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1 Introduction

Proper holomorphic mapping theory dates from 1950s, and there are many good results on
it (see [1-9]). The classification of proper holomorphic mappings (see the definition in [1]) is an
important and difficult problem, especially between bounded domains of different dimensions
(see [2-4]). Assume that g, f : D1y — Ds are proper holomorphic mappings, D; and D, are
bounded domains in C" and C¥ respectively. If there exist hy € Aut(D;) and hy € Aut(Ds)
such that f = hg o go hy, then f and g are equivalent. Let B™ be the unit ball in C™. By a
classical result of Alexander [5], every proper holomorphic self-mapping of B™ with n > 2 is
equivalent to the identity mapping.

For 1 < n < N, denote by Rat(B", BY) the collection of all rational proper holomorphic
mappings from B"™ to BY. For n > 2, the authors of [2] proved that there are only two
equivalence classes in Rat(B™, BY). In [3], the authors got a new gap phenomenon for proper
holomorphic mappings from B" to BY when N < 3n — 4. When N < 2n — 1 Huang Xiaojun
gave the following classical theorem on the classification of proper holomorphic mappings from
B"™ to BN,

Theorem A (see [4]) Let B",B™ (n > 1,n < m < 2n — 1) be the unit balls in C™,C™
respectively. Let f : B"™ — B™ be a holomorphic proper mapping that is twice continuously
differentiable up to the boundary. Then there exist o € Aut(B"™),7 € Aut(B™) such that

To foo(z1,29,  ,2n) = (21,22, ,2n,0,- - ,0).

From the above theorem, we know that the holomorphic proper mapping from B™ to B™
is unique up the holomorphic automorphisms of B™ and B™.
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In this paper, we will discuss the proper holomorphic mappings between special Hartogs
triangles of different dimensions and obtain a corresponding classification theorem. The main
idea is from [6], in which the authors gave the classification of proper holomorphic mappings
between generalized Hartogs triangles of same dimensions.

Firstly, we give the definition of the special Hartogs triangles:

ny ma
Q(ni,my) = {(z,w) eCmt™ 0 < Z 2] < Z lw;|? < 1},
i=1 j=1

no ma
Q(ne, msa) = {(z',w’) e Crtm2 . < Z EARRS Z [wi? < 1},
i=1 j=1

where
1<ng <ng<min{n; +my; —1,2n1 — 1}, 1<m3 <ma <2my — 1, (1.1)

and we use the notations
ni mi no mo
22 = > Jzl? = fwi [P e= D LR )P e= )
i=1 j=1 i=1 J=1

The main result is as follows.

Theorem 1.1 Let Q(n1,m1) and Q(na, ma) be Hartogs triangles with the dimensional
assumption (1.1). Let F : Q(n1,m1) — Q(n2,ma) be a proper holomorphic mapping that is
twice continuously differentiable up to the boundary. Then there exist o € Aut(Q(ny1, m1)) and
7 € Aut(Q(n2, m2)), such that

TOFOO.(Zaw):(Zla"' 7Z7?:1)07"' aovwla"' awmlaov"' 70)
——

nz2—ni mz—mi

2 Main Lemmas

Let F = (F1, F3) : Q(n1,m1) — Q(n2,ms) be a proper holomorphic mapping, where Fy =
(f17 s ,fn2)a Fy = (fnz-i-la to ,fn2+m2)-

Let 0Q2(n1,m1) = AU BUC, where
A= {(zw) € C"T™ | 22 — Jw|* = 0, |2]* £ 0, |w|* # 1},
B ={(z,w) € C"*™ | |w|? =1},
C={0eCmtm™m}.

It is obvious that ANB=BNC=ANC = 0.
Similarly, 9Q(ng, m2) = A’ U B’ U C’, where

A = {(Z,w) € CFM | [P — [w']? = 0,]2] # 0, jw'|* # 1},
B ={(¢,w) e C"2t™ | || = 1},
C' = {0 e Crtmay,

We also have A/ NB' =B'NC' =A'NnC’' = 0.
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Lemma 2.1 F = (F}, Fs) : Q(n1,m1) — Q(na, ma) is a proper holomorphic mapping that
is twice continuously differentiable up to the boundary. Then F(B) C B’.

