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On Asymptotic Behavior for Singularities of
the Powers of Mean Curvature Flow™**

Weimin SHENG* Chao WU*

Abstract Let M™ be a smooth, compact manifold without boundary, and Fo : M" —
R™! a smooth immersion which is convex. The one-parameter families F(-,t) : M™ x
[0,T7) — R"™" of hypersurfaces M{* = F(-,t)(M"™) satisfy an initial value problem
ALty = —H"(- ,t)v(-,t), F(-,0) = Fo(-), where H is the mean curvature and v(-,t)
is the outer unit normal at F'(-,t), such that —Hv = H is the mean curvature vector, and
kE > 0 is a constant. This problem is called H*-flow. Such flow will develop singularities
after finite time. According to the blow-up rate of the square norm of the second fun-
damental forms, the authors analyze the structure of the rescaled limit by classifying the
singularities as two types, i.e., Type I and Type II. It is proved that for Type I singularity,
the limiting hypersurface satisfies an elliptic equation; for Type II singularity, the limiting
hypersurface must be a translating soliton.

Keywords H"-Curvature flow, Type I singularities, Type II singularities
2000 MR Subject Classification 53C44, 35K55

1 Introduction

Evolving a hypersurface in Euclidean space (or some Riemannian manifolds) in the direction
of its inner normal with speed given by some curvature function deduces a large class of parabolic
equations which have been studied extensively before. The simplest case in this class is the
mean curvature flow, in which the curvature function is the mean curvature. G. Huisken [15]
showed that the convex hypersurfaces moving under such equations contract to points in finite
time, and that the hypersurfaces become spherical in shape in the process. This argument
has been extended to many processes where convex hypersurfaces move with speeds given by
homogeneous degree one, concave or convex monotone symmetric functions of the principal
curvatures: B. Chow considered flows by the nth root of the Gauss curvature (see [7]) and the
square root of the scalar curvature (see [8]), and B. Andrews considered a general class of such
evolution equations (see [1]). Corresponding results for flows where the speed has other positive
degrees of homogeneity in the curvature seem much harder to prove. K. Tso [25] and B. Chow
[7] have shown that the hypersurfaces moving with speed equal to any positive power k of the
Gauss curvature contract to points in finite time. In [3], B. Andrews proved that the limit
of the solutions evolve purely by homothetic contraction to the final point for k € (n%&, %]
For the noncompact solutions, Urbas considered the same evolution equations, and proved the
existence of the solutions which evolve by homothetically expanding or translating (see [26]).
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For k = n+r2= the evolution equation becomes affine invariant. B. Andrews proved in [5] that
the convex initial data contract smoothly to a point in finite time, with ellipsoids as the natural
unique limiting shape. In the case of curves in the plane, M. E. Gage and R. Hamilton [11]
showed that convex curves contract to points in finite time and become round under the curve
shortening flow (where the speed of motion equals the curvature), and M. Grayson extended this
by showing that any embedded curve eventually becomes convex (see [13]). This was extended
to include anisotropic analogues of the curve-shortening flow by M. E. Gage in the convex case
(see [10]), and by J. Oaks [23], K. S. Chou and X. P. Zhu [6] for nonconvex curves. B. Andrews
[4] showed the classification of limiting shapes for the initial convex data.

On the other hand, in the case of mean curvature flow, it is well-known that for closed initial
hypersurfaces the solution to the mean curvature flow exists on a maximal time interval [0, T"),
0 <T < oo If T < oo, the curvature of the hypersurfaces becomes unbounded for ¢ — T.
One would like to understand the singular behavior for ¢ — T in detail. The structure of the
rescaled limit depends on the blow-up rate of the singularity. If the quantity sup(T — t)|A|?
is uniformly bounded (Type I singularity), the rescaling yields a selfsimilar, homothetically
shrinking solution of the flow which is completely classified in the case of positive mean curvature
(see [16]). If the quantity sup(T — t)|A|? is unbounded (Type II singularity), the rescaling of
the singularity can be done in such a way that an “eternal solution” of the mean curvature flow
results where the maximum of the curvature is attained on the hypersurface. In the convex
case, such solutions were shown by R. Hamilton to move isometrically by translations (see [14]).
G. Huisken and C. Sinestrari [18, 19] showed a description of all possible singularities (Types
I and II) in the mean convex case. For further description of the singularities of the mean
curvature flow, see [28, 29], etc.

