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§ 1. Introduction. Suppose that Aisa set in n—dlmensmnal Euclidean space R,.
It (24, +-+, @,) € A implies that (2, - @) € 4 for any 0<#} <a;(1<é<<n), then 4 is
said to have property £ which was introduced by Gallagher—“ Denote by |A|[ the

measure of a measurable set 4 and by G, the n—dlmensmnal unit cube, i. e., the set of

all points (@4, ++, 2,) Wlth 0<z; <1(1<z<n) We also use & to denote any pre asmgned
positive number. o

Theorem 1. Let 44(g=1, 2, ) be a sequence of measurable subsets of Gy Suppose
that each Aq has property P and U(g)=|44] is a decrreasmg funotzon of g. Let ‘
N(h, 01, *=+, 6a) be the number of integers satisfying 1<q<<h and

‘ ({ghs}, ++, {g0u}) € 4, W

Further let - » - ' . '
?F(h) Elﬁ(q) and Q(h) = 2 P(Qg

Then for almost qll (671, s+, 0,) €R,, we have

N 05, -, ) =T B +OT W QW QogT®)™). (@
Let ¢= (g4, -+, qm) and #=(ry, -+-, r,) denote the lattice points in R,,, where
¢i’s and r;’s are positive intégers 0= (01, -, 0,;) a point in R,, qf— ¢101+ -+ @b
the scalar product of g and @ and d (q) = E 1. We also use q<h ‘to denote'
- 1%%,

g=max (g, *-, qp) <k Slmllarly, we may define q<ﬂ q>h and Q>h. - _
Theorem 2. Let {4} be a sequence of measurable mbsets of G, and each 4, kcwe
pfropefrty P. Put Y(g) =4, and denote by N (h, 6y, -+, 8,) the number of lattice points,
q satisfying q<h and S ' ’
| | ({gbs}, -, f@hye4, (g
where O;= (O, +++, i) (1<i<n). Set : CTe
) =2d@ and 1) = S ¢(a) d(g).
. gsh ! q<h o
Then . : ~ ) 3 L
N, 63, -, ) =T (H) +0(z(B)* (log x (M) Ty @
hOldeOT almost all (01’ H) en) = (811, °*y glm, e, anl; ) 9nm> ean.
Manuseript received May 28, 1980. g R B
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Theorem 1 gives a modification of a theorem of Gallagher™. Take Aq to be the set
of points (a3, -+, a) satisfying 0<z<ti(g) (L<i<m) and suppose that ¢ (q) = ﬁ i (@)

* is a decreasing function of g in Theorem 1. Take 4, to be the set of points such that
o<z <y (@) (1<'1/<n) in Theorem 2. Then we derive two theorems of Schmidt ™.
For any positive number 7, let E (7) be the set of points (41, *++, ). satisfying

0<a:,<%— (1<q,<n) and 7w-- Q;n<1.

Then it is easily proved by mathematical 1nduct1on that

. 27", for 7<<2"
!E(T>]= n—1 1
712

s=0 8!
Take Aq —=E(g(log ¢)®) . Then ¢ (logg)">2" and

Y= lAal—(q<1ogq)")'1§) (102 (M))'. |

(10g o )3’ otherwise.

for q>é Hence
) - 2 L 3 (g 0g > (108 (LFFL)) o)

1 h 1 1
- i ——————l log h+0O(1
(n—1)1 crgz»qlogg+0( D T 8% +0().

Cbviously : L Q)= 0(1)
Let N(h, 64, -+, 6,) denote the number of integers satlsfylng 1<gs<h and the

inequalities ,
0<{q0.}<.1_ (1<f1',<n) and (ﬁ[l {q&;}) q(log 9)"<1,
Then it follows by Theorem 1 tha’n o ' :

N (h, 64, -+, n) ——=log 10gh+0((10g logh) (logloglogk)”“) (B)

L (n— )
holds for almost all (4, -+, 6,) € R,. Let |z| denote the d;stance_ from the real number

@ to the nearest integer. Then from (5) with some simple combinatorial considerations,
‘we may derive B ’ ' ,
"Theorem 8. Let N*(h, 01, =--; 0,) be the number of integers ¢ satisfying
(fT1e0 gQog)<1, 1<g<h. ©®
Then for almost all (04, -+, 6n) ER,,, we have...
N*(h, 64, <, ,,) o= ) 1og log h+0( (log logh)® (log log logh)?*e), (7)

