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QUALITATIVE THEORY OF DIFF ERENTIAL EQUATIONS
ON THE PROJECTIVE PLANE

OHEN YIYUAN
(Nanjing University)

ABSTRACT
1. Basic concepts and theorems

Consider the differential system

© _P@ 9, L-Q@y), S €

where P(w, v), Q(z, y) are o dofined on the square 8. [0, a] X'[0, a], continuous' and
have continuous first partial derivative there, and satisfy the following relations
' P, y)=P(a;'a—y), Q(0, y)=—Q(a, a—y),
P, 0)=—P(a—w, a), Q= 0)=Q(a—u, a),
(2,.9) €0, a]x [0, a], |
A projective plane will be viewed as the square S in the (», y)-plane, in which

2

the points (0, ¥), (@, a—y) or (, 0), (¢6—a, a) on opposite sides of the square are
identified. Thus, under condition 2, (1) is a dlﬁ'erentlal sys‘nem defined ‘on the pro-
.jective plane. . : .

On the prOJectlve plane, in addltlon to closed curves in the usual sense (We call it
0-closed curve), there are also closed curves consisting ‘of several arcs in the square,
such closed curves are illustrated in Fig. 1 (in which we use arrows and numbers fo
show that a closed curve can be constructed according to this direction and order).
Hereafter, we will call the closed curve I" on the projective plane an n-olosed curve,
if I" consists of n arcs which do not meet each other in'S, and each arc intersects the
gides of S at its two end points 6n1y. If n is even (odd), then we also call " an even-
closed curve (odd-closed curve)on the projective plane.

Lemma 1. An even-closed curve on the projective plane divides the projective
plane into two parts, but an odd-closed curve does not.

So we can define in a certain sense the interior and exterior of an even-closed
curve, while for an odd-closed curve, we can not define its interior and exterior.

We call L left-right orientead family of directed arcs in S, if the origin of every
aro in I is at the left hand side of its end. Similarly, we can define right-left, upper-
lower and lower-uppser oriented families. '
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Lemma 2. Let I' be a closed orbit of system (1) on the projective plane consi-
sting of only orlented arcs of the same kind, then I" contains two arcs at most.

On the projective plane, we can define limit cycle of the differential system (1) as
in [1]. In particular, we can define stable and unstable cycles as well as seml-stable
oycle for an even-closed orbit, but if an odd-closed orbit is a limit cycle, it must be a

stable or unstable limit cycle.

~ Let us extend system (1) to the square 8*: [—a, a,] X [—a, a] by deﬁmng iu'st in

[—a, a]x[O al:

Pi(, g)= {P(w, Y, (=, y)E_[O', a1 % [0, a] ;
P(a+a, w—y), (@, y) €[—a, 0] x [0, a]; _
Qu(o, 4) = {Q(w, ), (&, 9) €10, a] X [0, .al; R
e Wats a-y), @ 9)€l-a 0Ix[0,a;
and then in S* R S
Pi(, y), (@, y) € [—a, alx [0, a];
Fale, y)={ ~Pi(~2, ~1), (v, y) €E[—a, alX[—aq, 01;
Q. (o y>={Q1.<“’ v, (@, 9) € [+a, a]x [0, a];
_ ’ —Qi(=2, —y), (&, y)€[—a, a]lx[—a, 0],
Tt is easily seen that = o (R .
—Pu(a, 9), W Q.G ¥) i__’(f6)f |

isa O dlfferentlal system on the torus formed by 1dent1fy1ng opposﬂae s1des of S*
closed orbit of (1) on the pro;ectlve plane must correspond to some closed orbits of (6)
onthe torus. We can prove now the followmg theorems. o

Theorem 1. Let m=mym, and n= ng Uny be two 2-closed ourves in, the proje-
‘ctive plane, and n is in the interior of m. Suppose the domain Q bounded by m and n
contains no stationary points, and trajectories of (1) crossing m all run from extenor
to interior, while trajectories crosqmg n all ran from interior to exterior. Then Q
contains at least two 2-closed orbits I and L, where I’ is outer-stable, L is inner-
stable limit cycle Here I' may 0011101d6 with L, if thls takes place, then I'=1 is a
stable limit cycle.

Theorem 1.1. Let m be a 2—closed curve 1n the pro;eetlve plane which consists
of ares joining opposite sides of the square S, The interior of m contains no stationary
.points, and trajectories crossing m all run into the interior of m, then in the interior
‘of m there is at least a closed orbit of (1) which is an outer stable 2—11m1t cyele or a
stabe 1-limit cycle, '

Theorem 1.2. Let I" be a 2-closed orbit of (1) in the projective plane which
consists of ares Jommg opposite sides of the square S. The interior of I' contains
no stationary points, then in the mterlor of I" there is a 1-closed orbit.
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. Theorem 8. Let G be a domain in the projective plane, and B(w, y) be asingle-
valued continuous function in G' which has contlnuous first partlal derivatives. Suppose

——(BP) +-—(BQ) does not change its sign in G and the set (BP) +———- (BQ)=0

contains no 2—d1mensxona1 domain, then the system (€h) has no even-closed orbl’ﬁ whose
interior is in G. o
In partlcular, if G is the whole projective plans, then the sys’uem @ has no closed
- orbit at all. "
Theorem 4. Suppose F(w, y) =C is a family of curves, where F (a;, y) isa s1ngle~
Valued con’olnuous function and has continuous ﬁrst partial derivatives in the prOJe-

ctive plane. P —— 3F Q e does not change its sign in a domam G, and the subset

-of G' in which P -%Z;—!—’ Q —@—=O éontains no closed orbits-of (1), then system (1)

has no closed orbits in G.

II. Examples
The systems in the following examples are all systems of differential equations
defined in the projective plane, and the projective plane is formed by. the square {o,
:rc] X [0 av] A, B, C, D are constants other than-zero.

where ' : l~/2B1>1

‘Usmg theorem 4 and theorem 1, we can prove that (8) has a 2~olosed orblt and an
1-closed orblb ‘which are stable and ‘unstable limit cycles respeetlvely N
.« Ew 2, ' . .‘ : dt .H;‘Bsmyy %%—Gsmw+'QSIn2y’ ) ‘ P (9)

'system 9) has always a 1-closed orblt if |

I>1 then we can prove that (9) has

no 2—closed Ol‘bl‘b .
) - do._ A dy _ D e
Ex. 8 '7{ ~2—sm29; 57 Csinz+ 5 smzy, -, - (10}
where = - D>-=20>0,
" This system has no closed orbit, “although the pro;ectlve pIane is a one—sxded :
‘surface, ‘ :



