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Abstract The authors obtain a holomorphic Lefschetz fixed point formula for certain
non-compact “hyperbolic” Kéhler manifolds (e.g. Kéhler hyperbolic manifolds, bounded
domains of holomorphy) by using the Bergman kernel. This result generalizes the early
work of Donnelly and Fefferman.
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1 Introduction

In 1926, Lefschetz [8] published his celebrated fixed point formula, namely, if f is a holo-
morphic automorphism on a compact complex manifold of dimension n such that there are only

a finite number of fixed points p1,- -+, px, then
1
L(f)= ) :
det(I — J
o, A= Tp(py)

where L(f) is the so-called Lefschetz number of f defined by

L(f) = (=1)9Trace f*(H**(M))

with HP'9(M) being Dolbeault cohomology groups.

In general, for non-compact complete Kihler manifolds, the Lefschetz number of L%Dolbeault
cohomology groups with respect to some complete Kéhler metric might depend on the choice of
the Kahler metric. However, Donnelly and Fefferman discovered the following interesting fixed
point formula:

Theorem 1.1 (cf. [2]) Let Q be a bounded strongly pseudoconvex domain in C™ and let f
be a holomorphic automorphism without fized points on the boundary. Then

/ Kalz Z den(T - Jf><pj> (1)

f(pj)=

where Kq(z,w) is the Bergman kernel form.
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Let us make a few remarks on Theorem 1.1. According to Fefferman [4], every holomorphic
automorphism of € extends smoothly to 02, which implies, if an automorphism f has not fixed
points on 02, then it has only finite isolated fixed points in 2 for otherwise the set of fixed
points is an analytic subvariety with dimension at least one thus must intersects 9€2. In fact,
the above result is still a Lefschetz theorem since the left side of (1.1) equals to the Lefschetz
number with respect to the Bergman metric. The argument used in [2] is the heat kernel
approach, relying heavily on the bounded geometry of the Bergman metric, which seems not
valid for general bounded domains. It seems worthwhile to generalize Theorem 1.1 through
different methods.

Theorem 1.2 Let Q) CC C™ be a domain of holomorphy and let f be a holomorphic auto-
morphism such that the closure of the graph I'y of f does not meet the diagonal at the boundary
of @ x Q. Then (1.1) holds.

Similarly as the above remarks, we conclude that f has also only finite fixed points in 2.
The main ingredients are Hormander’s L? theory and Kerzman’s representation of the Bergman
kernel. This approach has the advantage to generalize to certain complete Kahler manifolds
with slightly modifications.

Definition 1.1 We call two subsets A, B of a metric space (M, d) do not meet at the ideal
boundary of M if outside some compact subset K there is a positive constant C' such that

dg(A\ K, B\ K) = inf inf d(z,y) > C.

Definition 1.2 (c¢f. [5]) A complete Kahler manifold (M,w) is said to be Kdhler hyperbolic
if w is d-bounded, i.e., there is a 1-form 6 such that w = df and sup |0, < co.
M

This is a large class of non-compact Kéhler manifolds which includes all hyperconvex man-
ifolds (i.e., there is a negative C'* strictly plurisubharmonic exhaustion function).

Theorem 1.3 Let (M,w) be an n-dimensional Kihler hyperbolic manifold and f is a holo-
morphic automorphism such that 'y does not meet the diagonal at the ideal boundary of M x M.
Then (1.1) also holds.

2 Proof of Theorem 1.3

2.1 L2-Hodge theory

Let (M,w) be a complete Kéhler manifold of dimension n and let L5?(M) denote the space
of L2-forms of degree (p,q). The L?-harmonic space is defined by

HEU(M) = {¢ € LEI(M) : 9 = 0,0 ¢ = 0}.

The H;’O(M ) is just the space of square-integrable holomorphic n-forms. In the case when w
is d-bounded, it is known from [5] that there is a constant A, > 0 such that every ¢ € LY (M)
with p 4+ g # n satisfies the inequality

(1, AY) = A (¥, 9),

where A = 2(55* + 5*3). Therefore, there exists a unique operator, the Green operator,

G : IE(M) — (HE"(M))*
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such that 0G = GO, 9'G =G0 and the following decomposition holds:
I =P+ AG,

where I is the identity endomorphism and P is the orthogonal projection from L57(M) to
HYU(M). Tn particular, for any g € Li°(M) we have

Py=g- 5*5(?9 =g —E*Ggg.

2.2 Bergman kernel form

Let (M,w) be a complete Kéahler manifold and let {1;} be a complete orthonormal system
of HS’O(M ). The Bergman kernel form is given by

sz ) A i (w)

K does not depend on the choice of basis and it enjoys the following reproducing property
vw) = [ 0 ARG, we M, b e H ()
M
By [1], Kp(z,w) is not identically equal to zero if w is d-bounded.