Similarly, we may derive from 'I‘heorem 1 that for almost all (01, ooy 0n) € Ry,
the inequality )

| <I=I1 ilqa;_li >'q(1:0gg)v"+s‘<_1 o - | )

has only finitely many posifive integer solutions.
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Let f(1) =1 and f(k) = Ic(loglc)” or lc(loglc)“*s(k>1) Put z= max(l, |#|). Take
A,=E(f(gq)f(gm)) in Theorem 2. Then we may obtain for almost all (0, ---,
0wm) € R,y the asymptotic formula of the mumber of lattice points @ satisfying
max |g;| <h and ‘ :

I<i<

Hﬂﬂaq1+ - Ginm Hf(q,><1 . ®

From this formula we may denve
Theorem 4. The inequality

H 10:1g1++++ + Oimgrm] H (qa (log ™ <1 (10}
has only finitely many mtegfml solut.wns for almost all (B11, *+5 Oum) € R, but-
H ” 9@1(11 + +0mgm ” H (QJ (log q:) ") <1 : ] (11)

has mﬁmtely many integral solutions for almost all (611, eoss Oum) ER

Especially, it follows from Theorem 4 that prqperty; A in Schmidt and
Wang’s™! transference theorem holds for almost all (11, *+*, Oum) € Rum.

The proofs of Theorems 1 and -2 are based on the method of Schmidt and we.
may also treat the similar problems in non-linear diophantine approximation (Cf.
Schmidt [3]). : ' ' '

Remark, We propose two conjectures. . iR
1° Suppose that ayy, **+, G,m are am real algebraic numbers such that 1 Q11, ***y Oyn are linearly
independent over rational field Q. Then

II loagat++ @ Hq}"’»l , o ¢
2° Suppose that g;;=erv, where r;; (1<<i<n, 1< <j<<m) are nm different rational numbers Then v '
H 1Betg1-F++++ BimGiml Hq}”>>1 '
Put n=1 or m=1. Then 1° and 2° are Theorems of W. M Schmidtfs! and A. Bakerl! respectively.

§ 2. Proof of Theorem 1. If S¢s(q) <oo, the ‘theorem can be proved by Borel-
Cantelli’s lemma (Cf. Gallagher [1]). Now we suppose that 2 (g) diverges. Evidently,_
we may confine ourselves to the case (fs, -+, 8,) €EGy. Let p(k, ¢) denote the number
of integers I satisfying 0<l<¢ and (I, ¢) <k. Pub

8(, Os, - 6,) = {1, if (6, ba) € 4q,
S .. L0, otherwise, :

7(9: 91) ) 0,0"—“ 2 :3(9: 991—291: °tt Qan‘"pn):

Di 1<i<n

7(]"': g, 01, " 0n) = 2 :3('9, 991—101, A g_&n;pn ’

oy py<s
I@) = [ v(a 01, - 6 iy,

- 1 1 . S . ] ‘ B ': .
Ik, )= [ [ v g, 61, -, O)ds-a0,,
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(1 1 ‘_ ) .
Ik o )= [ [ 7@, @ 63, s 007, 1, 03, o, 69005000,

: ZF@, ) = é ‘;l’.(Q);-w

g=u+1
v

N<k’ u, _m; 01’ e Hn) = 2 ’}'(k’ 9, 91, ) 9,,)

and notice . N(v, Oy, +- 00) = gv(q, 6’1, vy On).
Lemma 1. _ _, | , .
' I(Q)=¥(), Ik, =¥ @ek, O"¢" (12)
Ik, ¢, ) <p@P(r)+ @ =DY( Ak, q, T (13)

'wkere Ak, K2 1) is the number of integer pairs (p, ) satisfying
gs—rp=0, 0<p<g, (p, P<k, (s, 1)<k

Proof S ‘ .
. 1 1
1() =jj 7(g, s, -+, O -8

= Z j !f_?’(% 4_191} . q_10n>d01“'d9n

= 3 [ B O, e, bump) By
g [ 0y, ey 0,) A0, -

~q qjo---jomq, sy ey 00) A0, =1(0),

Similarly '

I<k’ Q) =q 2 J J B(Q; 01 ".7 gn;ptz) dai"'dan:
. : Pis (m‘ )<k

=y(Qok, ™"