Proof Since F is proper, and twice continuously differentiable up to the boundary, we have
F(B) C 89(%2, mg).

If there exists g € B, such that F(zp) € A’, then by the continuity of F, there exist an
open set U of zp in C™ ™1 and an open set V of F(z¢) in C"2*t™2_ such that F(U) C V.
Let
S ={(z,w) € 90(n1,m1) : rank(F’) < ny +m1},

where F’ is the Jacobian matrix of F'. Select 1 € B\S. Then we can find a suitable open set
U, of z1, such that F|U; : Uy — F(U;) has maximum rank. Then (|2/|? — |w’|?) o F and |w|? —1
are local defining functions of Uy N B.

The coefficient matrices of the Levi-forms of |w|? — 1 and (|2|?> — |w'|?) o F are respectively

(8 IZ) and (F) (Igl _}’m) ), @)

where (F')! is an (n1 +my) X (n2 + msg) matrix which defines on U; N B with maximum rank.
Then (F’)! can be expressed as the following

(F/)t = R(Oa Im1+n1)Va (22)

where R and V' are (n; + m1) X (n1 +mq) and (ne + ma) X (n2 + me) nonsingular matrices
respectively, I, +m, is the (n1 +m1) X (n1 + m1) unit matrix.

Let
(Vi VW,
v=( v):
where V] is an (na +ma —ng —mq) X ng matrix, Vy is an (ng +mq) X (ms) matrix.
Setting
n= (07 T 70; b17 T ;bn1+m1)1><(n2+m2)a

= (b17 o abﬂ11+m1)1><(n1+m1)7

we consider the equation system:

mVs=(0,---,0),
no (2.3)
grad(|w|2 - 1)(R71)t(0 I)(n1+m1)><(n2+m2)77t =0,
where
grad(|w|2 _ 1) = (0, . 70,@17 . 7wm1)-

(2.3) has ny +m variables and ng + 1 equations. By the assumption condition (1.1), there exist
nontrivial solutions of (2.3). Since 7; is nontrivial and 7; V5 = 0, we have mVy = (dy, -+ ,dp,) #
0.

Set

0 _
o)
(n24+ma)x(ni+mi)
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From (2.3), we get grad(|w|? — 1)¢' = 0. On the other hand, by the coefficient matrices of
Levi-forms of |w|? — 1, we have

0 0 _ _
L(|U}|2 - 1)(575) = (Cl7 o ;Cn1+TYL1) <O I ) (Cl, ce ,Cn1+m1)T Z 0. (24)
my
From the expression of &,
/ t P— O O = DY DY
g(F ) =1 (V3 V4) - (07 ;Oydla 7dm2)7 (25)
na+ms

then
LR - Py e Pieo sy (T ] )@ - Z|d P<o (@0)

But it is impossible. Because |w|? — 1 and (]2’|? — |w’|?) o F' are local defining functions of B,
their Levi-forms L(|w|?> — 1), L((|2'|? — |w'|?) o F') considered as Hermitian quadratic form on
TW-9(B) are only different by a positive factor, so (2.4), (2.6) deduce contradiction. Therefore
the assumption F(x¢) € A’ is impossible.

We now only need to verify that when z¢y € B, F(x9) € C’ is impossible. If 2y € B,
F(x0) = 0, and there exists an open set U of zp, such that F(BNU) = 0. Since BNU is a
real manifold of dimension 2(ny +my) — 1 in Q(n1,mq), we have F = 0 on Q(n1,mq), which is
impossible by the definition of F'. Otherwise there exists an open set U of xg. By the continuity
of F, F((B\S)NU)N A’ # () is impossible, so we have proved that if xy € B, F(x¢)¢C’. Thus,
we complete the proof of Lemma 2.1.

