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A Remark on Chen’s Theorem (IT)**
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Abstract Let p denote a prime and P» denote an almost prime with at most two prime

factors. The author proves that for sufficiently large =, >, 1 > 11';;20%”, where the
p<x
p+3=Py

constant 1.13 constitutes an improvement of the previous result 1.104 due to J. Wu.
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1 Introduction

Let p, p’ denote primes and P, denote an almost prime with at most two prime factors. For

sufficiently large x, it is conjectured by Hardy and Littlewood [9] that

C
S 1=(to(1) 5.
< log” x
p+2=p’
where )

p>2
This conjecture still remains open. The best result in this aspect is due to J. R. Chen [2] who
showed in 1973 that

0.335Cx
7T1)2(£L‘) > -
log” x
where
7T172(I) = Z 1.
p<z
p+3=Pp

The constant 0.335 was improved successively to
0.3445, 0.3772, 0.405, 0.71, 1.015, 1.05, 1.0974, 1.104

by Halberstam [7], J. R. Chen [3, 4], Fouvry and Grupp [5], H. Q. Liu [12], J. Wu [14], Y. C.
Cai [1] and J. Wu [15] respectively.

In this paper, we obtain the following sharper result.
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Theorem 1.1

2 Some Lemmas

Lemma 2.1 (see [5]) Fore >0, let Q = 27, and \(-) denote a well-factorable function
of level Q. Then, for any given A >0 and |a| < log” z, we have

> o) (W(I;q,a) — %) = OA,M(L).

A
(@)=l log” x

Lemma 2.2 (see [15]) Let (o) and (By) be two sequences satisfying the following condi-
tions:

(A1) M >2°, apy, =0 form & [M,2M], |am| < 71(m);

(A) N >4, fu=0 forn ¢ [N,2N], |5u] < 7e(n);

(A3) For any givene>1,d>1, (d,l)=1, A>0,

1 Nt(e)? .
Z 511—@ Z ﬁn—’—O(logTN)’

n=Il(d) (n,de)=1
(n,e)=1

(Ay) Ifpln—p< exp(log% x), then B, =0,
where k and B are constants. Let MN < z, v = X gnd Q = 2922 where (v) is defined

log x
by

6 — dv 0<u< 1
10 =15
1+2“, i<v<i,
2 15— — 10
5—2v 1 3
) _Svg_a

8 10 14
s
boy—] 6 T 1
22— 1 2
9 _Svg_a

3 4 7
2+1;7 g<v<g,
4 7T T 5
1 2 <L
—v —<v< o
9 5— —27

1 1< <1
— — v .

2’ 2~

Then for any A > 0 and |a| < log” z,

Z /\(Q)( Z O‘mﬁn_% Z am/Bn):OA751kﬁB( x )

A
(¢,a)=1 mn=a(q) vla (mn,q)=1 log” x

Lemma 2.3 (see [6]) Let &(-) denote an arithmetical function such that

1€(q)] <logz, &(g) =0 for g > Q.
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Then |
> Mokt (rtesan )= S5) = Onen ()

(ag1,0)=1 plam log” &

if either
1) Q1<Q, QQ<z7—=, or
(2) @1>Q, QIQ<z**, or
(3) &(g) = Ag), QQ<a%~%, Q) <ai e,

Lemma 2.4 (see [6]) Letn >0 and define

4 O<t<2
77 f— —7 TI’
1 2 1
)={ —, Z-—p<t<=-—
g(t) 500 7 NStsg -
! 1 <1€<1
5 3 onsStsg-n

Then, for any A >0, e > 0 and |a| < log” z, we have

Z Z Aq) (w(x;pq,a) - ﬂ) = OA,k,a(logLAx)a

zt<p<2zt (q,a)=1 (p(pq)
where Q = 9 —t—¢,

Lemma 2.5 (see [11, 13]) Let

z>1, z=gxv, Q(z):Hp.

