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Maximal B-Regular Integro-Differential Equation
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Abstract By using Fourier multiplier theorems, the maximal B-regularity of ordinary
integro-differential operator equations is investigated. It is shown that the corresponding
differential operator is positive and satisfies coercive estimate. Moreover, these results are
used to establish maximal regularity for infinite systems of integro-differential equations.
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1 Introduction, Notations and Background

In recent years, the maximal regularity of differential operator equations has been studied
extensively, e.g. in [1-4, 7-9]. Moreover, integro-differential equations (IDEs) have been studied,
e.g. in [6, 10-12] and the reference therein. However, the integro-differential operator equation
(IDOE) is a relatively less investigated subject. The main aim of present paper is to establish

the maximal regularity of convolution differential operator equation

l k

Luzkzoak*%—i—/l*u:f(x)
in F-valued Besov spaces, where E is an arbitrary Banach space, A = A(x) is a possible
unbounded operator in E, ar = ai(x) are complex-valued functions. Particularly, we prove
that the differential operator generated by this equation is a generator of analytic semigroup.
Let © = (21,22, -+ ,2,) € Q C R™. L,(Q; E) denotes the space of all strongly measurable

F-valued functions that are defined on the measurable subset €2 C R™ with the norm

1
ey = ([ 1 @lkdz)" 1<p <
11 Lc () = esssup[|| f(z)] ]
e
Let S = S(R"™; E) denote a Schwartz class, i.e., a space of E-valued rapidly decreasing

smooth functions on R™ and S’(R"; E) denotes the space of E-valued tempered distributions.

Let a = (a1, a9, -+ , @y ), where «; are integers. An E-valued generalized function D® f is called
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a generalized derivative in the sense of Schwartz distributions of the function f € S’(R"™, E), if

the equality
(D*f,0) = (=1)°I(f, D)
holds for all ¢ € S.
It is known that

~

F(Dgf) = (&) -+ (i)™ f,
Dg(F(f)) = Fl(=izp)* -+ (—izn)*" f]

for all f € S'(R"™; E).

Let E; and F3 be two Banach spaces. A function U € Lo (R"; B(F1, Es)) is called a
multiplier from By ,(R"; E1) to B] 4(R"; E2) for p € (1,00) and ¢ € [1,00] if the map u —
Ku=F~'U(¢)Fu, u € S(R"; E1) is well defined and extends to a bounded linear operator

K : By o(R"; E1) — By o(R"; E2).
Definition 1.1 Let X be a Banach space and 1 < p < 2. Let X be such that

||FfHLp/(R",X) S C”f”Lp(R",X) fO'I" each f S S(Rn,X),

where % + % = 1. Then the space X is said to be the Fourier type p.

Let C be the set of complexr numbers and
Se={A:AeC, |arg)| < p}U{0}, 0<¢p <.

A linear operator A = A(x) is said to be uniformly positive in a Banach space E, if D(A(x))

1s dense in E and does not depend on x,
|(A(z) + /\I)fl||B(E) <MA+A)Y for every x

with M >0, X € S, ¢ € [0,m), where I is the identity operator in E and B(E) is the space of
all bounded linear operators in E. Sometimes instead of A+ Al we will write A+ X and denote
it by A)\.
Let E(A) denote the space D(A) with graphical norm
1
lullpcay = (lull” + [[Auf)?, 1 <p < oo

Definition 1.2 Let A = A(t) € S'(R; B(D(A), E)). Then the Fourier transformation of

A(t) in the sense of Schwartz distributions is defined as follows:
(Au, 0) = (Au, @), w e D(A) and ¢ € S(R).
For details see [2,p. 7].

Definition 1.3 Let A = A(t) be a uniformly positive operator in E. Then, it is differentiable
if for all u € E(A),

A + h)u = A)ullz _

(iA)u =At)u = %IL% h

dt
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Definition 1.4 Let A = A(t) be a uniformly positive operator in E and u € B;, ,(R; E(A))

and

(A u)(t) = /R A(t - y)u(y)dy.

Letye R,me N ande;, i =1,2,--- ,n, be standard unit vectors of R™. Let

Ai()f(x) = flx+ye) = f(x), -, A (y) f(2)
= A)AT T () f ()]

= Z DMHRCE (2 + kyes).
k=0

Let
A)f(@) for [v,x+mye] € O,

A(Q,y) =
(y) {O for [z, x + mye;] ¢ Q.

