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||P4”Lp.(e><(t1+tz)Ms, M= Ms(‘]o; Pos ko; G, D4, Dy, M?), j=1, 2,

BT (3.8) S5 — WLtk d(2), W2
. "d(2> II<M9 Me(Qo, pO: ko, G @1’ ¢2; M’T)

" Pn— Pm “ Lp‘,((_}) <

BB, M (3.8) T8 |
“1 tles

lpi— P2 ” L,,o«;)< .
1= (go+a)dn” :
2) B t=00, N(B.) 5. XMFHW p(2) ER, ¥H p"=T (o, 0)= OEPM L

8) M@ DWM. BEHEG.8)H p=T(p, ) (0<i<D) REH [plr@=
M 5#%, BIZE Ro 1R fRo=Ro\Ro LA BEEWHHE(3.8) . :

B, Hi Leray-Schauder 2% [0], W 4Z HIHE (3.8)X@—4 t€ [0, 1] \imix
t=17E Ru TR R p(2) €L (&), BB 2.11) EH W (2) B2 I%"Elii’%f&%lﬁl
W7y (1.10) FIE R— H* Hyf.
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RERNAY B G B @WEHBR T Z‘/J\:P ——(m>2) B R, #13%%%3 G 5b
%:F 0 TR (1.10) 0
‘ {sz F, ins F = Qi W oo+ QoW 53+ QuusW o2+ Qi W 2 +F mo,
Fno=AmiW e+ AnaW o+ AnsW o+ AnaWa+ AnsW + AW + Amr,
BB Fuo, Qus(j=1, +5 4), Ami(j=1, =, T) HFE G ST 0, XIB Wan(2) HE L7
 BRE R H* 1%, %Ta‘ﬂ%»’?ﬁﬂﬂ 10)151@1% H* ﬁﬁﬁ&, %EMTX’MEEUEEG RE-
< gt Ff‘%ﬁﬁ%ﬁﬁﬂ@@%& oa(2), 1f '
on(2)=1, i—"x'zEG‘n i . :
{ on(2)=0, % 2E G, i ' RREE (‘3‘-1'0‘)
0<<0,(2)<1, Y 2EGqe—G, il; ‘
n>2, ¥ 0,(z) TITHR (3.9 MTHM, B Wan(2) =0n () Wa(2), HE,
(Wam) iz =W oz + s mz~+ OwsW s+ Gz Wy
(Wam) ea= G,.Wm,,+2chsz+crme,

(3.9)

—I%u Wam (2) EHE
(Wnm) 2z = Qumt (Wam) 25+ Quma (Whm) 72+ Qms (Wam) s+ Qma (wnm) 7zt g (2),
{gnm~0nszz+0,.szz+aWW — Q1 (200 W e+ ez W) , (3‘.11)
— Q2 (2005:W mz+ 0uzzW m) — Qms (200 W me+ O nocW )
= Qns(2ozWmz+o nE?WM) +0a(2) F mo
?ﬁulﬁl By, l2| <1 WK, H JﬁA?’FD\ Dirichlet l‘"]%ﬁﬂ‘]:ilﬁ-%# W (2) =0, X
l2] =18, BEH {Wa()} 7%2‘1‘&(3 9) i R— H* Ky1®, W2, 14)BE—R, BTN
{Wa(2) YR TS (RYBRFS) 76 G E—Bol 8] Wo2), T Wo()hi 4 RS B—
H* Wh R4, RTEEE Wo(2) ZREFEL.10)F @ AIE. BT gum(2) R

”gﬂm(z) “Lpo(Z'x)<R1 Rl(QO;PO; kO: G 4517 @27 M77 o-n) (3'12) .
ERABREH By 5 m Tk, TR 518 wan(2) PRl R HR | _
Oaz [wnm<z), El] <R27 ” ]Wﬂmzz] + lwmfel + I’wmné’z] "Lpo(fjl)gRs, (3-13) .

B2,  a=2"2 R=Ri(g, g0 ko G Oy, Oy My, 02), =2, 8.