In this paper, we consider the following problem. Let M™ be a smooth, compact manifold
without boundary, and Fy : M™ — R"! a smooth immersion which is convex. The one-
parameter families F(-,t) : M™ x [0,T) — R"*! of hypersurfaces M]* = F(-,t)(M™) satisfy

an initial value problem
dF
(- ) =—H"(- (.t
— (1) (- (1),

F(-,0) = Fo(-),

(1.1)

where H is the mean curvature and v(-,t) is the outer unit normal at F(-,t), such that
“Hv=H is the mean curvature vector, and k£ > 0 is a constant. This problem has been
considered in [2, 17, 24], etc. In [24], F. Schulze called this flow H*-flow. F. Schulze proved the
following theorem.

Theorem 1.1 (see [24]) Let Fy : M™ — R"T! be a smooth immersion, where H(Fo(M™)) >
0. Then there exists a unique, smooth solution to the initial value problem (1.1) on a mazimal

—(k+1)
finite time interval [0,T). For k > 1, we have the bound T > C(k,n)~! (m%j{ |Al(p, O)) .
PE

In the case that

(i) Fo(M™) is strictly convex for 0 < k <1,

(ii) Fo(M™) is weakly convex for k > 1,
then the surfaces F(M™, t) are strictly convex for all t > 0 and contract for t — T to a point
in RnHL,

In this paper, we will analyze the the structure of the rescaled limit, according to the blow-
up rate of the singularity under the conditions in the above theorem. We will prove that if the
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solution F(-,t) of the flow (1.1) is convex and converges to a point when t — T and T' < +o0,
then there exists a constant C(k,n) such that

max 42 > k1)
F(- o) (T — t)Fr

(see Proposition 3.1). Modifying the classification of singularities in the mean curvature flow
(see [16]), we may say that the H*-flow is of Type I, if there is a constant Cy such that

C
max AP < ——2
for all ¢ € [0,T). Otherwise it is said to be of Type II (see Section 3 for details). We get the
following

Theorem 1.2 Let Fy : M™ — R"™! be a smooth immersion, where Fo(M™) is strictly
convex for 0 < k < 1, and Fo(M™) is weakly convex for k > 1. For the Type 1 flow, after
rescaling the H*-flow (1.1) by setting

F(x,7) = (F(x,t) — F(z,T))[(k + 1)(T — t)] %71,

where ) T
=— 1 _ 0
TT Tkt Og( T )e[’+oo)

and [0,T) is the maximal finite time interval that the solution to the flow (1.1) exists, the
limiting hypersurface Fu, as T — 00, satisfies

~ k+1

= 1 =
H= +|F|= (F,7)=0, (1.2)

where T is the inner normal vector of the rescaled surface, and H s the mean curvature of ﬁoo.
For the Type 11 flow, after rescaling, the limiting hypersurface must be a translating soliton.

Remark 1.1 We may write (1.2) as

—

(F,7)+0cH =0,

~ k—1

where 0 = I{I\% For k =1, 0 =1, it was proved by G. Huisken [16] that F is a round sphere.
P72

For k # 1 and k > 0, we do not know if the limiting hypersurface is a round sphere.

2 The H*-Flow for Convex Hypersurfaces

Let M™ be an n-dimensional smooth manifold and
F:M"— R"!

be a smooth hypersurface immersion in R"*1. In a local coordinate system {z'}, 1 < i < n,
the metric and the second fundamental form on F(M™) can be expressed as
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and o2
F
his = (¥ a7 )
where v is the unit outer normal vector to the hypersurface. The mean curvature of the
hypersurface F'(M™) is denoted by H = g h;;, and |AJ* denotes the square norm of the second
fundamental forms. It is obvious that |[VH|? < n|V A%, By [15], we also have

3
VAP > n—+2|VH|2’

VAP -

IVH? _ 2(n
>
n

_1)
Al?.
5 | VAl

Now we consider the H*-flow (1.1). We first derive the evolution equations for g;;, v, hij, h;,
H, |A|? and (F,v). By [24], we have

Lemma 2.1

. 0
(i) 5190 = —2H*n,;,

(ii) %u = kH"'VH,

d
(iii) il = EH* 'Ahij + k(k — 1)H" 2V, HV;H — (k 4+ 1)H*h 19" hpni + kH* 1 ARy,

: 0 i — i — 7 i — i
(iv) ghjzchk YARL + k(k — )HY 2V HV ;H — (k — 1)H"hjh} + kH" | AR,
d

(v) 5 H=kH"'AH + k(k = )H**|VH]* + |APH",

(vi) %(F, vy = kHNTA(F, v) — (k+ 1) H* + kHF Y A2 (F,v),

(vii) %|A|2 = kH*TA|A? + 2k(k — 1)H* 21,V HV jHg' g™

—2kH* 1 \VA]2 - 2(k — 1)H*C + 2k H* 1 A,
where C' = tr A3.