Let m; be integers, s; be positive numbers and
m; > Si, 82(517527"'5871)7 1SpS0071SQS007 y0>0
The space B;yq(Q; E) is E-valued Besov space, i.e.,
B; (@ E) = {f: f € L% E),
1

£l o = 3 ( / S AT (g, ) @), 0 pydy) < o0},

=1
1flBs . E) = Z su

A (y, 2) f (@)L, (:E)

. 1<p<oo, 1<g<o0.
110<y<yo yi

Let
BY: (R; Eo, E) :{u cu € BS(R; Eo), D'ue B (R; E),

Bj (R;E) < OO}-

l
”u”Bé’fq(R;Eg,E) = HUHB;Y(](R;EO) + HD u|

The spaces C(; E) and C"™) (Q; E) will denote the spaces of E-valued bounded, continuous and
m-times continuously differentiable functions on Q, respectively, and D(Q2; E) will denote the

collection of infinitely differentiable E-valued functions with compact support on €.
2 Integro-Differential Operator Equations

Let us first recall an important fact (see [5, Corollary 4.11]) that will be used in this section.

Theorem 2.1 Let p,r € [1,00]. If m € CY(R", B(X,Y)) satisfies, for some constant A,

sup [|(1+ [¢)'* D*m(t)[| 5(x,v) < A
teR™

for each multi-index o with [a| < 0§, then m is Fourier multiplier from B, .(R",X) to

By (R",Y), provided one of the following conditions holds:
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(a) X and Y are arbitrary Banach spaces and 6 =n + 1.
(b) X and Y are uniformly convex Banach spaces and § = n.
(¢) X andY have Fourier type p and § = [%] + 1.

Through this section the Fourier transform of a function f will be denoted by fand d%A({ )
by A’(E).

Condition 2.1 Suppose

l
ar € Li(R Zak FeSp), erte<m LI = ClEM lar©)

Lemma 2.1 Let Condition 2.1 be satisfied and A(&) be a uniformly p-positive (¢ € [0,))

operator in a Banach space E, A € S(v). Then, operator functions

0(&,A) = MA®E) + (A + L))
71(&,A) = AE)[A(E) + (A + L(©)] ™

l

o2(6,0) = Y [N TTa(E) () [AE) + (A + L(€)] !

k=0

are uniformly bounded.

Proof Let us note that for the sake of simplicity we shall not change constants in every
step. By using the resolvent properties of positive operators we obtain

loo (€, M) < MINQ+ A+ LE) ™ < M,

lo1 (&, Mlpam) = AE)AE) + (A + LE ™ I nm)
= I1 = (A + LE)IAE) + (A + LE) ()
<1+ A+ LOINIAE) + A+ LE) ™ e
<1+ MA+LEI + A+ LD
<1+ M.

Next, let us consider o5. It is clear to see that

k _o

[EE3PY ||B<E>—HZ|A|1 Far(€) (9 AE) + (A + L))

.

< CZ IM@IEIATTFIEA©) + A+ LN (m)-

k=0
Therefore, o2(&, A) is bounded if

l
115y = D I\lax IEIA T FITAE) + O + LE) ) < C.
k=0

Since A is a uniformly @-positive and L(§) € S(¢1) for all £ € R, we have

l

17l < C Y M@l [1+ €A+ A+ LE))
k=0
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!
Since ay € Li(R), Housdorff-Youngs inequality implies that Y |ax] < C. Taking into
k=0
account Condition 2.1 and by using [4, Lemma 2.3], we get

o2& MisE) < Cll | BE)
!

< O [IMIfax] + [l + A+ 1L @)
k=0

< C[IAI + el Zl: |ak|] [1 + A+ \ Zl:ak(@(ié)’“u
k=0 k=0

<cC.

-1

Lemma 2.2 Let Condition 2.1 be satisfied, A(£) be a uniformly @-positive operator in a
Banach space E, X € S(p) for |A| > |Xo| and

ar, e C"(R), k=0,1,---,1,m=1,2,
AA (&) € C"(R; B(E)), & € R.

Suppose that there are positive constants C;, i =1,--- ,4 such that
[A™(OAT ) |pE) < Cr,  |l€™AM™ (é)A‘l( Ol < Co, (2.1)
dm
ma < -— — < Cy. .
€™ ar (€| < M, e ak(ﬁ)’ Cs, ’5 dgmak(f) <Oy (2.2)

Then, operator functions ddg—TnJi(f, A), i =0,1,2, are uniformly bounded.