Then, for u > ug > 1, we have

3 1:w(u)1ozz+0( - )

2
= log” 2z
(n.Q(z)=1

where w(u) is determined by a differential-difference equation and

1
L >9
wiv) < 17e 22

w(u) < 0.5644, wu > 3.

3 Weighted Sieve Method

Let = be a sufficiently large real number and put

A={ala=p+2, p<a}, (3.1)
P={plp>2} (32)
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Lemma 3.1 Let 0 < a< < % Then
M@ 254N =5 3 St -5 Y S( A Plen)p2)

o B 1
o <p<z wa§p1<$ﬁSP2<(ﬁ)2

- Z S(A;D1P2;P(pl)ap2)

1
$BSP1<102<(%)2

1 —Q
+ D) Z S(Apypapss P(p1), p2) +O(‘T1 )-
2> <p1<pa<pz<zl
Proof By the trivial inequality
7T1)2(£L‘) 2 S(A7J‘ﬁ) - Z S(Aplpz;P(pl)ap2)

B =
P <p1<p2<(37)

N=

and Buchstab’s identity, we have
mo(z) > S(A,27) - > S(Apipz; P(p1), p2)
iﬁSP1<P2<(ﬁ)

=542~ Y SAna)+ Y S( A1)

zo<p<azf zo<p; <pp<zh

- > S(Ap,pa; P(p1): p2)- (3.3)

B =
2P <p1<p2<(37)

[N

N=

On the other hand, we have the trivial inequality

71'112({E) Z S(A7 xa) - Z S(A;D1P2;P(pl)7p2) - Z S(Aplpz;P(p1)7p2)

2z <p;<pz<zf wa§p1<$ﬁﬁp2<(ﬁ)

a Z S(AZD1P2;P(p1)ap2)-

B z
2P <p1<p2<(37)

[N

(3.4)

Nl

Now by Buchstab’s identity we have

Z S(Aplpzvpl) - Z S(APIPQ;P(p1)7p2)

2 <py <pz<azh 2 <py <pz<zh

= > S(Apipapsi P(P1).02) + > S(Age,,.p1)

2o <p1<pz<p3<zf ze<p1<pz<zf

- Z S(Apypaps; P(p1), p2) + O(x'~).
22<p1<pa<pz<zP

Now we add (3.3) and (3.4) and by (3.5), Lemma 3.1 follows.

Lemma 3.2

=
o=

E 1 L 1
S(AaB)+oS(A™)+o DT S( Ay,

1 1
z12 <p1<p2<z 7.2
1 a1
+ 5 E S(Aplpwxlz)

a1 1 A 1T
212 <p; <z 7.2 <po<min(z35 42 P1 )

27‘1’1)2(&[:) 2

N W
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—% 3 S(Ap,x%)_% S Syt

1 1 1 1
12 <p<x3 12 <p<x3.5
1
- 5 Z S(Aplpz;P(pl)ap2)
$5§P1<1%SP2<(ﬁ)%
1 T o3
"3 (AP0 (52))
2 12 ) pip2i P(P1) e
€72 <p1<z¥5 <pa<(F&)2
- Z S(Aplpz;P(p1)7p2)
Iﬁ§m<;02<(ﬁ)%
1
D) Z S(Apipapsps; P(p1), p2)

1 1
212 <p1 <p2<p3<pa<z 72

S(Apypapspas P(p1),p2) + O(xz12)

17
17 g
.5 )1421)3 )

N | =
o
&
-

1 .
<p1<p2<p3<z 72 <py<min(z

1 1 1 1
= 5(3511 + S12) + 5(521 + Sa22) — 5(531 + S32) — 5(541 + S42)
1 11
— S5 — 5(861 + SGQ) + O(:Z?ﬁ)
1 1 1 1 1 11
= §S1 + 582 — §S3 — 584 — S5 — 586 + O(Iﬁ)