Lemma 2.2 F = (Fy, Fy) is a proper holomorphic mapping as in Lemma 2.1. Then Fy is
independent of z = (21, , Zn, )-

Proof Let w = (w1, - ,wpm,) € B. From Lemma 2.1, we have F(B) C B, i.e

S| Fraglew) = 1 27)

ny
Operating > %;Ek to (2.7), we have
k=1

ny msa

2.2

k=1 j=1

OFn,+(z,w)

’ 0
&zk o

Therefore

8FLJ'(Z’U))EO7 1<k<n, 1<j<ms

&zk
on B. Since B is a real manifold of dimension 2(ny +mi) — 1 in Q(ny,m), and M is a
holomorphic function, we have %2:'7 =0,1<k<mn;, 1<j5<ms on Q(nl,ml), which

means that F5 is independent of z. '
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3 Proof of Main Results

Proof of Theorem 1.1 Step 1 Fix wy such that |wg|? = 1. From Lemmas 2.1 and 2.2
we can get |Fy(wp)|? = 1. Set

wo {2 EC™M 0 < |22 < Jwol2 =1} — {#/ € C™ : 0 < |22 < | Fy(wp)]

which is a proper holomorphic mapping. Since Fy
zn € {z € CM:

1},

B — B’, we have Vz, — 0, where
0 < |2]? < |wo|® = 1}, Fuy(2n) — 0. Otherwise, Fy,(2,) — B’. By Hartogs
extension theorem, we can extend Fy,, and we will still use £, to denote this extended mapping

wo {2 €C™ 22 < Jwo? =1} — {2 € C™2 : |2/ < |Fa(wo)|* = 1}.
If By, (zn) — B’, then |Fy,(0)] = 1, which contradicts the maximum principle. So |F,(0)]
=0.

By Theorem A, we have

Fw0:92(912,0,-'- ,0), (31)
ni n2—ni
where 6; € Aut(

Bnl),92 S Aut(an
ball, and 61 (

). Using the representation of automorphism of the unit
29) = 0,05(u’) = 0,2° € C"1,u° € C™, we have

ni

Z ij(zk - z;?)
0r: (21, ,2ny) — (U1, -+ ,up,) and uj = =1 T ,
(1= 2 T
where
2% = (2, ) EC™, Q= (gjK)i<jk<ns;
O — 20 29Q = I,,, Ri(1—2"20)R; =1;
3.2
P AT
02:(11'17 7un1voa"'a0)_>(fla"'afn2) and f] T
(1 — Z U,kUk)RQ
where
u = (uf, -, u))) €C™, QF =

= (q;k)1<j k<na,

o _ (3.3)
O (- u*)Q* = I,, Ro(l —u’al )Ry = 1.

Set

M= (1- iz_gzk)Rl, o= (1- iu_guk)Rg.
k=1 k=1

By the properties of F,,(0,wp) = 0, we have

0t
uo—( RlQ ,0).
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Then from (3.1), (3.2), F, can be expressed as follows:

0

pto— L o (Q(zt—z0t>+c2z°f(1—z_0zt>>

AP VPP 0

1, (Qzt — Qz0"202t) 1 QI — 2020)
_)\1>\2Q ( 0 >_)\1)\2Q < 0

IR P fo I
_)\1>\2Q< 0 )

A =(1 —mut)Rg(l —Ezt)Rl

(1 - TRy Ry 4 QI )Ry

By (3.3), (3.4),

Ry
Ry & S0t 00L0(5t — 0
:E(Rl(l_z 2R +20Q'Q(2 —27))
and
I—20 0—67162’5_1.
Then
__ * ﬁ*lzt
Ft _ R1 Q (Q 0 )

Y Ry Ry(1— 2020 Ry + 20 QIQ(2! — 29%)
Without loss of generality, let
20:(2070’...70)’ z:(ei9,07-~-,0),
since (U, I,,,, ) is an automorphism of Q(nq, m1), where U is a unitary matrix.
Using (3.2) again, we have
1
1—1202’

— (1297 0 -
Q( O >Qf_I)

Inlfl

- .02
o=@ =("FT ).

Inl—l

|Ry|* =

Then

ot o 0
t) — 1—|29]2
Q Q B < 0 Inl—l) .

