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1 Introduction

It is well-known that two non-constant polynomials f,g over an algebraic closed field of
characteristic zero are identical if there exist two distinct values a, b such that f~!(a) = g~ '(a)
and f71(b) = g7 ().

In 1926, R. Nevanlinna [1] extended the above result to meromorphic functions. He showed
that, for two distinct non-constant meromorphic functions f and g on the complex plane C,
they can not have the same inverse images for five distinct values, and ¢ is a special type of
linear fractional transformation of f if they have the same inverse counted with multiplicities
for four distinct values.

Over the last few decades, there have been several generalizations of Nevanlinna’s result to
the case of meromorphic mappings from C™ into the complex projective space PV (C).

The study of uniqueness theorems of meromorphic mappings from C” into P¥(C) on a finite
set of hyperplanes in PV (C) began about 30 years ago and now has ample results.

Some of the first results concerning this research are due to H. Fujimoto [2, 3]. Consider
two distinct meromorphic mappings f and g from C” into PV (C) satisfying the condition that
V(y,H,) = V(g,1;) for q¢ hyperplanes Hy,---, H, in PV (C) located in general position, where we
denote by vy ;) the map of C" into Z whose value vy )(2) (2 € C") is the intersection
multiplicity of the images f and H; at f(z). He proved the following brilliant theorems.

Theorem A Let f and g be two non-constant meromorphic mappings from C™ into PN (C).
Suppose that there exist SN + 1 hyperplanes H;, 1 < j <3N 41, in PN(C) located in general
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position such that f(C") ¢ Hj, g(C") & H; and vy u,) = V(g.u,), 1 <j <3N +1. Then there
is a projective linear transformation L of PN (C) such that L(f) = g.

Theorem B Let f and g be two non-constant meromorphic mappings from C™ into PN (C),
at least one of which is linearly non-degenerate. Suppose that there exist 3N + 2 hyperplanes
Hj, 1<j <3N +2,inPN(C) located in general position such that f(C") ¢ H;, g(C") ¢ H;
and V(s u;) = V(gH;), 1 <J <3N +2. Then f=g.

Theorem C Let f and g be two non-constant meromorphic mappings from C™ into PN (C),
at least one of which is algebraically non-degenerate. Suppose that there exist 2N +3 hyperplanes
Hj, 1<j<2N+3, in PN(C) located in general position such that f(C") ¢ H;, g(C") ¢ H;
and V(s m;) = V(gH;), 1 <J < 2N +3. Then f =g.

To state some results of the uniqueness problem with truncated multiplicities, we take a
linearly non-degenerate meromorphic mapping f : C" — PN(C), a positive integer d and ¢
hyperplanes Hy,--- , H, in general position.

For 1 <5 < q, we set

Uy <k(2) = 1 ifvpm(2) > K,
(fHj)< vig)(2), i vgm)(2) <k,
_Jo if vs,my) (2) < &,

V(i) >k(2) = {V(f’Hj)(z), if virm,)(2) >k,

where k is a positive integer or k = +o00.
Assume that dim{z € C" | (5 u,),<x(2) > 0 and v(5 g,y <k(2) >0} <n—-2,1<i<j<q
Consider the set F(f, {H;}]_,,k,d) of all linearly non-degenerate meromorphic mappings
g : C" — PN (C) satisfying the conditions:
(a) min{v (s m;), <k, d} = min{v(g m;) <x,d}, 1 < j < g,
() 1) = 9() on ULz € | z4(2) > OF
L. Smiley [4] gave the following uniqueness theorem:

Theorem D If ¢ > 3N +2, then §F(f, {H;}]_,, +o0,1) = 1.
H. Fujimoto [5] proved the following result:
Theorem E If ¢ =3N + 1, then §7(f, {H;}]_,, +00,2) < 2.

There are several open problems related to the above results (cf. [5]). One of them is the
following:
Is it still true if the number ¢ in Theorems D and E is replaced by a smaller one?

In [6], Thai and Quang improved the above results as follows:

Theorem F If N > 2, then §F(f, {Hj}?flﬂ,—i—oo, 1) =1.

If N > 4, then $F(f, {H;}38 ", +00,2) < 2.