Now we proceed 1:0 prove (13) Divide the sum

1t an= 3 [e[ 8 dip s i)
S‘{ (St ggfﬁ 0
. . 1<a<
XB(’I‘, ')"91—_81, eeey, ran—on)dai---dﬁ
~into n+1 parts C

. . _ I(IG, 9, T)_=IO:*—".+Iﬂ) s (14)
where I; is the sum of all the terms with exactly j indices 41, ***, i; satisfying. =
gpi—1rs;=0,
- We first estimate I.
L X Io J B(g, 491 Py @0n—p0) B(r, T03—81, ++, 70, —5,) 30+ df,
qs;l-'—‘r;:*o e Cen L .
1—-‘:1‘— R ' .
T a
-3 j B, bty -+ a8
Dis ¢ D _Dn. -
v
x B(r, rff—L1=TP , 0, _ g3 P.n.) dg,---do:
B(r, = L

Write (¢, r) =d, ¢=dq' and r=dr'. Then we have gs;—rp;=hd. For given h;#0, p,
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is determined uniquely modulo ¢', so we have

" O \ _tnd ee. 10, — h’;d
Iogd 17%)”‘]"“’ J'_wB(q: 991, H qgn) ,8(’)",{ 7‘01A q 2 H 7‘0,, q >d91 dan.
(16)
Put : ’ e .Y
T AY
J (A, "’. An) = J J' B(g, 991; *ty qan) B(’r ’I"01—— Q s orts 70— q )
ngj_ dg .

‘We proceed to prove that J decreases as a function of A; when .A;>0 and increases
when A,<<0 for ¢=1, +--, n. Wlthout_loss of generahty, we may suppose ¢=1, In fact,

for ﬁ'xed Bz, -+, G, and Ay, -+, A, B(q, qb4, -+, ¢6,) and B(tr rfy— 1d

’ 70, —

—}l;i) are the eharaéteristic functions of two intervals on #;—axis which have fixed

1ntervals is

J_mB(Q: 9917 % qgn)lg(ry ral_—}\’;—d_, ) 7‘0%_ )\;d >d91¢
It is a decreasing function of Ay for ;=0 and an increasing function for A;<X0. Hence
J decreases for A;=0 and increases for A;<<0. From this fact and.(15) we have

To<a r’ r’. B(q, 'q(91%>-..’ a6 B(r, r61— “;d >ty 10— h;d)

X @fy++-A0pdha++-dha = (@Y (r). o . (@e)
As for I;(j=1), since

(D4, )<k q8i—7Di#+0 q8i—rpe=0 J O
. (8 1)<k l<i<n—j n—j<i<n

1 4 . ) N .
;J.O B (Q) ! 991 —P1, qan_pn)

1<s<n
XB(r, 01—81, *++, 70,—s,)dbs--df
1—-P1 1-Pn ;
q : q
= . B ) 0’1 ces '0’
(m qgsk 98 —rpi+0 gs; ~jrp¢—0 J D1 _Pn .(q’ 971 ) '-I)

I<i<n—j n—j<i<n
1\@<n a a

« 13<¢, ¢grl;i$1_;_¢£1_. - ﬁn—a_q?‘&;_, Tg”_ sy ey ,ﬂg;l)dafl..».dg;,\

<Al g 1) 3 @77 B, o, - 00

I<i<n—j

bYe B <qn, /rﬁl—.'_cigi; L.., ¢0”_j‘_ dhgn—,'” '/)"gn—j+1; ey Tgﬂ) da;l"'dan

<A, ¢ Y@ " o[" Bl o, s )

X B (r, 4"«91—1'(?;‘1 ,/---r-,. 78— d};‘_" , V&—ﬂi{ “-', T9n> d91"'d9nd7ti"'d7t;»—1
<A, g, T)’d"’" J j B(a, abs, qé’n)dgi db,

=y () A, g, r)’q ) ‘ o
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hence : , ‘ v :
n
‘ 1i<( 5’)‘1‘(9)1‘1(70, &Mt 2 @amn
(13) follows by combmmg (14), (16) and (17). The lemma is proved. '
Lemma 2. ; v
1 1 o ‘ ] . :
L'"LN(@"H" Bn)dei---d9ﬂ=!lf(fv), , - (18)
1 11 . .
j J N (&, u, v, 01, *+, On)dfy-+-d0,= 2 ‘/!(9)0’(70 ?) (I—”, 19)

.!-:"'J:NU‘?;% v, él; Y n)2d01 d0”<’§/'(u @)2+2(2" 1) Z l/’(@l)du@);
(20)

d{q <k

Proof (18) and (19) follow from (12) 1mmedeately (20) follows from (18).