Proof Let us first prove the case of d%ol (&, )). Really,

(&N, < Millae + ITalls + 1slse)

H d¢ B(E)

where

By using (2.1), we get

L1l 5z = A" (©)ATHEAEAE) + (A + L) lnm
< 1A©AT Ol ) IAGAE) + (A + LE) 5
<C.

Taking into account the fact that A is closed and linear operator and by using (2.1), we obtain

M2l 5em) < A OAE) + (A + LE ™ I 5m I AG)IAE) + (A + LE) ™ I 5(m) < C.
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Since A(§) is a uniformly ¢-positive, L(§) € S(p1) and A € S(p) with ¢1 + ¢ < 7, we get

sl 5(z) < [LOINAE) + A+ L ) IAEIAE) + (A + LE)] ™ |5z

SOOI+ A+ LEN
Then, by using [4, Lemma 2.3], we have

—1

l
sl < CILAEI[1+ 1A+ | > @@
k=0

It is clear to see that

‘Zdi &)(i&) ‘—FC‘Z% 1§k1‘

}idi{ak &)(i¢) ‘<C[1+|)\|+‘Zak €)(ie)k

z ]
yzak@(ig)’f-l\ <Oft+ | ZM)@@’“H.
k=1 k=0

That implies

l

Talae) < O | Fe @6 H1+|A|+yzak 6] <c

k=0

Next we shall prove that d—£0'2 (&, \) is uniformly bounded. Similarly,

| ge2€ M), < 1 + 12l + sl + 1l
where
l
e d
Ji= 20T OGO AE) + A+ L)
k=0

l

Jo = A Tak(©)ik(i6) T [A(E) + (A + L(€)] !

k=0

!
= Z AT a5 (6) (€)F L' (€)[A®€) + (A + L(€))] 2

Ji= Z ATk (€) (1)F A ([AE) + (A + L(€)] 2

Let us first show that J; is uniformly bounded. Since

l
Fillae < 3 |Sea(O[IATFGOHA© + O LN ae
k=0

(2.3)
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by virtue of (2.2) and (2.4), we obtain [|J1| gz < C. Second, with the help of (2.2) and the
fact that [A| > |Ao|, we get

l

1920l 50m) < D Dol H@R(©IA T GO HI[AE) + A+ LE)] I sy

k=1

l
Z Nl (OIIANTTIGO N ITAE) + A+ LE) s
k=
<C.

Similarly, with the help of (2.3), we have
sl 5E) < CIL'( MITAE) + A+ LE)] I e

ZIAIIGk A= FIGONFINAE) + (A + LE)] 5y
gc. (2.5)

Last, we need to show that J4 is uniformly bounded. Really, by using (2.3) and (2.4), we obtain

allae < €| F A A OAEAE) + O+ LE)

[

l
xS IMIEFINTAG) + O+ L) sy
k=0

< CIAOAT OB IAEIAE) + A+ LE)] ™ I 5em)
<C.

Hence operator functions EO.,L (&, \) are uniformly bounded. In a similar way the boundedness
of 4 qer 01(5 A) are obtained.

Lemma 2.3 Let all conditions of Lemma 2.2 be satisfied. Then the following estimates
hold:

m )\H <A, m,i=0,1,2.
H|§| ey I

Proof As a matter of fact, it is enough to prove

€G] By < Ci and  [€][|J;]lBE) < D

for some constants C; and D;, 7 = 1,2,3,j = 1,2,3,4. It is easy to see from the proof of
Lemma 2.2 that

€M1l ey < CoIEA ©OATHE B IAGIAE) + (X + LN 5(m)
€2l 52y < CzH§A'(€)A_1(€)IIB<E>|\A(§)[A(£) + A+ LN s

€Tl sy < Calél1 /(@)1 [1+ 1 +Z @l
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From resolvent properties of positive operators, it follows that &I; and &Is are uniformly
bounded. By using (2.4) and (2.5), we obtain

|§|H13||B<E><ogz|ak )Ilel® [1+|A|+Z|ak Ne] < o

k=0 k=0
Similarly, from the proof of Lemma 2.2, it follows that

l

SRR Z\sjgak O[INF G [A©) + A+ LEN] N 5m),
k=0

l

€192l mm) < D @RI GEMAE) + A+ LE)] o)

k=0

€115l 5y < CIEL'OINAE) + (A + LE)] |5z
l
'Z|)‘||§|k|)‘|%k”[’4(§)+()‘+L(§))]_1HB(E)
€4l Be <CH§A’() HO B IAE)AE) + (A + LE) ™ 5)-

Using (2.1), (2.2), (2.4) and the fact that () € Lo (R), we obtain uniformly boundedness
of [El1llBeE), [€llI2llB(E), [€lllTs]lp(e) and [€][[Jallp(p) respectively. In a similar way, the
boundedness of |§|2%Ui (&, A\) is obtained.

