€EZL

0,1 0,1 - :
for some d; . € F, where {(p,q,7) € G x Z x Z|d,, . # 0} is a finite set. Note that

201 P R P = (2 —q— 7n)xp,q ®x P,

Using this, by replacing Dg by Dy — uinn, where u is a combination of some a7 @ x=P" for

q+r # 2, we can rewrite (2.16) as

Do(a™) = > dyi, aPi@a P (2.17)
q+r=2
peG

q,7€EZ
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Furthermore, from the following facts
29 (2P0 @ a7P?) =0 =201 . (aP? @ 27PY),
200 (2P0 © 27P?) = —22P0 @ 7P
200 (2P? @ 27P0) = —22P1 @ PO,
by replacing Dy by Dy — inn, Where u is a combination of zP° ® 772 and P2 @ ~P° (this
replacement does not affect (2.17)), we can suppose
dyo, =dyly=0. (2.18)

Applying Dy to [#°0,291] = -9 we obtain

Z dyy (—qeP it @z TP —raPl @ pm P = Z (1= q—7r)dyg ™t @™

q+r=2 peG
PEGZ q,r€Z
q,r€
That is,

D (g Dy gy et @@ — (r 4 1)dy g @ @ 2P
q+r=1

peG
q,r€Z

D MR R

peG
q,"€EZL

Comparing the coefficients of P9 @ x~P'", we obtain

2d)0 0 = —doy = 2d)5 o, (2.19)
dygr =0, q+r#1 (2.20)

By (2.15) and (2.17)—(2.20), Do(2%°) and Do(2%') can be respectively rewritten as

Dy(2%°) =0, (2.21)
Do(2%h) = ng:(lm(xp’o @z P? - 22P1 @ 2P 4 aP? @ 27P0). (2.22)
peEG

Applying Dy to [#%1, 2719 = 22719 we obtain

> dybo((1 - g - r)ari @ 2P L)
peG
q,7€EZ

= 24(‘121(1),2 - dgim,g)(xp’l QP10 _gpl g x*P*Ll),
peG

Comparing the coefficients of P9 ® =P~ 1", we obtain

dpgr =0, q+r#1, (2.23)
0,1 0, ) —P—LL —

D (dyti g — dyop)e™ @ P =0, (2.24)

peEG

Z(d&éﬂ —dyg)e” @aTPTH0 =0, (2.25)

peG
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From the equation (2.24) or (2.25), we have
d2i17072 = dg:(lm for any p € G. (2.26)
According to the fact that the set {p € G | dg:(lm # 0} is of finite order, we obtain
dg”(l)’z =0 foranypeG. (2.27)
Combining (2.22) and (2.27), we can safely deduce that
Dy(z%1) = 0. (2.28)
Applying Dy to [2%1,2%7] = (1 — a — j)z™J, we obtain

Z (2—a—q— r)d“’j 2P @ g PTar

Pq.T
peG
q,r€L
=(1—a-— j)( > dbd Pt @ Pt 45, dy? (0@ 20 — 20 ® a)>. (2.29)
peG
q,rEZL
That is,
Z (L—q—r+j)dy) a?? @z Pt — (1 —a- )ardy? (8@ a0 — 210 ®9) = 0.
peG
q,TE€EL

Thus we can deduce d;Zé7r =0 for any a € G, j € Z unless ¢+ r = j + 1 and d(l)’j = 0 for

0 # j € Z. But we have proved Dy(z>?) = 0 in Claim 2.2. Hence

dy? =0 forall j e Z. (2.30)
Then (2.10) can be rewritten as
Dy(z*7) = Z dtaP? @ g Pt for alla € G (2.31)
peG
Jj+1>q€Z

for some dg:g €T, where {(p,q) € G XZ,q<j+1] dg:g # 0} is a finite set for any a € G.

aﬁ)

According to (2.31), for any a € G, we can write Do(z%") as

Do(z*°) = > (drgaP® @ a7l 4 difat! @ o PTe0), (2.32)
peG

Applying Dy to [2%°,2%0] = 0, we obtain

Z(d;,’g 2P0 @ g PTal 4 d;(l) 2P0 x—p+a70) =0.
peG

Comparing the coefficients of 2P0 @ z7P+%0 we obtain

iy +di) = 0. (2.33)
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According to (2.32) and (2.33), we can rewrite Do(z%°) as
Zda ,0 (zP 0 Qg Pral _ ol g x—p+a70).
peG