Theorem G If N > 2, then §F(f, {Hj}:;-]:\[fl,kﬂ) =1 for k> W
If N >3, then 8F (f,{H;}3N,,k,2) =1 for k > 3N? + 12N + 23 + £

j:la
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In [7], Dethloff and Tan obtained a uniqueness theorem for the case ¢ = 3N + 1 — x.

Theorem H Let f,g be two linearly non-degenerate meromorphic mappings of C™ into

PN(C) and {H; }?:1 be ¢ = 3N + 1 — x hyperplanes in PN (C) in general position. Set
Bt ={2€C" |0 <y u)(2) <k}, "E;={2€C"|0<yyu,(z) <k},

and similarly for Eg, *Eg, j=1,---,q. Assume that

(a) min{vs m,), 1} = min{vg g, 1} on E} N Eg, N+24+y<j<g,

min{v(s gy, p} = min{v, z,),p} on E} NEL,1<j<N+1+y,

where 1 <y < 2N and2<p< N,

(b) dim(*ELN*E}) <n—2, dim(*E; N*E)) <n—2,1<i<j<q,

q : .
() f=gon U(E;N"E)).
j=1

If0 <z <min{2N —y+ 1, &1, then f = g for k > 2IEEWGIPs),

Particularly, take N > 2, y =1, p=2 and x = 0.

Corollary A Let f,g be two linearly non-degenerate meromorphic mappings of C" into
PN(C) (N > 2) and {H; };’]:Vfrl be hyperplanes in PN(C) in general position. Assume that

(a) min{vs u,), 1} = min{vg g, 1} on E} N Eé, N+3<j<3N+1,

min{y(LHj), 2} = min{u(gﬂj)ﬂ}v on E} NE),1<j<N+2
(b) dim(*ELN*E}) <n—2, dim(*E; N*E)) <n—2,1<i<j<3N+1,
3N+1 ,

© f=gon U (Ej0E).
Then f =g for k> N(N + 2)(6N +4).

Take N >3, y=N+2,p=3 and z = 1.

Corollary B Let f,g be two linearly non-degenerate meromorphic mappings of C™ into
PN(C) (N > 3) and {H; }30,]:\71 be hyperplanes in PN (C) in general position. Assume that
(a) min{vs m,), 1} = min{yg g, 1}, 2N +4 < j <3N,
min{v(s g, 3} = min{v(y 5,),3}, 1 < j < 2N + 3,
(b) dim(f~'(H;) N fH(Hy) <n—2,1<i<j<3N,

3N
© f=gon U f().
Then f =g. "

Take N > 2, y =I(y/2N(N+1)),p= N and x = 2N — I(\/2N(N + 1)), where I(m) :=

min{k € N | k > m} for a positive constant m.

Corollary C Let f,g be two linearly non-degenerate meromorphic mappings of C™ into

PN(C) (N > 2) and {Hj}N+I(,/2N(N+1))+1

=1 be hyperplanes in PN (C) in general position. As-

sume that
(a) min{vs p,), N} =min{vg g,), N}, 1 <j< N+ I(/2N(N +1)) +1,
(b) dim(f~1(H) N~ () <n—2, i # 7,

N+I(\/2J[7J(T1))+1

Jj=1

() f=gon f7H(Hy).
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Then f = g.

In this paper, we will improve the result given by Dethloff and Tan [7].

Our main results are stated as follows.

Theorem 1.1 With the same assumptions as in Theorem H, if 0 < x < min{2N — y +

1 _ 2N(N+1+4y)(3N+£—x)
1, ](\f_klj_yy}, then f =g fork > = =5 Fiity)

For ¢ = 3N, we obtain

Theorem 1.2 Let f,g be two linearly non-degenerate meromorphic mappings of C™ into
PN(C) (N > 3) and {H;}3%, be hyperplanes in PN (C) in general position such that

dim{z € C" | vy, 1,y <k(2) >0 and v pm,)<ik(2) >0} <n—2, 1<i<j<3N.

Assume that

(a) min{v(sm;),<k,pj} =min{v(g ) <k pi}, 1 < j <3N,

3N
(b) £()=g(z) on Uz € C | zm.2(2) > O

j:
Then there exist N indices jon+1,- - ,j3N With

pj2N+1:"':pj3N:1 and pjlz"':pij:?’a
such that f = g is still valid for k > N? + 6N + 12 + %.
Finally, we give a uniqueness theorem for 2N + 3 hyperplanes.