RAVEEE n=2, HTK Won(2)}, {Wamsd, (Woms} BB T ¥ 51 {0in(@}, {whne},
{wamz} Egtﬁﬁl&ﬂﬂ wo(z), Woz, Woz, ﬁ%%iﬂ wo(2) = 0‘2(5>W0(z); HY4 2€6G,
B, wo(2) =Wo(2). Eﬁ%ﬁ‘oﬁ(;g 12), BHE; wo(2) =Wo(2) BREHFEA.10)TF Gy LK)

- M RIERERE n=3, MWK {wen(2)} MRH {Wn(2)} R, KLIHERT P {win(2)},

{Wine}, {Wims} 76 @ E—BORHE wo(2), wes, wos, B wo(z) =Wolz) BEITRA.10)F
, Ga LEfE, XRARET X, & {wim(2)}, {Wia(D}, ) {wan(}, -, BRI AL
o {wnm ()}, BER AWnnst. {Whne} FERIR G PY A (E— T4 1) — B0l 848 wo(2),
Woz, Wos, MjHTEXIE G Vi!, wo(2) 2 JR 77 8 (1.10) iy %, X wo(z)=Wo(2), Hz2Ed
B, . IEE, '
ALJ_I:EE:E, #ﬁ}ﬂm%lﬂa§ 7.89 DF'EKJ?‘J‘?%, AHERBHEA10)FE R—H iy
R ARAE.
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=IE8.2 MTWRESEMN O W AEMER .10, £ 3. 113@4?44‘?,.
HNE R— H Bl @ TF.
C 1) MARH %=>0, %,=>0 R, %%#Tﬁ@.
2) ¥ =0, #,<0 B, WA 2|na| — 1 ANAT RS

. )

|- HEZ 1p<z>+z-”+f PD1doe=0, =1, =, ms] =1L

(3.14).

8) % #i<0, %>0 I, A 2| — 1 TR A
{ Re[ 2751,] ht(t) dt— J.JC_” —10)(0(10';_' =0, w(z)=Ws

Lf o8au- HEC-*'-’—lw<c>+c-“ +’-1w<c>]daz—o J=1, -y ] 1.
(3.15)
4) ¥ ,<0, u2<OB'j‘ uug 2)ns) +2 ] —2 /\Tfa@%‘#, 1m<3 14), (3.1B)i7m..

§4. 73‘%5(1 IO)ﬁ’J %’éﬁ%ﬁ?ﬁﬁ{éﬁlﬁ]‘@

A5, %amme l%"ﬂF%%E—*ﬁ%ElﬂEﬁﬁ 1. 10)B<J %E%H“ﬁ'ﬁﬁlfﬁﬂ@(l“]
B.P).

5 P X—Ff‘ﬂﬁ%ﬁﬁ%lﬁlﬂﬁﬁﬂ (1 10)(?»%/%%44‘ c) E$LL[E] G LHY 3 5
WRW(2), HEESHRFH

Re[T4W,] =4 (8), ‘Re[zu,W,]=¢2(t), ter ’ RN CRY
St o AORHEN, | | | |
0, Irs(t), I<l, =1, 2, ‘(—1;<u<1), (0<i<o0)

- 5
v, VERRH 3. : :
IR =0 W, B | B
j v, »@1(z)]z”’""1dz .m0, -, 2
% 0,0 B, mui& | |
| j (W= By(2) ]~z =0, m=0, -+, 2ty;

C0,(2) (=1, )M (2.1 PR, % %1 <0 B %<0 A, u_tmfan@x—ﬁ—m@, mt%
FE AL AE AR IR, B R A (4. 1) Bk |
Re[t%W;] =r1(t) +ha(8), Re[t*W,] =0”2(t) +hy(t), tEI’, (4-2)
Hob h(1) (=1, 2) 0 (2.8)RPFR.
R P* sk B 4R A I 20 4 R (1.10) (W R 48 ©) fmu@latmﬁﬁﬂ
OBIR W), EEANRAN(4.2), 1, K (4.2)R A k() =h(t) =0, W AHE
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P g R P,
ATHETRA.10)FE P* BHERR, SIARSHET