The rest part of the proof of Theorem 1 is s1m11ar to the proof of Theorem 1 in
Schmidt [2], and we omit it here. - I : : '

§ 3. Proof of Theorem 2. If Zs(g) <oo, the theorem can be proved by Borel-
Cantelli’s lemma (cf. Gallagher [1]). Now we suppose that X i(g) diverges. We may
also confine ourselves to the case (b, -+, 0,) €EQun. Lot @(0) =0 and w(h), h=>1, be
an increasing integral-valued function whlch tends to infinity: Set 8= {0} U {r>0]|
Cwh-1)<wo®}, 8"={h=0]wk) <w(h+1)} and §={w(h) |h=0}. For mteger >0,
we define intervals of erder ¢ to be

(u2t+wq, (ut+1)204 '02] ,
where u, v1, v are non-negative integers such that v4<<2’ and v1, v are the smallest
non-negative integers satisfying u2f+v; €S, (u-+1) 240, €S, '

_wheo"e dk(q) = 31

Lemma 8. Every interval (0, ] with ¢ €8 can be ewpressed as union of mtefrvals
U I of the type described above, where no two. of .intervals I; are of the same order.
Proof (cf. [2]).
Put FRR - )
1, if (o, *++, &) €A,
B(q, 01, *°% an>={ 77('-1 ) *

7(q; 017"'3 an) = 2 B(Q7 qal P, ’ qaﬂf‘-z’")’

Py 1<i<n

0, othérWise

1@=] [ v@ 6, 0dbedby
I<q’ r) =IG .“JG 7(q7 01; "':_071)7(,""01? B 0ﬂ)d01‘“d9"’
@)= 3 @, |
N(u) v, 017 R 0”)=u<2q<'v7(q’ 01: "'; 015), .
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and notice N (v, 6y +-, 8, = E}y(q, Gy, «--,6,).
'Lemma4 ' B '
I@=¥v@. @D
If q and r are linearly independent (this fact is abbreviated to q, r, 1. 4. ) then
I(q, r)=y@y@). - : ~ (22)
If @ and r are linearly dependent (this fact is abbreviated to q, r, 1. d. ) then
I(g, ) <¢ @y () + (2 ~1) A(gs, r)¥ (@i, (23)

where A(gu, 1) is the number of the integral solutions (p, s) of the equation
q18—r1p=0, O0<p<q,
Proof 1) Suppose that g, T, l. 4. Wlthout loss of generality we may assume that

SR I Let -
1 7Ta ‘- S
{91 qz}"'an
| r raery )
0 12 .

where IV is the I X1 identity matrix. Obviously, det 7'= 172 —qors. Write TO,= &=
(Euy 5 €im) A<i<n) and MGp={(@1, *-*, o) |0<w;<M, 1<i<m}. Then

I(Q’ r) =M_”m.[MG ."JMG ')’(q, Ql: ) 0n) 7("; 01: ;": 6”) dal"'da

=M |gira—qors|[ ™ ) B@, €=, s Er—Dy)

giss;t T(U(rm) ) -..JT(MGm) )

><B(r Era—8s, -y Eva—8n) drerefs, T (29
Put T(MG,) X+ XT(MG,) =D(M). Let P, and Pg (Pch(M) cP,) be two mm-
d1mensmna1 parallelepipeds whose surfaces are parallel to the correspondmg surfaces
of D(M) with distance ~/nm . Since - T

o], @ &, -, ) BCr, buay fn2>d§1---d§n=¢<q>¢<r>,_
NP (@b < 2

X,B(r §12_ 1, % §n2_sn)d§1"'d§n
SN (P @ (r), , (25)
where N (P;) is the number of the lattice pom’us in P;(4= 1 2). Evldently, there

exists a constant ¢ which is independent of M such that = . _ R
N(P)>|D(M—c)| = (M—0)"™]|qurs— gar|", (26)
N(Py)<|D(M+c)|= (M-{—G)"’"‘f 17'2 gare|®. @

Tt follows from (24)—(27) that ’ :