Theorem 1.3 Let f,g be two linearly non-degenerate meromorphic mappings of C™ into
PN (C) and {HJ}J2£1+3 be hyperplanes in PN (C) in general position such that

dim(f*(H)NfH(H;)<n—-2, 1<i<j<2N+3.
Assume that
(a) min{vs m,),pi} = min{vg m,),pi}, 1 <j<2N +3,

2N+3

(b) f=gon U f'(H)).
=1
Then there exist 3 indices jan+1, JoN+2,J2N+3 With
Pjony1 = Pjanye = Pjonys = 1 and Pjy = " = Pjon = N,
such that [ = g is still valid.

We note that Theorem 1.1 is an improvement of Theorem H, and Theorem 1.2 (Theorem
1.3) is a kind of improvement of Corollary B (Corollary C). Particularly, for N = 1, Theorem

1.3 is just the Nevanlinna Five Values Theorem.

2 Preliminaries and Some Lemmas

We first introduce some preliminaries from Nevanlinna theory.
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“+o00
Let F(z) be a nonzero entire function on C". For a € C”, set F(z) = >, Ppn(z — a),
m=0

where the term P,,(z) is either identically zero or a homogeneous polynomialiof degree m.
The number vp(a) := min{m | P, # 0} is said to be the zero-multiplicity of F' at a. Set
suppvp = {z € C" | vp(z) # 0}.

Let ¢ be a nonzero meromorphic function on C™. For each a € C", we choose nonzero
holomorphic functions F' and G on a neighborhood U of a such that ¢ = g on U and
dim(F~*(0) NG~'(0)) < n — 2, and we define v, := vr and v2° := vg, which are independent
of the choices of F' and G.

For z = (21, ,2n) € C", we set ||z]| = (|z1]2 + -+ + |2a]?)%. For r > 0, define B(r)
[z T | |2l < 1}, SG) = {z € C | ||z = 1}, d&° = (4my/=T)"1(0 — ), v = (dde]|=]2)"
and o = d°log ||z]|? A (ddlog || z|*)" L.

Let f : C* — PN (C) be a meromorphic mapping. We can choose holomorphic functions
fo, -+, fv on C™ such that

-1

Ip:={2€C" | fo(z) = = fn(z) =0}

is of dimension at most n — 2, and such that f = [fo, -, fn]. Usually, [fo,-- -, fn] is called a

reduced representation of f. The characteristic function of f is defined by
7(,£)= [ toglflo~ [ loglflo, r>1
S(r) 5(1)

Note that T'(r, f) is independent of the choice of the reduced representation of f.
We now define counting function. For a hyperplane H = {(z¢ : --- : zy) € PY(C) |
N

apzo+--+anzy =0}, (f, H) is said to be free if (f, H) = 3 a;f; # 0. Under the assumption
that (f, H) is free, we define

=0

V(A;H)(z) = min{M, v(s,m)(2)},

Wfmy,<n(z) = 0, if v(s,m)(2) > k,
(f,.H),< V(J\/If,H)(Z)’ if l/(f,H)(Z) <k,
Vi si(2) = 0, if v, (2) <k,
(fv )!> ngva)(Z), lf V(va)(Z) > k

for positive integers k, M (or k, M = 4+00). Set

/ vy (2)v, ifn>2,
supp vy, iy NB(t)

Z v,y (2), ifn=

[z <t

n(t) =

Similarly, we define n (t), n%/[k (t) and n (t).
Define

" on(t
N(fJLI)(?‘):/1 t2§_>1dt, 1 <7< +oo.
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Similarly, we define NAJ?H)( ), N(]\;[H) < (r) and N(]\;[H),>k(r)' For a nonzero meromorphic func-
tion ¢, we can define the counting function N(r,v2°) similarly.

We define the proximity function of H by

) T LA
m”(”‘/smb 1Gm 7 /ml"g G.m " "t

and the proximity function of a meromorphic function ¢ on C” is defined by

m(r,¢) = /S( )1og+ ol

Theorem 2.1 (First Main Theorem) T'(r, f) = my u(r) + N(g m)(r) + O(1).