The eigenvalues of the second fundamental form h,; with respect to the metric g;; (i.e., the
eigenvalues of the matrix h;;g’ k) are called the principal curvatures of the hypersurface F', and
are denoted by k1, ke, -, ky. In particular, the mean curvature is given by H = k1 4+ - - - + k.
We call %1, S % the principal radii of the hypersurface F'. We denote \; = N% (i=1,---,n),
which are the eigenvalues of the map W, ! = {b}} : T,M — T, M.

By the strong maximum principle to the evolution equation of H, we know that H > 0 on
M™ x [0,T). By [24], we have

Lemma 2.2 Let Fo(M™) be strictly conver and F : M™ x [0,T) — R"' be an H*-flow,

k> 0. Then all My, t € [0,T) are strictly convex and Kmin(t) is monotonically increasing.

For convex surfaces, i.e., h;; > 0, the full second fundamental form is controlled by its trace:
|A] < H. We have (see [24])

Lemma 2.3 Let F : M™ x [0,T) — R"*! be an H*-flow and Fo(M™) be weakly convex.
Then F(M™,t) is weakly convex for all t € [0,T) and Tiax > 7797 (Hinax(0)) =+,

For k > 1 weakly hypersurfaces, we have
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Lemma 2.4 Let Fy(M™) be a weakly convex hypersurface with H(Fy) > § > 0, and F :
M" x [0,T) — R" be the corresponding H*-flow with k > 1. Then M is strictly convex for
all t € (0,T).

Example 2.1 For the H*-flow of a sphere S™(R) with radius R, we obtain
R(t) = (R§™ = (1+ k)n*0) =,

Rk+1

S . . . Rk
which implies a maximal existence time T' = PagERaR

If the hypersurface M; is strictly convex, we can study the inverse W, = {b%} : T,M —
T, M of the Weingarten map W, i.e., bjh} = 6%. By [24], we have

Lemma 2.5 Let k > 0 and M; be a flow of strictly convex hypersurfaces. Then

9 % - i - % m
—b! = kH*VAY, — 2kHY Bl Vb VDY

ot
—k(k = 1)H" 20}V H)(b)'V i H) + (k — 1) H*6% — kH* b’ | AJ?
< kHFTVAV + (k — 1)H"6E — kHF 10 AP (2.1)
Furthermore, we have

Lemma 2.6 Let M; be a strictly conver solution to the H*-flow (1.1). If 0 < k < 1, we

have
O > ka1 — e VpbiVPOT + (k — 1) H*§: — kH* bt A
9t = j_k—_H m vV pYl j+(_) J J||
Proof For 0 < k < 1, we employ the following method in [24]. At first we write H*(x) =
(QZ()‘))_lu where Qn()‘) = Sfi?(&)’ and Sl()‘) = < <Z<‘ - )‘il)‘iz o ')‘iz for A = ()‘17 T u/\n)a
SN << UIn
where Ay, -+, A\, are the principle curvature radii. It is well-known that @, ()\) is concave on
the positive cone I'), = {A € R" | A\; > 0,---, A, > 0}. Now we have
0*(H"(r))
k(k—1)HF26m61 = Z—— /2
(k=1) oo Ohy Oh)

*(Qr(N)
_ 2k2Hk—2 m sq _H2k7nbnqbo brmbs
%" b abT pe T

— kH*15,,0m — kHF15map,,.
By multiplication with V?h;"V,h] and summation,

02 (@)

k(k — 1)H*2V'HV ,H = 2k*H* 2V 'HV , H — H?
( ) V'HV V'HV S0

(0" %bop Vo hE) (b" ™ b5 VU R,
— 2k HY I DN By
Using the concavity of QF()) for 0 < k < 1, we have
—k(k+ 1)H* 2V HV , H > —2kH*"10™IV 1% VP hg.
From this, we have

k(k+ 1)H" 2 (6)V H) (b)Y, H) < 2kH"'hl, Vb VPbT".

Substituting this inequality into bj—’s evolution equation, we may get the desired inequality.
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3 Rescaling the Singularity
In the first step, we prove a lower bound for the blow-up rate of the curvature.