Similarly, using (3.3) and (3.4) again, we have
1 1 |R1|?

|R2|2: 02 00Tt 2 2(,0(2
1— |uf 201 |Ry|2 — |Ry[?]20]
[R1]?

o _ o —Qaz0t _ 0Nt
U u)Q" = (I_ ( 0 ) (%’O» vt

I _ gy
@) =gt = (In ~ im0 ),
0 In27n1

= |R1|27

Y. Liu

(3.10)

(3.11)
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Then
-1
_ ontzo Qt
Q*tQ*:<I"1 R 0 ) (3.12)
y (3:2), B o
QQ - Q"0 Q =1,, and Qz"20Q7 = QQ' -
Then from (3.12), we have
_ —1
QR —1In,
Q*'Q* = <I"1 N 0|Rl|2 s 0 ) . (3.13)
On the other hand, by (3.8)-(3.10)
Ri(1— 292 Ry + 22 QIQ(2" — 2°') = | Ry [2(1 — 202%) + | Ry [2(202" — 2020")
= |R2(1 - 202%) = 1. (3.14)
Now we can rewrite (3.7) as follows:
R ot 't
Fuy' = R—;Q* <Qt0 ? ) (3.15)
So
1t
Fus? = Q7 00Q7Q" (Qto )
-1
QR —1In 1
1 - 1 0 Qt t
0 [R1]
oo L))
_’5—In1 T
=2 (1 - EH) QT (3.16)
where
-1 QQ —In, ——1
(I |R1|2 ) v
Q@ L\ N\ (5, @@ QIQTQ)
ot(1, — (07 _
= (@(0 - S5p TR = (@ e )
(e (R 0y L (IR 0 -
|R1|2 In,1—1 |R1|2 O Inl—l
-1
_ | R f? 0 _
_( ( i )) e (3.17)
Let
: 0 0

! 0
=10 /1— w1 0 and = < P ) . (3.18)
0 ‘Rl‘ 1 0 1- [RL[2 In1*1
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From (3.2), (3.10), (3.13),

Inzfnl
1 —1
AR 10 0
= O 1 - Wlnl—l 0
0 0 Iy,
. -1 _
=(y7F) =7 (3.19)

Now, let Bt(wy) = Q*v*. Then
Dt —t A7t A%
B(wo)Bf (wo) =7 Q7 Q*" = I,,

which means that B(wp) € U(ngz), where U(ns) is the unitary group of degree ns.
Since |R1|?* = |R2|?, we have g—; = e a € R. Let Af(wg) = ¢*y~'Q*"". Then from (3.17)
and the definition of v, we have

Al (wo)A(wo) = In,,

which means that A(wg) € U(ny), where U(n;) is the unitary group of degree nj.
Now we can rewrite (3.15) as

Ft, = Bi(wy) ( (to)2 ) L e, Fuy = (2A(w0), 0)B(w). (3.20)
Step 2 From Lemma 2.2, F5 is independent of z.
F:{weC™:0<|wf?<1} —{w e€C™:0<|uv]* <1}

is a proper holomorphic mapping. Then by Hartogs extension theorem, we can extend F5 so
that
Fy:{weC™ |w? <1} — {w e C™: |u'|* <1}

with F5(0) = 0. Use Theorem A again,
F, = 9/2( Ilwaov"' 50)
~N
mi ma2—m1

By the proper properties of Fy, for every w : |w| = 1,|Fy| = 1. With the same argument
used in Step 1, we have that 0/, 0}, are unitary transformations.
Now we can assume

0'(z) =2zA', A" € U(my), 6(w)=wB’, B € U(ma),

where z € C"™ | w € C™2, U(my), U(ms) are unitary groups of degree my and mqy respectively.
Then

Fy(w) = (wA',0)B". (3.21)

Step 3 From the above expression of Fy, we have |Fo(w)| = |w|, Vw : [w| =1 < 1. Now
for a given w : |w| =1 <1, set

Fi(z,w): {zeC":0< |z < jwP =1} = { €C™:0< | < |F(w) =17},
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which is a proper holomorphic mapping. By Hartogs extension theorem, we can extend Fj so
that
Fi(z,w): {z€C" : |22 < |wf* =1’} = {Z € C™ : |2 < |Fa(w)|* = 1%}

is a proper holomorphic mapping with F3(0,w) = 0. It is easy to see that

F
Fitew) = 2 A ), 0B(w) -
where A(w) € U(ny), B(w) € U(ng), U(ny),U(ny) are unitary groups of degree ny and ng
respectively. Since Fj(z,w) is holomorphic on z and w, we have
d

= (A(w), 0)B(w) = 0.