() ¢<q>¢<r><1<q, r><( L) v @, -
Let M —> o0, then we have (22). EERERE - oL

"J B(qy 611“2’1_; o gnl_pn)
TMGm) T(MGm) .
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2) Take = (1, )0, O) and A4,=G,, then () =1. Since all the componehts
of @ are positive integers, @ and 7 are llﬁéarly independent., Hence (21) follows from
(22). (Notice that the proof of (22) depends only on the linear mdependence of g a.nd
r.) ) ‘ - o

©8) Suppose q, 7, l.d.Pat

1 42 L. Am z
W= f o ) =W, (I<i<n),
0. . =D _ ‘
Evidently, detW =1. We have : ,
I(Q; =3 JW(GM)‘."J'W(G;)‘B<Q; @1 —p1, 7, gifnr‘ipn)

Diy S
<i<n

X B(r, ’)"1511‘—81, sey 11€n1—8n) dfl"'dfn =Io+ eI, (28)
where I, is the sum of all the terms with exactly j indices 4y, -+, 4; having gi8—ripi
o, _ S ) A

For real oy, -+, a,, by the method similar to the proof of (18), we have

Dy 8¢ [
sti—;'xm*o
1<i<n

R i &7 1+a, L . . E . ‘
' 2 I . L B(% Q1M — P10 qm,.—Pn)ﬁ(”, 1M — 81, **% 1170 = 8a) Oy AMy

. 1"”“1—-2-3- Loi—Lo. : : .
< 2 J -uJ B(q, 917]’1; ooy ql,r]z)
'leinpﬁeo =gt i, e
x (1, ruth— ST e gy Do) e, <P (@ ().

'Takmg ou=gqr 2q;£,,(1<'b<n), we have S

I°<ﬁ ...jo A 15ee Qe 'd§?n2"'d§nm > J’H‘m’..‘.

wegZppe””
14a, v ' ’ C ’
B‘(Q; 91511“‘_271; ) q;fm—pn)ﬁ(r, r1€11—51, ***, T1Em—8) A€+ +@Em
<p@v@. _ | = (29)
As for I;(j>1), we first have . .
: ‘1+on
> 3 [

Diy 8¢ - D4y Sg
438¢—T104%0 ¢15s—T10=0.
i<i<n—3 n—j<i<n

140y, . e
'"ju B(q’ 911"11_231,_ ) Q;ﬂn—iﬂh) )

()

X BT, rim—sy, o, T4 — 8p) A+ Ay

- . 1+0‘1—'—1q)-5- 1ot p,, .
. . " )
o= 2 - 2 J‘ . '"j 'y IQ(Q: 91"1'1; b 91'0;:)
Dis 8¢ Do oy —_PL [
- 0 g18i—719:=0 = %1 n .
b0 qushbeo T w o

X B (f' T — ———-———Q181 7 LEV.2 =y %% Tﬂ?&‘—r‘-————————glsn_’. q—'fﬂ) =S 'l‘i%—;ﬂ, T 1721:) dirfye++di,
1 on 1 . A

<P(@) A(qs, )i gr’<¢ (@ A(qs, )i
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Taking o =qit z‘équ,-j (1<i<n), we have
=

2 > j R j B(% 91511 pn vy qi€n1—Dn)
Dis Dis Si W(Gm) W(Gm) P K PN
Q18— mu*O qm—nm—o . :
l<i<n—, n—-j<s<n .

XB, r1€ii—381, v, ”'1§n1—8n)d§1>'“d§n
=J’;mﬁd§12";d§""’ v. 2 2 1+m

Dis 84 Pis 84 [~
Q184 -—nm*o Q184—l‘1p1—0
I<i<n—i. n—i<i<n .

’ 1+a;,, u -
L B(a, 91511—271,' “ee, 91§n1~_29n)/8(1‘, Pifii—51, ooy Tafna—8) 0110
<¢(Q)A(qi, 7‘1)q1 ) o : o e

" Hence : . _ -
| ( )lﬁ(q)A(ql, r1) i, - @)
(28) follows from (28), (29) and (3()) The lemma is Pl o ed e

Lemma§. : R
JGm“‘J'GmN(u; v, 61, e, ﬂn)dai---dﬂn=71’(u, ), (81)