Proof By Buchstab’s identity, we have

1 1 1 1 1 1 1 L
§S(¢4,,’E7»2)=§S(¢4,.’L‘12)—5 ) Z ) S(Ap7xl2)+§ ) Z ) S(Ap1p2,$12)
12 <p<x72 12 <p1<p2<x7-2
1
- 5 Z S(AP1P2P3ap1)7 (36)

1 1
212 <p1<p2<p3<z 72

S ST )< DY S(Ap )

1 1 1 1
72 <p<z335 72 <p<z335
L
- E S(Aplpwxlz)
1 1 LA 1Ty
212 <p; <x7.2 <py<min(xz3.5,x42p, ")
+ E S(AP1P2P37p1)7 (3.7)
L L . N A |
212 <p;<p2<z 7.2 <pz<min(z 35,212 p, ")
E S(Aplpz;P(p1)7p2) = E S(Aplpz;P(pl)ap2)
m%S171<$3715S172<(ﬁ)% m%S171<$3715S172<(ﬁ)%
+ E S(A;D1P2;P(pl)vp2)- (3'8)
@72 <pi<a¥s
1 1
()3 <pa<(2)?
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If po < (i)%, then ps < (L)% and by Buchstab’s identity, we have

p1 P1p2
Z S(Apipz; P(p1), p2)
1%§P1<$ﬁﬁpz<(ﬁ)%
1
x 2
= Z S(Aplpz;P(p1p2)v ( ) )
1 1 1 pip2
T2 <p1<w35 <pa<()3
+ S(Aplpzps;P(plp2)7p3)' (39)
2T <p1<z3F §p2§p2<(m’”p2)%
On the other hand, if py > (£)3, then py > (52-)% and we have
Z S(Aplpz;P(p1)7p2)
7.2 §p1<zﬁ
1
(37)3<p2<(37)2
1
T 2
< S(A P (p1pa), (—) ) 3.10
Y (). (5 .10
72 <p;<x3.5
()3 <pa<()3
By (3.8)—(3.10), we get
Z S(Apipz; P(p1), p2)
1%§P1<$ﬁﬁpz<(ﬁ)%
1
x 2
S S(Ap1p2;7)(p1p2)7 ( ) )
1 1 1 pip2
T2 <p1<w35 <pa<(5)2
+ S(Aplpzps;P(plp2)7p3)' (311)
eTI <p<wF5 §p2<;03<(p1§,2)%
Now by Buchstab’s identity we have
Z S(Aplpzps;P(p1)7p2) - Z S(APIPQPCle)
@12 <pi<ps<ps<zd @12 <p) <pa<ps<aT?
- Z S(Apipopss P1)
m1_12 <p1 <p2<1% <ps <min(zﬁ ,m%p;l)
- Z S(Aplpzps;P(p1p2)7p3)
72 <p1<eT5 <pp<pa<(5E5) 2
> - Z S(Apipaps; P(p1),p2)
11_12§P1<P2<p3<174<wrl2
11
- Z S(Aplpzps;P(pl)7p2) +O(‘T 12)' (312)

i1 1 11z
212 <py<p2<p3<z T2 <py<min(z35,x42 p; ')

Now by Lemma 3.1 with (o, 8) = (75, 3) and (o, 8) = (55, %) and (3.6), (3.7), (3.11) and
(3.12), we complete the proof of Lemma 3.2.
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4 Proof of Theorem 1.1

In this section, the sets A and P are defined by (3.1) and (3.2) respectively.

4.1 Evaluation of S; and S»

Let Q = z7¢. By Lemma 2.1 and the sieve theory with bilinear error term in [10], we get

7 2r

C 41 * log(s — 1 4 C
S11 > 3.5(1 + O(e)) —g— (1og— +/ Plogls = 1)), 7 ds) > 6.73740——
log“ x 2 s s+1 log”

14.8
Cx 21.8 o log(s—1), A= Cx
> 3. _ - > 3.
Sy > 35(1+O(a))1 (1og +/2 - 1og8+1ds) > 3.97613

og’ x 7 log® z”