Corollary 2.1 Let all conditions of Lemma 2.3 be satisfied. Then operator-functions o;(&,\)
are uniformly bounded multipliers in B, .(R; E).

Proof To prove that o;(£, A) are uniformly bounded multipliers in By . (R; E), we need to
show that o; € CU™(R; B(E)) and there exists a constant K > 0 such that
B

@+ 160° ggaote. V)| <K

Loo (R;B(E))

for each 8 < 2. From Lemmas 2.1-2.3, it follows that o; € C*(R; B(E)) and

b e e | < 4y

H dgm & )HLOO(B( E)) dgm Loo(B(E))
for every i,m = 0, 1,2. Hence, 0;(§, \) are Fourier multipliers in B .(R; E).
Now, let us consider an ordinary convolution differential operator equation
l d;g
(L+/\)U:Zak*d k+AA>f<u_f(t) (2.6)
k=0

in By .(R; E), where Ay = A+ A\, A= A(t) is a possible unbounded operator in F,
ar = ay (t)

are complex valued functions.
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Theorem 2.2 Let [ € By (R;E) for p, r € [1,00]. Then equation (2.6) has a unique
solution u € B;;fr(R; E(A), E) and the following coercive uniform estimate holds for A € S(p)
(¢ €[0,7) and [A] = |Ao]) :

l

>t

k=0

d*u
T |y 1A% 0l3g )+ Wl iy < C g iy (27)

provided the below conditions are satisfied:
(1) E is a Banach space.
(2) Condition 2.1 holds and

G, € C"(R), k=0,1,---,1,

A(€)A7Y (&) € C"™(R; B(E)), & € R.

(3) A(€) is a uniformly p-positive (o € [0,7)) operator in E. Moreover, there are positive
constants C;, 1 =1,--- ,4 such that for m = 0,1, 2,

m

~ d
a©l < |Sna© <o o)<
1A (©OA ©)lpee) < Cs, 1€A™ OAT (Ol new) < Ca.
Proof By applying the Fourier transform to equation (2.6), we obtain
[A) + (L) + N]w (©) = £(©).

Since L(¢) € S(g1) for all € € R and A is positive, the operator A(€)+ (L(€)+A) is invertible

in E. So we obtain that the solution of equation (2.6) can be represented in the form
u(z) = FHAE©) + A+ L) (2:8)
By using (2.8), we obtain

1A *ullgs (rimy = IF~ o1 (&N By, (rim).

: 1—% d"u -1 N
3 At e * G L,y =1 2E NS Mg i
where
g0(&,0) = A[A(€) + (A + L(€))] !
) = A(6)[A(E) + <A+L<s>>]

l

IS TG (6) (1) R [A(E) + (A + L(€))]

k=0

By using Corollary 2.1, we obtain that operator-functions o;(£, A) are uniformly bounded
multipliers in By .(R; E).
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Since

[Axullps (rip) < CillfllBs, (RiE)
l k
d
St ak*—:‘ <c
P dz” 1Bz (R:E)

V. Shakhmurov and R. Shahmurov

2| fllBs , (r; )

we obtain that for all f € B; ,.(R; E), there is a unique solution to equation (2.6) in the form

u(@) = F7HA+ A+ L) f

and the estimate (2.7) holds.
Let @ be the operator generated by problem (2.6), i.e.,

l

k

s d"u
D(Q) = Byi(R; E(A),E), Qu=)ajx o A

k=0

Result 2.1 Assume that all conditions of Theorem 2.2 hol

resolvent of operator @) exists and the following estimate holds:

l
>t
k=0

s [ ]

HB(B;J‘(R;E))

M@ + N BB, (R + 1A% (Q + M) s

d. Then, for all A € S(p), the

By, (r;E) < C.

Remark 2.1 Result 2.1 particularly implies that the operator @ + a, a > 0 is positive in

™
2
Q + a is a generator of analytic semigroup in B; ,.(R; E).

B; (R; E), i.e., if A is uniformly R-positive for ¢ € (

3 Infinite Systems of IDEs

m), then (see e.g. [4]) the operator

Consider the following infinity system of convolution equation:

l k 00
du,,
kz_oak* dxk +;(dj+)\)*uj(x)=fm(x), reR

,m=1,2--- 0. (3.1)

Condition 3.1 There are positive constants Cv and Co such that for {d;(z)}3° € lg, for all

x € R and some xy € R,

Cildj(zo)| < |dj(2)] < Ca|d;j(o)|.