2.3 Lefschetz number
Let (M,w) be a complete Kéhler manifold and let f : M — M be a holomorphic map. The
Lefschetz number is defined by
Lu(f) = ) (=1)'Trace f*(Hy" (M),

where the trace is given by

ST
J

for a complete orthonormal system {1/);)"1} of HYY(M). Note that the space Hy" (M) is conju-
gate to M4 *(M). Thus by Subsection 2.1, if w is d-bounded, we have

Lo(f) = (=1)" | Kul(z, f(2)).

M

2.4 Bochner-Martinelli kernel
The Bochner-Martinelli kernel on C™ x C™ is given by
Z‘P (z —w) A ®(w)

fuPr

k(z,w) = Cp -2

where

®;(C) = (—1)1GAG A - AdG A+ Ada,
Q) =dGi A---AdGn

and C), is a constant depending only on n such that for any ¢ € C{} ’O(C")7
= /1/)(2’) A Ok(z,w) (2.1)

holds, i.e., the distributional derivative 0k is supported on the diagonal.



682 B. Y. Chen and Y. Liu
2.5 Representation of Kps(z,w)

Let (M,w) be a complete Kéhler manifold. Let w € M be fixed and take a coordinate ball
By, = {|¢| < 2r} around w. Let p,, € C§°(B;), 0w € C§°(Ba,) such that pw|B% =1, Qw|B% =0
and g, =1 on B, — Bz (if w is changed,  might be changed). Applying Stock’s theorem, we
obtain the following formula for any ¢ € HS’O(M ):

b(w) = pulw)p(w) = / Pu(QB(C) ABE(C, w)
— (~pymH / B(pw (OH(0)) A K(C w)
— (~1r / 0w (T (pu(OB(0) A R(C,w)

= [ 90 A pu(OF e O(C 0.

It follows that

P(w) = (¥, P(pu0(0uk( -, w)))), Vo€ Hy (M),

where P is the Bergman projection. The uniqueness of reproducing kernel guarantees

KM(Za w) = P(pw (Z)E(Qw (Z)k( ) 7w)))

(compare [7]).

2.6 Proof of Theorem 1.3

By the hypothesis of the theorem, we may choose the r in Subsection 2.5 sufficiently small
so that the support of g, |r, is contained in |J Bc(p;, p;) for some € > 0, where p; are fixed

J
points and Bc(p;, p;) are geodesic balls around (pj,p;) in M x M. Set 0, = puwO(0wk(-,w)).
Note that for each fixed w, 7,,(2) is a form of type (n,0) w.r.t. z, it follows from Subsection
2.1 that

V" [ R T = 0" [ g - 20" [ TG

M

Now if we set w; = z; — f(z;) in some local coordinate z; around p;, then
O(w;) = det(I — Jr)®(z;).

If € is sufficiently small, then the support of 74(.)(2) is a finite number of small balls centered
at pj. Therefore, for r < € we have

G f @ =0 [ Bk Oleere

> Pi(wj) A ®(w; + f(z)))

e (by Stokes theorem)
wj

= (—1)"Cn2/{

lw;|=%}
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ncz/

‘I’i(wj) A @(25)

|w|2n

> @ (wy) A B(wy)
= anj:/{wj_g} |wj[?" det(I — Jy)

{lwil=5}

1
- T T TN\ T—>Oa
2 = 7w
because
P, (w) AN P(w " D(w)ANDd P;(w
e SRS _ (e () A 3 Bifw)
{lwl=3 ] {lul=3 [w]

= 2 ®i(w)
/{w_%}(b(w)/\(’“){cn ]2 }

- /X{IUJI<%}<I>(w) /\E{Cn%@}
1

)

where x.} denotes the characteristic function and the last equality follows from (2.1) (passing
to a C*° regularization if necessary). On the other hand,

/ME*GEﬁf(Z)(z): /A y " Gom,, (z) N Ok(w, f(2))

*/ 9" Gom,,(z) ANOk(w, f(z)) (by Fubini’s theorem)
My, J M

—/Mw/zGanw YA D k(w, £(2)

The proof is completed.

3 Proof of Theorem 1.2

Let L;q(Q) denote the space of square-integrable (p, ¢)-forms with respect to the Lebesgue
measure and let H%)Q(Q) be the corresponding L2-harmonic spaces. Set D, , the space of
compactly supported smooth forms. We always omit the lower subscript when p = ¢ = 0.
It follows from Hormander [6] that there is a bounded operator N : L2 (Q) — L2 (Q), the
Neumann operator, such that

(1) N(H2,(Q2)) =0,0N = N9, d N = N9 ;

(2) N(Dyp,q) C_?p-,q_§ _

(3) Pg =g — 8 Ndg holds for any g € L*(2) with dg € L ,(Q).

Here P : L2(Q) — H2() denotes the Bergman projection and @  denotes the adjoint of &
with respect to the Lebesgue measure.

Set dV, = ®(2) A ®(2) and denote by K&(z,w) the Bergman kernel function of Q. From
the argument in Subsection 2.5, we see

Ko(z,w) = P(Aw)(2)
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with
Aw(Z) — Ww(z)
D(2) A P(w)
Thus
S ReNiE)
/KQ 2)) det J;(2)dV,
/P o)) (2) det T (2)d V.

