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1 Introduction

It is well-known that Hardy’s inequality and their generalizations play important roles in
many areas of mathematics. The classical Hardy inequality is given by, for n > 3,

/” Ve > (" 2)2 / |(I)|;a|:2)|2da:, (1.1)

where ® € C§°(R™\ {0}).
In recent years, there has been considerable development in the study of Hardy-type in-

equalities on sub-Riemannian spaces, and it turns out that these inequalities play important
roles in the study of linear and nonlinear partial differential equations on the Carnot groups
(see [1, 4-8] and the references therein). In the setting of Heisenberg group H = H", Garofalo
and Lanconelli [1] obtained the following Hardy inequality,

ENNE
caaars (42) : |
/H|VH<I>| dzdt > ( . ) : (|Z|4+t2)|<1>| dzdt, (1.2)

where @ € C§°(H\{0}), @ = 2n+2 is the homogeneous dimension of H, Vy® = (X7, Xo®, - -,
Xn®,Y1®,---,Y,®) and X; = 8%7 +2yj%, Y; = 8% —2@% are the left-invariant vector fields
associated to the Kohn Laplacian. Niu et al [3] obtained the L? version of the inequality (1.2)
by using the Picone type identity for the p-sub-Laplacian. Recently, in [2] Kombe investigates
the existence and the explicit determination of constant C' and weight w(x) on the Carnot

group such that the Hardy-type inequality

/w(a:)|V¢;,<I>(a:)|2dx > c/ w(z)|(z) 2z (1.3)
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holds for all @ € C§°(G \ {0}). Here the special weight w(z) is related to the fundamental
solution of sub-Laplacian Ag on the Carnot group G.

In this paper, we obtain an LP version of the weighted Hardy-type inequality (1.3) on H-
type groups and anisotropic Heisenberg groups. Our result is an extension of the corresponding
inequalities in [1-3]. We mention that a similar Hardy inequality on H-type groups was proved
in a recent paper [9]. However their conditions on the power of the weight is different from ours
(see Remark 3.2). In particular we answer their question on the best constant. We also note
that there are some Hardy-type inequalities on the Heisenberg groups in [4]. Here we prove
a similar Hardy-type inequality for all H-type groups by using different methods based on the
potential analysis for the weighted p-sub-Laplacian.

The plan of the paper is as follows. In Section 2 we recall some notations and some results
about the fundamental solution associated with a weighted p-sub-Laplacian on H-type group.
Section 3 is devoted to the proof of the Hardy-type inequality on H-type groups. In the final
Section 4 we prove the Hardy-type inequality on the anisotropic Heisenberg group.

We thank professor Han for sending us a copy of their paper [9].

2 Preliminaries

We recall that a simply connected nilpotent group G is of Heisenberg type, or of H-type, if
its Lie algebra n = V @ t is of step-two, [V, V] C t, and if there is an inner product (-, -) in n
such that the linear map
J:t— End(V),

defined by the condition
(Ji(u),v) = (¢, [u,v]), u,ve€V, z€t,

satisfies
J? = —|t]*1d

for all t € t, where [t|? = (¢,1).
Groups of H-type were introduced by Kaplan in [10] as direct generalizations of Heisenberg
groups, and they have been studied quite extensively (see [11-14] and the references therein).
We identify G with its Lie algebra n via the exponential map, exp: V @&t — G. For g € G,
we write g = (z(g),t(g)) € V & t, and let

K(g) = (|z(g)|" + 16Jt(g)[*)%. (2.1)

Then K(g) defines a homogeneous norm in G which is smooth outside the origin. Note that
@ = m + 2k is the homogeneous dimension of G where m = dimV and k = dimt.

Let {X;}7" be an orthonormal basis of V. Denote Vgu = (Xiu, Xou, - -+, Xpu). Let w > 0
be a weight on G. For a domain © in G and p>1, we denote HW,-?(Q,w)={uec L’ (Q,w) :

c loc

Veu € L, (Q,w)} and HW,?(Q,w) the closure of C§°(€2) in the norm ([, Ve ul? w)r.

loc

A function v € HW,'?(Q,w) is said to be a weak solution of the weighted p-sub-Laplacian

loc
equation

_Lp7wu = f’ f € Llloc(Q)
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/|VGU|p72<VGUa VG@U}:/JC@

Q Q

for all test function ¢ € C§°(Q2). In case u € C?(Q2) some standard computations show that

Lpwu =Y Xi(|VeuP2wX;u). (2.2)
i=1

Note that m
> Xi([VeuP2wXiu) =0
i=1
is the Buler-Lagrange equation for the variational integral u — [, [Vgu/|Pw.

For H-type groups, the following remarkable explicit fundamental solution of the (un-
weighted) p-sub-Laplacian L, were obtained by Capogna, Danielli, Garofalo [15]:

Lemma 2.1 Let G be the H-type group with homogeneous dimension () = m + 2k. Then
for 1 < p < oo, there exist constants C),, Cq such that the function

C, K%, p#Q,
Uy = 1
" | Celos . p=0Q

is a fundamental solution for L, with singularity at the origin 0 € G.