Ho=2 [ o[t ~2ldo+ ] Pipdet| Pipds, p(2) EL@), p>2, (4.3)

it Pipfi (2.5) Rep iy Pop, HEH »;(j=1, 2)REMEM ». X TFHRAIETF Hp, K0l

C FElm2.1, K | |
{(Hp)z Pip, (Hp)s=Pop, (Hp)s=p(2),

L (Hp)es=8up=8up+8up, (Hp)sz=8up=80p+8.p, |

XE S, Bup, Supi(@.6)ift Pirg, ELZEN »; RBTBER », 3 EBARMTIE2.1
BB P R ' :

51341 (1) #p() €EL(@), p>1, W 8,0 B¥s L,(G) BT HBIRMEF R

RS _

I8uelu@<4Polr@, AP=1(;>0), AP=AP=1 (%<0), ~ (4.5)

XE AP BT (2. 1) R FR, D#E% % R%%KEE@% 4 go+go<1Hf, I B

#’ﬁpo(2<po<mm(p, 119)) fi#

(4.4)

{qo/l“’+qo/1<2’<1 (#:1<<0, #,<<0); 4.6)
QAL+ AD <1 (>0 ] #3>0), a
@ # p() €L(@, po>2, W IS
CilHp, A1<Mio|p|r,@, o= p(,z)—;2 »  Mio=Mi(p), - 4.7
BAMRLMY RO SR
o Ro[f*(Hp)]=0 #® Re[*(Hp)1=0, t€l (4.8
L{[emto@do—ie,=0, =12, o
é ' ' S (4.9)

ij L mtp(Q) + L5 D)1dor =0, m=1, s, —m—L.

G

W (2) =@0<2)+J0 @1(z>dz+jo @g(z>dz+H o p(2)=Wa, (4.10)

- XE Hpn(4.3)RPIR, Po(2) =a+id BEHEH, X D1(2), Do(2) 2 (2.12) R p FiRK
fEHT %K.

UL EEx T 1. 10) B & P* Kfg W (2) daiar.

HRAMITEQ.10) a8 P* f@ag 3R,

EE4.2 & W()RANEA.10) M 5 P ?E/@“sz”zl,,,w)gM(ﬁ:%ﬁ'ﬁ) By fi, IR
S C PIHEE 90, ka Jﬁé/l\(;i’x <0, %a<0 I, WHBE by, ko SEZH/D), LA W (2)
R TR : ‘
' CilW (), G1 <M11, lel= uWﬂ"LN(ﬁ)<M 12 | Weel t<Ms, (4-11)_
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55_(%05= pop_z ) M:;:Mj(QO, Do, kO; G; @); @=(@0: @1, @2): j=11: 12, 13; #EIB:Y
(]

M=M,,,

IR FA: O PREH g6, ke BN, 7R (1.10) & P* iR W (2) B 2 g A
HR(4.11), A EEE 2.2 BN TEAH,. Y u<O0, »<O05, BEFME O FRHEE
Fou, Joo 35 24/, BRATHLTT 5 77 72 (1.10) [A] P* iR W(2) WR MR 4. 11). FLk,
%ﬂfbﬁ W (2) RATTR(1.10), FFERE (4.10), WA ‘,

p(2) = 1(2)8.up— qa(2)S,up=A(2), } (4-1_2).
525 91(2), ga(2) M (2.1B) KPR, X
A=A W .+ AW o+ AW .+ AW 5+ AW + AW + A7+ 1Py + 92D,
1B Mi=Fo+ | D] z,,@+ | Dol 1@, BRATATBBE -
| 4]z, 0 < Mas = Mus(Mas, @), o (4.18)

e Mys T3 M FeLLRGRIOW B, R (4. -6), 7
le@ = W< M= B e (4.14)