In particular, for a = —1 and a = 2, one has

Do(z7 ) = Y "d 10 (aP0 @ a7P7hL — gl @ gmPL0),
peG

§ d2 0 xp, Q¢ Pt _ ppl g x*p+2,0)'
peG

Applying Dy to [#719 229 = 0, we obtain

§ (—2di’8xp’0 ® ¢~ PTL0 2d;2u£1 Oxp,O ® x*erl,O)
peG

. —1,0,.p,0 —p+1,0 —-1,0 _p,0 —p+1,0
= E (dyo " @ —d, 50" @z ).
peG
Comparing the coefficients of P @ x7P+10 we have
2,0 2,0 -1,0 —-1,0
dp+1 (U dp,O + dp72,0 dp 0o - =0.

According to (2.31), we can write Dgo(z%?) as

0,2 — 0,2 — 0,2 - 0,2 —
ol = xT x T T xT x T T .
D 0,2 dp:O P10® Pa3+ dp’,l P71® P72_’_ dp:2 P12® P11+ dp13 P73® p,0

peG

02

Applying Dy to [#90,292] = —22%1 we obtain

0,2_p,0 -p2 , 40,2 p0 —p,2 0,2 p,1 —p,1
E (3d, 02" @ 27 P% + d)TaP @ a7 4 2d, e @ TP
peG
0,2 - 0,2 - 0,2 -
+ 2dp:2xp’1 ® Pl dp:2$p’2 ® PO ¢ 3dp:3xp’2 ®x p,O) = 0.

Comparing the coefficients of 2P0 @ 772, P2 ® 2P0 and 2P! @ 277!, we obtain
3d)o+dyi =0, dy3+3d3 =0, di+d;=0.
According to equations (2.38) and (2.39), we can rewrite Dq(z%?) as

0,2 - - - -
Do(29?%) = E dp’o(xp’o @axP3 =3Pl @ 7P? 4 3xP2 @ 7Pt — 2P3 @ 7 P0),
peG

Using the following facts

291 (2P0 @ P2 4 aP? @ 2P0 — 2P @ P ) = 0,

200 . (xp,O ® P2 + P2 ® PO _ 9pp1 ® xfp,l) =0,
and

202, (xp,O ® P2 + P2 ® 2P0 _ 9.p:1 ® xfp,l)

_ 2p(mp’0 ® P3Pl ® P2 + P2 ® Pl _ i3 ® xfp,O)’

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.43)
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and replacing Do by Do—tiny, where u is a combination of 2P °@x P2 42 2@z P0—2zP @z =P
for p # 0 (this replacement does not affect (2.17) and (2.18)), we can rewrite (2.38) as

Do(2%?%) = dg:(z)(xo’o ® 2%3 — 329! ® 292 4 3292 ® 20! — 293 ® 2°0). (2.44)

According to the following facts

201 (200 @ 202 4 302 @ 400 _ 2201 @ 40:1) =,

200 (200 @ ¢02 4 302 @ 300 _ 2401 @ £0:1) = 0,

202 (200 @ 202 4 402 @ 100 _ 9,01 g 40.1) =,
and

210 (200 @ 302 4 402 g 200 _ 9501 g 401y
= 4@ @t — 2% @ 10) 1 4(z 10 @ 2% — 1! @ 200),

and replacing Dy by Dy — tinn, where u is a combination of 290 ® 292 + 202 @ 200 — 220! © 20!

(this replacement does not affect (2.17), (2.18) and (2.44)), we can suppose
dg o’ =0. (2.45)
Hence we can rewrite (2.35) as

Do (x40 = Z d;(l)’o(xp’o @z P7ht gl @ pmPTLO), (2.46)
0#£peG

For any a,b € Z,a,b,a+ b # 0,1, applying Dy to
(a+b— 1)z 2", 2%%)] = 2(a = 1)(b - 1)[z+"0,2%1],
we obtain

> ((a=1)(b+2a—2p)d2’, o + (a— 1)(1 +2p — 20)dy 0 + (b — 1)(1 — p+ b)d2, |
peG

+O-1(p-a+ b)d;:g +(a—1)(b— 1)d2:5b,0)xp,0 @ p-Pratbl

+> ((a—1)(b—2p)dly — (a— 1)(1 = 2p +2a)de’, ; — (b—1)(2b— p)di,
peG

—(b=1D(p+1—a)dig—(a—1)(b—1)dit"")aP! @ g pratho
+3(a—1)(b— 1)d8;§(—x0’° ® 2zt 4 200 @ g% 4 120 ® gPt — 22100 @ 01
— 2Pl @220 — 221 @ 220 4 401 @ 2o 0 4 gathl g 0.0y — g, (2.47)