Then o

Sy =381y + Sip > 24.18833—5—. (4.1)
log” x

Let A} and M\, denote the characteristic functions of the primes in the intervals [Li, L))
and [Lg, L}) respectively, where z12 < L} < L} < 2Ly < x72, z72 < Ly < L < 2Ly <
min(z75 ¢, 23 ~(2L1) 1), and A denote a well-factorable function of level Q(LiLy)~!. Then
L} < Q(L1Ls)™", Ly < QLy*. Thus A% )\, is a well-factorable function of level QL,", and
(AxA\]) =N, is a well-factorable function of level Q. By Lemma 2.1 and the bilinear sieve theory

in [10], we get

=

522 Z Z S(Aplpzvx

1 1 1
T2 <p1 <z 7.2 <pa<min(z 35

3.5C /%Q/mi’f‘(sﬂwﬂ—tl) log(4 — 12(t1 + 1))

17
e g5 —¢€,—1
7;1:42 pl )

> (140(e dtidis.
( ( ))logzx L) tita(1 — 1.75(t1 + t2)) H
Similarly,
1 1
3.5Cx [72 72 log(& — 12(t; +t2))
So1 > (1+0(e —// - dtydts.
2z (1+0( ))1og2x 3 Jy tb( L0 )
Then
S = Sa1 + S22
3.5Cz [z (min(Es a0 Jog(L —12(t + to))
> (1+0(e / / - dt;dt
( ( ))logQ:v Ly tito(1— 175(ty + t2))  —
C
> 2.83084—5—. (4.2)
log” x
4.2 Evaluation of S3
We have
Sa=( X o+ X Jsem+( X+ X )t
x1_12§p<x%7€ x%75§p<x0«29 x0‘29§p<z%75 z‘%*ESpSz%

=31+ 2o+ Xg + 24. (4.3)
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By Lemma 2.1 and the arguments used in [14], we get

C 7 log(s — 1 12— 1.75
1 <351+ 0(e)—— (1 +/ Og(ss )ds) log
2 .

log” x 3.5—1.75
i _ 41041
+/7 log(s = 1) log 7 (7 S)ds
1 s s+1
20 31 4141
1 —1 t—1 =(=—1
+/7Mds/7 log £ =L 1og TU7 )dt)
9 s +2t s—l—l t+1
< 83786222 (4.4)
log” x

By Lemma 2.3, Lemma 2.4 and the arguments used in [14], we have

C 212 o0 (s — 1 9 [T log(s—1 23 —
S < (1+0())—§((1+/2 %da’)leg——k/z o8(s = 1) 1o Sds)

log™z 26 12 s 6(s+1)

< 0.111040—;”, (4.5)

log” x
40Cx 52 212 90g(s — 1), 26(5.6 — s)
Y3 < (14 0(e)) ——— ( log — 1 d
3= (14 ())1110g2x( g377+/ s 891 1) S)

< 1.16970-2% (4.6)

log? &

By a trivial estimation, we have

C
S ) (4.7)
log” x
By (4.3)—(4.7), we get
Cx
S31 =21+ X0+ 23+ 2, < 965936—2,
log” x (4.8)
C C '
Ss2 = T1 + 05— ) < 8378625
log” x log” x
Then O
Sy = Sa1 + S < 18.03798— 2 (4.9)
log? 2~
4.3 Evaluation of Sg
By Lemma 2.2, Lemma 2.5 and the arguments used in [15], we get
C C
Se1 < (14 0())Ch —g— < 0.05331—5—, (4.10)

log” x log” x

where

. _4/% /72dt2/72dt3 /% 1—t1—t2—t3—t4)dt4
! 2 11+2t1 " , ty t
1 1 1
7z 73 dty, [73 T3 1t~y — b3 — tg)\ dt
+16/ / 2/ _3/ ( 1 —ta— 13 4)_4'
. —2t1 ot to ty

10
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By a similar method, we get