X7 (1.10) R P fif W (2) Wy R 3K (4.10), 3§ B 2 Fo P B T R Do (2), @y(2),
D@y (2), WA RBEHKM: C I 1, % :@151/]\ =G 13)"5 X (4.10), (4.14),
EB4.11) K,
ATULER, RAJTWATH Leray-Schauder gHEH (1.10) T]ﬁ"ﬁ P 1y R
EE48 BROMEXKEMARETRQ.10)HLE S C
1) mRIHIFEA.10) IEJ)@ p* Tfﬁﬁﬂ(‘l 10) H# 2 ”sz”Lpa(G)<M15 B BT R %, W(Z)
W AR ‘
lp(2) | z,@<Mas, - (4.15)
XEB M &5 ﬁ?&ﬂﬁ%%&, AT A.10) By R FE P* BA T (4.10) By i,
(@) MEFBA10) REKMB I gb,. Fs :@é’id\(% %10, %3 <O B}, WA k1, ka
/D), M ITFR(L.10) 5] & P W] f%. :
M 5 3.1y, Hx BERBL TR : :
@ =tFQ W, We, Wey, Bi+8,0"+8,0, Got+8up” +S‘mp), 0<i<1 (4.16)
REMEWHITREG.2), X W(2) n(4.10) KPR, MW <0, %<0 B, Mw] LS AR
0*(2) =tF (2, W, W,, W., ®y+8,.0%, @2—I—S,¢,p’), o<i<1 (4.17)
REBEWHITEB.2), L : '
B EEH, BER R A.10) H:@ P vl e,
EE44 EFEMHLBWENT, FRAI0)KTHENT.
1) MAFRHL #:>0, 2#,>0 B, Fo 540 ) 1 o
2) W #=>0, #,<0 B, ‘Jﬁ2|%2|—1/‘—1%%ﬁ‘, ﬁﬂ B.14) K, H P(z) R
Ll e(2) ; -
8) M u; <0, %,=>0 i, WA 2|%1| -1 A_Iﬁ%ﬁ‘, m(3.15) K, H w()REL p(2)5
4) ¥ <0, %<0 B, WA 2 |oa| + || — 1) AT MRLAE, 20 2), 8)h ik, '
AR ERL.L %ﬁ‘f’ﬁﬂﬂﬁ%ﬁﬁ%iiﬁﬁ, HRme B EZEH BEEBIERR,
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THE COMPLEX F ORM AND SOME BOUNDARY
VALUE PROBLEMS FOR NONLINEAR ELLIPTIC
SYSTEMS OF SECOND ORDER

‘WEN GUOCHUN FANG ATNONG :
(Beijing University) - (Hunan Um"uefrsity)'

ABSTRAGT

. The present paper is concerned with the nonlinear elhptlc system of second order,
Flrsﬂy, we shall establish a complex form of the system. Secondly, .we shall consider
the solvability of sorae boundary value problems for the complex’ equatlon of second
order, ' ‘

"~ Let - S _

@ Di(a, _y’ U, V, Us Uy, Ussy Usyy Uy, Vazy, Vay, Vo) =0, j=1, 2

be the I, G, Petrovskii’s nonlinear elliptic system of second order in the bounded
- domain @, where @;(®, y, 2, -+, 21.) (j=1, 2) are continuous real functions of
the variables @, y [(w, ¥) €G], 21, **+, 2.2 ER (the real axis), and c‘ontin‘uously'
diﬂ'erenﬁabla for 2y, ---, 212€ R, The solutions [U (#, ¥), V(a:, y)]of the system are
understood in the generalized sense; ‘ S ,

THEOREM I i) If the I, G, Petrovskii’s nonhnea,r gystem of equations (1)
sati'sﬁés the M. I, Visik-D,. Xiaqi’s uniformly- elliptic condition for any solutions
Uz, v), Vs, y) of (1) in @, then it can be written as the following complex
equation o | ' '
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(2) ) . WEZ F(z W Wﬂ’ Wﬁ, WZZ, WBB)
where W U4V, 2= a;+'1,y, W= [W' 'be], .

ii) If the I G. Petrovskii’s nonhnear e111ptlc system (1) satlsﬁes the condition
that there exist two positive constants 6 and K, such that
3) {dsiUn,: 'I@juz-y|7 IQiUwI’ lQiVnL .IQJVQyI; IQijI<K, .7.=:_[: 2, ) -
|det 4|>8>0, in G, then by a suitable linear trans-formation of the variables (z, y)
into variables (¢, n),b‘ system (1) can be written as the following complex equation
4) ' We=FE& W, We, We, Wer, Weo), {=E+in,

In the following section, we dlSCUSS the complex equation (2) of the followmg
form