By the similar method in [15], we can obtain a fundamental solution for the following
weighted p-sub-Laplacian (see also [16, 17]):

Lpwu =Y Xi(|Veul2wXu), w=K*|\VcK|®, a>-Q, 3>-m, (2.3)
i=1

where K is taken from (2.1).
Lemma 2.2 Let G be the H-type group with homogeneous dimension Q = m+2k, and L, ,,
be defined as in (2.3). Then there exist positive constants Cp y, Cota,w Such that

Q

r _JGuw KT p#£Qta,
aw
' Coramlog L, p=Q+a

is a fundamental solution of L, ., with singularity at the origin 0 € G.

3 Hardy-Type Inequality on H-Type Groups
In this section, we will prove the following Hardy-type inequality on the H-type group G.

Theorem 3.1 Let G be the H-type group with homogeneous dimension QQ = m+ 2k and let
a€R, 1<p<Q+a, >-m, ®cCF(G\{0}). Then the following inequality holds:

— p
/G|V¢;,<I>|Z’KQ|V¢;,K|BZ (W) /(;|¢>|PKQ*P|VGK|P+5, (3.1)

where K is as in (2.1). Moreover, the constant (%)p 1s sharp.
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Remark 3.1 If p = 2, 8 = 0, then our Theorem 3.1 is actually [2, Theorem 3.2]; ifa = 5 =0

and G is the Heisenberg group, inequality (3.1) is exactly the inequality (1) in [3].

Proof of Theorem 3.1 We know from Lemma 2.2 that Kp_'ﬁ;a is a weak solution of the

following equation in G\{0} :

> Xi([VeuP2K*|VeK|P Xu) = 0.

i=1
Take o = |®|PK?T2P as a test function in the above equation. Then

P—Q—«

/ Ve (K555 P2 K| Ve K | Ve (K 555T7) - Ve (B[P K@er) = 0,
G

which implies
p/ Ko P\ Yo K[PHP=2|0P 2V K - Ve d
G
+(Q+a-— p)/ K P|VeK[PHP|®P = 0.
G

We get by (3.3)

Q+a—p

/Ka*p|V¢;,K|p+ﬁ|<I>|p§/K1+O‘*p|VGK|p+6*1|<I>|p*1|V@<I>|.
p G G

By Holder inequality,
/K1+O‘*p|VGK|p+’8*1|<I>|p71|V@<I>|
G

:/K(a_p)%|VGK|(p+ﬂ)%|@|p’l-K%|V¢;,K|§|VGCI>|
G

p—1

< ([ memwerprior) ” (/GKQWGKWWG@P)%.

Combining (3.4) and (3.5), we get the inequality (3.1).

(3.4)

(3.5)

Next we show that the constant (%)p in (3.1) is sharp. Given € > 0, we consider the

following radial function:

P—Q—a

C.K—» ¢ K>1,

{ce, 0<K<I,
Ue =

where C. = (M + 5)_1. It is easy to see that

p
oty - [* 0< K <1,
u — o e
ST SR veK, K> L.

For u., we have

/ Ka_p|V<c,K|p+5|ue|p — Cf( Ka—p|VGK|p+ﬁ 4 K—Q—ps|vGK|p+ﬂ)
G

By G\B:

:cg’( K“—P|VGK|P+5+/K“|VGK|5|VGu€|P),
Bl (Gr

(3.6)
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where By = {g € G : K(g) < 1}. Since |VgK| = % < 1, K* P has homogeneity a — p > —Q,
it is easy to calculate that the first integral fBl K P|VgK|? in (3.6) is finite by the polar
coordinate integration formula for H-type group (see [18, Proposition 1.15]). Letting & — 0, we
conclude the argument.

Remark 3.2 There is a similar Hardy inequality on H-type groups proved in [9, Theorem
5.1], but their conditions on the weight and the constant are different from ours. The condition

a > p— @ in our theorem is equivalent to 8 < pg}:’i) in theirs, whereas their conditions are
0 <0and 1 < p < Q. So our result admits larger range on the power of the weight. Furthermore

we allow the case p > @ and we find the best constant.
An immediate consequence of Theorem 3.1 is the following corollary.

Corollary 3.1 Let G be the H-type group with homogeneous dimension QQ = m + 2k, and
let u € C’(C]’O(G\{O}),% + % =1(1<p<Q). Then we have

([ s@plutoras)’ ([ [Veutarag)” = L2 [ E0L ) pa,

4 Hardy-Type Inequality on Anisotropic Heisenberg Groups

Let a = (a1, a2, - ,an), a1,az, -+ ,a, > 0. Let H = H(a) = R?*" @R be the corresponding
anisotropic Heisenberg group with the product

(C) t) © (77) 8) = (C + 7, t+s+ 2 Z Q;j (gj—i—n’r]j - Cjnj+n)) .
7j=1

The corresponding left-invariant vector fields are given by

0 0 0 0
Xi=——-20yj=, Y;=+—+2a;xj—, j=1,--,n,
1T gy Vigp 9T gy TGy |
where (x,9,t) € R @ R,z = (21,72, -+ ,2Zn),y = (Y1,¥2, " ,Yn). It is easy to see that
Xy, , Xy, Y1, -+, Y, satisfy the Heisenberg commutation relations
0

X, Y| = —4a;—,
[ J J] J 8t
and all other commutators are zero. Denote

n
Vau=(Xju, -, Xpu,Yiu, -, You), divg(ug, -, ue,) = Z(Xjuj + Ytnyj).
j=1
For further information on the anisotropic Heisenberg group, see e.g. [19, 20]. In this paper we

obtain the following Hardy-type inequality on anisotropic Heisenberg group H.