695

Se2 = Z S(AP1P2P3P4;P(p1)7p2)
Iﬁ<Pl<P2<P3< %<I%SP4<zﬁ
+ Z S(Apipapsps; P(p1), p2)
@12 <p<pa<z2 <py<w T <ps<ziZp;’
+ Z S(AP1P2P3P4;P(p1)7p2)
%<P1<I%SP2<P3<$%SP4<I%P7
+ Z S(AP1P2P3P4;P(p1)7p2)
w42<p1<p2<p3<w72<p4<w% Py "
— 862 + S62 + Sﬁ2 + 8627 (411)
where
Cx
Sga < (1+O(e ))1 3
og”x
W dty B dty [ dty [55 1—t1 —ty—t5—t4\ dts
ot [ o
o2 )y, B, s )i t ty
= dty = dty (% dty [35 1 —t; —ty—t3—ts\ dly
pro [P an e R )dt)
Lot =2t) Jy, B Ji, t3 ) to (1
C
< 0.10505—5—, (4.12)
log” x
Cx
S < (1+0(e ))1—2
og”x
W dh T dty (72 dty [T 1ty —ty —ty — t4\diy
o it [ o
L t1(1+2t1) J, t5 5 ts L to t4
5 5 1 17
2z dt 2 dty (T2 dty [T 1ty —ty —t3 —tg\ dt
+16/ 1 / dty dis w( 1 —ty—t3 4)_4)
L t1(5 — 2tq) PO & 5 3 JL to t4
C
< 0.12188——, (4.13)
log” x
Cx
St < (1+0(e ))1—2
og”w
W dh 72 dty (72 dty [ 1t —ty —tg —t4\ dty
([ an e e e )ds
L t1(1+ 2tq) 5 5 Ji, t3 L to ty
+16/% dt, /7—12 dt, %dtg/l—;tﬁ (1—t1—t2—t3—t4)dt4)
9 2t 2t w 2%
Lotu(b=2t)Js 13 ), ts o to ty
C
< 0.04359—o—, (4.14)
log” x
Cx
Sz < (1+0(e)) —5—

log” x
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(16/ /72 dt2/72 dts /zlxg_t3 (1—t1—t2—t3—t4)dt4)
w -2
5 —2t1 4 to 1 to ty

7.2

Cx
< 0.00608— (4.15)
log” x
By (4.11)—(4.15), we get
C
S < 0.27656—5—. (4.16)
log” x
y (4.10) and (4.16), we obtain
C
Sg = Se1 + Sez < 0.32087— o (4.17)
log” x
4.4 Evaluation of S; and S5
By Lemma 2.2 and the arguments used in [12], we get
C 2.02916C
St < (1+0(e)Ca—g— < T2 (4.18)
log” x log” x
where
i B d+ To 5 dt
Co=4[ dt 2 + 8/ dt/ 2
2 / 1/1 trto(1+2t1)(1 — b1 — t2) s a2+ 1) (1t — 1)
1+2t1 >2+t2 1+2t1 <ﬂ
A 1 1 dty ) 1 1 dty
+ t + t
e tita(1+26) (1~ — o) Ui (I —t) (1 —t — 1)
l“tl >1—t, ”2*1 <l—t,
dtQ dt2
16 dt 8 dt
N / 1/; a5 —20) (1t — ) / 1/; t1t2(2+t2) (1 —t1 — t2)
5— 2t1>2+r2 5— 2t1<2+r2
g dt g N dt
16 [ dt 2 2 [ dt 2
+ L ! % t1t2(5—2t1)(1—t1 —tg) + /110 ! % tth(l —tg)(l—tl —tg)
%21,& %31,&
i1 ER dt i 2 dt
+8 [ dt 2 +8 [ dt 2
1 ! 1 t1t2(2+t2)(1 —t1 —t2) 2 ! 1 t1t2(2+t2)(1 —t —tg)

1—t)