Theorem 2.2 (Second Main Theorem) Let f be a linearly non-degenerate meromorphic
mapping of C" into PN (C) and Hy,--- , H, be hyperplanes in general position. Then
q

[(g—N-=1)T(r,f) SZNfHJ +o(T(r, f)),
j=1

where “||” means the estimate holds for all large v outside a set of finite Lebesgue measure.

In [7], the second main theorem for multiple value is given as follows:

H(q— _1)/(f+1)_qN T(r, f) SZ S k) Fo(T(r ), E=N-1. (21

In [6], Thai and Quang proved that

N —1)(k _ q
H(q ki)l(j—]vl) o I(r.f) SZ (F.m),<k() +o(T(r, f)), k=N-1. (2.2)

We include the proof of (2.2) here for the completeness.

Proof By the second main theorem, we have

j=1

<D NG+ %Nu #,),>k(r) +o(T(r, f))
Jj=1 j=1

=2 Ny <n(r) + > %(Nu 1) (r) = Nigmy),<k(r) + o(T(r, )
j=1 j=1

<3 (1 2 ) M a2 0) + 5T 1)+ 0T, ),
j=1

It implies that

|(a-n-1- kN—_:]l)T(r, n< Eq: (1- kL_H)N(]}CHj)’Sk(r) +o(T(r, f)).
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Hence, we have (2.2).
Now we give some useful lemmas.

Take two distinct hyperplanes H;, j = 1,2 and consider a meromorphic function

H{Hy _ (val)
E = my

We have
Lemma 2.1 (cf. [8]) T(r, Ff*"'*) <T(r, f) +O(1).
Denote by S the set of all ¢ € CV*1\ {0} such that

dim{z € C" | (£, H,)(=) = (f.¢)(z) =0} Sn —2,
dim{z € C" | (g, Hj)(2) = (9,0)(z) = 0} <n—2 for 1< j<q.

‘We have

Lemma 2.2 (cf. [9]) S is dense in CNT1L.

3 Proof of Main Results
For f,g, we set T'(r) =T(r, f)+T(r,g).

Proof of Theorem 1.1 Assume that f # g. For any fixed jo, 1 < jo < N + 1+ y, there
exists ¢ € S such that Ffjoc - F_(,HjOC # 0 by Lemma 2.2.

Since min{v(; m, ), p} = min{v(, u, ),p} on E;O NEJ°, we see that a zero point zo of (f, Hj,)
with multiplicity < k is either a zero point of (g, Hj,) with multiplicity < k or a zero point
of (g, Hj,) with multiplicity > k. Then zj is a zero point of F;Ijoc — FgH"‘Oc with multiplicity

> min{y(y, Hjy)s p} outside an analytic set of codimension > 2.
q , 4
For any j € {1,---,q} \ {jo}, by f = g on Ul(*E} N *E7), we have that a zero point of
j=
(f, H;) with multiplicity < k is either a zero point of F;{joc — 1!79Hj0

with multiplicity > k& outside an analytic set of codimension > 2.

“ or a zero point of (g, H;)

Hence
N(pf’HjOLSk(T)—’— Z N(lf,Hj),gk(r) SNF:IJ'O“_FQHJ'OC(T)+ Z N(lg,H,-),>k(7”)- (3.1)
1<j<q : 1<j<q
J#jo J#jo

Remark 3.1 (3.1) improves (3.5) in [7].

By the first main theorem and Lemma 2.1, we get

NFijouiF.:Ijo“(r) + Z N(lg,Hj)7>k(r)

1<j<q
J#Jjo
Hj c Hj c ]-
< T(r, Ff0° — Fyo%) + yn— Z Nig.m,)(r) +O(1)
1<j<q
J#Jo
q—1
<T(r)+ - —=T(r,9) + O(1).

k+1
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By (3.1), we have

1
N(fHJ0)<k Z NfHJ <k(r) <T(r )+WT(T ,g) +O(1).
1<j<q
J#3jo
Similarly
q—1
N(gHJO)<k Z Nigwy,<k(r) <T(r )+k—+1T(7”7f)+0(1)~
1<5<q
J#jo