Proposition 3.1 If the solution F(-,t) of the flow (1.1) is convex and converges to a point
whent — T and T < +o00, then there exists a constant C(k,n) such that

C(k,n)

max |A]? > —— . (3.1)
Proof We denote Hpyax(t) = n;%x )H(p, t). By Lemma 2.1(v), we have
J4S -t
d
EHmaX(t) < |A|2(p0,t)H§1ax(t) < Hfiﬁ(f)a
where H(pg,t) = max H(p,t). Then
PEF(-t)
—LdH*(’““)(t) < dt
k+1 max ?
and .
—— HED () < (T — ¢
k+1 max ( ) — ( )

Thus we have

and ) )
AP > —HZ, (t) > =[(k+ 1)(T —t)] *1.
g(lafg)l "2 ~Hiax(t) 2 —[(k+1)(T - 1)]
A point P € R"™ is said to be a singularity of the flow (1.1), if there is 2 € M™ such that
(i) F(z,t) = Past— T, and
(ii) |A(x,t)] becomes unbounded as t tends to T'.
We say that the flow is of Type I, if there is a constant Cy such that
max |42 < — 0 (3.2)
for all ¢ € [0,T). Otherwise it is said to be of Type II.

Here we concentrate on the case of Type I. In this case we rescale the flow by setting

F(z,7) = (F(z,t) — F(z, T))[(k + 1)(T — t)] %1, (3.3)
where ) T
T= RTESY log( T ) € [0, 400).
Then ot
5, = [(E+1)(T —1)]
and

H(-t) = [(k+1)(T = )] = H(-, t).
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The evolution equation for F (x,7) is

OF (2,7) gi ) _ F(z,7)— H* (-, 7)5(-,7) (3.4)

for (z,7) € M™ x [0, 00), where H and ¥ are the mean curvature and the unit outer normal of
F(-,7) respectively. It is easy to see that

Gij = [(k+1)(T = )] F1gy,
hij = [(k +1)(T = )]~ =7h
A2 = [(k +1)(T — )] 77 A2,

R

In the case of Type I, we have
| A2 (2,7) < Co (3.5)

for all (z,7) € M™ x [0,00). From (3.1) and (3.2), we also have |g|(3](:1:,r) > C > 0 for all
(x,7) € M™ x [0, 00).
4 Gradient Estimates

In this section, we will show that all higher derivatives of the second fundamental form A
are bounded. We discuss H*-flow (1.1) at first. We have

Proposition 4.1 Let Fy(M™) be strictly conver and F : M™ x [0,T) — R"*1 be a H*-flow
(1.1), k > 0. If the norm of the second fundamental form of the solution F(-,t) is uniformly
bounded on M™ x [0,T], that is,

|A|?(z,t) < Cy  for (xz,t) € M™ x [0,T],

then |V A|? is also bounded.

Proof By Lemma 2.2, we may assume 0 < @ < Kpin < Kmax < b < +00. Then we have
na® < |A? < nb* and & < |B|* < %, where |B]? = bib]. Instead of |A[?, we consider the
quantity |B|?. By Lemma 2.5, we have

2\B]? = 2(—1)?)173.
8t| | ot /)t
= 2(kH* YAV, — k(k — 1) H* 2 (6] V' H) (b)Y, H)
— 2k H* L RL Vb VP + (K — 1)H* 6! — kH 10! A])b]
= kH"'A|B]? — 2kH* Y|V B[® — 2k(k — 1)H* 26! (b} V'H)(b]*V , H )
— 4kH* R BV biVPDT 4 2(k — 1) HF (tr B) — 2kH | A]?|B|2.

If £ > 1, we have

d

§|B|2 < EH*'A|B]* - 2kH*YVBJ? + 2(k — 1)H*(tr B) — 2k H"* | A]*| B|*.
If 0 < k < 1, by the following inequality

—k(k+ 1)H" 2V HV , H > —2kH*"10™IV 1%, VP hg,
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we have
k(k+ 1)HM 2 (b, VY H) (0¥ Vo H) < 2kH*'RL, V,bi VP07

(See [24] for details.) Then

—k R

- k(k+ DHF 20 (B VY H) (Y V., H

T 7 (k+1) AGS ) (b; )
1-k k—171 j i m

< 2k1+—kH AV AL

2%
- 2k(1 - )Hk DINAM A I
1+ %

—k(k — 1)H =20 (b, VVH) (bY' Vo, H) =

We then have
%|B|Q < EHFYA|B]? = 2kH" Y VB|? + 2(k — 1)H* (tr B) — 2k H* | A|?| B|*.