o~ =~

(zA(w), 0)B(w) = (zA(w), 0)B(w),

As we know, A(w)At(w) = I,,, B(w)B*(w) = I,,. Set

where By (w) is an nq X n; matrix, Bo(w) is an ny X (ng — n1) matrix. Then (A (w),0)B(w) =
(A(w)B1(w), A(w)Ba(w)), and

+

(A(w)B1 (w), A(w)Ba (w)) (A(w)B1 (w), A(w)Ba(w))

= A(w)B; (w)(A(w)By () + A(w)By(w)(A(w)Bs (w))
= A(w)(B1 ()B1(w) +Bo(w)Ba(w) )A(w) = A(w)A(w) =1,
Set (A(w)B1(w)) = (pij)1<ij<n,, and (A(w)Bz(w)) = (Yia)1<i<ni 1<a<ns—n,» Where @i, Yiq
are holomorphic dependent on wy, -+ ,w,y,,, and
> el + > |ial?
1<i,j<n 1<i<ni,1<a<ns—m
— t2[(A () B (w), A (w)Bs (w)) (A (w) B (w), A(w)Bs (w)) ]
=nNnj.

mi o
Operating > W on the above equation, we have
k=1

Opij |2 Oia

X Gel 2 e

1<i,j<n, 1<i<n, ’
1<k<m; 1<a<ng—n,

2

)

i.e., pij, Yiq are all independent of wy, -+, Wy, , so that A(w)B;(w) and A(w)Ba(w) are all
independent of wy, -+, wy,,. Hence, there exist constant matrices A € U(ny) and B € U(ny)
such that (A(w),0)B(w) = (A,0)B. Thus

Fi(z,w) = (zA,0)B. (3.22)
Step 4 Now it is obvious from (3.21), (3.22) that

F=(F,F):(z,w) — ((zA,0)B, (wA’,0)B’). (3.23)

no mo
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By the main theorem in [7], any proper holomorphic self-mapping of Q(ny,my) or Q(ng, ms) is
automorphism. Without loss of generality, let o € Aut(Q(n1,m1)), 7 € Aut(Q(ng, msa)), such
that

o:(z,w) = (zA,wA’),

7: (v — (2'B,w'B’),

where A, A’, B, B’ are unitary matrices of degree ni, mi, na, ms respectively. Then from (3.23),
for the proper holomorphic mapping: F : Q(ni,m1) — Q(ng, ms), that is twice continuously
differentiable up to the boundary, there exist o, 7 which are automorphisms of Q(ny,m;) and
Q(n2, mo) respectively, such that

TOFOO'(Z,U)) = (Zla"' 7ZW11507"' aovwla"' awmlaov"' 70)
—— ——
n2—ni m2—mi

The proof of Theorem 1.1 is completed.

References

[1] Alexander, H., Holomorphic mappings from ball and polydisc, Math. Ann., 209, 1974, 245-256.
[2] Huang, X. J. and Ji, S. Y, Mapping B™ into B2"~1, Invent Math., 145(2), 2001, 219-250.

, XL J, 0L S Y. ,D. K.,
[3] Huang, X. J., Ji, S. Y. and Xu, D. K., A new gap phenomenon for proper holomorphic maps from B" into
BN | Math. Res. Letts., 13, 2006, 515-529.

[4] Huang, X. J., On a linearity problem for holomorphic maps between balls in complex spaces of different
dimensions, J. Diff. Geom., 51, 1999, 13-33.

[5] Alexander, H., Proper holomorphic mappings in C", Indiana Univ. Math. J., 26, 1977, 137-146.

[6] Chen, Z. H. and Liu, Y. C., A paper on the classification of the proper mapping between some generalized
Hartogs triangles, Chin. J. Cont. Math., 24, 2003, 215-220.

[7] Chen, Z. H. and Xu, D. K., Rigidity of proper self-mapping on some kinds of generalized Hartogs triangles,
Acta. Math. Sinica, 18, 2002, 357-362.

[8] Chen, Z. H. and Xu, D. K., Proper holomorphic mappings between some non- smooth domains, Chin.
Ann. Math., 22B(2), 2001, 177-182.

[9] Coffman, A. and Pan, Y. F., Proper holomorphic maps from domains in C? with transverse circle action,
Chin. Ann. Math., 28B(5), 2007, 533-542.