Note that p < N. Hence

p 1
N(N(J}T,Hjo),gk(r) + N(]_Z,Hjo),gk(r)) + N Z (N(J}T,Hj),gk(r) + N(J_Z,Hj),gk(r))
1<5<
i’
2(k+1)+g—1 2k+1)+q¢—1
—T 1) < T 1
< 2RI 2 1 o) < ZEEREI= 21y + 0(1)
p—1
N (N(]}],Hjo),gk(r) + N(];,Hjo),gk(r))
20k +1)+q—1 1 &
< TR DO L) S (N i)+ Ny () + 01, (32)
j=1
Using (2.1), we have
q—N-1)(k+1)—gN !
| ==Y 2N ) < SO Ny ch )+ Ny ca) 0T, (33
Jj=1
By (3.2) and (3.3), we have
Pl + N +o(T
N ( (f,HjO),gk(r) (9,Hjq), <1<(7")) o(T(r))
2k+1)4+q¢—-1 (¢—N-1)(k+1)—¢gN
< — .
< ( k NFk )T(T)
It means that
BN+1-g(k+1)+(2¢-1)N
IOV a1, )<k () + Nig g, . <i () + o(T (1)) < k(p— 1) T(r)
for all jo, 1 <jo < N+1+4y.
So
N+1+y
Y N y).<ir) + N,y <i(r) +o(T(r))
j=1
N+1 N+1- 1 2¢g —1)N
LN+ 14 (BN 41—+ D)+ Gg=DN) -
k(p—1)
Using (2.1) again, we have
N+1+y

[P SN 1) <5 O ) N a0 T (55)

Jj=1



Uniqueness Theorems of Meromorphic Mappings 539

From (3.4) and (3.5), we obtain

Hy(k+ 1) — ]Z(N—k 1 —i—y)T(r) +o(T(r)

(N+1+9) (BN +1—q)(k+1)+ (2¢g—1)N)
k(p—1)

T(r).

<

It implies that
p—Dyk+1)—NN+1+y) <(N+1+y)(x(k+1)+ (6N +1—2x)N).

(Note that g =3N +1 —z.)

We have k + 1 < 2NWH1+y)(3N+3 —z)

DN TTa) which is a contradiction. Thus, we have f = g.

Proof of Theorem 1.2 Assume that f # g. By changing indices, if necessary, we may

assume that

() _ (FH) _ o) | (i) _ ()
(9, H) (9. Hz) (9. Hy,) " (9, Hiiy1) (9, Hy,)
group 1 group 2
4. (f Hi,yvr) _ - _ (f, Hy,)
(9 Hi,_y+1) (9, H.)’
group s
where ks = 3N.
Since f # g, the number of elements of every group is at most N. For each i, 1 <i < N,
(f.Hi) (f.H;) (£ Hi) — (f,H;)

we set 7 =1+ N. Hence enin) and o) belong to distinct groups, so that T £ DL
Let
paNy1 = =psn =1 and p; =---=pay =3.
Fixing an index ¢ with 1 < i < N, we consider F;{'iHj - F;{iHj % 0. Then, the following

four inequalities hold:

N nm; H;H,; (’I“) < T(’I“, F;{iHj - FngH7)
f —tg

= N(r,v%um, ) +mlr Ff 1 — FJ) 1 0(1),
f

g

N(r, V?H,iHj FH"'HJ') < N(r,v;), where v;(2) = max{v (s, u,)(2), V(g,1,)(2)},
R

e < ) <l ) o0

<T(r, f)+T(r,g) — Ng,u,)(r) — Nig,m,)(r) + O(1).

By the above four inequalities, it follows that

Nty <k () + (Neg ) () + Nig.myy (r) = N(r,v3)) + Z N wy,<i(r)
1<v<3N

pEZN)
< T(r) + O(1). (3.6)
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On the other hand, it is easy to see that

Nig (1) + Neguy (r) = N(ryvi) > NG gy < (7). (3.7)

From (3.6) and (3.7), we get

Ny <u () + Nipy <k () + Y0 Nipa) <i(r) < T(r) +0(1).