The covariant derivative V involves the Christoffel symbols T' Sk and their time derivative is

6 i 1 7
8thm - 59 l{ng;nl + Vmg;l - Vlg;m}
= —g"{V;(H" i) + Vi (H"hjt) — Vi(H"hjm )}

—kH" YN ;HR,, + Vi Hh — V' Hhjm} — H*V R,
Here we use the normal coordinate at a fixed point. Now we consider

0

a a L) O
0

:vz[6t<b1>]+b§§t< i) - b;(i( )

= Vi [kH"TAY; — 2k HF 11, v, bi VPO + (k — 1) H" 6!
— k(k = 1)H" (b, VIH)(b)'V 0 H) — kH" b5 A]?]
— kHY YV HS, + YV, Hhjbh — V' Hb,;} — HE WV k),
+ kH* (V' H6, + V;Hb} — VP Hhy;b,} + H*b,V,hY

= kH" YV, Ab, — 2V,hd, Vb, VP + (k — 1)H 'V HAb]
—2(k — 1) H "V Hh, Vb, VPbT" — 4hd NV, bl VPbT
—2(k—1)H Y(Vb,VH + b,V,VH)(b'V,, H)
— (k= 1)(k—2)H >V H(b,VH)(b]'V H)} 4 -,

where - -- denotes the terms composed by at most two of Vlbé-. Then

o ) )
= o7 (g 19" VbV inb)

= —2H"hipg? "™V 16V b8 + 2H g3y h119" N 162V 1,

9 2
§|VB|

4 , , )
+ 2H Gy g TV BV B + 20,6779 ( 5 (V1) )) VP
= 2kH" ' gipg? 9"V PV A, — 2V RV BV + (k — 1)H ™'V HAD;
—2(k — 1)H 'V HhEV b, V) — 2(k — 1)H ™ (V,b, VY H + b, V,V“H)(b;V, H)



On Asymptotic Behavior for Singularities of the PMCF 59
— (k= 1)(k = 2)H >V H(b,V'H)(bYV,H) — 4hV Vb, VU0 + -+ }
+ 2H" g, g7 W1V 05V b

Since
A|VB|? = V. (20ipg" 19" Vi b2V, Vib5) = 295,97 g"" V1 bEAV Y + 2| V2 B2,
we have

%|VB|2 = kH*"YA|VB|? = 2|[V?BI*} + 2kH" ' g;pg"0g'" VP {215 BV 163,V DLV bY
+ (k= 1)H 'V HAY, — 2(k — 1)H 'V, Hh!V b}, Vb
— (k=1)(k—2)H >V H(b,V"H)(b'V,H)
—2(k = 1)H N (Vib,V'H + b, V,V"H)(b}V, H) — 4hV,V b, Vb + - }
+ 2H"gip g Wl N 15V b
< EHF"YA|IVB? = 2|V2B*} + 4kH* Y| APV B|* + 2k|k — 1|H*1|A||V?B||VB/?
+ 4k|k — 1{H* Y A2 |VBJ* + 8kH* 1| A||V?B||VB|* + 4k|k — 1|H*"'|A]>|VB*
+ k|k — 1||k — 2|H* Y A2|VB|* + 4k|k — 1|H* 1 A||V2B||VB|* + O(|VB/?)
< EKH*YA|VB|? - 2|V2BJ*> 4 C1|A||V?B||VB|? + C2|A?|VB|* + C5|A*|VBJ*}
< EHF"YA|VB|? + Co| A?|VB|* + C3|A]*|VB|?},
where O, Ca, Cy and Cs are all positive constants depending only on n and k. Consider

G(z,t) = (1+ %|VB|2)6¢’(‘B|2), where ¢ = ¢(s) is a smooth function defined on [f5, Z5]. Then
there exists a point (xo,tp) € M x [0,T] such that Mm[a(LJXT] G = G(zo,t0). Now at (xo,to),
x[o,

1
0=V,G = (V;VB, VBB 4 2(1 + §|VB|2)e¢(‘B|2)¢’b§b’,;,i .
From this, we have
(V;VB,VB) = b™ ;b = —2(1+ 1|VB|2)¢’bm n
K3 9 n 1Pt m,p 2 n “mit

The second derivative of G at (g, tp) gives

0> VjViG
= (O i O,y + O g 1, )e? (1B 1)

+ 200 i 0 e PG by s+ 20 5 07, eI B bty
1
+2 (1 + 5|VB|2)e¢(2b§b;_j(qs’)z’bgb’“ + 20" by, by + B by, o+ SO )

g

m n m n 2 1 mpn T
= (B Vi Ui i )17 441 5V BJ2 ) e2b00, 0 b5 (67 = (61)7)

1
+ 2(1 + §|VB|2>6¢¢/(bzl,jbnm,i + b5y i)
1 1
= S(VVAVBRAIP 4 (14 5VB?)e?o/'V, V| B

+4(1 + %|VB|2)e¢b§b;,i babL; (¢ — (¢)2). (4.1)
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At (z0,1t0), we also have