Comparing the coefficients of 2P0 @ =Pttt and zP! @ 27P+e+80 where p # 0,a,b,a + b in
(2.47), we obtain

0= (a—1)(b+2a—2p)dy°, o+(a—1)(1 +2p — 2b)do+(b— 1)(1 — p +b)dr’,

+(b—1)p—a+b)dry+ (a—1)(b-1)dit"°, (2.48)
0=(a—1)(b—2p)d) — (a—1)(1 —2p+2a)dy°, o — (b— 1)(2b — p)d2?, |

—(b-1D(p+1-a)dyg—(a—1)b-1)dep"". (2.49)
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Replacing a, b with b, a in both equations (2.48) and (2.49), we obtain

0=(b—1)(a+2b—2p)d.% o+ (b—1)(1+2p—2a)d) + (a — 1)(1 - p+a)d)?’,

+(a—1)(p—b+a)d+(b—1)(a—1)dp"", (2.50)
0=(b—1)(a—2p)dig— (b—1)(1—2p+2b)d’, , — (a — 1)(2a — p)d)°,
—(a—1)(p+1-b)drg— (b—1)(a—1)dit"°. (2.51)

Adding (2.49) to (2.48), we obtain
b,0 5,0 a,0 a,0
20— 1((a—1)d,", 0+ (1 —a)dyy+ (1 =3b)d) ", o + (1 —b)d, ) = 0. (2.52)

Adding (2.51) to (2.48), we obtain

0=2((ab+p—b—ap)d,®, o+ (b+ap—ab— p)dy
(34 bp =36 — p)dp, o + (17 +p— b~ bp)dyp). (2.53)

Multiplying (2.53) by (a — 1), (2.52) by —2(ab + p — b — ap), and then adding both results

together, one has
—8(a—1)(b— 1)b(p+b—1)dyg = 0. (2.54)
According to (2.54), for a # 0,1, we have
d;:g =0, unlessp=0,a. (2.55)

For a,b,a +b # 0,1, a # b, comparing the coefficients of 200 ® x2+b1 200 & zatbl and

20t00 @ 29401 in (2.47), we respectively obtain

(a—1)(2a +b)d"% o, + (a — 1)(1 — 20)dhs + (b— 1)(1 + b)d"

+(b—1)(—a+b)dyy + (a— 1)(b—1)dgp"" = 3(a—1)(b— 1)dgg =0, (2.56)
(a—1)(2a = b)dy?, o+ (a = D)dyg + (b — 1)dgy
—a(b—1)dyg + (a— 1)(b— 1)dy §*" + 3(a — 1)(b — 1)dg:g = 0. (2.57)

Combining equations (2.55) and (2.56), we get
dgs = 0. (2.58)
Then according to (2.44), one has
Dy(2%2) = 0. (2.59)
Hence, combining equations (2.55) and (2.57)—(2.58), one has
(a—1)dyg+ (b—1)dgg =0. (2.60)
According to equation (2.45), and taking a = —1,b = 3 in (2.60), we have

d3g = 0. (2.61)
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For a = b # 0, +1, comparing the coefficients of %! @ 2% in (2.47), one has

(a+1)dg + (a+1)dgg + (a— 1)d>’ + 6(a — 1)dy's = 0. (2.62)

Taking a = 3 in (2.62), by (2.55), (2.58) and (2.61) we can deduce
dgg = 0. (2.63)
According to equation (2.63), and taking a = 3,b = —1 in (2.60), we have

d_yg =0. (2.64)
Finally, by equations (2.55), (2.45), (2.61), (2.63) and (2.64), we deduce
Do(z710) = Do(2>%) = 0. (2.65)

Note that {2%7 | (a,j) € Z x Z} can be generated by the set {x=10 292 23°}. According
to the facts that we have proved in (2.59) and (2.65), we can easily deduce that Do(x*7) = 0
for (a,j) € Z x Z.