Theorem 4.1 Let H = H(a) be the anisotropic Heisenberg group witha; <1, j=1,--- ,n.
Let a €R, 2<p<@Q+ a and & € C§°(H\{0}). Then the following inequality is valid:

2, 12
o Q+a—p\r a(ngaﬂZJ')
/Hd [VE®P > (T) /Hd T@P, (4.1)

where d = (( Zn: aj|zj|2)2—|—t2)i, Q=2 Zn: a; + 2.

Jj=1 Jj=1

(NS}
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Remark 4.1 If p=2,a=0,a;, =1 (i =1,---,n), then we get the known Hardy inequality
on the Heisenberg group (see [1]),

/ |V ¢|? > n2/ ﬂ(bz .
- e 2|4+ 2

For the proof of Theorem 4.1, we need the following lemma which can be proved by similar
computation as in [3].

Lemma 4.1 Let w > 0 be a weight function in Q C H and Ly p . be the following weighted
p-sub-Laplacian on H :

L pwv = dive (|VaoP~?wV go). (4.2)
Suppose that for some X > 0, there exists v € C*°(Q),v > 0 such that
— L pwv > AguP™! (4.3)
in the sense of distribution for some g > 0. Then for any u € HW()l’p(Q, w), it holds that

/|VHu|pw2)\/g|u|p.
Q Q

P—Q—«a

Proof of Theorem 4.1 Take w =d* and v =d in Lemma 4.1. Noting that

L pwv= Z [Xi(|VHv|p*2wX¢v) + Yi(|VHv|p*2inv)} ,
i=1

[( > aj|zj|2)aixi + aiyit}
j=1

Xd = — ,
K zn: aj|zj|2)a7;yi — aixit}
Yid = ———p :
> HEAR
Vd]? = =—— PR

we get

n

~Lipav =— Y [X:(a"

i=1

d

_ o 1P—2 —0O— o
Qta-p, e |de|P—2(p7Q O‘)d—QI Xid)
p p

(] R s (229 )

- (LrasnyT(2te £2p - Q)Y a2z ) T v

Q+a—p _ete
p

=1

n p—4 N
Qtayy 7
j=1 J=1

n p=2 N
+dQ%+2""Q(Za§|zj|2) B Z(X;d+3fj2d)}.

Jj=1 Jj=1
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By direct computations we have

n ( Zi: aj|Zj|2) ( Zﬁ: a?|zj|2)
a?(xj - Xjd+y; - yjd) __J=t = j=1 7

n (2 Xn: aj) ( Zn: aj|Zj|2) + zn: e
SN (X2 vid) = = .

j=1

Jj=1

d3

Then

p—1 o 24
_LH,p,w'U — (w) dQ+ —1—p— Q(Za2|zj| )
p =
where
_((Qta-—p ~ o 9)2 - 2 ~ 3
I= T+4—p—Q S adlzl?) +p-2)( D ailzl?) (D] allzl
j=1 j=1 j=1

+ (22;aj)(;aj|z]| ) . (éaﬂzﬂz)} (4.4)

Using Cauchy inequality
n n n 2
(Salsl) (Sales?) = (Saisr)”
j=1 j=1 j=1

and (since, by assumption, a; <1, j=1,---,n)

n n
D ajlzP =D ddlzl,
j=1 j=1

we find
_ n 2
Zw(za?|zj|2) 7
p ot
so for p > 2,
Q+a—p\P~l pgea | o, 2ol 5rQ+a—p
gz (L) (3 ) [
P » ( Z: ilzil )

[NS]

_ (Q + o — p)pv”‘ld“ (Jél a?|2j|2)

. o (4.5)

n p
(3 az?)?
Hence Theorem 4.1 follows from Lemma 4.1 with \ = (%)p, g=d>*—= FEn
From Hardy-type inequality (4.1) we have the following corollary.
Corollary 4.1 Let H = H(a) be an anisotropic Heisenberg group with a; < 1, j =
1,--,n. ue Cg(H\{0}), % %—1 (2<p< Q). Then we have

o2
Zaj|zj|

g X 5
([ (Zatr) ) ([ wmp) > E2 [ B,
Vet H d
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where d = (( Zn: aj|zj|2>2—|—t2)i, Q=2 Zn: a; + 2.

j=1 j=1
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