< %G . ( 9 |VB|2)6¢(|B\2) + (1 + l|VB|2)€¢(J5/Q|B|2

Eka YA|VBJ? + C|AP|VB[* + C5|A*|VB|?}e?
2\ ¢ 11y r7k—1 2 2 k—1 2 )2
+ (1+§|VB| )e S kH (A|B| — 2|VB|? + 2-—H(1r B) - 2|A]|B| )
Then by (4.1), we have
0> kH14V;V,G
1 — 1
z—EMﬂF%OﬂAWVBﬁ+CHAWVBPE¢+2(L+§VBF)¢dKH“HVBP
1 2\ & 1y prk—1 k-1 2| |2
(L+ﬂVB|)e¢kH @ —H(trB) mAHB|)
1
+4(1+ S[VBP )t kHY VB (6" - (6)7).
That is
4 / 2 1 2 212/ 11 /\2
0> ——|A| |VB|* +2 1+—|VB| @'|VB|* + 4 1—|—§|VB| [VIB|*|*(¢" — (¢')7)
k—1
_ = 2 - / - _ 2 2
203|A| VB (1+ IV )¢ (2 —H(trB) - 2|AP|B] ) (4.2)
Now let I = Canb? and 0 = arctan L. It is clear that 0 < 6 < 5. If 5 — 3 < 5 — 0, we may
choose 0y = const. such that 7z 4 6y = 0 and let ¢(s) = log sec(s + 90) for s € [—2 Z]. Then
¢ (s) — (¢")2(s) = sec®(s + 6p) — tan(s +6p) =1 >0

and
¢'(s) = tan(s + 6p) > tan§ = L = Canb?.
Then by (4.2), we have
C|VB|* <C|VB]* +C

for some positive constant C. Therefore we get |V B|? < C for some constant C' depending only
on n, k and the bounds of |B|*. If % — & > Z — 6, we may make dilation for the hypersurfaces
F(-,t) so that

F(-,t)=7F(-,t) (4.3)

for some positive constant 7 depending on n, k and the bounds of | B|? such that
D12 2 72 n
|Bl; € { p 7 }

n n T
7’2—2—7’2—2<——9.
a b

and

After making this dilation, the inequality (4.2) becomes

;
N vfok=15 5 121512
|@)¢ (2—H(trB) - 2|A|A|B|A). (4.4)
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Since 6272|A|% = O3|A]? < L and |§§|§ = |VB|?, according to the previous discussion, we
still have |[VB|?> < C by choosing ¢(s) = logsec(s + ) for s € [?{&, 7], Since V;h} =

—hi,(Vibh)hg, we have [VA[* < [A|*|[VB|? < C for some positive constant C' depending on n,
k and a, b.

Next we consider the rescaling flow (3.4). In the case of Type I, we have

Proposition 4.2 For each m > 0, there exists a constant C(m) depending only on m, n,

Co, k and the initial hypersurface such that
VAP < C(m)
on M™ x [1,+00).

Proof At first, by the same discussion as Proposition 4.1, we have |%g|2 < C, where C'
depends on n, Cy, k and the initial hypersurface Fj. Next we consider the high order derivatives
of A. If S and T are two tensors, we write S % T for any linear combination of tensors formed

by contraction on S;...;T}..., using g**. Then

%VA - V(%A) FH VA« Ax A+ H'VAx A
= V(kH* 'AA+ H " 2VA«VA+ H A« Ax A) + H*"'VAx Ax A+ H'VAx A
= kHF " 'AVA + kH'VA % A% 4 k(k — 1)H* 2VAx V2 A
+k(k—1)(k—2)H*3VA*VA*x VA4 k(k+ 1)H* " 1VAx A2
+(k+1)H"VAx A+ k(k —1)H" 2VAx A3 + H*"'VAx Ax A+ H'VAx A

= RH* " (AVA+ B2 Y VA« WA VA+ VA A?)

i+j=2
and
oy, 0 0 )
5 VA = 2 V(VA) = V(&VA) + (EF) +VA
_ v(k:Hk*l(AVAJr H2 Y ViA«VIAxVA+ VA*AQ)) L H VA Ax VA
i+j=2
— kH" ! [AVQA + VAR A 4 HOOVAXVPA L H3(VA? + Y Vid«viA

itj=2
+ Y HPVA«VIA«VZA+ Y H VA« VA« VA+ H (VA x A®
i+j=2 i+j=3
+v2A*A2+VA*VA*A]
—RH* N (AVEA+ Y VARV AV AV A

i+j+l+m=4
4, l,m<4

+VA*VA*A+V2A*A2).