7 Pl dis 7 2 dits
dt +8/ dt/ .
s @+ t) (1t —t) s b2+ ) (1 -t — )

+8

In a similarly way, we have

Cx 1.77427Cx
Si2 < (1+0(e))C3—— < > (4.19)
log” x log” x
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where
1 2
dis 5 5 dis
C3 =16 dt +8/ dt/
s / 1/,s t1ta(5 — 2t1)(1 — b1 — o) L it (2 1) (L — by — )
5 2t1>2+t2 5¥82t1 S2+4t'2
3 el d+ 3 S d+
+16 [ dt 2 + 2/ dt/ 2
1 ! 2 t1t2(5—2t1)(1 —tl —tz) 7172 ! % tltg(l —tg)(l—tl —tg)
57827:1 <1—ts
% at T =R at
+16 [ dt 2 + 8/ dt/ 2
! trta(5 —2t1)(1 — bty — t2) o b+ h)(1—t — )
% 2t1>2+t2 5—2t1 <2+:2
dt dt
+12 dt1 2 2
tito 3+2t1)(1—t1 —t2) %_1F t1t2(2+t2)(1 — 1t —tg)
'§+2t1 > 2 ’3+2t1 <2+22
dt dt
+6 dt1 2 dtl 2 .
ﬁ tita(2 —to)(1 —t; — t3) % t1t2(2 +t2)(1 — t1 — t2)
+ to +
By (4.18) and (4.19), we get
C
’ (4.20)

Sy = Sy1 + Spo < 3.80343 ———
log? 2~

By Lemma 2.2 and the arguments used in [12], we get

S5 < 8(14 0(e)-22 /% bg(%_Q) dt < 0.16203 4.21)
+ O(e . .
5= 8( ))1og2x t(24+t)(1—1t) 1og T (
4.5 Proof of Theorem 1.1
By Lemma 3.2 and (4.1), (4.2), (4.9), (4.17), (4.20) and (4.21), we get
1 1 1 11
2771.,2($) > _(Sl + SQ) - 5(53 + 54) — S5 — 586 + O(:Z? 12)
24.18833 2.83084 18.03798  3.80343 0.32987\ C
> ( + - - —0.16203 — )=
2 2 2 2 log™ x
2.26Cx
log? x
1.13Cx
T Q(ZC) > 5 .
log” x

The theorem is proved.

References
[1] Cai, Y. C., A remark on Chen’s theorem, Acta Arith., 102(4), 2002, 339-352

9 . *y
[2] Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at

most two primes, Sci. Sin., 16, 1973, 157-176



698

Y. C. Cai

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes (II), Sei. Sin., 21, 1978, 421-430.

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes (II) (in Chinese), Sci. Sin., 21, 1978, 477-494.

Fouvry, E. and Grupp, F., On the switching principle in sieve theory, J. Reine Angew. Math., 370, 1986,
101-126.

Fouvry, E. and Grupp, F., Weighted sieves and twin prime type equations, Duke Math. J., 58, 1989,
731-748.

Halberstam, H., A proof of Chen’s theorem, Asterisque, 24-25, 1975, 281-293.
Halberstam, H. and Richert, H. E., Sieve Methods, Academic Press, London, 1974.

Hardy, G. H. and Littlewood, J. E., Some problems of ‘partitio numerorum’, ITI: On the expression of a
number as a sum of primes, Acta Math., 44, 1923, 1-70.

Iwaniec, H., A new form of the error term in the linear sieve, Acta Arith., 114(3), 1980, 307-320.
Jia, C. H., Almost all short intervals containing prime numbers, Acta Arith., 7T6(1), 1996, 21-84.
Liu, H. Q., On prime twins problem, Sci. Sin., 10, 1989, 1030-1045.

Pan, C. D. and Pan, C. B., Goldbach Conjecture (in Chinese), Science Press, Beijing, 1981.

Wu, J., Sur la suite des nombres premiers jumeaux, Acta Arith., 55, 1990, 365-394.

Wu, J., Chen’s double sieve, Goldbach’s conjecture and the twin prime problem, Acta Arith., 114(3), 2004,
215-273.