Suppose that ay, Jm S C(l)(R) and there are positive constants M;, i = 1,--- 4 such that

e )
5O < M, €a(O)] < Mo,

déi

j=0,1,2.
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Let
D(z) ={dm(z)}, dn>0, u={un}, D*xu={dy*un}, m=1,2 00,

o0 1
l4(D) = {u cu € g, lully, oy = 11D * ulli, = ( Z |dm *um|q) ‘< oo}, 1<g<oo.
m=1

Let @ be a differential operator in BISW(R; lq) generated by the boundary value problem
(3.1). Let
B = B(BS, (R:1,).
Theorem 3.1 Suppose that Conditions 2.1 and 3.1 are satisfied. Then
(a) For all f(z) = {fm(2)}7° € B, ,(R;14(D)), for X € S(p), v € [0,7) and for suffi-
ciently large |\|, problem (3.1) has a unique solution u(x) = {um (x)}{° that belongs to space

BL2 (R;14(D),1,) and the coercive uniform estimate

l

> oA

k=0

d*u
aj * —
dxk

D ullsy oy + Nlsg gy < CIF gty (3:2)
Bj . (Rilq) ’ ’ ’

holds for the solution to problem (3.1).
(b) For sufficiently large |\| > 0, there exists a resolvent (Q + \)~! of operator Q and

l
PO
k=0

Proof Really, let E = [,;, A be infinite matrices, such that

k
air [ @+ 0[]+ 1D @+ N s + 10+ )@+ N s <O (33)

It is clear to see that the operator A is uniformly positive in [,. Therefore, by virtue
of Theorem 2.2 and Result 2.1, we obtain that, for all f € B, (R;ly), for A € S(¢), ¢ €
(0,7) and sufficiently large |A|, problem (3.1) has a unique solution u that belongs to space
BL#(G;14(D), 1) and estimates (3.2) and (3.3) are satisfied.

Remark 3.1 There are a lot of positive operators in concrete Banach spaces. Therefore,
putting concrete Banach spaces instead of E' and concrete positive differential, pseudo differen-
tial operators, or finite, infinite matrices, etc. instead of operator A on (2.6), we can obtain the
maximal regularity of different class of convolution equations or system of equations by virtue
of Theorem 2.2.

References

[1] Amann, H., Linear and Quasi-linear Equations, Birkhauser, Basel, 1995.

[2] Amann, H., Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications, Math.
Nachr., 186, 1997, 5-56.

[3] Agarwal, R. P., Bohner, R. and Shakhmurov, V. B., Maximal regular boundary value problems in Banach-
valued weighted spaces, Boundary Value Problems, 1, 2005, 9-42.

[4] Dore, G. and Yakubov, S., Semigroup estimates and non coercive boundary value problems, Semigroup
Form, 60, 2000, 93-121.



(10]
11]
(12]

13]

V. Shakhmurov and R. Shahmurov

Girardi, M. and Weis, L., Operator-valued multiplier theorems on Besov spaces, Math. Nachr., 251, 2003,
34-51.

Hans, E., Strong solutions of quasiliniar integro-differential equations with singular kernels in several space
dimension, Electronic Journal of Differential Equations, 1995(2), 1995, 1-16.

Krein, S. G., Linear Differential Equations in Banach Space, A. M. S., Providence, RI, 1982.
Priiss, J., Evolutionary Integral Equations and Applications, Birkhaser, Basel, 1993.

Shakhmurov, V. B., Coercive boundary value problems for regular degenerate differential-operator equa-
tions, J. Math. Anal. Appl., 292(2), 2004, 605-620.

Yakubov, S. and Yakubov, Ya., Differential-Operator Euqations, Ordinary and Partial Differential Equa-
tions, Chapmen and Hall/CRC, Boca Raton, 2000.

Veronica, P., Solutions of second-order integro-differential equations on periodic Besov spaces, Proc. Edin.
Math. Soc., 50, 2007, 477-492.

Valentin, K. and Carlos, L., Maximal regularity for a class of integro-differential equations with infinite
delay in Banach spaces, Studia Math., 168, 2005, 25-50.

Vicente, V., Maximal regularity and global well-posedness for a phase field system with memory, J. Int.
Eqgs. Appl., 19(1), 2007, 93-115.