In general, we may get

D gmA = kHF 1AV A 4 Fm2 > VA5 VimiL A s Vimez A

ot ) ,
i1+ timyp2=m+2
i1, yimgp2 <m+2
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+HMD N VAR VR AR VB A+ BRIV A A%,
Jitj2+iz=m
Then
D 1gm AP = kEEL (AT AR - 2]9m AP
ot
+ gt Z VTA* VI Ak s Vimtt A« Vimt2 g

i1+ Fimp2=m+2
11,y lmp2 <mA2

+ > VTmAsVAxVEARVIA
Jitj2+js=m
LVTAXV™Ax A +vaA*va*A).

Thus for the rescale hypersurfaces F (-,7),
0 csmi2 0 cmieot
AP = ST AP
EHF"HAIVTAP — 2]V AR 4+ H YV A« VT A« VA|
+C(m,n, k)(1+ V" AP}
< KHFUAIV™APR + E(1+ |V AP (4.5)

IN

for some positive constants C'(m,n, k) and E. In the last two inequalities, we have employed the
Cauchy inequality, the convexity fact of F(-,7) and the inductive assumption that |[V¢A|? <
C(i) for i <m — 1. From this, we have

a 7' ~ ~ ~ ~
mA2 E mflAQ
3T(T—|—1|v "+ EIV |)

< kﬁk—l{

T v~ ~ o~ 1 ~
——[A|V™ AP + E(1 + |[V™A)? VAP
AT AR B+ 97 AP) + )
. ~ 3~

+E [(A|vm-1A|2 - 5|va|2) + El} }
Tk—1x[ T 1om 2 om—1 7|2 Es om |2
<k A[T—HW AP+ B[V A } ~ SHE-DVTAP + By
for some positive constants E1, Fy and F3. Thus we have the desired estimates from the
maximum principle and an induction argument. (In fact, F3 is determined by the lower bound
of kH*=1 By is from the first inequality of (4.5), and Fy = kEE; (nco)%, where Cj is

from (3.5). We denote f(7) = max | V™A|2 + E|V™1A2]. Then % < kH*'Af —
7(57)

T

7l
LB~ 1) V"APR + By < 2B~ 1)|V"AP + By, It —Z3(E — 1)|[V"AP? + B < 0, then
the function f is monotonically decreasing. By an induction argument, we get the result. If
—Ls(E —1)|V™AP? + B> > 0, we also get the desired inequality.)

Corollary 4.1 For each sequence 17; — 400, there is a subsequence Tj, such that ﬁ( S Ti)

converges smoothly to an immersed nonempty limiting hypersurface Fuo.

Proof By the above proposition, we only need to show that the limit is nonempty. Since

T T _
Lﬂ%ﬂ—F@J*ﬂNSA mﬂmﬂwrsl [k +1)(T — 7))~ = F5 (- 7)ldr

T k 1
SC/[@+U@—ﬂTWMT§ﬂ%+U@—ﬂW@
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by (3.2), we have

|F(x,7)] < C.

Thus F(z,7) remains bounded as 7 — +00.

5 The Monotonicity Formula of the H*-Flow

To understand the structure of ﬁoo, we need the following monotonicity formula. It was
obtained by G. Huisken [16] in the case of mean curvature flow.

Theorem 5.1 If F(z,7) satisfies the rescaled evolution equation (3.3), then we have

d . = ~ ~ o~
[ mm < [ BREET) + PR,
dr F(z,7) F(x,7)
~ ~ ~ oyl
where p(F) = exp(—k%rl|F|k+1), dfi, is the volume element of F(x,7), and o = FI‘ —. Here
Pl

T is the inner normal vector of the rescaled surface, and H>0.

Proof First of all, we get the evolution equation of the metric

0. 0 [gij\0t
579 = 51 (%) ar
—2H"hi; | 20" gy
= (T e 0@ )
~1, 2gij
= —2Hkhij90k Ly ‘P—;

= —2H"h;; + 2Gi;.
Here we denote ¢ = ((k+ 1)(T — t))k%l From this, we have

d - ~ ~
—dji; = (~H*" 4 n)dj,

dr
and _
0 - ~ 1 k+1,~ ~ k2 oF ~ ~ B N R~
9. = _pk——i—lT<F’F> : 2<57F> = —plFI*t — pH*|FI"Y(F, 7).
Then
d o . O A _
S [ R = [ BB ERNFRNE ) - BN nld
dr JF@.n F(ar)
~ _ n+1 ~
For a position vector F' = (21, ,2,41) and any tangent vector v = > v%e, of F(-,7) at
a=1
this position,
" n+1 n+1
D4 F = Z v D, xPes = Z v¥Pes = .
a,Bf=1 a,B=1