[ ] W o, 05 v, 0)%08,008, <@ w0 42@-1) 3 b@a@). G2

Proof (31) follows from (21) 1mmed1ately Let r<q denote ¢<q 'I‘hen the
left-hand side of (32) is equal to :

Ju "'J V@ O o 0708, 0, -+, B)d8re6
u<q r<v JU; - . o .
== I@n+ > I@ 1)

N A T Av . o
<T(u @)2"*'2(2” 1) 2 lﬁ(ﬂ)A(Ql: "'1) 91 . CT(88)
: . usr<gs , N
by Lemma 4. If = is hnearly dependen‘u of @ and sahsﬁes u<1’<q, we put
' Tl @ ) =1, :
} o T ) (w )=
then b[q,(1<'?/<'m), ——<—[7<1 Conversely, if (a, b) -1, b]q,(1<'b<m), 7{<-b~<1
then r=(7)_ g1, s '.b_qm> »is a 1attice point which is linearly dependent of g and
, ééﬁsﬁes u<1‘<q : o o | R B
Hence - _' s
2, ¢(q) A(qi, ﬁ) g 2 lﬁ@ 2 > A(qu %-91) g’
“q<rr T.d 1<w<‘m (a, ba) Lo Lo
Lo : F A % % )
'iéu‘ﬁ@ 2 ; ~,—‘—§;—q;.1 gvxp(q) > Ly 2 ¢.<q>d<q)
. 1<i<m (g, h)=1 . . i = 1<f<m

B -’q‘-<'%<1 )
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Combining (88) and the above inequality, we obtam the lemma.
Take w(h) =[x (h)]. Let '
Li={(w, v) [u€S', v€S', (@), ®(v)] is an interval of any order ¢, w(fv) <2}
“and let A*=A*(s) be the greatest mteger satisfying w (h) <2°, -
Lemma 6.

I I e (RN 1% 0))"d60--d8 02",
Proof By Lemma 5, every term in the above sum has upper bound
2<2"—1)l“<§q]@tli(q)d(q). '
We first sum over all the (u, ») €L, for which (w(u), @(v)] is an interval of fixed

order ¢. Since intervals of order ¢ cover the positive axis exactly once, we have the

upper bound -
o 2@ =0,

Summing over #, the lemma follows.

Lemma 7. There ewists o sequence of subsets 01, Oa** 'in Gum with measwres

pa= | d6y-d6,~0 )

such thit NG 6, -y 0,) =T (h)+02E
}wlds for any kES’ w(h) <2* and (01, ey 6,) E(:‘r,.,,,\trs

Pfroof We define o, to be the set of (8, -+, 8,) €EQ,,, for Which' o
2 (N, v, 04, -, 0,) —T(y, v))*<s**°2° 34

(u, vV)ELs
does not hold. By Lemma 6, we have
pe=0(s72"°),
IERES!, w(h)<<2%, then by Lemma 3, (0, @(h)] can be expressed as union of at
most s intervals (o (w), w()], where (u, fv) € L,. For (01, e, 8,) €EQ,n\0s, Summing
over these (4, v), we obtain , o '
(N (h, 0y, -, 6,) = (h))*= <(u,20) (N(u, v, 61, =, ) —?If‘(u, v)))?

<s X (N(u, v, 04, ++, 0,) =T (u, v))2<s®**2?

) ‘ - (uyv)ELs
by (34) and Cauchy s 1nequa11ty The lemma follows. )
. Proof of Theorem 2. Since X s™1*< oo, there exists for almost all (04, +*+, 8,) €EGyn
a 8o=50(61, *-+, 0,) such that (@y, ---, 6,) E g, for s>s,. Suppose that (fy, -+, 8,) has
such a 8, and A is so large that w (h) =>2%. Pick s satisfying 2-1<w (h) <2°. Then s>s,.

Suppose that kES’ Since (@4, ---, ,,) €0, Lemma, 7 ylelds

NG, 6, - 03 =2 (1) +0@ ™) =2 ) +0G W a0g 2 (1) ¥,
that ig, the theorem holds for A€ S". We can prove similarly the theorem for AES".
For every h there exist A’ €S’ and b €8" auch that -
' W<h<K', o@)=o®)=o®"),
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Then we have

AR ACHIRSFIORSTCHNRS
Similarly - . Tk -w@E | <1 S
Since N, 05, -, 0,)<N(h, 6, -, O.)<N@", by, -+, 6.,
the theorem follows.
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