1<v<3N
vF#£i, ]
Similarly
NG 1,2 ) + Ny <)+ Y Ny <a(r) S T(r) +0(1).
1<v<3N
EIN]
Hence

2
N(N(J}T,Hi) <i(r) + N(g oy, <k(r) + N(]}],Hj),gk(r) + N(J_Z,Hj),gk(r))

SOT(r) — o S (N1 <) NS, <) + O(1) (38)
Using (2.2), we have
9 3N
| =D L3 ) < 3 N ca) + Ny i) T (39)

v=1

By (3.8) and (3.9), it implies that

2
HN(N(]}],H,;),gk(T) + NGy, < (1) + N(J}T,Hj),gk(r) + N(];,Hj),gk(r))

(k+1) 4 N2

< mT(T) +o(T(r)).

Taking summing-up of the above inequality over 1 < i < N, we have

N
2DV <) + Ntz <0+ NGy, <) + Ny <))
=1
2N
= 2Z(N(]}/,Hv),§k(r) + N(];,H,U),gk(r))
v=1
3
_ NG+ +N

< ST + o7 ().
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(Note that j =7+ N.)
Using (2.2) again, we get

N
T(r) < Z(N(]y7H“)7§k(r) + N(];/,H“),gk(?”)) +o(T(r)).

v=1

H(N—l)(k;—i—l)—2N2
k+1—-N

Hence
N(k+1)+ N3

2(k+1—N)

H (N —1)(k+1) —2N?

Fr1-N T(r) +o(T(r)).

T(r) <
This means that
2(N —1)(k+1) —4N? < N(k+1) + N>
We have k +1 < N2+ 6N + 12 + %, which is a contradiction. Thus, we have f = g.
Proof of Theorem 1.3 Assume that f # g. Repeating the argument in the proof of

Theorem 1.2, without loss of generality, we may assume that

DaN+1 = PaN4+2 =Pan43 =1 and p; =---=poy = N.

Fixing an index ¢ with 1 <4 < N, we consider FJ{{H’ — FgI{"’Hj # 0, where j = i+ N. Then,

we have

N -1
N (N1 (1) + Ny gy (r) + N 11, () + NG 1, (1)
| 243
<2T(r) = 5 D (V{7 (1) + Nig 1,y (1) + O(1).
v=1

(The proof is similar to (3.8).)

Using the second main theorem, we get

2N+3

[N +2)T(r) < Y (NF ) () + N 11, () + o(T(r)).
v=1
It implies that
N -1 N-2
|~ OV 11 0+ N8 1) (1) + NG 1 () 4+ NES 1y (1) € —==T(0) + o(T(r).

Taking summing-up of the above inequality over 1 < i < N, we have
|V = 1) S VG 1y () + N1y (1) < (N2 = 2N)T (1) + o(T()).
Using the second main theorem again, we get
2N
1N = D)T(r) <Y (N g,y () + NG gz () + o(T(r)).
j=1

Hence
[(N = 1)*T(r) < (N? = 2N)T(r) + o(T(r)).

Letting » — 400, we get a contradiction. Thus, we have f = g.



542 Q. M. Yan
References
[1] Nevanlinna, R., Einige Eidentigkeitssitze in der Theorie der meromorphen Funktionen, Acta. Math., 48,

1926, 367-391.

Fujimoto, H., The uniqueness problem of meromorphic maps into the complex projective spaces, Nagoya
Math. J., 58, 1975, 1-23.

Fujimoto, H., A uniqueness theorem for algebraically non-degenerate meromorphic maps into PN (C),
Nagoya Math. J., 64, 1976, 117-147.

Smiley, L., Geometric conditions for unicity of holomorphic curves, Contemp. Math., 25, 1983, 149-154.

Fujimoto, H., Uniqueness problem with truncated multiplicities in value distribution theory, Nagoya Math.
J., 152, 1998, 131-152.

Thai, D. D. and Quang, S. D., Uniqueness problem with truncated multiplicities of meromorphic mappings
in several complex variables, Internat. J. Math., 17(10), 2006, 1223-1257.

Dethloff, G. and Tan, V. T., Uniqueness problem for meromorphic mappings with truncated multiplicities
and few targets, Ann. Fac. Sci. Toulouse Math. (6), 15(2), 2006, 217-242.

Ru, M., Nevanlinna Theory and Its Relation to Diophantine Approximation, World Scientific, Singapore,
2001.

Ji, S., Uniqueness problem without multiplicities in value distribution theory, Pacific J. Math., 135, 1988,
323-348.