Now by the first variational formula,

—

— = —
—/~ divYdp, :/~ (H,Y)dji,.
F(x,7) F(z,T)
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Let Y = ﬁﬁ Then for any orthonormal basis v'y,--- , ¥, for the tangent space of ﬁ( S T),
~ = ~
[ GF @i = - [ avGRan,
F(z,7) F
= [ X . 6P
:/Nﬁ[|F|’“‘1Z<ui,F)2 — n]dir.
F i

Therefore
d ~~ ST\ ERL L Fh-L 1R T =
S [ R = [ B[ EERE ) 4 ()
T JF(z,7) F
+ R B 120“ }duf
S/ [IFI’““HH (5 (B + B (F] PRy *] e
F

. / —p|F|F1 [|ﬁ|2 +20(F, §> +otH? =Y (v, ﬁ>2]dp;
F -
~ ~ = ~ '
_ / AR [IF + o B2 = 3 (o, F)?] dir
F

— [ ~BF ) + oA P
F

Thus from the previous Corollary 4.1, we know that every limit hypersurface F. satisfies
the equation
= ~
(F,7)+oH =0,

i.e.,
1 =

LIF(F ) =0, (5.1)

~ k+1
2

Therefore, we have

Theorem 5.2 Fach limiting hypersurface ﬁoo as obtained in Corollary 4.1 satisfies equation
(5.1).

6 Type II Singularities
In this section, we discuss the Type II singularities. We will prove the following

Theorem 6.1 Let F(-,t), t € [0,T), be a mazimal solution of the H*-flow, and k > 0.
Assume that the initial hypersurface Fy : M™ — R™! (n > 2) is compact and convex (as in
Theorem 1.1), and the flow will develop Type 11 singularities. Then after rescaling, the limit of
the solution must be translating soliton.

By Theorem 1.1, M; = Fy(M) is always convex for ¢ € (0,T). It shows that H? and |A|?
have the same blow-up rate. We choose a sequence {(x;,t;)} as follows. For each integer i > 1,
let t; € [0, — 1], #; € M™, be such that

H2(:ci,ti)(T—%—ti)k_+l ztngajc_H (z, )(T—Z—t)%. (6.1)
xeM"
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Dilate the solution F(-,t), t € [0,T) into

F(- ti+er) — Fag,t t; T—t;—1
Fi(-,7) = ofites T) Cols) o r e - o |
&g &; &;

where ¢; = (H (x;,t;)) L.
Since we assume that the singularity is Type II, the right-hand side of (6.1) tends to 400
as ¢ — 400. This shows that

T—t;—1

4
k+1
i

— 400, asi— +o00.
€

41
Then for any fixed 7 € [ — E,fﬁ, Ts,fiﬂ), the mean curvature H; of the rescaled hypersurface

F; satisfies

T t\e= T—-1—-t o
H?.,T S(#) :( L ) — 1, asi— 4o0.
A . T—1_t, 2,

It follows that for any w > 0 and € > 0, there exists kg such that
%axHi(-,T)gl—i—a (6.2)

for any i > ko, 7 € [~w,w].

We have already shown that the curvature bound in (6.2) implies analogous bounds on the
second fundamental form and all its covariant derivatives (see Section 4). Then by standard
method, based on the Arzela-Ascoli theorem, we can extract a subsequence of F;( -, 7) converg-
ing uniformly on compact subsets of R"*! x R! to a limiting solution F(-,7) of the mean
curvature flow. Theorem 1.1 shows that the limit must be convex. So we get the following
result.

Proposition 6.1 Let F(-,t),t € [0,T) be a mazimal solution of the H*-flow. Assume that
the initial hypersurface Fy : M™ — R""L (n > 2) is compact and conver (as in Theorem 1.1),
and that the flow develops a singularity of Type Il as t — T. Then a sequence of the rescaled
flow F;(-,7) converges smoothly on every compact set to an H*-flow Foo(-,7), defined for all
T € (—00,+00). Moreover, the mean curvature Ho, of the limit flow satisfies 0 < Hy < 1
everywhere and is equal to 1 at least at one point.

Next we need to classify all such solutions. In [2], B. Andrews obtained Li-Yau-Hamilton
type inequalities for a class of curvature flows. His result holds for compact hypersurfaces. Re-
cently, J. Wang [27] proved a similar inequality which holds not only for compact hypersurfaces
but also for complete case. As its application, he obtained the following

Proposition 6.2 (See [27]) Any strictly convex solution F(-,t) to the H*-flow, for k > 0
if F(-,t) is compact, for k > 14if F(-,t) is complete, where t € (—o0,+00), and the mean cur-
vature assumes its mazimum value at a point in space-time, must be a strictly convez translating
soliton.

Now Theorem 6.1 follows from Propositions 6.1 and 6.2, and Theorem 1.2 follows from
Theorems 5.2 and 6.1.
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