= (1" [ A det IV = (1) [ TNTR; () det Ty )V

We may choose r sufficiently small so that the support of A,|r, is contained in |J Bc(py, p;)

J
for some € > 0, where B.(p;,p;) denotes the Euclidean ball centered at (p;,p;) with radius e.
Observe that

(—1)n/§2/\f(z)(Z)Jf(Z)d‘/,z = (—1)n/ Ny (2) = ' > ﬁ’ r—0

@ f(pj)=p; Tr)p;
by Subsection 2.6, while
/a NON o (2) det Ty (2)AV, = //a ND (de”f((fv(w’f(z)))dedvz
=5 det J¢(2)k(w, f(2))
/Q/Q N X, ( i )dvzde

for all sufficiently small r, since N maps Dy 1 to Dy 1. The proof is completed.

Remark 3.1 The reason why we call Theorem 1.2 a Lefschetz fixed point formula lies in
the following: Fix a positive C°° strictly plurisubharmonic exhaustion function p on 2 and set
w = 00p?. Then w is a complete Kdhler metric such that

002 < 2p°

which is Kihler convex in the sense of McNeal [9], hence L2-harmonic forms vanish outside the
middle degree, and we still have

Lo(f) = (=1)" | Ka(z, f(2)).

Q
4 Applications and Remarks
4.1 Variations of Theorems 1.2 and 1.3

Corollary 4.1 Let Q CC C™ be a domain of holomorphy and let f,g be holomorphic
automorphisms such that the closure of the graph I'po -1 of f o g~ ! does not meet the diagonal
at the boundary of Q x Q. Then

[ RaETE ) = Y qmir—ien (11)

& ~ltof(pj)=p;
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Proof In fact, from (1.1),

(=" A Ka(g(2), f(2)) = (=1)" ; K§(9(2), f(2)) det Jg(z) det J5(2)dV;

=(-1)" A K§(z, 97 o f(2))det Jy-167(2)d Vs

= (=" | Ka(z,97' 0 f(2))
Q

1
= Z det(I_J_q*qu)(pj)7

F(pi)=9(p;)
where the second equality follows from the well-known translation formula for the Bergman
kernel function.

Similarly, we have

Corollary 4.2 Let (M,w) be an n-dimensional Kihler hyperbolic manifold and let f,g be
holomorphic automorphisms such that the closure of the graph I jo,—1 of f o g~ ' does not meet
the diagonal at the ideal boundary of M x M. Then (4.1) holds.

4.2 Examples

A basic difference between the fixed point formulas of the classical and ours is that in some
cases, the left side of (1.1) is computable. This enables us calculate some seemingly complicated
integrals.

Example 4.1 Let D denote the unit disk in C. We claim

1 25m
v, = —.
/D (1-32—3z+4|2[?)2 32

3
g*Z

Indeed, we can take f(z) = € Aut(D), Aut(D) being the automorphism group of D. It is

_3
11—z

easy to see that % is the only fixed point of f in D and f has not fixed points on the boundary
of D. Thus by (1.1), we have

[ R = - /D S

Q ™ Jp (1-Z2f(2))?
16 1
- dv,
25m Jp (1— 22— 22+ [2]2)2
_ 1 _1
1+ 1 2

25(17gz)2|z:%

Example 4.2 Let B} := {z = (21, 22) € C? |2]? + |2 - 2| < 1} be the minimal ball in C2,
where 2 - 2 = 27 + 23. We shall show

/ (1= ¢(2))*(1 + ¢(2) + (2 + 25) (wi + wi)(5 = 3¢(2)) 4, _ ™
; (1= 6(2))? = (2F + 23) (wi + w}))? T4V
where ¢(z) = ‘/T§(|zl|2 — Z120l — Zazii + |22?), w1 = (21 + 200), wy = @(22 + zi). Tt is

verified as follows: clearly, the automorphism

=G 16 =2 (1)
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satisfies the hypothesis of Theorem 1.3. On the other hand, it is known from [10] that the
Bergman kernel function has the following explicit expression:

231 = (z,w)*(1 + (z,w)) + (z - 2)w-w(5 — 3(z,w))
Ko =2 (@~ Gu)P (G omwp '
Theorem 1.3 implies
KQ(va(Z)) = KB;(va(Z))Jf(Z)dVZ
B3 B3
_2 [ 309+ 0) + (of + 20)(wh + w5)(5 = 36(2) 4,
* Jg (1= (2))* = (27 + 23) (w + w3))?
1

==

— V2 V2

where ¢(z) = §(|zl|2 — Z1291 — Zoz1i + |22]2), w1 = 5 (21 + 201), wo = 57 (22 + 21d).

Remark 4.1 Our theorems exclude the case when the automorphism has fixed points on the

boundary. It is probable that the latter might be settled by using Kohn’s theory for 9-Neumann

problem, at least for the special case of the strongly pseudoconvex domains.
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