Now we can finish the proof of Claim 2.3 as follows.
Applying Dy to [2°°,2%°] = 0 and [z~ 10, 2%°] = 0 respectively, using (2.32) we can deduce
that

a, a,0 a,0 a,0
dyg=—dyy and drg=—d . (2.66)

That is, di] = d%}, ;. According to the fact that the set {p € G|d%) # 0} is of finite order,

we obtain

d;:(l) =0 foranypeQG. (2.67)
Then by (2.66), we also have
d;:g =0 foranyped. (2.68)

Thus Do(z*Y) = 0 for any a € G. Since, for any element a € G and i € Z, we always have
(290, 2%+ = (a — 1)(i + 1)z,
it follows that, for any element a € G and ¢ € Z,
Do (z™") = 0.

This proves Claim 2.3.
Claim 2.4 Dy = 0.

By Claims 2.1-2.3, we have Dy(B) C F(C' @ C). Since [B, B] = B, we obtain

Do(B) € B (Do(B)) = 0.
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We can obtain Dgy(z%7) = 0 for any a € G, j € Z. Then, Claim 2.4 follows.
Claim 2.5 For every D € Der(B,V), (2.8) is a finite sum.

By the above claims, we can suppose D, = (vq)inn for some v, € V, and a € G. If
G’ = {a € G\{0} | v, # 0} is an infinite set, we see that

D(0) = Z 0-vg = Zava

aceG'U{0} acG’

is an infinite sum, which is not an element in V', contradicting the fact that D is a derivation

from B to V. This proves Claim 2.5 and the proposition.
Lemma 2.3 Suppose v € V' such that b-v € Im(1 — 7) for all b € B. Then v € Im(1 — 7).

Proof (cf. [10]) First note that B - Im(1 — 7) C Im(1 — 7). We shall prove that after a
number of steps in each of which v is replaced by v —u for some v € Im(1 — 7), the zero element

is obtained and thus v € Im(1 — 7) is proved. Write
0=

Obviously,
velm(l—71) s v, €Im(l—7) forall zed. (2.69)

Then
vam =0-velm(l—r7).

zelG

By (2.69), zv, € Im(1 — 7), in particular,
vy €Im(1—7), ifx=#£0.

Thus by replacing v by v — > wv,, we can suppose

0#zeG
v =19 € Vp.
Now we can write
_ p.q —p,r
v = E Wp,q,rP? @ x (2.70)
p.q,T

for some wy, 4, € F. Choose any total order on G' compatible with its additive group structure.
Since

Upgr =2PTQ@a™P" —a7PT @aP? e Im(l — 1),

replacing v by v — u, where u is a combination of some u,, 4, we can suppose

Wp,gr 70 =p>0o0rp=0. (2.71)
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First assume that wp 4, # 0 for some p > 0, ¢, when (p, q¢) # (1,0). Choose s,t > 0 such that

(s—1)g—tlp—1) #0.

Then we see that the term zPT59t=1 @ =P appears in 2 - v, but (2.71) implies that the
term 7P @ 2PT59T1=1 does not appear in 2** - v, which is in contradiction with the fact that

x5! v € Im(1 — 7). Then assume that wp 4, # 0 for some ¢, r. Choose s < 0,¢ > 0 such that
(s =1L)r+t #0.

Then we see that the term 27 @ %*"~! appears in 2°! - v, but (2.71) implies that the term
51 @ 299 does not appear in x*? - v, which is again in contradiction with the fact that

%" v € Im(1 — 7). By now, we can write

v= Zwrarl’o @z bT, (2.72)

We have to prove w, = 0 for all r € Z. If there is some r( € Z such that w,, # 0, then there is
some s,t > 0, (s,t) # (2,1 — ro) satisfying

(s — 1)ro + 2t # 0.
That is, there is some %! € B such that
(14 7) (x>t - (280 @ z7170)) £ 0.
This contradicts the facts that Im(1 — 7) C Ker(1+7) and b-v € Im(1 —7) for all b € B. Thus
v €Im(l—r7).

This proves the lemma.

Proof of Theorem 1.1 Let (B,[-, -], A) be a Lie bialgebra structure on B. By (1.7), (2.4)
and Proposition 2.1, A = A, is defined by (1.9) for some r € B® B. By (1.3), ImA C Im(1—7).
Thus by Lemma 2.3, r € Im(1 — 7). Then (1.4), (2.1) and Corollary 2.1 show that ¢(r) = 0.
Thus Definition 1.2 says that (B, [-, -],A) is a triangular coboundary Lie bialgebra.
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