Wza F (= W, Wz; Wz; sz, sz) P
F QIsz + Q.‘szz + Q3sz + Q&sz + A1W + A2Wz

6)) N SR +-A3W2+A4W”+A5W+A6W+A7) R
Q Q;(Z W Wﬂ’ Wz, sz; sz); .7=1, "'1:4.;
Ai—-A (z W Wz: Wz); = :7

~and suppose that Eq, () satisfies the condltlon 0' ' -

1) Qi(z, W, W, Wo, U, V), j=1, -, 4, Az, W W, Wz)g G= 1 il :
are measurable functions of z for any. contmuously differentiable functions. W(z) and
measurable fanctions U(z), V (z) in @, Furthermore they satlsfy 1
) il <Ko, j=1,2, |4Ailn@<Ky §=8, T 7
where K, K1 (<K,), P(>2) are consta,nts

2) Q;, A; are continuous for W, W.,W.€cE (the whole plane) and the continuity

' - is uniform with respect to almost every point 2€G-and U, V € By

8) F(z, W, W,, W., U, V) satisfies the following Lipschitz’s condition, ie. for
almost every point zE€ @, and for all W, W,, W, Uy, Us, V1, Vo€ E, - the inequality
) |F(z, W, W, We Uy, Vi) —F(z, W, W,, Wz',vUz,"Vg)I

<¢o|Us—U,| +¢b|V1=Val, qo+gh<1
- holds, where go, ¢o are two nonnegative constants, : - ;
In this paper, let G' be a simply connected domain with boundary rec: (o<p
. <1); Wikhout loss of generality, we may assume that & is the unit-disk |2| <1, Now
we, describe -the results of the solvability of Riemann-Hilbert boundary value problem
(Problem R-H) and the oblique derivative problem (Problem P) for- Eq (8)-in the
unit disk G: |z| <1, : :
Problem R-H, We try to ﬁnd a solution W(z) of Eq. (5) which is contmuously
differentiable on @, and satisfies the boundary conditions:

(8) Re[z, W,1=r:(2), Re[z*W(z)]1=ra(z), 2€ET,
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where %y, x, are two integers, and r; €0 (I, j=1, 2 <v<1

’ 2
Problem P, Wo iry to find a solution W (z) of Eq ) Whlch is contmuouoly
differentiable on G and satlsﬁes the boundary conditions:
) Re[2*W.]=ri(2), Re[z%W.,] =ra(2), 2€T,
Where w1, % , r4(2), r4(2) are the same as in (8) but r,(2) EO’,\I’)
Theorem II. Suppose that Eq. (5) satisfies the condition C' and the constants ¢
and Ky are adequately small, then the solva.blhty of Problem R-H is as follows:
1) When #1=>0, #3=>0, Problem R-H is solvable;
2) When #;<0, #,=>0(or #,>0, x,<0); there are 2| %y | —1(or 2| x2| -1) solvable
conditions for Problem R-H;
3) When #;<0, #3<0, there are 2( || + [#a] —1) solvable conditions for Problem
R-H,
Theorem III, Let Eq. (5) satisf the condmon C and the constants go and K 1
are adequately small, then the solvability of Problem P is as follows,
1) When #;>0, %,>0, Problem P is solvable; '
2) When #;<<0, #,=0 (or n1>0 n2<0), there are 2{%1] =1 (or 2!%2[ —1) sol-
~vable conditions for Problem P;

+8) When #;<C0, #,<0, there are 2( 1| + |u2] —1) solva.ble cond11;10ns for Pro-
blem P, ,

Furthermore, the solution W (z) of Problem P for Eq. (5)may be expressed as
W (2) =By (2) +J: ¢1(Z)dz+£: @,(2)dz+ Hop,

=2 ([m|Z~2lp(@) + [0 (C, »+ 7 G 215} do,

01—{2
2 Z—ﬁ%,’—-l

oi—*Zz_dz’ for - #;<<0,

G-
: J ———dz, for x;=0, _
9i(¢, 2= '- =1, 2,
~where @o(2)=a + b is a complex constant, and @;(z), D,(2)aré two analytic
-functions, S :

.The proofs of the above stated theorems.are based on a prior estimétes for the

bounded solutions of these boundary value problems and Leray-Schauder theorem,

~ Besides, we have copsidered also the solvability of Problem R-H and Problem : P
for Eq. (5) in the multlply connected domain,



